PARAMETRIX FOR A SEMICLASSICAL SUBELLIPTIC OPERATOR

HART F. SMITH

ABSTRACT. We demonstrate a parametrix construction, together with associated pseudodifferen-
tial operator calculus, for an operator of sum-of-squares type with semiclassical parameter. The
form of operator we consider includes the generator of kinetic Brownian motion on the cosphere
bundle of a Riemannian manifold. Regularity estimates in semiclassical Sobolev spaces are proven
by establishing mapping properties for the parametrix.

1. INTRODUCTION

We deal in this paper with a class of second order, subelliptic partial differential operators of
the following sum-of-squares form

d d
(1.1) Py=Xo—hd X:—h> ¢X;, he(0,1],
J=1 J=1
where the X; for 0 < j < d are smooth vector fields, the ¢; are smooth functions, and A > 0
is considered as a semiclassical parameter. We work in 2d + 1 dimensions, either on a compact
manifold or an open subset of R2?*1 and make the following assumptions throughout this paper.

Assumption 1.

e The collection of 2d + 1 vectors { Xy, X1, ... X4, [Xo, X1], ..., [Xo0, X4]} spans the tangent
space at each base point.

e The collection {X1,..., X4} is involutive (closed under commutation of vector fields).

For each h > 0 the operator P, is subelliptic by a result of Hérmander [H6r67], and by the work
of Rothschild-Stein [RS76] the operator P}, controls 2/3-derivatives in the Sobolev space sense.
In the semiclassical setting it is natural to work with a semiclassical notion of Sobolev spaces;
we refer to the text of Zworski [Zwo12] for a treatment of semiclassical analysis. The question of
interest in this paper is the dependence on h of the various constants in a priori inequalities for
Py, both in L? and semiclassical Sobolev spaces.

Our work is motivated by the paper [Drol7] of Alexis Drouot, which studied such an operator
on the cosphere bundle S*(M) of a d+1 dimensional Riemannian manifold M. The paper [Drol7]
considers the operator P, = H + hAg, with H the generator of the Hamiltonian/geodesic flow,
and Ag the non-negative Laplace-Beltrami operator along the fibers of the cosphere bundle. In
local coordinate charts this operator can be represented in the form (1.1), where the X; are any
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local orthonormal frame for the tangent space of the fibers of S*(M). In [Drol7] it is shown that,
if M is negatively curved, then as h — 0 the eigenvalues of —i P}, converge to the Pollicott-Ruelle
resonances of M. The analogous result was proven by Dyatlov-Zworski [DZ15] for P, = H + hA,
where A is the Laplacian on S*(M). The interest in taking P, = H + hAg is that this operator
generates what is known as kinetic Brownian motion on M. For a treatment of this process we
refer to Franchi-Le Jan [FLJ07], Grothaus-Stilgenbauer [GS13], Angst-Bailleul-Tardif [ABT15],
and Li [Lil6].

A key step in the proof of convergence in [Drol7] was controlling the subelliptic estimates for
P, as h — 0. This was done through commutator methods, analogous to the work of [Hor67].
Our approach is more similar to that of [RS76], in that we use an approximation to the operator
at each point by a model nilpotent group, and construct a parametrix from the inverse of the
model operator on that group. Estimates are then obtained from mapping properties for the
parametrix. We emphasize that the estimates we prove are the same as in [Drol7|, with an
occasional improvement in the remainder terms. The aim here is to obtain a finer microlocal
understanding of the parametrix. We obtain a parametrix valid on the region hA > 1, strictly
larger than the semiclassical region hZA > 1. The restriction hA > 1 arises from the largest
region of phase space on which the uncertainty principle holds for the parametrix.

We now mention a few of the features encountered in the parametrix construction for an oper-
ator P, of the form (1.1). The quantization of symbols is naturally carried out using exponential
coordinates with respect to an extension of {X; }?:O to a frame {X; }?fﬁl. We will require that

Assumption 2.

o If 1 < i <d, then [Xo, X;] — 2X;+4 € span(Xo, ..., Xq),

This can of course be arranged by setting X; 4 = 2[ X0, X;]. In the model nilpotent Lie group
setting where all other commutators vanish, there is a natural nonisotropic dilation structure
using powers (2,1,3). Precisely, we split € R+ =R x R? x R? into (n9,7,7"), and similarly
use X' as abbreviation for the collection (X7i,...,Xy), and X” = (Xgy1,...,X24). Then the
dilation that respects the fundamental solution for the model of P is

5. (n) = (rno, v, r30").

From the semiclassical point of view it is more natural to consider hP, = hXg + Z?zl(hX j)Q,

and quantize symbols in terms of hn. This leads to placing an extra factor of h in the variable n"”
dual to X; for d + 1 < j < 2d, since [hXo, hX;] ~ h?X;iq.

We now summarize the main result of this paper, leaving details to be expanded upon in later
sections. For simplicity consider an open set U C R?¥t1. For a multi-index o € N24+1 et

order(a) = 2aq + |a'| + 3|a”|.
We use exp, (y) to denote the time 1 flow of x along Z?io Y Xj.
Proposition 1.1. Given p(z) € C®(U), there is xo € C°(R*™*Y), and an h-dependent family
of symbols a(xz,n) satisfying

1 1 1\ —2—order(a)
10705 a(z,m)| < Cayp h(m + [nolz + 0| + |n”|s)
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with Cy g independent of h € (0,1], so that the operator ay(x, hD) defined by

1 —i
/ e a(x, ho, by, Bn") f(expy(y)) xo(y) dy diy

ah(w, hD) - (27-‘-)72d‘f'1

satisfies

ah($7 hD) ob, = p(l‘) + T‘h($, h‘D)a
where 11,(x, hD) is an operator that satisifies the following with C, p, independent of h € (0,1],
for any polynomials pj(n) on R2d+1

(1.2) Ip1 (X0, h2 X', h2X") o rpy(z, hD) © pa(Xo, h2 X, h%X”)fHng Cprpall 2.

For example, one can take p; or py to yield the operator (14 X X))V (1 + hA)N2 where A is
the Laplacian on R?¥*1. These bounds roughly say that the parametrix inverts P, on the region
{A > h71}U{|Xo| > 1}. In particular the remainder term 7}, will be of order h* if the solution
is localized to a region where A > h~1=¢ for some € > 0.

We remark that in the calculus developed here Pj, is of order 2, in distinction with the standard
semiclassical calculus where hPj, is order 2. This is related to our working on the region |n| > h%,
and the subelliptic nature of P,. Symbols of order j are weighted by a factor h=7/2, so that
symbols of negative order (but not necessarily their derivatives) remain bounded as h — 0. With

this accounting Xy is an operator of order 2, h%Xj is of order 1 for 1 < j < d, and h%Xj is of
order 3 for d +1 < j < 2d.

Together with the composition calculus, pseudolocality arguments, and L? mapping bounds
for operators, we deduce the regularity results on S*(M) for P, that were established in [Drol7].
These are stated in Theorems 6.3 and 6.4.

The outline of this paper is as follows. In Section 2 we introduce a model operator of P,
and P, on a step-2 nilpotent group, and discuss composition of symbols in this setting. In
Section 3 we discuss the degree to which the model operator, attached to M by exponential
coordinates, approximates P,. Careful estimates of the Taylor expansion of vector fields and
exponential coordinates are needed to obtain uniform estimates as h — 0. In Section 4 we prove
that operators of the form ap(z, hD) form an algebra under composition, and that the symbol
of the composition of two operators agree at a point x, modulo an operator of one lower order,
with composition on the attached model domain above z. This allows for iteration of symbols
and construction of parametrices from a suitable inverse for the model operator on the nilpotent
Lie group. In Section 5 we establish L? boundedness of order 0 operators in local coordinates,
using a nonisotropic Littlewood-Paley decomposition of the operator and the Cotlar-Stein lemma.
Finally, in Section 6 we establish the main regularity estimates for P, in h-Sobolev spaces, leading
to the proof of the bounds in [Drol7].

