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Abstract

In this paper we formulate and prove a gauge equivalence for connections and
Higgs fields of suitable regularity that are mapped to the same function under the
non-abelian X-ray transform on nontrapping asymptotically hyperbolic (AH) spaces
with negative curvature and no nontrivial twisted conformal Killing tensor fields with
certain regularity. If one furthermore fixes such a connection with zero curvature, a

corollary provides an injectivity result for the non-abelian X-ray transform over Higgs
fields.
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1

Conventions/notations

In this paper we employ the following conventions/notations:

1.
2.

2

2.1

We employ the Einstein summation convention.

The dimension of our manifold will be n + 1, and we’ll denote all indices related to its
dimension by 0,1,...,n. When using the Einstein summation convention on indices
related to the manifold’s dimension, we employ the convention that Latin indices run
from 0 to n while Greek indices run from 1 to n.

The notation C* denotes k times continuously differentiable objects. If the object is
scalar valued, we always assume that it is complex valued (e.g. C* (M ) = ¥ (M ; (C))

. Whenever we say “smooth,” we mean “C>.” All diffeomorphisms are smooth.

If #: E — N is a vector bundle over a manifold N and S C N is a subset of N, then
we let E|g denote the restriction of £ to the fibers over S (i.e. more precise notation
would be El _g).

Continuing off of point 5), we write C°°(N; E) for smooth sections of E (i.e. not simply
smooth maps from N to E).

. We denote the geodesic vector field over the tangent and cotangent bundles (i.e. in-

finitesimal generator of the geodesic flow) by X. We will also let X denote its restriction
to the sphere and cosphere bundles SM and S*M (described below), which makes sense
because X is tangent to it.

Introduction

Motivation

We begin by providing motivation for the non-abelian X-ray transform - the object of our
interest, delaying precise definitions for a later section. This transform is a generalization of
the so-called “scalar X-ray transform,” the latter of which is used in reconstructing images



of the internals of patients after irradiating them with X-rays at various angles. The typical
mathematical problem for the scalar X-ray transform is the following: suppose that we have
a bounded subset D C R™ with smooth boundary and a continuous function ¢ : D — (0, 00)
over it. In our analogy, D represents the shape of our patient and ¢ the body’s X-ray
absorption coefficient at various points. Suppose we have a parametrized line [(¢) that
enters D at t = 0 and leaves at ¢ = .y, which represents the motion of an X-ray moving
through the body. The ray’s intensity /() along this path decays according to the law

g = —ol, 1(0) = Iy, (2.1)
dt

where [ represents the initial intensity of the ray. We record I(fex;) (i.e. the intensity
of the ray when it exits) and then repeat this procedure for all possible lines [ that pass
through D, using the same value for I, every time. The inverse problem is then to recover
the coefficient ¢ from knowing such data, which is equivalent to recovering a gray-scale image
of the patient’s internals. Immediately we may note that a necessary condition for this to
be possible to do is that two different ¢’s cannot generate the same observation data. If
this is the case, we say that the scalar X-ray transform that takes ¢ to the observed data
is “injective.” It turns out that the answer to this problem is yes: one can indeed recover ¢
from the mentioned data - see for instance Theorem 1.1.6 in [40].

The non-abelian X-ray transform is defined similarly, except that we turn into a
system of equations by letting I by a column vector and ¢ a square matrix. The question is
also if one can recover the matrix ¢ from the collected data, or in other words if the operator
involved is injective. One application of this is in the recently introduced polarimetric neutron
tomography which attempts to reconstruct the structure of magnetic fields inside materials
after sending neutron beams through them - see for instance [20] and [§]. We will mention
a few more applications of this problem with references in Section below.

We will actually be interested in a more sophisticated generalization of the transform, for
instance by allowing the paths “I” to be geodesics with respect to some Riemannian metric
g on D where D is now a smooth manifold. We will formulate I and ¢ to be a section and
endomorphism field respectively of a smooth vector bundle over M and formulate the time
derivative to be a connection (which may also be unknown) in the direction of the curve’s
velocity. It turns out that in this more general setting it is not possible to recover all of the
coefficients involved except in a special case when an additional assumption is made on the
connection - see for instance Theorem [2.7] and Corollary below. However, in the case
when we can’t recover the coefficients, we do have a “gauge equivalence” understanding of
coefficients that produce the same data.

Such transforms have been well studied in the context of compact domains, and so a
direction of research that has received significant attention in recent years is whether it’s
possible to generalize X-ray results to noncompact domains. We in particular will be pursuing
this direction of research in this paper, in particular generalizing known results for the non-
abelian X-ray transform to a particular class of noncompact manifolds called “asymptotically
hyperbolic spaces.”



2.2 Asymptotically Hyperbolic Spaces

In this section we introduce the geometry on which our transform will be defined. In this
paper we let M be a compact smooth manifold with smooth boundary of dimension n+1 with
n > 1, whose interior we denote by M. We fix a boundary defining function p : M — [0, 00)
(i.e. pissmooth, p = 0 on and only on OM, and dp|,5; # 0). We also fix an asymptotically
hyperbolic (AH) Riemannian metric g on M, which is defined as a metric such that
the tensor § = p?g extends to a smooth Riemannian metric on all of M with |dp]22g =1

along OM. The boundary of OM is thought of as the “infinity” where the metric g blows
up. Hence recalling that hyperbolic space has constant sectional curvature —1, the known
fact that the sectional curvatures of g tend to —1 as one approaches M explains why such
metrics are given the name “AH[T

In fact, the Poincaré ball model of hyperbolic space is the archetypical example of an AH
space. It is given by M = {|z| < 1} € R, where |z| denotes the Euclidean length, and

(de')? + ...+ (dxnﬂ){
(1)

Indeed if one takes the boundary defining function p =1 — \:c|2, then an elementary exercise
shows that |dp|igg = 1 along {|z| = 1}.

Taking our general AH space, we note that we can always construct boundary coordinates
of M of the form (p,%',...,y") in which the metric g takes the following convenient form.
Let € > 0 be such that the flowout of the gradient of p with respect to the (smooth) metric
G = p*g is a diffeomorphism from (0,&) x M onto a collar neighborhood C. of 9M. Then,
fixing coordinates (y',...,y") of 9M, this flowout provides us boundary coordinates (p, y*)
of M in which the metric takes the form

g=4

dp® + hywdytdy”
g = .

2 (2.2)

We call such boundary coordinates (p, y*) asymptotic boundary normal coordinates.
We will often assume that our boundary coordinates are in this form because several results
that we cite from [I4] are only stated in such coordinates. However, assuming this extra
assumption on the coordinates will not cause us any issues.

By Proposition 1.8 in [29], AH spaces are complete. Furthermore, in some cases we
will assume that ¢ is also nontrapping which means that for any complete g-geodesic
v 1 (—o0,00) = M, liminf, ;1o p(7(¢)) = 0. Intuitively speaking, this condition requires
that v eventually “escapes to infinity.”

2.3 Results

We now state our results. As mentioned in Section above we assume in this paper that
(M C M, g) is an AH space and that p is a boundary defining function. Throughout this

More generally, the sectional curvatures approaches —\dp|2 restricted to the boundary - see [29] for a
precise statement.



paper we also assume that we have a smooth complex d-dimensional vector bundle &£ over
M equipped with a smooth Hermitian inner product (-,-)¢. Moreover, we assume that we
have a smooth section of the endomorphism bundle ® : M — Endg& that is skew-Hermitian
with respect to (-, )¢ (i.e. (Pu,v)e = —(u, Pv)¢). Lastly, we assume that we have a unitary

smooth connection V¢ in € over M with respect to (-,-)¢ - meaning that
V<u7 U)S = <V§/u7 U>5 + <U, V§/U>g,

when V is any smooth vector field over M and u, v are any smooth sections of €.
Take any unit-speed complete geodesic 7y : (—00,00) — M such that liminf, , 1 p(7(¢)) =
0. It follows from Lemma 2.3 in [I4] that the limit of v(¢) in M exists as t — +oo. The
analog of the (2.1) that we will be considering is the following initial value problem for a
section u : (—o0,00) — &:
VE ut) + 9 (0)u(®) =0, lim u(t) = (23)
where e is any element in &,, where zo € OM is the limit of y(¢) as t — —oco. The data

point that we “record” is
lim u(t). (2.4)

t—o00

The question that we are interested then becomes whether we can recover ® and V¢ from
the data recorded for all such possible pairs v and e.

A bit of vocabulary: is a type of differential equation called a transport equation,
and @ is called a Higgs field. Going from the pair (Vg , (ID) to the map that takes every
(v, e) as above to its associated data is called the non-abelian X-ray transform, of
which we give a more precise definition in Section below.

To make rigorous sense of our problem however, we need to establish the well-definedness
of the solution to and the data . Considering that we’re making use of the values
of the solution to at plus or minus infinities, we accomplish this by imposing a decay
condition on ®. The following is our main existence lemma:

Lemma 2.5. Suppose that ® € pC>°(M; Endsc&) and that v : (—oo,00) — M is a complete
geodesic such that liminf, ,+ p(y(t)) = 0. Then for any e € &, where xo = lim;,_ Y(t) €
OM , the solution to exists and so does the limit (2.4)).

For future use, we remark that the above lemma and its proof work equally well if one
changes “t — +00” to “t — Foo” in its statement and in and .

Before we state our main result, we establish a way of talking about the decay regularity
of the connection V¢:

Definition 2.6. If N > 0 is an integer, we say that the “connection symbols of V¢ are in
pN O (M) in any boundary coordinates (of M) and frame (for £)” if the following holds.
For any boundary coordinates (x*) of M and any frame (by) of € over these coordinates’
domain, the connection symbols 51“% i the expression

£, _ Epk i k
Viou = "I uby

satisfy 5Ffj € pNC> (M), where v' are the components of v with respect to (9/ox) and u* are
the components of u with respect to by.



As we mentioned earlier, the answer to our main problem is that we cannot recover the
connection and Higgs field from the data (2.4)) because such data can come from two distinct
pairs (V‘g, <I>) and (%‘S, 5) However if that is the case, the two pairs (V‘S, CID) and (%g, 5)
are related by a well understood gauge relation. The following is our main result on the
matter. To state it, we use the regularity spaces R¥(SM;7*€) and the notion of nontrivial
twisted conformal Killing tensor fields (CKTs for short) which are defined in Section and
at the end of Section respectively. Their role of the latter are to allow us to formulate a
technical assumption the connections that we need to make the vertical Fourier analysis in
the proof to work. To state the regularity conclusion at the end, we also use the unit tangent
bundle SM = {v eTM : ]v|g = 1} with projection map w : SM — M and the notion of

pullback bundles “7*...” (see Section [4.5 below).

Theorem 2.7. Assume that (M, g) is nontrapping and that the sectional curvatures of g
are negative. There exists an integer No > 0 big enough dependent only on (M, g) such
that the following holds. Suppose that ® € pNot1C> (M EndSkE) and that the connection

symbols of V¢ are in pNoC™> (_) m any boundary coordinates and frame (in the sense of
Definition , and that we have another pair ® and V¢ satisfying the same conditions.
Suppose also that neither V and V have nontrivial twisted CKTs in R3(SM;7*E). Lastly,
suppose that the data (2./) (W for all possible v and e as above are the same for (m, and (2.5 (-)

with ® and V¢ replaced by ® and V€ respectively. Then there exists an everywhere invertible
Q € C°(M;End &) N C=(M;End €|,,) such that Q|yz; = id and over M satisfies

Ve =Q 'V, d=Q 'oQ. (2.8)

Furthermore, (Q —id) € R3(SM;7* End &) when Q — id is lifted from M to SM by setting
(Q —id)(v) = (@ —id)(x) for any v € S, M wusing the canonical identification (7*End &), =
(End¢&),.

Remark 2.9. The notation V¢ = Q~'V¢Q means
Viu=Q 'Vi(Qu)

for any tangent vector v € T'M and any section u € C'* (M; 8). The equations 1 are
called the gauge relation between the pairs (V‘g , CI>) and (65 , 5), and we will provide

intuition below for where it comes from.

The natural question arises of what the value of Ny is in the above theorem that deter-
mines the decay rate required of both the Higgs fields (e.g. ®) and the connection symbols
of the connections (e.g. of V¢). We do not attempt to answer this question or to prove an
upper bound. In this paper we prove that it only depends on the geometry of the space
(M, g). Its size comes up when proving the regularity theorem for the transport equation,
and in particular we will need it to be big enough so that the decay rate of ® and the con-
nection symbols will overpower the growth of the derivatives of the geodesic flow. Since the
latter are difficult to compute, albeit perhaps in some special cases such as the hyperbolic
space, our approach does not indicate exactly how big Ny needs to be for the proof to work.
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We point out that in the special case of when the connection is known and has zero
curvature (see Section below for the latter), then it is possible to recover the Higgs
field. Furthermore, in this case we can also drop the assumption about the nonexistence of
twisted CKTs with suitable regularity because we’ll get it for free from the zero-curvature
assumption. Here is the precise statement:

Corollary 2.10. Assume that (M, g) is nontrapping, the sectional curvatures of g are neg-
ative, and that the curvature of V¢ is zero everywhere. There exists an integer Ny > 0 big
enough dependent only on (M, g) such that the following holds. Suppose that the connection
symbols of V¢ are in pNoC> (W) in any boundary coordinates and frame (in the sense of

Definition . Suppose also that ®, de phott(ee (W; EndSkc‘f) are such that the data

for all possible v and e as above are the same for , and with ® replaced by .
Then & = ®.

A simple example of when the corollary applies is if M is a subset of R**, £ = M x C?
is the trivial bundle whose sections we write as column vectors, and the connection V¢ is
simply given by Viu = [v(u'),...,v(u)].

We end this section with discussion on intuition and outline of the proofs. The relation
may look mysterious at first, so let us give intuition for it. The proof of Theorem
essentially begins with taking and rewriting it in terms of endomorphism fields
U:R — End¢€ in a way that it encodes the same data:

VELU () + @(y(1)U(t) = 0, Jim U(t) =id, (2.11)

where “VE"” is a natural connection on the space of endomorphism fields End £. Then we
ask the followmg question. Suppose that we have a connection V¢, Higgs field ®, and the
data that it generates as above. How can we “come up” with another pair Vg and ®
that generates the same data set? To do this, we take an arbitrary endomorphism field @)
and manipulate the above equation as follows:

VEH (QQ?lU) + q)(QQflU) =0, since QQ ! =
VENQ)QT'U +QVEN(QT'U) +@(QQ™'U) =0, product rule,
Q_lvsn(Q)ﬁ + Vsnﬁ + (Q_1<1>Q)ﬁ =0, multiply by Q! and set U = Q~'U,
VU + U =0,

where in the last step we set VI .= VERU 4+ Q- 'VEN(Q)U and @ := Q~1®Q. It’s quick
to see that VE“ and © will generate the same data set 1. if @|s37 = id and, that this
() satisfies . The main point of Theorem - 2.7 is that this is the only way that we can
produce another pair V¢ and @ with the same data set when the Higgs fields are skew
symmetric. This example is illustrative in the sense that from the above we see that the
gauge matrix () is given by B

Q=UU". (2.12)

In particular, the theorem is proved by taklng the solution U to and the solution U
when V¢ and @ are replaced by V¢ and © respectively, and Showmg that satisfies the
desired gauge relation ((2.8]).