2. OPERATORS ON MODEL DOMAINS

In this section we work with translation invariant operators associated to a nilpotent Lie group
structure on R?¥*1. We use notation y = (y0,%,%") € R x R x R? and dual variables n =
(no,m’,n"). The dilation structure is given by

5 (n) = (r*no, ', rn"), G- (y) = (r 2y, r Y 3y,
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We introduce a corresponding non-isotropic homogeneous weight m € C°°(R24+1\{0}),

1
m(n) = (Imol® + 1|2 + |n"*) ™,

12

so that m(d,(n)) = rm(n), and 375 < m(n) <1 when |n| = 1.

The order of a multi-index « is defined to be
order(a) = 2ap + a1 + -+ + g + 3agi1 + -+ + 3asq = 200 + || + 3],

and we define the order of a monomial differential operator by
(2.1) order (yﬁaj) = order(a) — order(f3).
We work with the following frame of vector fields on R2¢+1:

o Yy =0y — Z?:1 Yi0j+d

o Y;=08; +y0dj.a for 1<j<d,

o Y; =0 for j>d+1.
Observe that order(Y;) = order(9;), and that

Yo,Yj] = 2Y;4q if 1<j<d,

and all other commutators are equal to 0. The Y; form a nilpotent (step 2) Lie algebra, which is
associated to the nilpotent Lie group structure on R2*1 with product

y xw = (yo+ wo,y +w’,y" +w" +yow —woy').

We consider in this section left invariant pseudodifferential operators on R2%+1 associated to
the model vector fields Y}, which we quantize using the exponential map associated to the Y;.
This map, and the corresponding exponential coordinates at base point y, are given by

exp,(w) = (yo + wo,y" +w',y" +w" + yow' — woy’),
(22) a _ / /i ! !/ /
Oy(2) = (20 — Yo, 2" — ¥, 2" —y" — oz’ + 20y).
A multiplier a(n) € C°(R24+1) is then associated to the Schwartz kernel
1 —i(®,
(271—)7—"_1 /RQd+l € Z< J(Z)J]) a(n) dn’
and hence a(€) = [ K(0, 2)e**€) dz. The composition rule for multipliers is given by
1 o _ . ’_ A _

(afb)(&) = (27r)4d+2/e i(y,n—C) +ilyoz'—z0y,C" ) +ilz,E—C) a(n) b(¢) dz d¢ dy dn.

The integral over dz” d¢” dy” dn" fixes n”" = (" = &”, and we get

1
(2m)2d+2

Ko(y,2) =

/eiyo(170750)+i<y’,77’f£’>+i20(Cofno)+i<Z’,C’fn’>+i<y02’fZOy’,é”>a(no, 77/, §”)b(Co, C/7 5//)

dno dn' d¢o d¢’ dyo dy' dzo d=’,
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which simplifies to give

(@28)(6) = gy | € a(En = (1. € 208" € MlE + o€+ () o dzg .
Observe that model composition commutes with the dilations 9,5, in that
(2.3) (aftb) © 6y,p = (a o 0p,p)8(b 0 6y ).
Theorem 2.1. Suppose that, for some rog > 0, the symbols a and b satisfy

9¢a(6)] < Calro +m(E)" ™),

[9EH(E)] < Calro -+ m(©)" ™.
Then alib is well defined as an oscillatory integral, and for all .,

9 (ah) (€)] < Ch(ro +m(©))" ),

where each C!, depends on n, n' and a finite number of the Cy, but is independent of rg.

Proof. By composing with d,,; we may assume ro = 1, which shows the independence of the C/,
from ro. Applying 0¢" to the expression for afb decreases the combined order of the symbols in the

integrand by order(a), so it is sufficient to show |(atb)(§)| < C (1 + m(ﬁ))mrn/
on a finite number of the C,. We use the following inequality,

L+ ml6,¢, &) [So—mol , 1"~
C
o e < (1 et <£”>§)

which follows by writing the ratio on the left as comparable to

1 1
ol (LY /(LY
(€ns N\ ()5 (€ns N5
and applying Peetre’s inequality. Integration by parts with respect to the operators
2 4
Lot i o 1o ien - (¢ ier
14 (€")3 20> + (€7)3 22 14 (€") 731G + (&) 3 [¢"?
produces an integral dominated by a constant C’ as in the lemma multiplied by
(14 m&o — (1€, + 20€",€") " (1+m(&o + o€ +,€")
(2:5) / 2 4 _2 4 [n]Hn/[+d+1
(14 (€3 202 + (€512 + (&) 5|Gol2 + (€7) 73 [¢'2)

By (2.4) this integral is bounded by C,, /(1 + m(g))”*”’. -

, for C' depending

(2.4)

dCod¢’ dzo d7.

Suppose now that a and b satisfy the conditions of Theorem 2.1 with ro = 0. For each
7o > 0 the truncated symbol (1 — x (g m(€)))a(€) satisfies the conditions of the lemma for ro, if
X € C((—2,2)) with x(r) =1 for r < 1. Since m(§) > ]5”|%, for £ # 0 the integral defining afb
is the same if we replace a and b by their truncations to m(§) > rq for ¢ suitably small depending
on £”. We thus obtain for £’ # 0 that

98 (atb)(©)] < Chm(g)'—ordert),
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Using scaling and dominated convergence, one can show that if (£y,&’) # 0 then as £’ — 0 we
have (afib)(§) — a(&o, &, 0)b(&o,&’,0). Together with differentiation under the integral this shows
that atb € C*°(R2?+1\{0}). We conclude, recalling also (2.3),

Corollary 2.2. Suppose that the symbols a and b belong to C>°(R?**1\{0}) and satisfy
|08a()] < Cam(&)rorder),
[BED(€)] < Cam(g)™ —orer().
Then afb, defined as the limit as r — 0 of truncation to m(§) > r, satisfies for all
08 (atb) (€)] < Com()™ ' —ertert),

where each C!, depends on n, n' and a finite number of the C,. Furthermore, if a and b are
homogeneous under 8, of degree n and n’, then afib is homogeneous of degree n + n'.

We also observe here the following result.

Lemma 2.3. If a and b satisfy the conditions of Corollary 2.2, then

(= x7 mE))a)t (1= x(r™ m())b)(€) = (1 = x(r~m())) (ath)(€) + 1™+ e(r, 6,1 (€)),
where ¢(r,-) is a family of Schwartz functions with seminorms uniformly bounded over r > 0.
Proof. We dilate £ by d,, and note that r~"a(d,(&)) satisfies the estimates of Corollary 2.2, with
constants C,, independent of r, similarly for r~—" b(8,(¢)). Thus it suffices to prove the result for
r = 1, together with showing that the Schwartz norm of ¢(1,{) depends only on the constants

C,, for a and b. Since the terms involved have bounded C'* norm over |[£| < 8, it suffices to show
that, with x(§) = x(m(£)) € C2(|¢] < 8),

afb — ((1 = x)a)i((1 = x)b) = (xa)i((1 — x)b) + af(xb)

satisfies Schwartz bounds on the set |£| > 24. Consider af(xb). Since xb is supported where
m(&) < 2, and its derivatives agree with derivatives of b for m(&) < 1, it satisfies

108 (X(€)b(€))] < Canm (€)™ V7@ for all N > —10.
Thus Corollary 2.2 yields Schwartz bounds on af(xb) for || bounded away from 0. O