To elaborate more on the outline of the proof, we will show that ) —id satisfies a transport
equation of the specific form
VW 4+ W = f (2.13)

on the sphere bundle SM where X is the geodesic vector field (c.f. below). The
right-hand side f will be sufficiently regular at infinity and have Fourier modes of order
no bigger than one with respect to the vertical Laplacian. In Section we will prove
a regularity theorem for transport equations that will imply that the solutions W is also
sufficiently regular at infinity. In Section [5.3| we will conduct a Fourier study of transport
equations that, combined with the just mentioned result, will imply that W, and hence @),
have Fourier degree zero (i.e. are of the form C*(M;End¢)). From there it will quickly
follow that @) satisfies the conclusions in Theorem [2.7]

One of the key steps in our investigation will be to generalize an identity called the
“Pestov identity” to vector bundles over AH spaces (i.e. Theorem [5.7/below). This is similar
to the Pestov identity for scalar functions that was generalized to nontrapping AH spaces
in [14] (see bottom of page 2892 there) which the authors accomplished by also generalizing
Santald’s formula to AH spaces which required the additional assumption that the manifold
is nontrapping. We will take a different approach which will allow us to not assume that the
manifold nontrapping to prove this intermediate step. Of course, this will be more than we
need since in our final result Theorem we do assume that (M, g) is nontrapping.

Another key feature of this paper is the formulation of regularity spaces to which solu-
tions of transport equations over SM of the form belong to and to which we can apply
vertical differential operators while maintaining sufficient regularity at infinity. We’ve chosen
the regularity spaces R* that we introduce in Section below which will play a similar
role to Sobolev spaces in our paper. The approach that we take to study the existence and
regularity of solutions to transport equations (see Proposition is to embed SM as a
subset of the b-cosphere bundle *S*M and the 0-cosphere bundle °S*M (defined in Section
. The bundle ®S* M provides a natural setting to prove the existence of solutions to trans-
port equations with boundary conditions at infinity due to the nice behavior of the geodesic
vector field X at the boundary 0°S*M. The bundle °S*M on the other hand provides a
convenient domain to prove the regularity of solutions at infinity due to its compactness.

2.4 Existence of Examples

Here we address the question of the existence of manifolds (M, g) and connections V¢ that
satisfy the assumptions of our main results Theorem and Corollary [2.10] The existence of
a nontrapping AH space (M, g) with negative sectional curvature is provided by the Poincaré
ball model. More examples can be produced by (smoothly) deforming the metric slightly in
small enough regions; we provide a brief argument for this.

Suppose that our AH space (M, g) is nontrapping and has negative sectional curvature.
It’s clear that if one takes any open U C M whose closure is compact and contained in
the domain of local coordinates, then small enough deformations of the metric g over U
with respect to the coordinates’ C?-norm will preserve its negative curvature. So, let us
demonstrate that if this region and deformation are small enough, then we can also preserve
the nontrapping property of (M, g). Taking our boundary defining function p, it follows



from Lemma 2.3 in [I4] that there exists an € > 0 such that if a g-geodesic v makes its way
into the region {p < £} at some time ¢y, then it will stay in {p < e} for all t > ¢, and will
escape to infinity (i.e. liminf, o p(y(t)) = 0). Now, let us suppose that our U above is
outside of this region: U C {p > e}. Let 6, be the flow of the geodesic vector field X, over
TM (we wrote “g” here for emphasis). The continuous dependence of solutions to ordinary
differential equations on parameters (e.g. see Theorem 7.4 of Chapter 1 in [5]) implies that
the map 0, depends continuously on the values of g and its first and second order partials
in U. By assumption ¢ is nontrapping, and hence all of its geodesics coming out of U will
eventually make their way to {p < €} and escape to infinity. If we make U precompact in
coordinates, it’s not hard to see then that small enough deformations of the metric g over
U with respect to the C%-norm will also satisfy that all of their geodesics coming out of U
will eventually make their way to {p < £}, and hence such deformations will be nontrapping.
This proves our claim.

Finally, the following result address the question of the existence of connections V¢ on
such AH spaces that satisfy the assumption of the nonexistence of nontrivial twisted CKT's
in R3(SM;7*E). Similar results can be found in [39, Corollary 3.6] and [7, Theorem 1.6].
We refer the reader to Section for the definition of the curvature operator F¢ of V.

Theorem 2.14. Assume that (M, g) is nontrapping and that the sectional curvatures of g
are negative. Then the sectional curvatures are bounded above by —k for some k > 0. For
any connection V€ whose curvature norm satisfies HF‘SHLOO < k/n, there are no nontrivial

twisted CKTs in R*(SM;m*E).

Similar to the remark made after Corollary an example of when this lemma applies
is if M is a subset of R"*!, & = M x C¢ is the trivial bundle whose sections we write as column
vectors, and the connection V¥ is given by Viu = [v(u') +Thvi/, ... v(u?) + fTLviud]
where the connection symbols € Ffj decay fast enough at the boundary (i.e. ¢ Ffj c pNoC> (M)
for big enough Ny > 0), and such that they and their first partials are small enough so that
the curvature estimate in the above lemma is satisfied.

2.5 Non-Abelian X-Ray Transform

We mention a way to formalize the operator that takes (V, ®) to the map taking pairs (v, €)
as above to ([2.4]) using concepts that we introduce in Sections @, andbelow. We will
not make use of this formulation, and only the material up to @ and the two sentences
afterwards here will be used later in the paper. Throughout this section we assume that
(M, g) is nontrapping, ® € pC*> (H; End & ), and that the connection symbols of V¢ are in
(Ol (M) in any boundary coordinates and frame (in the sense of Definition .

Consider the cotangent and b-cotangent bundles T*M and *T*M respectively, and their
unit cosphere bundles S*M and ®S*M respectively. Suppose (p,%',...,y") are asymp-
totic boundary normal coordinates of M and consider the frame (%/,, dy', ..., dy") span-
ning covectors in T*M. On page 2865 of [I4] the authors remind the reader that this
extends to the boundary to become a smooth frame of *T*M and that furthermore if
¢ =%/ + n,dyt € bT*M} on7 1s over the boundary, then the map

d
no?p + nudy" — 1o



is well defined (i.e. independent of the coordinates (p,y") that we choose). The boundary
of the unit cosphere bundle *S*M C *T*M turns out to have the following two components:

9_28*M = {C € bT*M}aﬁ Sy = 1} called the “incoming boundary,”
0,28*M = {C € bT*ML,)M Do = —1} called the “outgoing boundary.”

Let 7 : S*M — M and m, : ’S*M — M denote the natural projection maps. Recall
that any unit-speed geodesic 7y : (—o0,00) — M is the image under 7 of an integral curve
o :(—00,00) = S*M of the geodesic vector field X. Letting X denote the pushforward of
X onto °S *M! y Via the canonical identification between T*M and b *M’ 0 We have that
7 is the image under m, of an integral curve oy, : (—00, 00) — %S *H| y Of Xp. It follows from

the proof of Corollary 2.5 in [14] that the limit of any such curve exists in *S*M:

limy_, o 0p = O_"S*M,

limy_yo0 0p = 0,2S* M. (2.15)

Intuitively, the first limit here can be thought of as the “initial velocity” of the geodesic as it
“enters” the AH space at infinity, while the second its “exit velocity” as it “leaves” at infinity.
Conversely, it follows from the same proof that every ¢ € 0_*S*M (resp. ¢ € 9,°S*M) is
the limit in *S*M of a unique (up to reparameterization) such curve o, as t — —oo (resp.
t — 00).

Hence we may define the map

T(v"2) . Ty vgmr — T Elpvgm0

as follows. Take any e € 7*€|, 437 Wwhose base point we denote by (¢ € 0_bS*M. Let oy
be an integral curve of X, with ( = lim;_,_, 0, and let (oi¢ = limy_.o, 0. Take the geodesic
v =m0 0y and let u be the solution to (2.3) where we let e also denote the element in &, (¢
that’s canonically identified to e € (7*E).. Then we set

7(V2) () = lim u(?)

t—o00

making the similar canonical identification (7€) = &x, (¢ We point out that this limit
exists by Lemma [2.5] and that the “I” here stands for “transport equation.”

Definition 2.16. Over the set of all (Vg, CI>) such that ® satisfies the decay conditions in
Lemma above, the operator

(VE, @) —s T(V"2)

1s called the non-abelian X-ray transform.

For example, another way to formulate Corollary above is that for any ¢ and V¢
satisfying the conditions there, the non-abelian X-ray transform is injective over the set of
all Higgs field satisfying the decay condition also described there.
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2.6 Prior Research Discussion and Applications

A standard approach for studying injectivity properties of X-ray transforms is via energy
identities that was first introduced in [33]. The type of energy estimate that’s used in this
approach is called the Pestov identity (or Muhometov-Pestov identity) which over the
years has taken many forms as authors apply them in various contexts - see for instance [11],
[38], [41], and [42]. The mentioned paper [LI] furthermore explains the connection between
X-ray transform over connections and inverse problems related to the wave equation. Of
recent works, in dimension two the authors of [37] used a Pestov identity to prove solenoidal
injectivity of the X-ray transform over tensors, and in their earlier work [36] they proved a
“Pestov type identity” to study the attenuated ray transform with a connection and Higgs
field.

The paper [39] proceeded to generalize these methods to manifolds of dimensions greater
than two, but it didn’t cover the case of connections. In [16] the authors generalized the setup
in [39] where they studied the X-ray transform for connections and Higgs fields together.
For instance, Theorem [2.7| above was proved in [16] in the case of when (M, g) is a compact
Riemannian manifold, has strictly convex boundary, has negative sectional curvature, the
boundary condition in is changed to wu(y(a)) where v : [a,b] — M is a unit-speed
geodesic traveling between boundary points, and is changed to “recording” u(v(b)). In
this paper we also generalize the Pestov identity proved in [I6] to AH spaces, of which a
similar formula also appears in [43].

We mention the early work [I] that studied the injectivity of the X-ray transform for one-
forms. The work of [45] studied injectivity on tensor fields of rank m < 2 for analytic simple
metrics and a generic class of two-dimensional simple metrics, and proved a stability estimate
for the normal operator. Later [44] proved injectivity on two-tensors for all two-dimensional
simple metrics which was then extended to tensors of all rank in [37]. The papers [50] and
[48] proved injectivity for functions and two-tensors respectively on Riemannian manifolds
that admit convex foliations. The paper [15] proved injectivity on tensors of all ranks over
Riemannian manifolds with negative curvature and strictly convex boundary. We mention
that the work [4] characterized the range of the non-abelian X-ray transform on simple
surfaces in terms of boundary quantities and that [3] and [31] proved stability estimates for
it over Higgs fields. Microlocal techniques have also been applied to the study of the X-ray
transform in the presence of conjugate points - we refer the reader to the works [21], [32],
[46], and [47].

In the noncompact realm, injectivity for the scalar X-ray transform over hyperbolic spaces
was proved in [19], and inversion formulas are given in [2] and [I§]. In [25] the authors proved
analogous injectivity over Cartan-Hadamard manifolds and in [26] their results were extended
to higher dimensions and tensor fields. The paper [35] proved a gauge equivalence for the
X-ray transform for connections on Euclidean space assuming a bound on the size of the
connection in dimension two.

AH manifolds have gained interest in the past two decades partly due to their role in
physics such as the AdS/CFT conjecture made in [27]. The work [6] for instance describes
the role of integral geometry in the AdS/CFT correspondence. In this setting, the paper [14]
proved injectivity of the X-ray transform for tensor of all orders on asymptotically hyperbolic
spaces. On simple AH manifolds, the work [9] generalized their result for the scalar X-ray
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transform by proving a stability estimate for the normal operator. Analogous to the local
problem studied in [50], [10] proved a local injectivity result for the scalar X-ray transform
on AH spaces.

Regarding applications of the non-abelian X-ray transform, we also mention its appear-
ance in the theory of solitons when studying the Bogomolny equations in dimensions 2 + 1
- see [28] and [51] for details. The paper [22] describes its applications to coherent quantum
tomography. For a survey of the non-abelian X-ray transform and to read more about its
applications, we refer the reader to [34].
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3 Well-Definedness of the Non-abelian X-Ray Trans-
form

In this section we prove Lemma Take any complete geodesic 7 : (—00,00) — M and
any e € &,, where xg is the limit of v(¢) in M as t - —oo. Our plan is to

1. prove the existence and uniqueness of the solution to the initial value problem ({2.3)),
on an interval of the form (—oo, t] for some tq € R,

2. argue the existence and uniqueness on the rest of the interval [ty, c0) (and hence ev-
erywhere),

3. and finally prove that the limit (2.4)) exists.

We begin with 1), which we prove by mapping the infinite interval to a bounded one
and then applying standard existence and uniqueness results of ordinary differential equa-
tions (ODEs). Let (p,y',...,y") = (z') be asymptotic boundary normal coordinates of M
containing x in their domain and let (b;) be a frame for £ over the same domain. Let
€T}, denote the connection symbols of V& with respect to (?/o2*) and (by). Let to € R be a
time such that the image of v is contained in these coordinates for all times t € (—o0, tg].
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Then, writing u = u*by,, in these coordinates for ¢ € (—oo,ty] we have that (2.3) becomes
the following system of ODEs
it +ETF A 4 dFut =0 lim u* = e ke{l d} (3.1)
dt 1] 7 ) o0 Y VAR Y *
Let’s look at the growth rate of the 4"’s. By definition, g = 9/,* for some smooth metric g
on M. Since v has a constant speed one, we have that

gij;}/i;}/j = PQ-

Clearly the image v(—o00, 1] is a compact subset of our coordinates’ domain, and so the
matrix in the bilinear form v + g;;v'v’ has a minimum positive eigenvalue along this set.
Hence from the above we get that there exists a C' > 0 such that each |3!| < Cp.