The left invariant differential operator Yy —E?Zl sz is subelliptic, and by Folland [Fol75] admits
a unique homogeneous fundamental solution K (y) € C*°(R24+1)

d
(Yo— YY) K@) =oy),  KO-1(y) =rCHI2K (y),
j=1

We let g(n) = K. Then the operator

1 —i(©y(z
Tof(y) = (2m)2dHT /]R?‘Hl e 1OV g(n) f(2) dz dn

is a left and right inverse for Yy — E?zl Yj? on the space of Schwartz functions.
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We next consider the semiclassical subelliptic operator hYy — Z?:l h2Yj2. This is naturally
associated to dilating yo and v’ by h, and y” by k%, in that

(¥ - > Y7 ) (£ (o, b/ 12y")) = (h¥of - > W7 F) (o, ' W2y,
j=1 j=1

Consequently, if we introduce the operation on symbols

(26) ah(n) = G(TIOa 77,7 h77”);
then the inverse for hYy — Z;lzl h2Yj2 is given by the semiclassical quantization of gy,

n (D))= Gz [, ¢ OO ) £ dz g

1

~ (@mdHL /R4d+2 e gy (n) f(exp, (h2)) dz dC

3. APPROXIMATION BY THE MODEL DOMAIN

Recall that we consider a spanning collection {Xo, X1,..., X2} of vector fields on an open
subset U of R?¥*1 satisfying the following conditions:

e The collection {X1,..., X4} is involutive (closed under commutation of vector fields).
o If 1 <i<d, then [Xo, X;] — 2X;14 € span(Xo, ..., Xg).

We will use x, & to denote variables in U, and vy, z denote variables in R+,

Let exp,(y) be exponential coordinates with base point z in the frame {Xo,..., Xo4}. That
is, exp,(y) = v(1) where y(0) = = and ~/(t) = ?io y;X;(7(t)). Define exponential coordinates
©.(Z) as the local inverse for Z in a neighborhood of x:

Oz(exp,(y)) =y, exp,(0:(7)) = 7.

Lemma 3.1. For 0 < j < 2d, we can write

(X, F)(exp(y) = Y5 (f(exp,(v))) + Ry, y,9,) f(exp, (y),

where order(R;) < order(Yj), in the sense that the Taylor expansion

Rj (.’IJ, Y, 83/) = Z Cja.k (x)yaak
a,k

includes only terms with order(y*dy) < order(Yj).

Additionally, co o r(x) =0 unless there is at least one factor of y; with j > 1 occuring in y«.

Proof. Any term yaﬁg with |a] > 2 is of order < 0, so we need examine the Taylor expansion of
X; in exponential coordinates only to second power in y. Additionally, order(y;y;0;) < 1, and
equals 1 only if 1 <4,j < d and k > d+ 1. To see that such a term cannot arise in the expansion
of X; for 1 < j < d, which are the only X of order 1, we use involutivity of {X1,..., X} to see
we can write X; = Z;l:l ¢j(z,y)0; at all points in the subspace yo = y” = 0.
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Thus, we need show that in the expansion of R; about y = 0 the terms linear in y are of order
strictly less than order(Y;). For j > d + 1 this is immediate, since X; = 0; = Y; at y = 0, and
any vector field that vanishes at 0 is of order at most 2. For 0 < j < d we expand

X;=0;+ Z cjik () YOk + 0(92)831-
ik

From the relation ) y; X; = > y;0;, we deduce
Cijk = —Cjik;

and from [Xo, X;] — 2X,44 € span(Xo, ..., Xg), we deduce for j =1,...d that

1, k=j+d,
Cjok = .
0, k>d and k#j+d.

Since order(y;0;) < 2 unless k > d, we deduce order(Ry(x,y,dy)) < 2.

By the involutivity assumption, if 1 < 4,j < d then cj;; = 0 unless also 1 < k < d, in which
case order(y;0;) = 0. And if ¢ > d then order(y;0x) < 0 for all k. So if 1 < j < d then all terms
cjik YiOk for i # 0 have order < 0, and since cjor, = g, j+q We conclude order(R;(z,y,0y)) < 0 if
1<j<d

To conclude the lemma, we note that if ' = y” = 0 then Xy = 9,,, hence Ry = 0. O

For z € U, and y, z in a neighborhood of 0 in R?¢*1, we introduce the functions

(3.1) O(z,y,2) = @expz(y) (esz(Z», O(z,y,w) = O, (eXpepr(y)(w))-

where we recall ©,(Z) denotes exponential coordinates in X; centered at x. For fixed x and y
these are inverse functions of each other on their domains,

z2=0(z,y,w) < w=0(zy,z2).

To invert in the y variable we note that v = O(x, y, w) implies y = O(z, v, —w).

Observe that O(z,y,z) = —O(z,z,y), and O(z,y,2) = z — y + O(y, 2)2. For more precise
estimates on © and © we consider their Taylor expansions in exponential coordinates at z. We
first assign a notion of order to a smooth function f(z,y,z). Consistent with (2.1), we make the
following definition.

Definition 3.1. For a smooth function f(z,, z) defined on an open subset of U x R?+1 x R2d+1
containing U x {0,0}, we say that order(f) < —j if for all z € U

8;“85]’@,0,0) =0 foralla,f: order(a+ ) < j.

Equivalently, the Taylor expansion of f in y,z about y = z = 0 contains only monomials y®z?
with order(a + ) > j.

Recalling the definition (2.2) of ©,(z), we have the following.

Lemma 3.2. We have O(z,y,2) = ©y(2) + R(z,y, 2), where order(R;) < order(y;) for each j.

Similarly, ©(x,y,z) = ©_,(w) + R(z,y, 2), where order(R;) < order(y;) for each j.
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Proof. We work in exponential coordinates centered at x, and use Lemma 3.1 to consider X as

a vector field in y. Then for a given y the Taylor expansion of z = ©(z,y, w) in terms of w is

o0
(32 5 =+ (0 X)) + 3 gy (0 04w X),0).

k=1 '
where w - X = 2% w; X; is a vector field acting on the y variable, and (w - X);(y) is its 9;
coefficient as a function of y. It is seen from Lemma 3.1 that w - X does not increase the order
of a function f(z,y,w), and w- X —w-Y decreases the order of f(z,y, w) by at least 1. Also, as
functions of (y,w)

order((w - Y);(y)) = order(y;), order((w - X);(y) — (w-Y);(y)) < order(y;).

Thus, if we replace w - X by w-Y in the expansion (3.2) then the right hand side is changed by
terms of strictly lower order than y. It follows that we can write

(3.3) (20,2, 2") = (yo + w0, ¥ + w'y" + w" + yow' — woy') + (Ro, R, R"),
where order(Ry) < —2, order(R’) < —1, and order(R") < —3 as functions of (y, w).

We now express w = w(y, z) and use (3.3) to write
(3.4) w = 0,(z) — (Ro, R, —yoR' + y'Ry + R")

where R = R(y,w(y,z)). Since w = z — y plus quadratic terms in (y, z), we see that R(x,y, 2)
has no linear terms in y or z, and also that order(wp) < —2 and order(w’) < —1, since quadratic
terms are of order at most —2.

It suffices now to show that order(w”(y, z)) < —3, since together with the preceding we have
order(w;(y, z)) < order(y;) for all j, from which it follows that order(R;(y,w(y, 2))) < order(y;).
We know order(w”(y, z)) < —2 since quadratic terms are order < —2. On the other hand, since
order(R") < —4 as a function of (y,w), and order(w;(y, 2)) < order(y;) for j < d, it is easy to see
by examining possible terms in R” that order(R"”) < —3 as a function of (y, z), concluding the

proof. O

We make a few important additional observations about the terms that can occur in the Taylor
expansion of © and © about y = z = 0, respectively y = w = 0. First, we have

@(xayaz):'zo_yo if y/:Z,:y”:Z”:Ov
é(xayyw):yo—f—wo if y =w' =9y =w"=0.

Consequently, every nonvanishing term in the Taylor expansion of R(z,y, z) must include a factor
of either ¢/, 2/, ¢, or 2”. Similarly, every nonvanishing term in the Taylor expansion of R(z,y, z)
must include factor of either ¢/, w', 3", or w”.

Additionally, since the collection {Xj}?zl is involutive it follows that Ry and R’ vanish if
Yo = 20 = 3" = 2” = 0, and hence every nonvanishing term in the Taylor expansions of Ry and
R must contain a factor other than (y/, 2'), similarly for Ry and R”. Putting this together with
the fact that R(z,y,z) = 0 if z = y, we can write

(35) Rj(xa Y, Z) = Z Cj,a,3 (I‘) ya(z - y)ﬁ + Z Cj,a,ﬁ(xa Y, Z) yoz(z - y)/87
|| +|B]=2 || +18]=3
11>1 181>1
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for smooth functions c; 4 g, where ¢; o 3 = 0 unless order(yazﬂ ) < order(y;), and also unless one
of o, B/, o, or p” is nonzero. Additionally, if j =0 or j > d + 1 then ¢, g = 0 unless one of ayg,
Bo, ", or B” is nonzero.

The same conditions also hold on ¢;, g in the following expansion of R(x, Y, w),

Ri(z,y,w) = > Gap@yw’+ Y Eaplry,2)y w’
la|+]8=2 la|+]8|=3
8I>1 1BI>1

4. THE SEMICLASSICAL CALCULUS ON U

Recall that

1
3 1 1
m(n) = (Imol® + 0" + I"|*) ™ = |nol> + lof | + 1|3,
which is smooth for n # 0 and homogeneous of degree 1, in that m(d,(n)) = rm(n).

We assume given a compact subset K € U, and choose r; so that the exponential map y —
exp,(y) is a diffecomorphism on the ball {|y| < ri} for all z € K, and fix 79 < r1 such that

U engE(BTO) - expx(Brl).
jeexpz (BTO)

We fix functions x; € C°(B,,;) with xo(y) =1 for [y| < 7o and

11(€2()) = 1 on a neighborhood of Jsupp(x0(€+(#)) xo(€:()).

Given a symbol a(z,n) € C®(U x R?¥*1) supported where = € K, we define
ah(x) 77) = CL(LU, To, 77/7 h77//)7
and define a nonisotropic semiclassical quantization of a by the rule

1 —i
Gt [ O ) xalo) e, ) dy

1 —i
~ (2m)rt /deﬂ =" ap(z,m) xo(hy) f(exp,(hy)) dy dn.

ah(xa hD)f(:L’) =
(4.1)

Thus the Schwartz kernel of ay(z, hD) is supported in K x K,,, where K, is the image of K x By,
under (z,y) — exp,(y).

If p(z,m) = X2 |aj<n Ca(®) N is a polynomial in 7, then
(Pn(z, hD) f)(x) = pn (@, (=i0y)) f (exp, (hy))|,_, -
In particular, we have the following correspondence of symbols to operators:
(4.2) in; + hX;, 0<j<d, in; « hAX;, d+1<j<2d
Suppose that the symbol a satisfies homogeneous order-0 type estimates of the form

0705 a(z,m)| < Ca,gm(n)~ 4.
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The uncertainty principal, used for example for proving L? continuity of as(z, hD), requires
uniform bounds on 95 (hd,)“an(x,n). On the other hand,

|0 (hdy)*an (2, n)| = RleoH 2" (9292q), (2, )]

< €, ploolHa'[+20a”] ) ~2laol—[a’] -3

//|

To have uniform bounds as h — 0 would require truncating a(x,n) to where m(n) > ho. Tt is
convenient to work with bounded symbols, hence for symbols of order n we will multiply by a

factor of K™% to make symbols of any order be of size < 1 when m(n) = h2.

Definition 4.1. Let m(h,n) = (h% +m(n)). A h-dependent family of symbols a(z,n) belongs to
S™(m) if, for all a, B, there is C, g independent of h such that, for 0 < h <1,

000%a(x,n)| < Coph™2m(h, n)"—order@),

We use S} (m) to denote symbols of the form ap(z,n) with a(z,n) € S™(m), and ¥}}(m) to denote
operators ap(x, hD) arising from symbols a € S™(m).

We will show that the symbol of an operator is uniquely determined. For polynomial symbols
we note the following result,

b order(@) o ¢ gorder(a) ;).
By (4.2) we then have the following examples.
Xo € U, (m),
hiX; € Whm), 1<j<d,
hiXj € Wi(m), d+1<j<2d
A more general example of a symbol in S™(m) is h_%a(n)(l—qb(h_%m(n))) where a(d,1) = r"a(n).

It is easy to verify the following properties:
S™(m) - S™ (m) C S"H (m).
S™(m) > S™(m) if n' <n.
= Sn(m) N h% order(a)agzafa e Snforder(a).
Definition 4.2. Given a sequence of symbols a; € S"=J(m) we say that a ~ >_jaj if for all N

N-1

a— Z a; € S"N(m).

j=0

Consequently, a is uniquely determined up to a symbol in S™°(m) = ﬂ SN (m).

We note the following simple result as an example of a S™°°(m).
(4.3) If ¢ € S(R) and ¢(s) =1 when |s| <1 then ¢(h™2m(n)) € S (m).

Lemma 4.1. Suppose that a; € S"~7(m), j € N. Then there exists a € S™(m) with a ~Y; a;.
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Proof. We will construct a sequence of positive real numbers R; — oo such that for all IV,

[e.9]

(4.4) Z (1 - d)(Rj_lh_%m(n)))aj(x, n) converges in S (m).
j=N

Defining a to be this sum where N = 0 gives the result, we see by (4.3) that
¢(R7*h™2m(n)) € S~V (m) for all N.

Additionally, the S°(m) seminorms of qS(Rj_lh*%m(n)) are uniformly bounded independent of R.
The result (4.4) follows if we choose R; so that for all |a| + |5] < 7,

n+l—j

658;;“ (1 - ¢(R;1h_%m(n))>a](a:,n)’ < 2=Ip~ 2 m(h, n)n-}-l—j—ordcr(a)‘

Such R; can be chosen by observing that on the support of 1 — gZ)(R;lh*%m(n)) we have

ham(h,n) "' < (1+ R;)~ L.

Let ¢ and 1 generate a smooth Littlewood-Paley decomposition of [0, co):
0 .
L=¢(s)+>_¥(277s), supp(¢) C [0,2), supp(¥)) C (3,2).
j=1
Given a symbol a € S™(m), we make the following decomposition,

alw,n) = ¢(h~2m(n)a(z.n) + 3 (k™22 I m(n))a(e,n)
(4.5) N 7=
=Y a;(z,n).
j=0

Then a; is supported where (h% +m(n)) ~ 2972, and thus
10800 a;(,m)| < Cop 297 (2717) 1),

It follows that ag(z,d,1/2(n)) € CE(K x {|n| < 8}) with bounds uniform over h, and for j > 1
that 27" a; (x, 6;5,1/2(n)) is uniformly bounded in C°(K x {§ < [n| < 8}) over h and j.