Now, take the diffeomorphism A : (—7/2, s9] — (—o0, o] given by h(s) = tans. Making
the change of variables t = h(s) in gives that for each k € {1,...,d}
i . dh dh

+TGY g F @ u =0 ons € (=7 50), ut(=f2) = .

ds

In other words, the existence and uniqueness of a continuous solution u to this system of

initial value problems will prove 1). This in turn will follow from standard results on linear

ODEs (see for instance [5]) if we show that the above coefficients T%4'h’ and ®Fh’ extend
continuously to s = —7/2.

It follows from Lemma 2.3 in [14] (specifically (2.11) there) that there exists a constant

C’ > 0 such that for t € (—o0, to],
poy(t) < C'e. (3.2)

Since by assumption I, € C*(M), |5'| < Cp, and ®F € pC>~(M), we have that there
exists a constant C” > 0 such that for s € (=72, so] both |T%4h’| and |®Fh/| are bounded

above by
O//(p o W(h(s)))h’(s) < C" ' et (9) go 02 (S) 0 as 5 —s _ﬂ/2+

Hence indeed ¢T%4'h’ and ®FR’ extend continuously to s = —7/.

Item 2) follows by applying standard existence and uniqueness theory of ODEs in coor-
dinates and frames of £ as one travels along the geodesic. Item 3) is proved similarly to 1)
except one uses Lemma 2.3 in [I4] in forward time (for instance, the e’ in (3.2)) will change
to e™").

4 Geometric Preliminaries

4.1 The b and 0 Cotangent Bundles

In this section we introduce the b and 0 cotangent bundles. We will only state their definitions
and properties, referring the reader to Section 2.2 in [30] for more details. We begin by
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recalling that lowering and raising an index with respect to g provides a bundle isomorphism
between the tangent and cotangent bundles over the interior:

b:TM — T M, g:T"M — TM.

The first bundle that we introduce is the b-tangent bundle “TM,” which comes with a
canonical smooth map F' : *T'M — T M that has the following two properties:

1. F'is a bijection between smooth sections of T'M and smooth sections of TM that are
tangent to the boundary oM.

2. For any fixed point © € M, F restricts to a linear homomorphism F, : *T,M — T, M
that is also an isomorphism when z is in the interior M.

The second is the O-tangent bundle “OT'M " which is defined similarly as coming with
a smooth map H : “T'M — T'M that has the following two properties:

1. H is a bijection between smooth sections of °TM and smooth sections of TM that
vanish at the boundary oM.

2. For any fixed point @ € M, H restricts to a linear homomorphism H, : °T, M — T, M
that is also an isomorphism when z is in the interior M.

Of more importance to us will be the dual bundles *7*M and °T*M, which are called
the b and 0 cotangent bundles respectively. They naturally generate pullback maps
F*:T*M — *T*M and H* : T*M — °T*M which are also bundle homomorphisms that are
isomorphisms on fibers over the interior M (c.f. points 2) above)

Remark 4.1. Considering that b, f, F, H, F*, H* are all isomorphisms (on fibers) over the
interior M, we will often identify two points in TM, T* M, bTM} N bT*M| A OTM} a0 and
0T"‘M| y 88 being the same if it’s possible to go from one to the other by a composition of
the “canonical identification” maps mentioned above.

We mention important frames for the b and 0 cotangent bundles near the boundary OM.
Suppose (p,y',...,y") = (z') are boundary coordinates of M. Then it turns out that

F* (%) JFH(dyt), ... FH(dy™)

0 n
H*(di>,___,g*<di>
p p

extend smoothly to the boundary OM to be frames of *T*M and °T*M respectively. It’s
standard to abuse notation by simply writing that d¢/p, dy!, ... dy" and d=°/,, ... d="/, are
frames for *T*M and °T*M respectively. Hence we often write coordinates of *T*M and
OT*M as no®/p + n.dy* — (p,y*,n0,m,) and 79"/ > (2%,7;) respectively. For example,
if we consider the coordinates v*9/ozi + (z',v') of TM, then the canonical identification
H*ob: TM|,, — °T*M is given by v'9/az' — (pgijv’)de’ Jp.
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4.2 The b and 0 Cosphere Bundles

Suppose (p,y*,...,y") are asymptotic boundary normal coordinates of M as described in
Section above. We know that 7*M has a fiber metric g. Thus the maps F* : T*M —
*T*M and H* : T*M — °T*M push g to become fiber metrics on *T*M|, and °T*M|, ,
which we denote by g, and gy respectively. If we consider the boundary frames for *T*M
and °T*M introduced at the end of Section above, we have that these metrics are given

by (c.f. (2.2))

2
=g + P’ W 1.,
@, (4.2)

o e m | =+ bena
0

‘no% + nudy”

where (h#*) denotes the inverse matrix of (h,,, ). From here we see that both g, and g, extend
smoothly to all of T M and_OT*M respectively. This allows us to define the unit cosphere
bundles in *T*M and °T*M:

b — {( €T - [()s, = 1},

"M = {C e "T" M : [¢],, = 1}.

We note that in [14], they use the notation “S*M” for what we denote by “©S*M.” We let
7 S*M — M and 7y : °S*M — M denote the natural projection maps.

Remark 4.3. Similarly to the remark made in Remark [4.1] we will often identify two points
in SM, S*M, *S*M, and °S*M to be the same if it’s possible to go from one to the other
by a composition of the maps mentioned there.

We point out that it’s easy to see that both ®S*M and °S*M are smooth embedded
submanifolds with boundary of *T*M and °T*M. We also note that by (4.2), g, degenerates
over OM (i.e. stops being positive definite) while gy does not. In particular this implies that
bS*M is not compact while °S*M is compact.

4.3 Splitting the Tangent Bundle

Next we define a natural Riemannian metric on the tangent space T'M, called the Sasaki
metric, generated by g. We recommend that when checking many of the claims below,
to check them above the center of normal coordinates since in many cases the expressions
simplify considerably due to the vanishing of the Christoffel symbols and the first order
partials of g. Consider the tangent bundle’s projection map 7 : TM — M and its differential
drm : TTM — TM. There is another natural map between these tangent spaces called the
connection map: K : TTM — TM, which is defined as follows. Take any w € T,,TM and
let a : (a,b) = M be a smooth curve and V : (a,b) — T'M a smooth vector field along «
such that (a, V) (0) = w. Then we set K(w) to be the covariant derivative

DV

K(w) = W(O)
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To check that this is independent of the aw and V' that we choose, a quick computation shows
that taking coordinates (z°) of M and the coordinates v'9/azi +— (z°,v%) of TM, K is given
by

0

K(“@

where T'}; are the Christoffel symbols of g with respect to (?/ez?). Next, an easy exercise
shows that the kernels of dm and KC partition the tangent bundle’s tangent space at any
veTl,M:

;0
+5%

k?
via/azi ax

) = (ﬁk + Fi-"’jofvj)i

’Uia/azi

T,TM =H, &V, (4.4)

where B N
H, = ker K|p, 1y and V, = ker dr|p, -

The “V” stands for “vertical” because it can be imagined as being a tangent subspace at v
standing vertically above z, while the “H” stands for “horizontal.” As one can check, both
spaces are canonically identified (i.e. isomorphically mapped to) with T, M by the restricted
maps B

dr : H, — T, M,

K : 171) — T, M.
With this splitting in hand, the Sasaki metric G on TM is defined as follows: for any
w,s €T, TM,
(w,¢)a = (dm(w), dr(s))g + (K(w), K(s))g-
It follows immediately that is an orthogonal decomposition with respect to G.

We will only work with unit speed geodesics and hence most of our work will be done on
the unit sphere bundle

SM = {véTM:]v[gzl}.

With a choice of unit normal, the Sasaki metric on T'M induces a metric on SM which we’ll
also call the Sasaki metric and denote by G, relying on context to differentiate the two. It’s
not hard to see that at any v € SM the tangent space of SM splits into the form

T,SM =H, ®V,

where V), is the subspace of IN/U that’s G-perpendicular to the unit normals to the “sphere”
Sz M above z. Now, take the geodesic vector field X over SM. It’s easy to check that X
always lies in ‘H, for all v € SM and hence we obtain the splitting

T,5M = (RX,) & H, ®V, (4.5)

where H, denotes the orthogonal complement of RX, in ’;flv. For future use, we point out
that restrictions of dm and K map

L1 ¢
dm Hv—>§u %_TIM, (4.6)
— JV

K:V,

16



4.4 Integration on the (Co)Sphere Bundle

Since SM has a Riemannian metric GG, it has a Riemannian density and hence the Lebesgue
measure generated by it (the latter two are independent of orientation). Hence we may
perform Lebesgue integration on SM with respect to G. If (z%) are local coordinates of M,
(r;) is a frame of TM, and we take the coordinates v'r; — (x*,v") of TM, then it turns out
that the integral of any function f € L'(SM) supported over our coordinates is given by the
iterated integral

/f:/f(:r;l,...,x”,vl,...,v”)dSm(vl,...,U")\/detgdxo...dac”, (4.7)

where (v',...,v™) are on the sphere |v|§ = 1 and dS, is the Lebesgue measure on S, M

induced by T, M with inner product g,. We refer the reader to Section 3.6.2 in [40] for a
proof. We point out that the (total) measure of S, M is the Euclidean surface area of the
Euclidean n-sphere for all x € M, which for instance follows by looking at the center of
normal coordinates.

One example of the usefulness of this observation is that since in boundary coordinates
Vdet g is p~ ™Y times “something smooth” on M we have that any function of the form
p" L (SM) is integrable.

4.5 Splitting the Connection Over the Unit Tangent Bundle

Let us take the natural projection map 7 : SM — M. The pullback (vector) bundle 7*&
over SM is defined as the set obtained by taking any point x € M and attaching a copy of
&, to every point of the sphere S, M above it. Formally,

T = {(U,e) v € SM,e € &r(v)}.

Y

We often canonically identify (v,e) = e for fixed v. To every fiber (7*£), we impose the
inner product space structure of (&, (-, )e,). If (b;) is a smooth frame for &, then we turn
7€ into a smooth vector bundle over SM (with smooth inner product) by declaring?| (7*b;)
to be smooth frames for 7*£. The pullback connection V™ ¢ = 7*V¢ in 7*£ is defined to be
the unique connection so that if w € T'SM and ug : M — &£ is smooth, then

VT (1) = 7t (ng(w)uo). (4.8)
For a smooth section u = w/n*b; : SM — 7*&, the pullback connection is explicitly given by
VI tu = w(w)r*b; + u/n* (Vgﬂ(w)bj). (4.9)

Remark 4.10. In the same way we can define the pullback bundles 7;& and ;€ on
bS*M and °S*M respectively. In fact, over the interior we will often identify a section
u € C®(SM;7m*E) as an element of COO(bS*H{M, €|y and C’OO(OS*M}M, €|y via
the natural identification (7*e), = (mye). = (m5e)z = e where v = ¢ = ( are identified points
on S, M, °S*M, and *S* M respectively.

2Applying 7* to b; means “b; o 7.”
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Having defined the splitting of the unit tangent bundle in (4.5]), we now define a natural
splitting of the connection of any section u : SM — 7*£ in the following form:

* X * h * v *
V™u=V"u+ V™ éu + V™ fu. (4.11)

h
Let’s start by defining V™ €u. We have that the full connection V™ ¢u is a tensor of the
form C*(SM;T*SM @ 7*E). Now, consider the same tensor but with the first index raised

with respect to G: [V”*Su}ﬁ € C®(SM;TSM @ 7*€). Next, it’s an easy exercise to check
that there exists a unique map

Py : C®(SM;TSM ® 7€) — C®(SM; TSM & 7€) (4.12)

that satisfies

Py (w® e) = (projyw) @ e
where proj,, : T,TM — H C T,TM is the orthogonal projection map onto H. We then
define

%”*5u = PH<[V“*‘SU]ti )

X v
We define V™ ¢u and V™ ¢u in the same way but instead use analogous map Pry, Projgx

X
and Py, proj,, respectively. However instead of using V™ €u, it’s more common to use the
related quantity

Xu 1= V% “u. (4.13)

X
The quantities Xu and V™ €u are equivalent in the sense that knowing one allows you to
compute the other. Hence we often record the decomposition (4.11]) instead as

h v
V™ = <Xu,v7f*5u, V“*fu). (4.14)

The second two components are called the horizontal and vertical derivatives of u re-
spectively. However, it’s convenient to change the interpretation of the latter two derivatives
as follows.
We define the bundle N over SM by attaching to every v € S, M a copy of {UJ‘} CT.M.
Formally,
N = {(v,w) :v € S;M where z €M and we {v'}}.
To every fiber N, we impose the inner product space structure of ({vl }, gx) which we denote

by “(-,-)n,.” It’s an easy exercise to show that this is a smooth subbundle of 7*T'M. By
(4.6)) we can think of dm and K as mapping

dr: H, — N,,
K:V,— N,.

Hence at every v € T M, the maps Py and P, above map into H, ® (7*€), and V, ® (7*E),
respectively. Thus using the identification (4.15)) we can think of the horizontal and vertical
derivatives as both being N ® 7*&-valued:

(4.15)

h v
V™ éu € C°(SM; N @ n*€) and V™ u e C°(SM; N @ m*E).
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We mention that we assign the natural inner product on N ® 7*€ (i.e. the unique one
satisfying (z ® e€,2' ® €)nore = (2,2")nv ® (e,€')r+e). The reason that this interpretation
is useful is that it becomes natural to apply well-known adjoint formulas for the horizontal
and vertical derivatives over this space. In particular, it turns out that there are differential

operators
h

div€ : C®(SM; N @ %) — C®(SM;m*E),

div™€ : O®(SM; N ® 7€) — C®(SM;71*E),
with the property that if u € C*°(SM;7*E) and v € C*(SM; N ® n*€) are such that at
least one of them is of compact support, then

(4.16)

h

h * . ﬂ—* Vﬂ.* Y ﬂ_*
(VU 0) p2(ngare) = — (U, dIVT S0) p2(regy and (V™ Cu, v) o (vareg) = —(u, div™

U>L2(7r*5)-

We will discuss this in more detail in Section |5.2{below. The operators in are naturally
called the horizontal and vertical divergences respectively.

For future reference, we end this section with two more definitions. First, we define the
differential operator

X:C®(SM;N@n*E) - C*(SM; N @ m°&),

differentiated from the X introduced in (4.13]) by context, to be the unique operator satisfying
that for any Z @ b € C®°(SM; N @ 7*E),

X(Z®b)=X(Z)®b+ Z @ X(b), (4.17)

where X (Z) at any point v € SM denotes the covariant derivative of Z along the unit speed
geodesic v with initial velocity v at time ¢t = 0:

X(Z2)|, = 0). 4.18
(2), = =20 (118)
Since Z 14 implies that P+Z/at 17, we see that X indeed maps into smooth sections of N®@7*E
(i.e. not simply into 7T'M ® 7*E).

4.6 Curvatures

We now cover the curvature operators of £, 7*€, and simply the metric g. We start with
the first one. The operator V¢ maps between the following spaces of sections:

VELC®(M;E) — C®(M;T"M ® &)
Let A* (T*M) denote the bundle of covariant alternating k-tensors and let
™ (3; A (T°TT) © €)

denote the space of smooth sections of 7*M ® ... ® T*M ® £ that are alternating in their
first k arguments. The operators

VE : 0 (M AF(T7) © €) — O (M; A (T°1]) @ €)
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are defined to be the unique operators that satisfy that for any # € C'*° (M; AF (T*M)) and
any u € C*(M;E)
VO @u) =df @u+ (—1)"0 A VEu,

where § A V&u denotes the wedge-like product:

1
(9 A Vgu) (U1, ey V1, 1) = T Z 9(1}0(1), . ,/Uo-(k))vgu(vo—(k+1), l),

UESk+1

where Sy, denotes the set of permutations of k£ + 1 elements.
The curvature of V¢ is defined to be

fE =V Ve C®(M;E) — C=(M;\*(T*M) ® ).

A straightforward computation shows that in any coordinates (z°) of M and any frame (b;)
of &, the curvature f¢ applied to any smooth section u € C* (M; 8) is given by

0Tk

OfT*®
g1 gl ErmEk
f U—U( - Fil ij_ ax]‘

oxt

+ frﬁ5r§m> dz' @ dz’ @ by, (4.19)

where T}, are the connection symbols of V¥ with respect to (?/a2*) and (by). The resemblance
of this tensor to the Riemann curvature tensor is the motivation for the name of f¢.

Next we define a curvature operator associated to f which acts over SM. Notice that
f¢ can be viewed as a O (M; A? (T*M) ®RER® 5*) tensor field by thinking of the u in (4.19))
as the fourth argument of f¢ (i.e. the argument of £*). Hence it can also be canonically
identified with a map, denoted by the same letter, of the form

fE O (M;TM) x C®(M;€) — C*(M; T"M ®&).

In our coordinates and frames it is given by the following: if f;;*; denotes the tensor com-

ponent written out in the parenthesis “(...)” in (4.19)), then for any x € M, v € T, M, and
e€&,, o
fE(v,e) = e fijfwida? @ by. (4.20)

We define the curvature operator associated to f¢ to be the map
F€ . C®(SM;1*E) — C°(SM; N @ 1*E)

given by the following. For any z € M, v € S; M, and e € (7*E),,

FE(e) = PN®W*5<[ff(v, o)’ ) (4.21)

where f raises the first index of ff(v,e) and Pygre @ TTM @ 78 — N @ 7*E denotes
projecting the first component of a tensor product perpendicularly onto the normal bundle

(i.e. 7T M onto N - c.f. (4.12)).

The last curvature quantity that we want to establish notation for is the ordinary curva-
ture of g. Let

R: C®(M;TM) x C®(M;TM) x C®(M;TM) — C®(M;TM)
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denote the Riemann curvature endomorphism given by
R(X,Y)Z =VxVyZ -VyVxZ —Vixy|Z,

where V is the Levi-Civita connection and [-, -] is the Lie bracket. Recall that R is multi-
linear over C°°(M) and thus has well-defined restrictions to (T,M)* — T, M for any fixed
x € M. We define operators, denoted by the same letter,

R: C®(SM;N) —s C™(SM; N)
R:C*(SM;N®@7*E) — C*(SM; N @ *&)
given by the following, for any = € M, v € S, M, w € N,, and e € (7*E),,

R,(w) := Ry(w,v)v and R,(w®e) = [R,(w,v)v] Qe.

5 Gauge Equivalence of Connections and Higgs fields

In this section we build the necessary tools to prove Theorem [2.7] and then prove it at the
end.

5.1 The Regularity Spaces

For the majority of this paper we will be working with the solution to a transport equation
over SM. In particular, we will be making use of its L? norm after we apply several differ-
ential operators to it that extends smoothly to the boundary of the O-cosphere bundle. For
this reason, we will make use of the following regularity spaces:

Definition 5.1. For any fived integer k > 0, we define the spaces R¥(SM;n*E) and
RE(SM; N @ n*€) of order k to be the spaces of smooth sections u € C*®(SM;7*E) and
w € C®°(SM; N @ 7*E) respectively that satisfy the following.

We say that u € R¥(SM;7*E) if for any smooth vector fields Vi, ..., V}, € O (OS*M; TOS*M)
over the 0-cosphere bundle, any frame (b;) of £, and any compact subset K C dom (b;) C M,
u = uwn*b; must satisfy that

W, Vi, VeVidd, ..., Vi VWl are allin p" " VPLY(K]. (5.2)

We say that w € R¥(SM; N @ ©*&) if for any smooth vector fields Vi, ..., V,, € C™ (OS*M; TOS*M),
any boundary coordinates (p,y") = (2°) or interior coordinates (z°) of M, any frame (b;) of
& over these coordinates’ domain, w is of the form

. 0
w = pw T — Q@ b,
P ox’ om0
(note the p in front), and satisfies that for any compact subset K C dom (2') C M,

w, Viw?, VeV .. Vi ViwY are all in p"tVRLR(K]. (5.3)
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We sometimes omit writing the domain of our space and simply write R* when either
the domain is of no importance or clear from context. The power “(»+1) /" above is chosen
to ensure that both u and w as above are in L? - see Remark [5.6] below.

Remark 5.4. We point out that (5.2) and (5.3) only need to be checked in an atlas of M. To
see why, take any pair of coordinates and frames (p, y*) = (z*), (b;) and (p, y*) = (T*), (@)

as above whose domains intersect. The coefficients o/ and £/ in the transformation laws
9ozt = ol 9oz and b; = /Bfgj will be smooth on M and hence smooth on °S*M (when lifted).
Thus af and 55 will be bounded over any compact subset K of M, and the same thing will
hold if we apply smooth vectors Vi, ..., Vi to them as in the above definition. From here it

quickly follows that ((5.2) and (5.3) only need to be checked in an atlas of M.

Remark 5.5. Regarding continuity at infinity, from (5.2) it follows that any element of
RFE(SM; 7€) extends continuously to °S* M if we identify it as an element of C*° (OS*J\/[‘M7 €| )
(see Remark [4.10) and set it to be zero on the boundary 9°5*M.

Remark 5.6. We make a remark regarding integrability. In Definition [5.1] we have that each
|m*0)oat| y = |9/0ut], is p~! times something smooth on M (since g is p~? times something
smooth on M). Furthermore, each |7*b;| .. = |b;|, is bounded over K since & is a smooth
bundle over M by our standing assumption. Hence, it follows that both |u

&I ‘w‘N®7r*£ <
p" " Y2L®[K]. Since M is compact and hence can be covered by a finite collection of such
sets K, it follows that R® C L? by the comment made at the end of Section above.
Furthermore, it follows straight from the definition that R¥ C RE if k> K. Hence, R* C L?
for all £ > 0.

All of the differential operator that we will be using below will have the mapping prop-
erties R¥ — R¥~1. Because of this and the properties described in the above remark, the
spaces R* will play the analogous role in our paper as Sobolev spaces in PDE theory.

5.2 Pestov Identity

In this section we prove the following version of the Pestov Identity with a connection
on asymptotically hyperbolic (AH) spaces. It will be used in the Fourier analysis study of
transport equations.

Theorem 5.7. Suppose that u € R*(SM;7*E). Therf]

2 2

v

HV”*gXu — (RV™u, V™ ¢u) 2 — (F€u, V™ u) 12 + n|Xul|7

= HX%W*EU

L2 L2

where L? stands for L*(SM; N ® 7*€) in the first four quantities and L*(SM;7*E) in the
last one.

3Here we’re implicitly restricting to the interior so that we may apply the differential operators involved
and integrate.
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Intuitively speaking, the above Pestov identity studies how the “energy” (i.e. L?*-norm

squared) changes when one switches the order of %“*g and X. We require that u is in
R2(SM;7*E) to ensure that all of the L? norms and inner products in the above equation
make sense. The order of the space R? is chosen to be “2” because both in the statement of
the theorem and its proof we won’t be applying more than two smooth vector fields over the
0-cosphere bundle to the components of u at any one time. The theorem is proved by simply

v
starting with ||[V™ ¢Xu||2, and then applying L*-adjoint relations and commutator formulas

v
until one arrives at |[XV™ ¢ul|2,. The following lemma provides us with the required set of
adjoint relations.

Lemma 5.8. The following are true, where m,m’ > 0 are integers and all L? stand for
appropriate L>(SM; . ..) spaces.

1. Ifu € R™(SM;7*E) with m > 1, then Xu € R™Y(SM;7*E). Furthermore, if w €
R™ (SM;7*E), then

(Xu, w)pz = —(u, Xw) 2.

2. Ifu € R™(SM; N @ 7*&) with m > 1, then Xu € R™Y(SM; N @ n*E). Furthermore,
if we R™(SM; N ®7*E), then

<XU,UJ>L2 = —<u,Xw)Lz.
3 Ifu € RMSM;n*E) and w € R™ (SM; N ® n*&) with m,m’ > 1, then %w*su c

R™YSM; N @ n*€) and divw € R™-YSM;7*E). Furthermore,

v % v *
(V™ Cu,v) 2 = —(u, div™ €v) .

In other words, X, V™ ¢, and div™ ¢ map R™ — R™ ! and their well-known adjoint
relations are also satisfied on AH spaces as well. To prove the above lemma, we will use the
following compactly supported version of it:

Lemma 5.9. The following are true.

1. If uyw € C®(SM;7m*E) are such that at least one of them is compactly supported in
the interior M, then

<XU, w>L2 = — <u, XU})Lz.

2. If u,w € C®°(SM; N ® 7*E) are such that at least one of them is compactly supported
wn the intertor M, then

<XU, w>L2 = — <U, XUJ)L2.
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3. Ifue C®(SM;m*E) and w € C*(SM; N @ 7€) are such that at least one of them is
compactly supported in the interior M, then

(%”*gu W)z = — dY e
,wype = —(u, div™ “w)e.

Proof: The authors of [16] define divee as the L2 adjoint of V™€ in their Section 3.2 and
then prove its existence in their Lemma 3.2, which proves our point 3)E| To prove point 1),
let (2') be coordinates of M, let (b;) be a frame for £ over these coordinates’ domain, and
consider the coordinates v'9/ox* +— (2%, v") of TM. Let € Ffj denote the connection symbols of
V¢ with respect to (9/o21) and (by,). Now, suppose first that u or w is compactly supported
over our coordinates’ domain and write u = u*7*b; and w = wFn*b;. Then

Xu = [X (uk) + 5Ffjviuj]7r*bk.

For convenience, assume that (b;) is orthonormal so that we may write
(Xu, w)p2 = Z X u w —i—gI’k vl w k]deM.

In Appendix A of [39] the authors prove that the L? adjoint of X : C*°(SM) — C*(SM)
is —X. Furthermore, since V¢ is unitary it follows that the connection symbols are anti-
symmetric: °T};, = —€1Y,. Applying these identities to the right-hand side above gives
—(u, Xw) 2. Point 1) then follows by a partition of unity argument. Point 3) is proved simi-
larly where instead one uses the fact that the L? adjoint of the operator X : C*°(SM; N) —
C>®(SM; N) defined in is also —X, which is proved in Appendix A of [39].

Proof of Lemma part 1):

Let u be as described in part 1). Let (p, y“) = (z') be asymptotic boundary normal
coordinates of M as described in Section [2.2) . let (b;) be a frame for £ over these coordinates’
domain, and consider the coordinates v'9/oxi (x v') of TM. Let T}, denote the connec-
tion symbols of V¥ with respect to (?/ax') and (by) and let T'}; denote the Christoffel symbols
with respect to (9/sz1). Consider also the coordinates 7,42 /p — (x*,7,) of 0T*M and observe
that the canonical identification H* ob:TM — 0T*M‘M is given by v* = p~'¢?7,. Recall
that g;; and g% are respectively p~2 and p? times something smooth on M.

Writing u = u*7*b;, we have that

Xu = [X (uk) + gf‘fjviuj]w*bk. (5.10)

Pulling v* to °S*M via the canonical identification gives p~'¢g*'7,, which is smooth over
05*M. The terms € L' k are smooth over M by our standing assumption and hence on °S*M

4Actually, the authors in the mentioned work are working over compact manifolds with boundary. But
we can still apply their results by applying them to the compact manifold with boundary Ms = {p > 4} for
d > 0 small enough so that Mj contains the (compact) intersection of the supports of u and w.
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when lifted. Hence it quickly follows that the term ¢ Ffjviuj 7*br on the right-hand side of
the above equation is in R™ C R™~!. So, let’s take a look at the other term: X(uk)ﬁ*bk.

Consider the coordinates &dr® — (z%,&;) of T*M. In (2.3) of [14] the authors write out
an explicit equation for X over T*M in asymptotic boundary normal coordinates (recall the
convention about Greek and Latin indices):

9
0%

9
0

where |€ |i = h¢,€,. Since canonical identification is given by 7; = p&;, it’s a quick calcu-
lation to show that pushing X to °S*M gives

d L0 1 1
X =g + 01" g0 {p(aé + [¢l1) + §p28p|fli] — 5P Oplel

Q

.1 .10 S| B
- [Inli + §p9p|nli] o + [nonu - §p3yu|n|i} — (5.11)

0 0
X = pllg— + ph7
PNo ap + P T]M aﬁu

oy

In particular, X extends to be a smooth vector on all of °S*M and hence X (Uk)ﬂ'*bk is in
R™~L. Thus by we have that indeed Xu € R™ 1.

Now suppose that w is as in 1). We will prove the equality in 1) by multiplying w by
a compactly supported (smooth) bump function, use Lemma above, and then let the
support of the bump function go out to infinity. To construct the suitable family of bump
functions, let f; : [0,00) — [0,00) be a smooth function that is identically zero on [0,1/2],
increasing on [1/2, 1], and then identically one on [1, 00) (see Lemma 2.21 in [23] for an explicit
construction). For any ¢ > 0, let f5 : [0,00) — [0,00) denote the function f5(z) = f(=/s).
Finally, for § < ¢ let ¢5 : M — [0,00) denote the one parameter family of bump functions
given by

1 otherwise

45(2) = {fa o p(x) plx) <9

By Lemma |5.9| we have that

<XU, q§5w>L2 = —(u, X(¢5w)>L2

since ¢sw is compactly supported. Applying the product rule on the right-hand side gives

(Xu, psw)rz = —(u, psXw)pz — (u, X (¢s)w) rz. (5.12)

We now let § — 07 and show that this equation tends to the equality in 1). By what we
proved above, we have that (Xu, w) ¢ and (u, Xw)¢ are the product of two L*(SM) func-
tions and hence also in L?(SM). Next, differentiating in § demonstrates that ¢5 monotonely
increases to the identically one function as § — 07. Hence by the dominated convergence the-
orem, we get that the first two terms in tend to (Xu,w) 2 and —(u, Xw) 2 respectively
as 0 — 0.