Theorem 4.2. Suppose that a € S™(m) and b € S™ (m). Then there is ¢ € S"T (m) so that
ap(x,hD) o by(x,hD) = ¢p(x, hD) + Ry,
where Ry, is a smoothing operator with kernel Ry (x,Z) supported in K x K, satisfying, for all N,
10205 Ry (2, )] < O ap bV

Furthermore, ¢ — afb € St ~1(m), where (atd)(z, &) = (a(x, -)4b(z,-))(€).
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Proof. We start with the first part of the result. For x € K and h > 0 we can write

Xl(@x(i‘))f(j) = Wl)%lﬂ/eﬂ@z(i)@/hi(y,@/h Xl(y) f(epr(y)) dy d.

Since ap(z, hD)bp(z, hD) f(x) = ap(x, hD)bp(z, hD)(Xl(Gx(-))f) (x), we can write

1

G | € en(@.€) xay) S expa(y)) dy d

ap(x,hD) o by(z,hD)f(x) = (anh)

where

cp(x, &) = (ah(a:, hD) by (x, hD)ei<®z(')7E>/h) (x).

We will show that ¢;(x,n) € S;L”r"/(m). To estimate the term R, coming from replacing x1 by xo
we write x1(y) — xo(y) = |y[*" Bn(y), where By € C°. Then Ry f(x) = [ K(z,exp,(y))f(y) dy

where
B (y)
(27Th)2d+1

It is simple to verify that (h2A,)Nep (2, €) € S;LL+”/*2N (m), thus Ry, corresponds to the restriction
to 2]y| > ro of an integral kernel with S™°°(m) symbol. The kernel satisfies (5.3), and the result
then follows after changing variables y = ©,(%).

K (2, exp, (1) = [ 12, Ve, €) e

Let a; and b; be the nonisotropic Littlewood-Paley decomposition of a and b as in (4.5), and
define ¢;; by

(cij)n(@,€) = ((ai)n(a, kD) (by)a(w, hD)e! OO (z),
so that ¢ = 37, ¢;j. From (4.1) we can write (cij)n(7,§) as

1

g | €O O (0, (0, ) by e, () )

x x0(hy) xo(hw) dw d¢ dy dn.
Consider first the case that i > j. Substitute the quantity h=10(z, hy, hz) for w to write this as

1

()i / et ZInTHO Ry RO ay (o, o haf") by (expg (hy), o, ¢ h¢")
s

X xo(hy) xo(O(z, hy, hz)) |D.O|(x, hy, hz) dz d{ dy dn.
By the comments following (4.5), we write
bj(exp,(hy), Co, ¢'s h¢") xo(hy) xo0(© (2, hy, hz)) | D.O|(z, hy, hz)
= 2 b. (2, hy, hz, (22 W1, 27 b2 273 2 ("))

where l;j € C°(K X Byy X By, X Bg), with bounds uniform over h and j, and a similar representation

holds for a; with 27 replaced by 2*. We make a nonisotropic dilation of ¢ and 7 by the factors
. . 1 . 1

(2729p=1,277h72,273h72), and of z and y by the reciprocal factors, to write

Cij (337 5) = 2j(n+n/)él] (33’, 62*jh—1/2 (f))a
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where ¢;;(z,§) is given by

1

(4.6) G

x b;(x,2" %y, 2_jh%y/, 2_3jh%y”, 2 %2, 2_jh%z/, 2_3jh%z”, ¢)dzd(¢ dy dn,
with
(R(h,z,y,2),¢) = 2% Ro(z,2 %y, 2_jh%y', 2_3jh%y”, 2% 2, 2_jh%z’, 2_3jh%z") o
+ 2RI R (3,2 Xy, 2T hay 2 hay 2% 2, 27T hE Y 2 pa ") L ¢!
+ 23jh_%R"(m, 272y, 2_jh%y’, 2_3jh%y”, 272 2, 2_jh%z', 2_3jh%z") (.
By the support condition on b we have |¢| < 8. Also, if i > 1 then a(z,7) = 0 when |n] < %.

We next apply the expansion (3.5). The condition on order(y®z%) insures that we bring out
strictly more powers of 277 than needed to cancel the powers of 27 in front, and smce there is at

least one factor of (v/,2',y",2") we also bring out a factor h3 to cancel off the h=3 in front. We
conclude that, on the support of the integrand,

[R(h@,y,2)| < €27z —y| Iyl + |2 — 9l + [y + |z — o),
and also

(47) 020507 R(h, 2.y, 2)| < Crap27 (14 [y + |2 — yP).

Additionally, if we let w = @(:g,y, z) + R(h,,y, z), then with analogous notation we see from
(3.1) and Lemma 3.2 that z = ©_,(w) + R(h,z,y,w), where

|B(h, 2, y,w)| < C277 || [yl + [w] + |y + |w]?).
Consequently, since © is the inverse function to © for fixed y, uniformly over j we have
16y(2) + R(h2,y,2)| < Clz—y| (14 |y + |2 = ),
|z —y| < C|0,(2) + R(h, z, v, )‘<1+|y!2+\@ )+ R(h,x,y, )‘2)
and hence
L+ 1y 7z —y| < C1Oy(2) + R(h,z,y, 2 ]( +|0y(2) + R(h, z,y, )‘2)

Considering the function

1 o o
9ij(x,y) = @nyie /e W) g (, 49 g, 277, 877" dn,

simple estimates show that
(48)  1000)gij(x,y)| < COna p2 D0 (14 220D y| + 27y | 4+ 22Dy

Additionally, if ¢ > j, hence ¢ > 1, then a;(z,n) vanishes for |n| < %, hence can be assumed to be
of the form |n|?@;(x,n) for similar &;(x,7n), and so we can write

gij(z,y) = §|: 9(i—1) Order(v)aggim(:C’y)7
v|=2
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where g;;~(z,y) satisfies the same estimates (4.8) as g;;(x,y). Similarly, if we let f;(z,y, z) equal
/ e HOU TRy ) b (2 2 2y 2T Ry 2 3y 27 2, 273 273 hE 2" () d,

then

(4.9) 1050502 f;(w,y, %) < O o (1+ Iyl + |y — 2]
This leads to the bound, for all N, «, S,

3(lal+[8l+101) _ -N
) (14 1+ 1wy - 2)

(4.10)

—2(j—i —-N
207 [ gi(o.0) £i(09.2) dy | < Oy 2200 (14 |2 7,

which leads to uniform (over i and j) Schwartz bounds on 220-9)¢;;(x, €).

In the case ¢+ > 1, hence 7 > 1 as well, we can harmlessly divide bj by ¢ \25 . Since
((azo - y, Oy, 0z + yOaz”a az”) - C-:)e_i(éy(Z)yO =0,

and 9, acting on any other factor of z in the integrand for f; leads to a gain of 277, we can then
write, for each £ € N and k € N,

(4.11) Gij(z, &) = Y 2720)oihDere, (2, €),
[v|<2l
for Schwartz functions c;; ¢, which are uniformly bounded over i, j.
In case j > i, we can similarly write cij(x §) = 2i("+"')6ij(:c dy-ip-1/2(§)), where
C’Lj z,§) = Z 272 i(2=1) §e ]Z'y(l' £),
[v[<2l

for Schwartz functions c;; ¢, which are uniformly bounded over 4, j. The analysis is similar to the
case 1 > j, using instead the following representation for ¢;;(z,§),

1 . ) :
(27T)4d+2 /efzh HO(z,hv,—hw),n)—i{w,l)+i{v,£) (w 7’0777 hn )b (expexp (hv)( hw),Co,C’,hC”)

X x0(O(x, hv, —hw)) xo(hw) | D,O|(z, hv, —hw) dw d¢ dv dn.
It thus suffices to show that 3=, 2 G (2,89 -1/2(€)) € S™H (m). We prove that
| 2290 (2, 8,512 (€)| < € (14 B 2m(€))" ",
1>7
and estimates on derivatives will follow similarly. We use (4.11) to bound the sum by

Cnve o 30 P g2y 3Cnb (23 dm(£)) ™0 (14 279 h dm(e)) ™.
2§20 |y|<2¢

Fix 20 > n+n'. If h_%m(f) < 1 the sum is easily bounded by a constant. If h_%m(f) > 1, we
bound this by
O D2 @I 3m(€)™ (14 2790 2m (),
=0
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where we use that order(vy) > |vy|. This leads to the desired bound by separating into the cases
2 > h~im(€) and 29 < h-2m(€).

We now turn to the proof that c—aftb € S**" 1. The proof shows that there is a full asymptotic
expansion for ¢ in terms of functions of x and h times the § composition of derivatives of a and b,
but the leading term is the important result.

To start, we note that by (4.8), the integral in (4.10) over the region [y| > 27¢, for any fixed
€ > 0, leads to a gain of 279 in the form (4.11) for &;. Similarly, if |y| < 27¢, then (4.9) shows
that the integral over the region |z| > 2%¢ has a similar gain.

Thus, up to changing ¢ by a term in S~°°(m), we can insert a factor ¢(277¢y)¢(27%¢2) in the
formula (4.6) defining ¢;;. We now fix e = %. By (4.7), on the support of this cutoff we have
(4.12) 1070508 R(h, 2y, 2)| < Cya,p.

We next take a Taylor expansion in (y, z) of the Bj term in (4.6) about y = z = 0, to write it as

Z h%(\a/Jrﬁ’IHa”Jrﬁ”\)Q*jOrder(aJrﬁ)yaZBa;azﬁgj(m’0707C)

lal+|8|<N
+ Z h%(N—a0—50)2—j order(a—l—ﬁ)yazﬁ
|lal+[Bl=N
X bj.a,8(, 2_2jy0, 2_jh%y’, 2_3jh%y”, 2_2jzo, 2_jh%z', 2_3jh%z", ()

where we recall that b; € C2°(K x B, x B,, x Bs), with bounds uniform over & and j. The term
a =B =0is just 279"b;(x, (), since |D,O(x,0,0)| = 1. The a, 8 term will lead to a symbol of

order n +n' — order(a + ), so up to terms in S"*"~1(m) we have that (27)%4*2¢; is given by
the integral

/efi<y,n>7i<@y(z)+R(h,x,y,z),()+i<z,£> (.T 4] z o, 2] zn/ 8] i //) ( <)¢(27jey)¢( —3je )dzd{dydn

This expression with R = 0 leads, modulo a term in S™°°(m), to the symbol (a(z,-)b(z,-))(£).
Thus we need show the difference leads to a symbol in Sntn'=1 Ty estimate the difference, we
expand

N . k
e R(h,z,y,2),¢ Z h LY, 2 )’<> —+ <R(h,l‘,y,Z),C)NGN(<R(hvxay’Z))C>)

with ey ((R(h, z,y, ), ()) having bounded derivatives of all order on the support of the integrand
by (4.12), recalling that || < 1 on the support of the integrand. Inserting ey into (4.10) preserves
that estimate, so it suffices to observe that, if we set

Gz, €) = / ¢ty =8y ().l (g, 491y, 2 8" (, )
x (R(h,,y,2), ) ¢(277Y) (2~ 2)dz d( dy dn

then we have uniform Schwartz bounds on 27 21— ‘@‘j,k (z,€), which follows from the above proof
and (4.7). O
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Corollary 4.3. Suppose Py, is as in (1.1). Given p € C°(K°), there is a symbol q(x,&) € S~2(m),
with principal symbol hp(x)(1 — X(if%m(ﬁ)))q(ﬁ), so that

qn(z,hD) o P, = p(x) mod ¥~ >°(m).
Proof. Fix p(x) € CX(K) with p = 1 on a neighborhood of supp(p). Define
a(€) = h(1 = x(h2m(€)))a(€)

where ¢(§) is the Fourier transform of the fundamental solution for Yy — E?’:l YjQ. We observe
that p(z)G(¢) € S~2(m), and that

p(x)qn(hD) o Py, = p(x) — ap(z, hD), a € S~ Hm).

To see this, note that hZ;l:l cj(z)X; € S*(m), the symbol of h%Xj is in; for 1 < j < d, and the
symbol of Xg is n9g. We use Theorem 4.2 and Lemma 2.3 to see that the left hand side equals,
modulo an operator in \II}jl(m), the operator with symbol

d
p) (1= x((h™2m()) (idzno — Y. dtnytn; ) = A=) (1 = x((h~2m(€))) = px) mod S~(m).

=1

o0
Next let by (x, hD) € U9 (m) be an asymptotic sum bp(z, hD) ~ I + Z ap(x,hD)". Then

n=1
p(@)bn(, kD) 0 p)an(hD) o Py = pla)bi (i, hD) o (p(x) = an(a, kD) ).
By pseudo-locality of by (x, hD) this differs by a term in ¥, °°(m) from
p(x)bp(x,hD) o (I — ap(z, hD)) = p(x) mod ¥, *(m).

The principal symbol of g (x, hD) = p(z)by(x, hD) o p(x)gn(hD) is then p(x)g(&). O

5. L? BOUNDEDNESS FOR ORDER 0 OPERATORS

Let ¢ and 1 generate a smooth Littlewood-Paley decomposition of [0, 00):
oo
1=¢(s)+ > 9(277s), supp(¢) C [0,2], supp(s) C [3,2].
j=1
Given a symbol a € S™(m), we make the following decomposition,

a(h, z,n) = $(h~2m(n)a(h,z,1) + 3 w(h~22 I m(n))a(h, z,n)

j=1
= Zaj(h,x,n).
§=0

Then a; is supported where (h% +m(n)) ~ 2jh%, and
0205 a;(e,m)] < Cop 2" (Ph3) 7.
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The operator a;j(x, hD) is given by the following integral kernel on U x U with respect to the
measure dm(Z), where w(zx, z)dm(Z) = expk(dy),

Kjw,8) = w(e, 2)x0(0:(2) [ ¢ O D a1z, ) dy

The symbol a;(z,hn) is supported in the rectangle |no| < 2%, /| < 2h~z, In"| < 239Nz,
with derivative estimates in each variable inversely proportional to the respective sidelengths.
Consequently, there are Schwartz functions p;(z,y), supported for z € supp(a) with Schwartz
norms independent of j, so that

. . . . 1 ) 1
G (K exp,(v)) = 27 PR (2,220, D0 by 29K 3y ) xo ().
and in particular, for all N
o . . 4 -N
(5:2) K@, 3)| < 2 2@~ O (14 2%]0,(&)0] + 275 2(0,(3)'| + 20 720,()"])
If @ € S7°° then (5.1) holds for all n € Z, and we obtain the following.

Corollary 5.1. If a € S™°°(m), then ap(x, hD) is given by a smooth integral kernel Ky(x, ) in
the measure dm(z), so that for some Schwartz function p(x,y), supported for x € supp(a),

(53) (w_lK) (SC, expx(y)) = h_dp(x7 Yo, h_%y/’ h_%?/”)XO(?/)-

We next observe that the vector fields 272Yy, 277 haY' , and 273 h3Y" acting as differential
operators in y all preserve the form of w™'K j; that is, they give an expression of the same form
with p; uniformly bounded over j in each Schwartz seminorm.