Hence we will have proved 1) if we can show that the third term in tends to zero
as 0 — 07. This will follow if we show that for any compact set K C M contained in the
domain of some interior coordinates (z°) of M or boundary coordinates (p,y") = (z') as
above,

/ (u, X (¢s)w)pe — 0 as 6§ — 0.
1K
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If K is contained in the domain of interior coordinates, then this follows immediately since
¢s = 1 on K for sufficiently small 6 > 0. So suppose that K is contained in the domain of
our boundary coordinates (p, y*) = (z'). Writing the above integral in these coordinates as

in Section |4.4| gives (here di = dz°...dx")
/ (11, X (5)) g S, (v) /et gl / X (6)|di-
K

where w,, denotes the surface area of the Euclidean n-sphere. The sup... is finite because
Ul g 0] € p"TVRL®[K] and y/detg € p~"THC>(M). Now, the explicit equation
for X in coordinates of TM (e.g. see page 104 in [24]) gives that X (¢s) = v°fi(p), which
we note is supported in {p < é}. Since g = (d* +huwdy*dy”) /2 and [v[, = 1, we have that
|0°| < p. Letting K, denote the (compact) ordinary projection of K onto the set {(0,y*)}
in our coordinates, we can bound

5
/’X(¢5)|d§3§/ / 5f(§(p)dpdy:5/ dy — 0 as d — 0.
K K, Jo K

Y

< sup‘(u WY peer/det g

Hence the third term in (5.12)) indeed tends to zero as 6 — 0.

Proof of Lemma parts 2), 3):
Let’s begin with proving 2). Let u be as described there. We keep working in the same
coordinates that we used in part 1) above. Writing u = pu7*9/oz' @ 7*b;, we have that

Xu
= X (pu")m 5 O 7 (5.13)
ki i O
+I'7,0" put m* g ® T*b; (5.14)
5 k i d
Ty vpu W%Q{)ﬂb (5.15)

In part 1) we observed that v* is p times something smooth on °S*M and hence it follows
that the term is in R™(SM; N @ *€) C R™(SM; N @ 7*€). Next, we have that
since g is p~2 times a smooth metric on M, the conformal transformation law of Christoffel
symbols (e.g. see Proposition 7.29 in [24]) give that Ffj are p~! times something smooth on

M. Thus the term (5.14)) is also in R™ € R™~!. Finally, from we have that X (p) is
p times something smooth on °S*M and thus it follows from the product rule that the term
is in R™!. Hence indeed Xu € R™™'. The equality in 2) follows the same way that
we proved the equality in 1).

Finally, let’s prove 3). Let u = w/n*b; and w = pw”n*9/s2i @ 7*b; be as described there.
In the proof of Lemma 3.2 in [I6] the authors give an equation for the vertical derivativeﬂ

v v
SWe remark that in their work they write “V¢” for what we denote by “V™ €.”
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of w in terms of an operator “V” for which an explicit equation is given on page 350 of [39].
As the authors do in [16], we assume that (b;) is orthonormal so that may use their formula
to write that

V™€ over SM = 8’@%*% ® T*b;, (5.16)
where for any f € C*(SM)
0
s = [gtron]
O'f =g 0uf,

where p : TM \ {0} — SM is the radial projection map v + v/jv|, over the tangent bundle
minus the zero section. Since the canonical identification 08*M = SM is given by 7, =
pgizv" , pushing /o to °S*M gives

o . . 9
avi P,

Thus 2/av¢ extends to p~' times a smooth vector field over °S*M and hence so does d;.
Hence 0" is p times a smooth vector field over °S*M. Thus by we have that the
vertical derivative of u is indeed in R™1(SM; N @ *&).

Next let’s take a look at w. Using above, a straightforward generalization of the

derivation of the equation for “div Z” given on page 352 of [39] gives
div™éw = 0; (pw” ) 7*b;. (5.17)

Since 0; only involves derivatives in v*, we can pull p out of the derivative on the right-hand
side. Since 0; is p~! times a smooth vector field over °S*M, it follows that this is indeed in
R™-Y(SM;1*E).

The equality in 3) follow essentially the same way we proved the equality in 1). An
example of a minor change that’s needed is that the analog of will be

(V™ Eu, dpw) e = —(u, psdiv™ Sw) e,

which we note doesn’t have an analogous “third term” as in (5.12)) because ¢5 only depends
on position and thus isn’t affected by the vertical divergence. From here one proceeds as
before.

For use in Section below, we record the R™-mapping property of the horizontal
derivative as well.

h
Lemma 5.18. If u € R™(SM;7*E) with m > 1, then V™ ¢u € R™Y(SM; N @ n* £).
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Proof: Take any such u. Let (p,y*) = (%), (b;), °T'};, and T'¥; be as in the beginning of
the proof of Lemma [5.8 part 1) and consider the coordinates v'9/oz¢ +— (x*,v") of TM and
7,47 [p — (2%,7;) of °T*M described there as well.

We write u = u/m*b;. By the equations for the horizontal and vertical derivatives given

in the proof of Lemma 3.2 in [I6] and on page 350 of [39],

%ﬂ*gu
= (8'u — (v pu?)v’) 7 o ® T*b; (5.19)
—I—ul%w*g (gfilvkw*bj) (5.20)

where for any f € C*(SM)

0 -0
= |~ Tl e ) U 00

8 f =gy f, (5.22)

where p : TM \ {0} — SM is the radial projection map v — ?/ju|,.
Let’s start by taking a look at the term (.20). Recall our stand assumption that

, (5.21)
SM

each Sfil is smooth on M. Next, we observed in the proof of Lemma part 1) that each
v* is p times something smooth over °S*M. By the vertical derivative only involves
derivatives in v* and so we can pull the just mentioned factor of p out of the vertical derivative
in (5.20). Thus the term is equal to pu! times 0" of something smooth on °S*M times
70/oxt @ w*b;. We observed in the proof of Lemma [5.8| parts 2) and 3) that 9 is a smooth
vector field over °S* M and thus 9 of something smooth on °S*M is again smooth on °S*M.
From here it follows that the term is in R™ C R™ L. Finally let’s take a look at the
term ([5.19)).

Recall that g;; and ¢" are respectively p~2 and p? times something smooth on M. We
observed in the proof of Lemma parts 2) and 3) that each Ffjvj is smooth on °S*M.
Next, canonical identification is given by 7; = pg;;v’, from which it’s a quick computation
to show that the differential of this canonical identification takes (recall that z° = p)

5o % + (plm + 094 ”"ﬁ') ;

2

920~ 90 a0 7 ) o
0 0 89,” i — 0
o oo (8;15"9 ' ) am or A=1L...m
) )

The important observation is that these are all p=! times vector fields that are smooth over
05*M. Thus by (5.21) and (5.22), the §; and &' are respectively p~! and p times vector fields
that are smooth over °S*M. Plugging all of these observation into finally gives that
indeed the horizontal derivatives of u is in R™ 1.
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Next we need the following lemma that tells us that the curvature operators have the
mapping property R — R™.

Lemma 5.23. Suppose that u € R™(SM;N @ 7*€) and w € R™(SM;7n*E) for integers
m > 0. Then Ru € R™(SM; N @ 7*€) and Féw € R™(SM; N @ 7*€).

Proof: Let (p,y") = (z'), (b;), °T};, and I'}; be as in the beginning of the proof of Lemma
part 1) and consider the coordinates v*9/as = (*,v") of TM and 7' /p — (2,7;) of
OT*M described there as well.

We write u = pu7*9/oxt @ 7*b; and w = w/n*b;. We have that

l l
Ru = (agi;k - gz;]f + F}?}kFﬁm - F;’,;Fé,m) puijvj'vkﬁ*% ® T*b;.
In the proof of Lemma part 1) we observed that each v* is p times something smooth on
08*M. In the proof of Lemma parts 2) and 3) we observed that each T} is p~' times
something smooth on M and hence its first partials oI /ot are p~2 times something smooth
on M. From this it follows that indeed Ru € R™.
Next, looking at (4.20]) and (4.21) we have that

9
FEw = Pygnee (wlg” fijklvlﬁ* —~® ﬂ*bk).
0x7

By (4.19), we have that each f;;*; is smooth on M, and recall that each g is p? times
something smooth on M. The projection map here is given by

Pngree (7? 907 O bk) = (w — (v, wﬂ)) ® by
_ * 8 i/ i// a *b
=T ey I g ) ST
From here it follows that indeed Féw € R™.
|

We need one final lemma that provides the needed commutator formulas to prove Theo-
rem [5.7] The following lemma is Lemma 3.2 in [16], where one can also find a proof.

Lemma 5.24. The following are true, where |...,...| denotes the commutator bracket.
v * h *
[X, Al 5] = (5.25)
h * v *
[X, A 5} = RV™ ¢ + F¢, (5.26)
h v v o o .h o
divTEV™E — divT EVT ¢ = nX, (5.27)
v h
{X, div™ 5} = —div™ ¢, (5.28)
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Proof of Theorem [5.7]:
Let u be as described in the theorem. By Lemma [5.8 we have that

(V™ EXu, V™ eXu) 12 = (Xdiv™ V™ € Xu, u) 2.
We get that this is equal to (see right after for justifications)
h Vo, Voo, Vo,
(—div™ V™ EXu + div™ EXV™ EXu) 2,
h soe V. v * h * v * Vo«
= (—div™ V™ EXu + div™ EXVT 4 divT EXXVT Cu, u) e,

h Vo, Voo, v Voo, h . Voo, Vo,
= (—div™ V™ EXu + div™ ¢ (RV” €4 Ff)u + div™EVT EXu 4 div™ EXXV™ Cu, u) e,

— (—nXXu + div™E (R%”*g + Fg) w+ divEXXV ™ Eu, ) g,

where in the above four lines we used respectively (5.28), (5.25)), (5.26)), and (5.27). Applying
Lemma [5.8| again gives that this is equal to

n(Xu, Xu) 2 + (divT ERV™ Su + div™ € Féu, u) 2 + (XV™ €u, XV™ €u) o,

Splitting the second inner product over the “4” sign and then applying Lemma to the
resultant middle two terms proves the theorem.

5.3 Finite Degree of Solutions to Transport Equations

In the proof of Theorem we will end up showing that () — id satisfies an equation of a
form similar to
Xu+du=f

over SM, which is called a “transport equation.” It turns out that this equation has good
behavior with respect to vertical Fourier analysis, which we now introduce. Consider the
vertical Laplacian:

ATE = —divTEVTE L O (SM 7€) — CF(SM; 7€),

By Lemma?)) this operator has the R'-mapping property R (SM; 7*E) — RI72(SM; 7*E)
for | > 2. Let’s see what this operator looks like in coordinates. Let (z%) be coordinates of
M, let (r;) be an orthonormal frame of T'M over their domain, let (b;) denote a frame of £
over their domain, and consider the coordinates

v'ri — (2, 0") (5.29)
of TM. Then we claim that for any smooth section u = u/7*b;,

ATy = (=A%) b (5.30)
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where “—AS"” is the negative Laplacian on the n-sphere in the variables v*. This is most

easily seen as follows. Pick an arbitrary point xqg € M in the domain of our coordinates,
choose normal coordinates (') of M centered at zy, and consider the coordinates 9°9/az' >
(2%, 9%) of TM. Then observe that and tell us that on the sphere S, M, the
operator A™ ¢ applied to u = @/7*b; is given by (—AS"@’)7*b;. The claim then follows by
pushing this expression through the change of variables (Z°,9%) — (z*,v").

From this observation and the theory of spherical harmonics (c.f. Section 2.H in [12] for
the latter), we obtain several important implications regarding the vertical Laplacian. First,
we get that the eigenvalues of A™ ¢ match that of —AS":

Am =m(m+n—1) for integers m > 0.

Furthermore, letting €2,,, denote the set of smooth eigenfunctions of A™ ¢ with eigenvalue \,,,
any u € C*°(SM;7*E) can be uniquely decomposed as the (pointwise converging) “Fourier
series”

o0
u = E U s u € Q.
m=0

Furthermore, for any fixed z € M this convergence also holds in L*(S,M; (7*E),). The
u,,’s are called u’s Fourier modes. The maximum index m for which u,, # 0 is called the
degree of u and is denoted by “degu” (which could be infinity). Naturally, we say that u
is of finite degree if its degree is finite. We can write an explicit equation for the Fourier
modes as follows. For each m € Z, we let

Y ok=1,... 1.}

denote a real-valued orthonormal basis of eigenfunctions of —A®" with eigenvalue \,,. Then
in the coordinates (5.29)) and frame (b;) there

I

() = 3 [ [ v s v () (5.31)

k=1

(no implicit summation meant in m here). An important property of the vertical Laplacian
eigenspaces is that they are orthogonal:

Proposition 5.32. The spaces Q,,, N\ L*(SM;7*E) and Q,,y N L*(SM;7*E) are orthogonal
with respect to L* when m # m/.

The above proposition follows directly from the theory of spherical harmonics and the
fact that integrals over SM can be partitioned as described in Section [£.4] above. Another
important property is that the vertical Laplacian commutes with taking the m'™ Fourier
mode:

Proposition 5.33. If u € C®(SM;n*E), then A™ ¢ (uy,) = (A™ ¢u) .

Proof: Using the coordinate expression for the vertical Laplacian ([5.30)), this follows by
taking (5.31) and integrating by parts:

i I
(AT (uy)]” = At =) {/ uj)‘mYkdeS"} Y=y {/ w (=A%) Y dwgn | Y

k=1 k=1
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:i U (A )W) Y dwsn | V" = (AT Eu)’ |
_

Next we’ll need the fact that Fourier modes have the same regularity as their original
section:

Proposition 5.34. Ifu € RY(SM;7*E) forl > 0, then each Fourier mode u,, € R'(SM;n*E)
as well.

Proof: Take any u € RI(SM;7*E) with [ > 0 and fix m > 0. Let (2%) be coordinates of
M, let (r;) be an orthonormal frame of TM over dom (2%), and consider the coordinates
vir; = (2, v") of TM. Let (b;) denote a frame of £ over dom (z'). We write u = u/7*b;.
Furthermore, let K C dom (z') € M be any compact subset.

First suppose that [ = 0. Since v/ € p"*Y2L>®[K], tells us that each u! €
p" TV L®[K] as well and so indeed u,, € R'.