The same holds for the operators 2727 Xy, 2_jh%X’, and 2_3jh%X”, acting on Kj(x,Z) as
differential operators in either the x or & variables. For action in the & variable this follows by
Lemma 3.1, where we use that there is at least one factor of ¢ or y” in the expansion of Ry(z,y, 0y)

to compensate for the factor of ho3 coming from d,s and Oy terms in the expansion of Xg. For
action in the x variable we work in coordinates = = exp;(y), hence Z = exp,(—y), to write

_ - . . _ . . _l . _l
(54) (W™ K;)(exps (y), 7) = 27" 27CHDR=p, (expy(y), =24y, —2Th ™2y, ~2 A3y ) xo(—).
To summarize, for a € S"(m), we can write
(5.5) (2729 X0)™ (27 h2 X")” (2% X") K;(x, %)
= oIy, (2,2%0,(2)0, 2h ™20, (7),29h™20,(7)" ) xa(2, 7)

where the functions p; . and x, satisfy seminorm bounds that depend on «, but are uniform over

7 and h. This holds whether any given vector X in the product acts on = or Z.

Conversely, suppose that j > 1, so that a;(z,8,—;;,-1/2(n)) € CE(K x {3 < |n| < 8}). Then,
for any ¢, dividing a;; by the appropriate nonisotropic dilation of |n|?¢ and taking the Fourier
transform shows that we can write

(w K (, exp, (y)) = 27" 29D

> Xalwy)(2720,) ™ (2720, (27T h30,) pa(w,25y0, 2h TRy 23y,
|a|=2¢



PARAMETRIX FOR A SEMICLASSICAL SUBELLIPTIC OPERATOR 19

for Schwartz functions pj .« g that are uniformly bounded over j, and xo € CZ°(K X Byy).
Using Lemma 3.1, we write
Oy = Xo+y' - X" = Ro(x,y,0y) =y R"(2,y,0),
Oy = X" —yo X" = R(x,y,0y) + yo R"(x,y,0y),
Oy = X" — R"(z,y,0y).

where the X; act in y. Substituting this into R(z,y,0,), and using that the X; form a smooth
frame, we can expand each 9,; as a finite sum over 2 < |a| < 3,

Oy =Xo+y - X"+ ZCO,a,k’(xvy) y* X, order(yy) — order(a) < 2,
a,k
Oy; = Xj —yo Xjya + ch,%k(x,y) y* Xy, 1 <j<d, order(yg) — order(a) < 1,
a,k
Oy, = X + ch,mk(a:,y) y* X, d+1<j<2d, order(yy) — order(a) < 3.
a,k

Additionally, cg o, = 0 unless either o/ # 0 or o’ # 0.
Letting X'j denote the transpose of the differential operator X; with respect to dy, it follows
that, with the X; acting on y, we can write
(w™ K (@, exp, (y)) = 277 29ZHAD =l
5 Xl ) (272 K0) (2R 2 RERN) o (1,220, 2y 290y,
|a|=2¢

where the p;, may depend on h, but with uniform Schwartz bounds over 0 < h <1 and j € N.
Expressing the action of X in terms of Z, this leads to the following expansion

(5.6) Kj(x, I) = Z Z 9—j order(c) (XO)BO (h%X/)ﬂl (h%)*(//)5/,}(]"%6(%:E)7
|ar|=2¢ B<Lx

for kernels K , g satisfying (5.2) with Cy depending on ¢ but uniform over j, a, 5. Here we can
take X to be the transpose with respect to dm(Z), since that differs from the transpose with
respect to dy by a smooth function.

Theorem 5.2. Ifa € S°(m), then ay(x, hD) is a bounded linear operator on L*(U), with operator
norm depending only on a finite number of seminorm bounds for a. In particular, the operator
norm is uniformly bounded over 0 < h < 1.

Proof. We decompose ap(z,hD) = 3772 ajp(z, hD). Using (5.1) and (5.4) it is easily verified
that the kernel K;(z,Z) of a;p(x, hD) satisfies the Schur test,

Sgp/Kj(w,a?) dm(z) < C, suip/Kj(w,a?) dm(z) < C.

We deduce L? boundedness from the Cotlar-Stein lemma (see [KS71] or [Ste93]), by showing that,
for any N € N,

(5.7) lain(x, hD) ajn(x, RD)|| 22 + [|ain(z, hD)ajp(w, hD)* || 22 < ¢ 2~ Nli=il,
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for C' uniform over h and j. If i = j this follows from L? boundedness of each term, so without
loss of generality we consider j > ¢ > 0, and in particular j > 1. Given £ € N we then write the
integral kernel of a; j,(x, hD)a;p(x, hD)* as

/K z, w)K;(Z,w) dm(w)
_ /K z, w Z Z 92— ]ordera ) O(h%X/)B’ (h%X”)B//Kj’a’ﬁ<$7w) dm(w)
la|=2¢ f<a

Z Z2zorder B)—j order(«) /Kzﬁx w)mdm( )

|a|=2¢ B<cx

where K; g(z,w) = (Q*QiXo)ﬁO (2*"h%X’)ﬁ/(2*3"h%X”)ﬁnK¢(x,w), and in all cases X acts on w.
Since iorder(f) — jorder(a) < 24(i — j), using (5.5) and the Schur test on the composition, as
well as symmetry of the estimates in x and Z, we obtain (5.7) with N = 2. O

We note the following result for a € S"(m), which holds since 277/"a;(z,n) € S°(m),
(5.8) sup 27" laj (@, hD) fll2@w) < O fl2wy, @ € 8™(m).
7>

6. ESTIMATES ON S*(M)

Let (M, g) be a compact Riemannian manifold of dimension d+1, and 5*(M) C T*(M) its unit

cosphere bundle. We consider the Hamiltonian function %K ]é( 5 = fjll g (2)¢;¢j, and recall
that S*(M) is the level set [([y(;) = 1. We use Xo = H to denote the Hamiltonian field for %|C|§,

d+1

Z g Cz z; Z azkg CleaCk7

which is tangent to S*(M).

We cover S*(M) by a finite collection of open coordinate charts as follows. Let {V,} form a
finite covering of M by coordinate charts, over which we can identity 7%(M) with V, x R4*!
and S*(M) with V,, x S. We cover S? by two coordinate charts W= over each of which there
is a section of the frame bundle. We thus obtain a cover of S*(M) by open sets {V, x W*},
which by counting each V,, twice we can label as U,, such that on U, there is an orthonormal
collection {X j}?zl of vector fields that are tangent to S3(V,,) for each z € V,,. The X; then form
an orthonormal frame on the tangent space of S3(V,,). The collection {X;}9_, is involutive, since
they span the tangent space of the leaves of a foliation.

There is a natural isometric identification Ty (T, (M)) ~ T,(M), which identifies { X},  with
an orthonormal collection of vectors {X;}. . € T.(V,), which are also orthogonal to (Xg).¢. One
then verifies that

d+1
(X, Xo] = Y 87(2)X;(¢)d:; mod (T(S;(M)) = X; mod (T(S3(M)).
=1

Setting X 1q = 1)~(J, we have [XO,X] 2X;+q € span{X;}9_,, so the assumptions of the

introduction are satisfied on {X;}? pt 40

Jj=D
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Let Ag be the induced non-negative Laplacian acting on the fibers S} (M) of the bundle, and
let A be the non-negative Laplacian on S*(M). See for example [Drol7, Section 2.1] for details,
where it is shown that A and Ag commute. One verifies that, over each U,, one has

d d
Ag = — ZXJQ + ch(z, Q)X;.
=1 j=1
We now use = = (z,¢) € R2**! to denote the variables on S*(U,), and define

d d
Ph =H + hAS = X() — ZhX? + ZCj($)hXj.
j=1 j=1
Thus on each U,, the operator P, differs from the sum of squares considered previously by an
1
operator in h2 W} (m), and the pseudodifferential calculus shows that, given x, € C°(U,), there

exists a symbol a, € S72(m), the quantization of which depends on Y, through the choice of xq
in (4.1), so that on U, we have

aa,n(z,hD) o Pyou = xo(x)u + rop(z, hD)u, rp, € U, (m).