Next suppose that [ = 1. Suppose that the frame (r;) was obtained by mapping a local

orthonormal frame (') of 97*M via the canonical identification fo H : OT*M‘ v — TM, and

consider the coordinates ﬁifi — (2°,m;) of °T*M. Observe that this identification is given
by 7; = v. Now, take any smooth vector field V; € C*(°S*M;T°S*M) which we write as
V = (V4)"9)oar + (V1),9/om,. Pushing V to SM give| V = (V1) 0foar + 3" (V4),/ovr. Thus

by (5-31)
L lm oy,
Vi(ul,) = (Vh) TZ { o %Ymden]Ykm + Us W'“mdwgn] 2 ()
k=1

=1 r=0

Now, the components (V;)", (V3), are bounded above K because they are smooth over the
compact °S*M Ny '[K]. For future use, we point out that this also holds for their 9oz, 9/ovi
first and higher order partials as well. Furthermore, since 2/s2" is a smooth vector field over
the 0-cosphere bundle, we have that each 9« /a;~ in the above expression is in p™ " V/2L> by
assumption. Hence the above expression tells us that V;(u?,) € p"*"2L>[K] and so indeed
Um € R'. The cases [ > 2 are handled similarly.

[ |
One of the central properties of X is that it maps
X: Qm — mel @D Qm+1- (535)

This is proven in Section 3.4 of [16]. Similarly, multiplication on the left by ® maps €2,,, — Q,,
since ® has no dependence on the vertical variable “v.” In particular, we see that the operator
in the transport equation “X 4 ®” maps sections of finite degree to sections of finite degree.
The converse is also true, which is the main result of this section:

®We can’t use the Einstein summation convention on (V;), 9/av" because it has two lower indices.
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Theorem 5.36. Assume that the sectional curvatures of g are negatz've.m Ifu € R3(SM;m*€)
solves
Xu+ du=f (5.37)

for some f € C*(SM;m*E) of finite degree, then u is also of finite degree.
To prove this, we need several preliminary results.

Lemma 5.38. It holds that
* v * h *
(X, A7 5] = 2div" EV™TE + nX.

The above lemma is stated as Lemma 3.4 of [16], whose proof is essentially identical to
that of Lemma 3.5 in [39)].

To state the next preliminary result we observe that because of , over each 2, we
can decompose X = X_ + X, where

Xi : Qm — Qm:l:l'

We point out that the maps Xy are distinct for different €2, even though we use the same
notation to denote them.

Remark 5.39. Like X, the operators X; map R' — R!"! for [ > 1 by Lemma and
Proposition above.

We mention that the idea of splitting the action of the geodesic vector field as above was
first introduced by Guillemin and Kazhdan - see [I7]. The following preliminary result is a
special case of the Pestov identity with a connection (Theorem [5.7)):

Proposition 5.40. Suppose that u € Q,, N R*(SM;7*E). Then

(2m + 1) X yul| 7,
2
+(2m+n—2)|X ul2 — (RV™ €u, V" u) 12 — (FEu, V™ €u) ps.
L2
Proof: We have that u satisfies the equation in Theorem Let’s take a look at the term
2

h *
V™

HXV” full = (=V"u+ V" EXu, —V™ fu + V™ EXu) 2 by (5.25),
12
h * 2 v * h * v * 2
= |[V™Cu|| 4+ 2(Xu,div V™ €u) e + HV” £Xu Lemma 5.8 3) and Lemma [5.18]
L2 L2

Applying Lemma [5.38, we see that the middle term in the last quantity is equal to
(Xu, XA™ ¢y — A™ Xu — nXu) .
Splitting Xu = X_u + X, u € Q,,,_1 ® Qy,i1, using that
A"y = \ou, ATEX = My X, AT EX u = A Xy u,

using the orthogonality of the vertical Laplacian eigenspaces, and then plugging the result
into the equation in Theorem proves the proposition after several cancellations.

"Recall our standing assumption that ® is skew-Hermitian.
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The following lemma provides the contraction property that’s needed in the proof of
Theorem [5.36]

Lemma 5.41. Suppose that the sectional curvatures of g are negative. Then there exist real
constants c,, — oo such that for sufficiently large m,

{||x_u||iz+cm||u||igs||X+ulliz it n#2, (5.42)

I ull2s + cmlluls < dullXpul2e i n=2,

for all u € Q,, N R2(SM; 7*E) where d,,, = 1 + 1/[(2m - 1)(m +1)?].

Proof: We begin by using the fact that the sectional curvatures of g tend to —1 at 9M.
Precisely, by the remark after Proposition 1.10 in [29] there exists an ¢ > 0 so that the
sectional curvatures of g are less than —x' for some s’ > 0 over the region {p < }. Hence
this, the compactness of {p > €}, and the negative curvature assumption imply that there
exists a k > 0 such that the sectional curvatures of g are bounded above by —x on all of M.

Now, take any u as in the statement of the lemma. We have that u satisfies the equation

h
in Proposition [5.40| above. We begin by estimating the L? norm of the term V™ ¢u by
utilizing the trick of looking at its vertical divergence. By Lemma [5.38 we have that

v . h | 1 . 1 "
div™ eV Ey = §XA“ Eu — §A7r £Xu — gXU,

1 1
= S (XAt + X Att) = S i Xt + Ay Xt) - g(X+u +X_u),
=—(m+n)Xu+ (m—-1)X_u,

v * v * - 1 v *
— _div©E (—m Tgrex y 4 Ty Sx_u).

m—1 m—1

Plugging the expression for the A;’s into this, we conclude that

h 1 v . 1 v .
V™= ——V™ X, u— VX _u+Z

m+1 m-+n—2

where Z € C®(SM; N ® 7*€) is such that divi'¢Z = 0 and hence perpendicular to the
other two terms on the right-hand side with respect to L?. Using the orthogonality of the
vertical Laplacian eigenspaces and Lemma ), this gives us the L? estimate

2
m-+n
> +

L2 m+1

m—1 )
L) S

X 2
Il + ——

h
Hvﬂ Su

Now, plugging this into the equation in Proposition [5.40| gives

m-+n

<2m+n— p— 1)”X+UH%2 (5.43)
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- 1 v * v * v *
> <2m +n—-2+ #) IX_ull7: — (RV™ €u, V7 Eu) 2 — (FEu, V™ Cu)
We have that the term

2
= K |u|7s- (5.44)

L2

—(RV™4u, V™ u) 2 > k||V™ “u

Furthermore,

—(Fou, V) > || Pl s [V ]| = [ FE Al (5.45)

I

Hence, letting a,,,, and by, ,, denote the coefficients of || X, ul|7, and |[|X_ul|7, in (5.43) above
respectively we get that

WA = ||| o Aot

bm,n

amn

b

X ullze > [1X-ull7e +

.

Elementary algebra shows that am.n /b, ., is less than or equal to 1 if n # 2 and m > 1, and is
equal to d,, if n = 2. Since \,, = O(m?), the lemma follows.

We need one last technical lemma:
Lemma 5.46. If u € R*(SM;7*E), then || X upll2 — 0 as m — oo.

Proof: Take any u € R*(SM;7*E). Let (z%) be coordinates of M, let (b;) denote a frame of
& over dom (), and consider the coordinates v'9/azi +— (z*,v") of TM. Take any compact
subset K C dom (2°) C M and suppose for convenience that (b;) is orthonormal. We will
show that [|X w2157 — 0 as m — oo, from which the lemma will follow by covering

the compact M by a finite number of such sets K.
We have that (we omit writing 7= ![K] for the rest of the proof)

M&

wllza e [T el
k=1

Since g;;v'v’ =1 and g;; blows up like p=2 at the boundary, we have that each v* is bounded
over the compact K and hence the sup... above is finite. From Proposition [5.33] it follows
that the last L2-norm satisfies

- 1 . 1 .
ol S Bl = 5187 0) e < A7l 0 a5 s o,
where we've used that A™¢u € R*2(SM;7*€) C L*(SM;7*E) and so the last L2-norm
is finite. Thus by , the lemma will be proved if we show that HX(uk — 0 as

m)||L2
m — O0.
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Let (r;) be an orthonormal frame of TM over dom (z") and now consider the coordinates
v'ry = (x',v") of TM. Suppose furthermore that the frame (r;) was obtained by mapping a

local orthonormal frame (') of “7*M via the canonical identification fo H : OT*M| v = ITM,

and consider the coordinates 7, — (7, 7;) of °T*M. Recall that this identification is given
by 7, = v'. In we pointed out that X extends to a smooth vector field X, over
05*M. Let us write Xo = (Xo)'?/ost + (Xo),2/om, over °S*M, which if we push to SM we get
X = (X0)'0foct + > " (X),2/0vi. Thus

Xub, = (Xo) T+ 3 (X), o

ox’ : L ovt
=0

where 9u, [ovi denotes 9/avi applied to any smooth extension of u*, from SM. For definitive-
ness, let us say that we extend u* to T'M minus the zero section by making u* constant along
the radial lines ¢ + tv for ¢ € (0,00) and v € SM. Now, the components (Xo)’, (Xo), are
bounded above K because they are smooth over the compact °S*M N7, '[K]. Hence by the
above equation, the lemma will be proved if we show that both ||0u5, /oa7 || 2, ||0um fovi]| ;2 — 0
as m — 0.

First let’s take a look at ||9ur, /ox?
it follows that

2. By tucking 9/a.* under the integral sign in (5.31]),

dup, (0 .
oxt  \ Oxi '

where 94 /a2 denotes (9u* /a2t )*by. Thus

a V|
' <a:c“)m
L

where we’ve used the fact that 9/s2i is a smooth vector field over the 0-cosphere bundle and
hence a/azi(A“*gu) € R332 C [2

Finally, let’s take a look at [|ouf, /ovi
for any fixed x € M we have that

[ |
Sa M 3vi

where grad, g, means the gradient in (v") over the Euclidean sphere {(v1)2 +... (") = 1}

2 2 2

— 0 as m — oo,
L2

k
ou;’,

oxt

0

1
ul| =
oxt

)2
L? )‘m

a *
AT &
ox't

u

L2

2

;2. Since we extended uF, to be constant radially,

2

dS, M =

k 2
@“_m(xz" V)

ovt

2
dvgn < / |gradv€§nufn‘ dvsn
sn sn

with respect to usual spherical metric. Looking at the last integral, integrating by parts
gives
/ |erad, contit,[*dvse = / i (~ A% ) g = Ay / [ [2dS, M.
sn n S M
Integrating in x then gives that

2

our
ov'

SAmHuan; < iHA’r*‘guHQLQ —0 asm — oo.
L2 )\m

As discussed above, this proves the lemma.
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Proof of Theorem [5.536

We start by assuming that n # 2 since the proof of the case n = 2 requires a slight
modification. Comparing Fourier modes of order m > deg f in (5.37) gives that

X-i-um—l + X—Um-i-l + Qu,, = 0, (548)
Using this relation and plugging w,,+1 into u in (5.42) gives that
It 22 2 It + 102 + it 1] + 2Re(@ti, Xyt 1}z (5.49)

The idea of the proof is the follow One can plug the relation ([5.48|) with “m-+1" replaced
by “m — 17 into || Xy ttm_1||7 72 In i use again, and then proceed recursively. One
will get a long expression on the right Wthh one needs to cleverly manipulated to bound
[ thmo || 3> for some fixed index mg. Then using that ||Xum 1]5> goes to zero as m — oo by
Lemma will force ||t |72 = 0. We will show that this holds for large enough my, from
which the theorem will follow. The first obstacle to accomplishing this is the inner product
term 2Re(Pu,,, X u,,_1) 2 above. The following claim helps resolve this.

To state the claim, we introduce the following notation. For any U € C*°(SM;End 7*E)
(such as ® up to identification), we let XU € C*°(SM; End 7*E) denote the unique endomor-
phism field satisfying (XU)h = [X, U]h for any h € C*(SM;7*E). We will show in Section
below that this new operator X comes from a connection on endomorphism fields applied
to U. In particular, since ® is smooth on M and hence on °S*M (when lifted), it will follow
from (5.10)) and that the quantity X® that we use below extends smoothly to *S*M
Claim: The following identity is true (because ® is skew-Hermitian):

<X+um—17 CI)um>L2 + <X+Um_2, CI)um—1>L2 = _<um—1a (ng))un’»L2 - ||q)um—1||i2-

Proof of claim: This is simply a computation:

(X tm—1, Pum )z = (Xttyy—1, Puyy )2 use X = X_ 4+ X, and Proposition [5.32]

— (U1, X(DPryy)) 12 Lemma [5.8]

—(Um—1, (XP)ty, + PXttyy,) 12 definition of X,

—(Um—1, (XP)up) 12 — (Upm—1, PX_wp,) 12 X =X_ + X, and Proposition [5.32]

— (U1, (XP)tup ) r2 + (U1, P[Py 1 + Xty 2]} 12 used .

From here the claim follows by rearranging and using that ® is skew-Hermitian.
End of proof of claim.

We return to proving the theorem. The above claim tells us that to get rid of the last
term in ([5.49)), we can add (5.49) and (5.49) with “m” replaced by “m — 1”:

s tmallze + 1K mllze > 1K twnoalze + 1K stm—all 72 + | w72 + | Prm 172

+Cm+1||um+1||2L2 + Cm”umH%? + 2Re(Puim, Xy wm-1) 12 + 2Re(Puum—1, Xy thn—2) 12
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and then apply the equation in the claim to get the following inequality, where for brevity
2 2
= [ Xt |2 + (Xt [0

Ami1 > Gt + | Pum[72 + | Pum—1 |72 + Cmit|[tmsr || 72 + [t |72
“9Re(ttp_1, (XDt} 12 — 2| Dtuy1]|%

> m-1 + Cm+1||um+1||12 + CmHum”i? - Hum—l“?ﬂ - H(X(I))umni? - HCI)um—lHi?’

Since ® and X® are smooth (and hence continuous) on the compact manifold °S* M, there
exist constants B, C' > 0 such that

1®h]72 < BlA]72
I(X@)A72 < CAl|7,
for any h € C*°(SM;7*E) N L*(SM; 7*E). Hence
1 > ot + T (5.50)

where
P = Cnt [t |72 + (n = O)Jumll72 = (14 B)|[um1 7.
Applying ((5.50) recursively gives

am+1 = a‘mofl + ,rmo + Tm0+2 + ... + T’m

for any pair of indices m, mg > deg f such that m = mgy + 2k for some integer £ > 0. We
seek to bound the resultant tail of ;’s. To do so, choose mg big enough so that for m > my,
Cm is bigger than both C' and B + 1. Hence if m = mg + 2k,

k—1
Pig + Tmgt2 + o T = Cpt | Uma|[72 + Z (emot142i = (1 4+ B))[tmor142:] 72
1=0
k
+Z (cmor2i = O)[tmor2ill 72 = (14 B) [ty 1|
=0

> Cm+1||Um+1Hi2 - (1 + B)”Umo—l”i%

Hence for any such m = mgy + 2k we get that
A1 > Qg1 — (1 + B)”umO*lHi?'

By the definition of a,,,_1 and (5.42) we have that @y, 1 > Cmg—1||thmy_1]|72, and hence we
finally arrive at
2
Amt1 2 (Cmg—1 — (1 + B))|lume—1]|72-

Assume we defined mgy before so that ¢,,,—1 > 1+ B as well. Observe that a,,;1 — 0 as
m — oo by Lemma Hence we get that |[tim,_1]/7» = 0 and thus t,,_; = 0 for all such
large enough myg. This proves the theorem in the case n # 2.
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Finally, let’s discuss the modification needed in the case n = 2. In this case we instead
use the second equality in and hence proceeding as above arrive at that for sufficiently
large m

Ay Qa1 = Q1 + T,

where we've used that d,, > d,,y1 and that all d; > 1 for + > 1. Multiplying through by
d—2, applying the same inequality with “m” replaced by “m — 2”7 on the right-hand side,
and then repeating recursively gives

(A - oo i) A1 = Qg1 + Tmg + (g )Tmot2 + oo+ (dm—g - o - g )Tm,

for any pair of m, mg > deg f such that m = mg + 2k for some integer k. Since the d; > 1,
we get the inequality

k
(H dm—2i> Am+1 2 Q-1 + T'mo + Tmo+2 +...+ T'm.

=0

Again by the definition of a,,, 1 and (5.42) we have that ., > (m0-1/dmy1)|[thmg_1]|7> and

SO i
Crno—
(H dm—?i) A1 = (d o=l _ (1 +B))Ilumo—1|liz-

i=0 mo—1

Since the d,, — 1 as m — 0o, we can assume that we defined mg before so that emo-1/d,,,_, >
B + 1 as well. Furthermore, [[~_, d,, converges by the infinite product criteria since
S>> (d,, —1) < oo and so the coefficient on the left-hand side is bounded by some fixed

m=1
constant. Hence, as before, the theorem follows from the fact that a,,.1 — 0 as m — oo.

Theorem has one disadvantage. Though it tells us that f being of finite degree
implies that the solution w is also of finite degree, it gives no information about the degree
of u itself. The following proposition remedies this by assuming an additional condition on
the metric g and connection V€.

Definition 5.51. For any index m > 0, we call elements of ker X, |, ~twisted conformal
Killing tensors (CKTs) of degree m. A nontrivial twisted CKT is a twisted CKT of
degree m > 1 that is not identically zero.

Proposition 5.52. Assume that the sectional curvatures of g are negative. Suppose also
that there are no nontrivial twisted CKTs in R*(SM;7*E). If u € R3*(SM;7*E) solves

Xu+ du=f
for some f € C®(SM;7n*E) of finite degree m, then u is of degree max{m — 1,0}.

Proof: We know by Theorem that v has finite degree, call it m’ > 0. If m’ = 0, then
we're done. So suppose that m’ > 1. We will prove this theorem by contradiction: suppose
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that m’ > m. Then comparing the Fourier modes of order m’ 4+ 1 of both sides of the above
equation gives

X+um/ — 0
Hence, u,, is a twisted CKT that is in R*(SM;7*E) by Proposition [5.34. Since we assumed

that there are no such nontrivial CKTs, we conclude that w,, is identically zero. But this
contradicts that the degree of u is m’, and hence proves the proposition.

5.4 Regularity of Solutions to the Transport Equation

Before we prove the main result of our paper, we need to establish the regularity of solutions
to the transport equation of a specific form. Here we use the material that we introduced
in Section up to there and the two sentences after. We remind the reader that a
map A : TM — & is called a bundle homomorphism if for all x € M, A restricts to a linear
map A : T,M — &,. For such bundle homomorphisms A, we often let A also denote its
restriction A : SM — &|g,,-

Definition 5.53. If N > 0 is an integer, we say that a “bundle homomorphism A : T™M — &
is such that its entries are in p™ C™ (M) in any boundary coordinates (of M) and frame (for

&) if the following holds. If one takes any boundary coordinates (x*) of M and any frame
(k) of € over these coordinates’ domain, locally Av = Afv'by, with each Aj; € pNC™ (M)
where the v are v’s components with respect to (2/oa).

The following is our regularity theorem:

Proposition 5.54. Assume that (M, g) is nontrapping and that N > 0 is an integer. Sup-
pose that ® € pNT1C*(M;Endsc&) and that we have a ¢ € pNT1C>®(M;E) and a bundle
homomorphism A : TM — £ such that its entries are in p™ C™ (M) in any boundary coordi-
nates and frame (in the sense of Definition . Suppose also that the connection symbols
of V¢ are in pNC>® (H; ]R) in any boundary coordinates and frame (in the sense of Defini-

tion . Then for any given boundary data h € C* (0_bS*M; 7r;5|aib5*ﬁ>, there exists a
unique solution u € C* (bS*M; n;;f:) to

Xu+du=¢+A on SM, (5.55)

with uly ygoq7 = .

Furthermore, for any l > 0 there exists an Ny > 0 dependent only on (M, g) and | such
that the following holds. If N > Ny, then for all solutions u as above that also satisfy h =0
and uly, g7 = 0, it holds that u € RYSM;7*E).

Proof: Recall that d = rank&. From Lemma 2.1 in [14] we have that X = pX for some
smooth vector field X over ®S* M that is nonvanishing and transverse to 3°S*M. Let (p, y*) =
(z) be asymptotic boundary normal coordinates of M, (b;) a frame for £ over their domain,
and consider the coordinates v'9/oxi +— (2%, 0") of TM. Let °T¥; denote the connection
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symbols of V& with respect to (9/o2%) and (bg). Then observe that the components of (5.55])
with respect to (7*b;) and (9/a2') are given by

XuF + gFfjviuj + @?uj = ¢F + AR (5.56)
where k = 1,...,d. Dividing through by p gives
Xub + (p_l)gffjviuj + p_lq)?uj = ploF + pt AR (5.57)

Take the coordinates ny®/p + 1 mdy® + (2%,m;) of ®T*M and observe that the canonical
identification f o (F*)™' : *T*M|,, — TM is given by

. " T]O/p lf Z/:O
i g . 5.58
v {n i > 1 (5:58)

We denote the right-hand side by ¢* {ny}. Pulling the above equation (5.57)) to *S*M (in
the sense of Remark 4.10]) gives

XuP + p_lgFfjg“/{m/}uj + p_léfuj = p b + p Tt ARG 0y} (5.59)

We remind the reader that each ¢% is p? times something smooth on M. Hence it follows
from our assumptions that all of the terms in this differential equation are smooth on *S*M.

Since we assumed that ¢ is nontrapping, it follows from the proof of Corollary 2.5 in
[14] that any maximal integral curv o of X is of the form o : [a,b] — *S*M where a
and b are finite with o(a) € 0_°S*M and o(b) € 0,°S*M. Hence, (5.59) can be viewed as
ordinary differential equations (ODEs) along such curves o. Hence, since X is nonvanishing
and transverse to 9°S* M, it follows from the theory of flows and the existence, uniqueness,
and smooth dependence on initial condition of linear ODEs (see [B] and [23]) that indeed
a unique smooth solution u exists to and hence satisfying the given boundary
data.

Next suppose that h = 0 and u] 0,50 = 0. If I > 1, suppose that we also have smooth

vector fields Vi,...,V; € C* (OS*M; TOS*M) over the 0-cosphere bundle. Pick any point
xo € OM contained in our coordinates (z*). We will show that holds for some compact
neighborhood K of z( (i.e. K has nonempty interior), from which it will quickly follow that
u € R'. Throughout the proof we will make N > 0 is as big as we need whenever we need
it. At the end of the proof, we will discuss why there exists a maximum upper bound on the
size of N that we need that is dependent only on (M, g) and [, and hence demonstrate the
existence of Nj.

We begin by establishing a few facts about the flow of X. Let ¢ : SM xR — SM denote
the flow of X. For any point ¢ = ny®%/p + nady* € °S*M we write its identified point on
SM as z € SM. In [14] the authors explain that close enough to the boundary, the flow ¢
moves away from the boundary when 79 > 0 and towards the boundary when 7y < 0. More
precisely, by Lemma 2.3 in [I4] and its proof there exists constants C, e > 0 such that if we
take any z € SM N {p < e} and write p(t) = po ¢.(t),

8i.e. integral curve whose interval domain cannot be extended.
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1. if o > 0 then lim;, ., p.(t) € 0_4S*M, p(t) < Cet, and p(t) is increasing,
2. if o < 0 then limy_, 4o @ () € 0,28*M, p(t) < Ce™, and p(t) is decreasing.

By the same lemma and its proof, it follows that there exist compact neighborhoods
K,K' C{p < e} of zyin M satisfying K C K’ C dom () such that for any z € 7 '[K], .
will always be contained in 7= '[K’] for t > 0 if 5y > 0 or ¢t < 0 if 5y < 0.

Our first goal is to show that each u* € p"*"/2L>[K] where our approach will be to
study the growth of the solution to by writing that equation as an ODE along integral
curves of X. Fix any ¢ & 2 € m ![K]. Suppose that 1y > 0 since the proof below is
essentially the same for the case 7y < 0. We set B and b to be the d x d matrix and d x 1
column vector respectively given by

BE=(The +8)  and = gf sl (5.00)

and we denote B(t) = Bop,(t), b(t) = bop.(t), and u(t) = uow,(t). This way, (5.56|) along
@, is given by the ODE

d
% + BRui = b, (5.61)

Since u|gg.q7 = 0 and limy,_o @, (t) € 0_"S*M, we have that our solution u satisfies the
“Initial condition” lim;,_~ u(t) = 0. Now, for any matrix M or column vector w, let | M|
and |w| denote the norms Y, |M}| and }_,|w’|. Fixing any time to < 0, we get from (5.61)),

the fundamental theorem of calculus, and the triangle inequality that

u(t)] < Julto)] + / IB(s)|[u(s)|ds + / 1b(s)ds. (5.62)

We will use this to bound |u(0)| = |u(z)| in terms of a power of p. We employ the standard
technique in ODEs of defining the function R : (—00,0] — R given by the first integral on
the right-hand side. Whenever |B(t)| # 0,

1
B PO < )+ R0 + [ s

andso R(0) < 1BO)IR) + B0 ()] + /|b as).

Observe that this inequality also holds when |B(t)] = 0 and hence for all ¢ < 0. This is
a separable equation. In particular, if we take |B(¢)|R(t) to the left-hand side, multiply

through by exp [— fti|B(s)|ds}, integrate from ¢t = ¢y to t = 0 (using that R(ty) = 0), and
finally divide through by exp [— ftz |B (s)|ds} , we will get

- / IB(s)|ju(s)|ds (5.63)
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0 0 t t
geftoB(s)WS/ e—ftoB(s)ds|B(t)|<|u(to)|+/ ]b(s)|ds)dt.
to to

Before we let t, — —o0, let us discuss integrability. Because we’re working on the sphere
bundle and g = p~2g for a smooth metric g, there exists a constant C, > 0 such that
the magnitude of v" in the expressions for B and b in are less than Cyp on 7 H[K'].
Hence by we have that there exists constants Cs, Cy > 0 such that |B| < C3p and
b] < CnpNTton 77 [K'] where N > 0 is an integer whose size is to be determined later (i.e.
Cy depends on N). In particular, since p(t) < Ce' for t < 0 we have that all of the integrals
on the right-hand side of converge. Hence letting ¢ty — —oo in (5.63)) gives that

/_ iO|B(s)||u( J[ds < el lBle)lds / ol / (s)|dsdt (5.64)

where we've used that lim;, ., u(t) = 0 and that exp [— ftt |B(s |ds}

<1
the right-hand side further, observe that since p(t) is increasing on ¢ < 0 we have that
1b(t)] < Cnp(t)p™(0) < OnCelp™ (0) and so

. To estimate

0
/ b(s)|ds < OnCp™(0). (5.65)
Doing a similar sort of thing for |B(t)|, we get from (5.64)) that
0
/ |B(s)|u(s)|ds < e“*CCsCCNCpN(0). (5.66)

Finally, letting ¢ty — —oo in ([5.62)) and plugging ([5.65|) and (5.66)) into there finally gives us
that for some constant C > 0

u(2)] < Cloo™ (2) (5.67)
for all z € 7 '[K], where We 've used that u(0) = u(z). If we require N > (»+1 />  then
indeed we have that each u* € p("+1)/2L°°[K]

Next, if I > 1 we show that Viju® € p"*Y2L>[K], after which it should be clear how
the cases of the higher order derivatives follow (i.e. VoVju¥, ...) if [ > 2. We do this by
applying V; to the ODE and study the growth of the solution. Applying V; to

and rearranging, we obtain

d[vl(zzllzosp)} I (Bfogp)Vl(ukocp) _ V1<bk 090) — Vl(Bfogp) (u’ ogo). (5.68)

Considering that in form this is a similar ODE for V; (uk o <p) as |D is for v, up to a few
details we describe below, a similar proof as for (5.67)) shows that for some constants C% > 0

Vi(uwo @)(z,0)] = [Viu(z)] < CRp™(2)

for all z € 77! [K] and hence indeed each Viu* € p™* 2 L®[K] if we require that N > (n+1)/a,
The only analogous steps that we’re missing and need to show is that Vl(uk o gp) satisfies
the “initial condition”

lim Vi (u" o) =0 (5.69)

t——o0
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and that for any integer N’ > 0 whose size is to be determined later there exists a constant

Cn+ > 0 such that the right-hand side of satisfies
Vi(0F o) = Vi(BE o o) (w0 p)| < Cyip™*l o (5.70)

for all z € 7 H[K'].