Note that both aq j(z, hD) and 74 4 (z, hD) are properly supported in U,. We now take a partition
of unity x, subordinate to the cover U,, and define

Ahv = Zamh(fﬂ,hD)’U, th = Zroc,h(xv hD)U

Then Aj o P, = I + Ry, and for all Ny, Ny we have
(6.1) [(RA)N Ry, (hA)N2ul| 25+ (ar)) < Oy wallull 225+ (a))-

This follows from Theorem 5.2 and the fact that hA € ¥$(U,) for each a.

More generally, we define ¥ (m) on S*(M) as sums >_, aqp(x, hD) with aq € S7(m) on U,.
The function xo in the quantization (4.1) depends on the z support of a,(x,n), which is always
assumed to be a compact subset of U,,.

The semiclassical Sobolev spaces are defined on S*(M) using the spectral decomposition of A,
with norm

1fllmg = (1 + R2A)72 f]| 2.
We will consider cutoffs p(s) satisfying, for some ¢ > ¢ >0
(6.2) p(s) € C*(R), p(s) =0 ifs<e, p(s)=1ifs>¢.

The operator p(h?A) is then defined as a spectral multiplier. We observe the following simple
result for Ry, € ¥, °*°(m) on S*(M). For all N and o we have

(6.3) lp(h* A) Ry (2, hD)ul| e + || Rp (2, hD)p(h* A)ul| e < Coh™ |Jul| 2.

This follows by writing p(h2A)(1 + h2A)° = f(h?A) o (h2A)N for a bounded function f(s),
provided N > o, and using (6.1).

Theorem 6.1. Suppose that o <0, that A, € ¥7(m), and p satisfies (6.2). Then

o0 A)an(w, RDYull o + lon(, RD)p (R A )l o < €/l

ull ull
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Proof. Choose k so 6k + o > 0. For each h € (0,1], we show that a, = ano + ap1 where

I(2A) an o, hDYull 2 + llano(w, hD) (02 A) ull 2 + lan (o, hDYul o0 < C B ] .

The result follows since p(s) < min(s*,1). Using the Littlewood-Paley decomposition as in the
proof of Theorem 5.2, applied to each a, in the sum defining a, we let

ah,O(xan): Z ah,j(x777)7 ah,l(xvn): Z ah,j(xvn)'

1 o1
21<h™6 2i>h"6

Recalling the form (5.5), we see that applying h2A to apj(x, hD) is equivalent to multiplying it
by at most 267h. As in the proof of (5.7) we conclude that

(1 + h2A)*ay j(x, hD)api(z, AD)* (1 + B2A)E| o, 2 < (1 + 25°h)k (1 + 289 p)k 2o () =Nli=jl
For 27,21 > h™5, we interpolate with the L? bounds (5.8) to obtain
(1 + h2A) =8y, j(x, hD)ap, ;(x, hD)* (1 + h2A) /8| 2, 1> < C h=o/3 27 Nli=il,

This estimate also holds for the transposed operators. The Cotlar-Stein lemma then implies the
bounds for a1 (x, hD).

Similarly, we have
1(h?A)*an (2, hD) | p2s 2 + llan g (@, AD)(B*A)|| 212 < C (29 h)* 277,
which we may sum over 2/ < h™% to conclude the bounds involving ap, o(x, hD). O
Corollary 6.2. Suppose that o <0, and A, € V7 (m). Then

1L+ hA) 7 Apul 2 < C lull 2.

Proof. As in the proof of Theorem 6.1 we observe that, for k =0,1,2,...,
(1 + hA)Eay, j(z, hD)ap (2, hD)*(1 4+ hA)¥|| fa_, 2 < 20K(EF) 9o (I =Nli=j]
We interpolate between £ = 0 and k > —60 to obtain
(1 + hA)~/8ay, ;(z, hD)ay,;(x, hD)*(1 + hA) /|| 2, 12 < € 27 NIiZil

This estimate also holds for the transposed operators. The Cotlar-Stein lemma then implies the
result. g

Theorem 6.3. The following bound holds for h € (0,1], with Ry, satisfying (6.1).

1 —
[ Hullz2 + Al Asul g2 + (1 + hA)Sul g2 < Ol Pyl g2 + Cn | (1 + hA) ™V ul| 2.

Proof. Write u = A Pyu + Rpu, and observe that HAj,, hAsAy, € \I!?L(m) We also observe that
HRy, hAsRy, € ¥, °°(m), hence satisfy the same bounds (6.1) as Rj. Since hA commutes with

1+ hA)%, we see that (14 hA)%Rh also satisfies the bounds (6.1). The result then follows by
Corollary 6.2. O
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Theorem 6.4. Suppose that py and py satisfy (6.2), and p2 = 1 on a neighborhood of supp(p1).
Given R > 0, the following holds for all N, and all |\ < R and h € (0, 1],

d
W o (W) ul s + b5 Y X1 (2 A)ul s + [ Xopr (2 A)ul 12 + [hdspr (h2A)ul 2
j=1

< On (2 (R 8) (P = Null 2 + 1V Jul] 12 ).

Proof. We follow the scheme of the proof of Theorem 2 of [Drol7], using the parametrix A of P,
to replace the positive commutator arguments. Write

pl(hQA)u = App1 (th)(Ph - /\)u + Ay, [Ph, P1 (h2A)]’U, + )\Ahpl(hQA)u + thl(hQA)u.

To handle the commutator term on the right, we use that [Ag, p1(h?A)] = 0, so [Py, p1(h2A)] =
[Xo, p1(h?A)]. Now let 51(s) be any function satisfying (6.2) which equals 1 on a neighborhood of
supp(p1). Then following [Drol17], we use that the essential support of [Xo, p1(h?A)] is contained
within the elliptic set of §(h?A), and we can thus bound

[P, pr(R*A)ull 2 < C |1 (B2 A)]ul 2 + OnEY [[ull 2.
Applying Theorem 6.1 and (6.3) we obtain

d
B |pr (B Ayl yogs + 18 3 102 X1 (Al 175 + [ Xopr (h* )| 2 + [ hAspy (h*Aull
j=1

< C(I\pl(hQA)(Ph = Nullgz + |51 (h*A)ull 2 + !/\Illm(hQA)UIIB) + On Y Jul| 2.

For h bounded away from 0 we can absorb the term ||||p1(h?A)ul|z2 into Cx AV ||ul| 72, and for
h small we can subtract it from both sides.

From this we deduce the following bound, for any such g1,
1 1
lor(h?A)ull 2 < C (B3 [l pa(h2A)(Py = Mullz2 + b |51 (h2A)ul| 2 + BN [lull 12 )
We now choose a sequence of cutoffs p; for 1 < j < 3N, satisfying (6.2), such that for all j we

have pj+1 = 1 on a neighborhood of supp(p;), and ps = 1 on a neighborhood of supp(p;). Then
replacing p1 by p;, the preceding estimate shows that

16 (R A)ul 2 < Cov,r (B3 2 (W A) (P = Mull 2 + 13|51 (B2 A)ull 2 + BN [l 12 ).
We conclude by iteration that
151(h2A)ull 2 < O (B3 [ pa(h2A)(Py = Mull 2 + BN [ pa(h2A)ul| 2 + BN [lul] 12 )
< Cw (S 2B )Py = Nul 2 + 0¥ [l z2).

Together with the above this yields the statement of the theorem. ([l
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