By shrinking everything if needed, we assume that there is another compact subset K" of
our coordinates’ domain such that K’ C K” C dom () and such that for any z € 7—![K],
¢, will always be contained in 7= *[K"] for t > 0if 9o > 0 or ¢t < 0 if 9 < 0. Throughout the
rest of the proof, we again assume that we're working with points such that ny > 0 because
the proof is similar for the case ny < 0. We begin with showing the “initial condition” .
Let (¢, ;) denote the components of ¢ in the coordinates (2%, 7;) of *T*M. Then over the
interior of ®S* M, we have by the chain rule that

ou® , ou®
Vi (u” = : Vig' Vigs. 5.71
1(u" o) (aﬂw) 190+(8m090) 1 (5.71)
Since u|g .37 = 0, and by 1' u vanishes like p"V at the boundary 0°S*M where we can
require N > 2, all of u*’s partials vanish at the boundary like pV~!. In particular, for fixed
z e K],

k k
(gl o 90>’ (gv;; ° %0) €O0(™) ast — —co. (5:72)

So let us take a look at size of the terms Vi¢" and Vig; in (5.71). Consider the coordinates
7,97 [p v (2%, 7,) of °T*M (note the bars to distinguish these from our coordinates of *7* M
above) and let (', %;) denote the components of ¢ with respect to these coordinates. Since

canonical identification is given by z* = z*, ng =7, and n, = p~'7, for A = 1,...,n, we have

that by identification o' = @, @y = o, and @y = (%) @x for A = 1,...,n where we point
out that ©° = po . Hence

Vig' = Vig', Vigo = Vigo, (5.73)

Vier=—(po) V(@)@ + (pow) 'Vign  for A=1,....n. (5.74)

We point out that @y are bounded over m~![K”] because they are smooth over the compact
75 '[K"]. Now, we showed in that X extends as a smooth vector field on °S*M.
Hence, as is noted at the end of the proof of Lemma 3.13 in [I4], X has a Lipschitz constant
uniformly bounded on the compact °S*M. Since @ is the flow of X over °S*M, as the authors
explain there it follows by Gronwall’s inequality that there exist constants Cy,cy > 0 such

that all of the partials . '
op'| |99"| |00i| |0pi
oxt| | om, | |0zt| | Om;
on (z,t) for all z € 7 K] im0 > 0 and ¢t < 0. Next, if we write in coordinates V; =
(V1)'"0/oat + (V1),9)om; over °S*M, we have that the components (V;)" and (V;), are also

bounded over 7~ ![K’] because they are smooth over the compact m;'[K’]. Hence there
exists a constant C5 > 0 such that

S C4€_C4t (575)

[Vig!| < Cse" and V1] < Cse™ (5.76)

44



n (z,t) for all zem '[K']:n >0and ¢t <0. Plugging this into and (5.74), and
then into , we see that choosing N > 0 big enough in (5.72) will make the “initial
conditions” - ) hold (in particular, any N > ¢4 + 1 will work).

Finally, let’s show that - holds. By (5.67] - we already have that |(u® o go)| < C;Vp op
for any N > 0. Next, the canonical identification TM = °T*M is given by v* = p~'¢"'7,
and so by ([5.60) we have that over °S*M

Bz < Fk pflgzz Ny + (I);c) and bk — ¢k + Akpflgu -

In particular, we see that these are pV*! times something smooth on °S*M. Hence, the
partials 9BF fost, 9BF Jog,, 9" [o,t, and 9% fom, are all p™ times something smooth on °S*M. In
particular,
OBk aBk 8bk ov*
ozt am, 9t ° " om,

on (z,t) for all z € 77'[K'] : my > 0 and t < 0. Now, over °’S*M we have that

° ¥l

o gp' < Cgp™ 0 (5.77)

Vi(BFoy) = (8331 os0>V190 +( Lo ) Vig,

Vi(broy) = <w090>V90 +( o) Vi 579

Hence if in we write pVV o p < C’ec‘*t( N=ea g gp) it follows from and ( that
requiring N Z cs + N+ 1 will make holds. As discussed above th1s completes the

proof that Viu* € p" * V2 L>[K].

As we mentioned above, if [ > 2 the proof that VoViuk € p" ¥ V2 L>®[K] and similarly for
the higher derivatives follows similarly, starting with applying V5 to (5.68)). We end the proof
with a discussion of how we can ensure that the N > 0 that we used has an upper bound
dependent only on (M, g) and [. Throughout the proof we required that N is bigger than
fixed numbers (e.g. 2), numbers dependent on the dimension (e.g. (®+1)/2); the constant
¢y in (5.75)), and the analogs of ¢4 in (5.75)) when carrying out the proof for higher order
derivatives (i.e. VoVjuF, ...). We explain why the latter two can be bounded. Due to the
compactness of the boundary M, we can cover OM with a finite collection of neighborhoods
of the form K, K’, and K" as described above which in turn determine their own ¢4’s in
(5.75) and their higher derivative analogs using only the geometry of the geodesic flow ¢.
Hence, taking the maximum of all such ¢4’s and their higher derivative analogs will provide
us with an upper bound for N that works throughout the whole proof. In particular, this
upper bound for N will be dependent only on (M, g) and [, and hence proves the existence
of the claimed N stated in the theorem.

5.5 Proof of Theorem 2.7

In our proof, we will assume that the Ny > 0 in the statement of the theorem is as big as we
need. It will be clear that the size of Ny that we will need is dependent only on (M, g). The
first step is to provide a formulation of (2.3)) as a single transport equation of endomorphism
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fields over SM. To begin, we define a natural connection “V_E“” on endomorphism fields
End £ as follows. For any U € C'*® (M; End 5) and any v € T, M, we define VU to be the
unique element of End &, satisfying

(V" U)h = [VE,U]h,

for any h € C*° (M; End & ) To see what this looks like in coordinates, take coordinates (z*)
of M, a frame (b;) for £ over their domain, and let € Ffj denote the connection symbols of
V¢ with respect to (9/a2%) and (b). A quick computation shows that

ViU =oU + (°T)U = U(°T), (5.79)

where on the right-hand side U is thought of as a matrix in the basis (b;), vU denotes
applying v to every entry of U, and °I" represents the matrix with entry € Ffjvi in the k™
row and j'" column. This is considered a natural connection on End £ because it satisfies
the product rule V& (UR) = (VE"U)h + UVSh.

Of more importance to us is the pullback bundle 7* End £ on SM and its connection
which we denote by V7 B := 7*VEn We analogously define the operator X = V% 8 using
context to differentiate it from our other operators also denoted by “X.” We remark that
this new X satisfies all of the same properties that we proved earlier about X because we're
simply considering a different vector bundle here that’s also smooth over M (i.e. End&).

By looking in local coordinates, it’s easy to see that V¢ = VE+Awhere A € O (TM' Endg& )
is a bundle homomorphism whose entries are in pNoC> (_) in any boundary coordinates

and frame (in the sense of Definition E Consider solutions U and U to the following
transport equations on SM:
XU + oU =0, Uly vger = id,
XU + AU + &U =0, (7’ —id,

9_bS*M

(5.80)

which exist by Proposition (using a different connection and Higgs field) which we can
apply to the second equation because “XU + AU” can be thought of as “(W*V)Xﬁ” for the
connection V = V" 4 A, B

We demonstrate the usefulness of U and U. Suppose that v : (—oo0,00) — M is a
complete unit-speed geodesic and that u : (—o00,00) — £ is the smooth solution along 7 to
the initial value problem

Vi(t)u(t) =0, lim u(y(?)) =e, (5.81)

t——o0

where e is an element in &,, where 7o € OM is the limit of y(t) as t — —oo. We point out
that such a u exists by Lemma 2.5 with ® = 0. We claim that (U o o)u(t) and ((7 o 0>u(t)

are solutions to ) and . with ® and V¢ replaced by ® and V¢ respectively.
Let o : (—oo oo) — SM be the integral curve of X satisfying v = m o o and let 4

denote u lifted to o via the canonical identification of £ and 7*€. It follows from (4.8 that
VIéq = Vgu = 0. Thus

Vﬁ((U oo)u)+ P((Uoo)u) = [VEH(U oo)|u+ (Uo U)Vﬁu + ®((U o 0)u)
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~ [Vy™Ula+UVE %0+ @(Ua) =0, with lim (Uoo)u(t) =e,

t——o0

where VE!(U o o) = Vi "U follows from a local coordinate calculation using (4.9). Similarly

6§<(fjoa>u> +€><(ﬁoa>u> = V§<<ﬁoa)u) + (Aoa)<(700>u+gf><<ﬁoo>u>
= [Vsn<(~]oa>}u+ (ljoa>V§u+ (Aoa)<ﬁoa>u+<5<<ﬁoa>u>
~ (v?Enﬁ)a+ﬁvg*5a+A<l7a)+<T>(Ua):o, with  lim_ (ﬁoa)u(t):e.

Hence our claim above is indeed true. By our assumption the data (2.4)) is the same for
(V€,®) and (V¥,®) and so

lim (U o o)u(t) = lim (17 o a)u(t).

t—o00 t—o00

Since parallel transport such as above is an isomorphism between fibers, varying the
“e” in implies here that U = U on 8°S*M.

Intuitively speaking, we've demonstrated that knowing the parallel transport , the
endomorphism fields U and U encode the transform that takes all possible (v, e) to the data
1' of V¢, ® and 2 , o respectively. Furthermore, the assumption that the two transforms
are equal gives us that U and U are equal on the boundary. Hence we've reformulated our
task to showing that U = U on 9°S*M implies the gauge equivalence stated in the theorem.

Guided by the observation in the introduction, we next study the behavior of UU ~*
over the interior SM. We note that both U and U are invertible because (15.80) can be seen
as ordinary differential equations along integral curves of X (c.f. (1.8) in Chapter 3 of [3]).
A quick computation using and shows that X(W,W,) = X(W7)W, + W X(Ws)
and that X(id) = 0. Hence by (5.80)),

X(ﬁ‘g::—i74X<ﬁ)ﬁ‘1:i74<Aﬁ#k5ﬁ>ﬁ”r:5‘b4+i%ui
Next, we have that
X(Uﬁ*) — (—oU)T ! + U(ff—lA + 6—1213),
and so we finally arrive at that Q = U U~! satisfies
XQ+PQ — QA— QP =0. (5.82)

To apply our finite degree theorems from Section [5.3| above, we need our solution to vanish
at “infinity.” Hence we instead consider W = () — id which satisfies

XW +OW —WA—Wd=—-0+ A+, (5.83)

and vanishes on the boundary 0°S*M. As before, XIW — W A can be thought of as (7°V) y W
for some connection “V” whose connection symbols are in pNoC> (M ) in any boundary
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coordinates and frame (in the sense of Definition , and ®W — W can be thought of an
element of pNot1C> (M; End End € ) applied to W. Hence assuming that Ny is large enough,
by Proposition we have that W is in R?*(SM;7* End £). Furthermore, by Remark
we have that W extends continuously to °S*M and vanishes on the boundary 9°S* M

Now, if we look at the equation in coordinates and frame, above any fixed point
x € M the entries of the right-hand side of are restrictions of homogeneous polynomials
of order zero and one in the variable v. By the theory of spherical harmonics these are
elements of (Fourier) degree zero and one respectively (see Section 2.H in [12]). Hence
by Proposition [5.52| we have that W and hence () are of degree zero. Thus, we get that
Q € C*(M;End€&) N C°(M;End€) (ie. up to identification) such that Q|5 = id and
(Q —id) € R3}(SM;7*E).

As the final step, let’s show that this () is the gauge that we wanted. Adopting the
coordinates and frames in , we have that

XQ = (@) + (1)@ - Q(°T).
Plugging this into (5.82) and equating the zeroth and first Fourier modes gives
PQ — QP =0 and XQ — QA = 0.

The first equation gives P = Q~'®Q over M and hence over M by continuity. The second
equation gives

A=Q7XQ = Q@+ (1)@ - Q(T)],

— A (D) = Q@ @ D),
Now, take any section u € C*(M; £|,,) and write it as a column vector with respect to the
basis (b;). We have that (here v(u) denotes applying v to every entry of u)

Viu=o(w) + [A+ (°T)]u eq. for V¥,
=0(Q7'Qu) + Qv (Qu+ Q' (°I)Q QQ ™' = id and plug in eq. above,
U(QilQU) (Q )Qu + Q" (5 )Qu Q v(Q) = —U(Q’I)Q (prod. rule),

= Q 'v(Qu) + Q~ ( ') Qu prod. rule,
= Q7'Vi(Qu) eq. for V.

IS

Again this relation extends to M by continuity and hence the theorem is proved.

6 Proof of Theorem 2.14

Suppose that u is a twisted CKT of order m > 1 that is in R3(SM;7*E). We will show that
it is identically zero everywhere. We already proved the existence of a x as in the statement
of the lemma in the proof of Lemma above. Recalling that X, u = 0 by definition,
the idea here is to use to use our curvature bounds and Proposition to conclude that
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X_u = 0 as well. To do this, observe that plugging (5.44)) and (5.45) into the equation in
Proposition gives

2
+(2m 40— 2)[[X )+ (KA — || FE|| AL 2

L2

h *
(. 2 [V

Recalling the definition of A,,, our assumption ||F € H 1o S ky/n implies that the coefficient

of ||ul3» on the right-hand side is nonnegative. Hence both sides of the inequality are
nonnegative, and thus the left-hand side being zero implies that X_u = 0. Hence Xu =
Xiu+ X_u =0 as well.

Now, consider any g-geodesic v : (—o0,00) — M and its lift o : (—o0,00) — SM to SM
(i.e. latter is an integral curve of X'). As we explained in Section [2.3| above, since (M, g) is
nontrapping the limit lim,_,_., () € OM exists. We have that u vanishes on the compact
boundary §°S*M by Remark and hence it follows that that woo(t) — 0 as t — —oc.
This combined with the fact that Xu = 0 imply that u o o(t) = 0. Thus indeed u vanishes
everywhere.

We point out that the conclusion of the theorem follows even faster if one assumes
HF‘EHLOO < ky/n since then the coefficient of |Ju||?, in the above inequality is positive, and

hence ||u|3. = 0 giving u = 0.

7 Injectivity over Higgs Fields

In this section we prove Corollary 2.10] Recall that d = rank&. Since the curvature
of V¢ is zero, by Theorem we have that there are no nontrivial twisted CKTs in
R3(SM;7*E). Hence, by Theorem if Ny > 0 is big enough there exists a Q) €
C°(M;End&) N C*(M;End€) such that Q|,5 = id and satisfies with V& = V¢
Hence, we'll be done if we show that = id everywhere. Take coordinates (z') of M, a
frame (b;) for € over these coordinates’ domain, and consider the coordinates v'9/ozi — (z*,v")
of TM. Let °T}; denote the connection symbols of V¥ with respect to (9/a2") and (by,). Since
the curvature of V¢ is zero, by Proposition 1.2 of Appendix C in Volume II of [49], we may
suppose that the (b;) were chosen so that all of the EFZ- = 0. Let us represent () as a d x d

matrix in the basis (b;). Similarly we represent any section u € C'* (M; E ) as a d x 1 column

vector in this basis. Then for any section u = u/b; = [ul, e ,ud} whose component functions

u’ are constant, we have that for any v € T'M in our coordinates

Véu =0,

v

Viu = Q7 'V (Qu) = Q7v(Q)u.

where v(Q) denotes applying v to the entries of ). Since 6fu = Véu by assumption and
the above is true for all such u, we get that v(Q)) = 0. Hence @ is locally constant, and thus
indeed equal to “id” everywhere.
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