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Abstract

We present a multi-scale solution scheme for hyperbolic evolution equations
with curvelets. We assume, essentially, that the second-order derivatives of
the symbol of the evolution operator are uniformly Lipschitz. The scheme is
based on a solution construction introduced by Smith [23] and is composed of
generating an approximate solution following a paradifferential decomposition
of the mentioned symbol, here, with a second-order correction reminiscent of
geometrical asymptotics involving a Hamilton-Jacobi system of equations and,
subsequently, solving a particular Volterra equation. We analyze the regularity
of the associated Volterra kernel, and then determine the optimal quadrature in
the evolution parameter. Moreover, we provide an estimate for the spreading of
(finite) sets of curvelets, enabling the multi-scale numerical computation with
controlled error.
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1. Introduction

We study the regularity in the construction of solutions of a general class
of evolution equations with limited smoothness. We have applications to wave
propagation in non-smooth media in mind. The construction makes use of a
frame of curvelets [14, 12, 13], generates the weak solution on the one hand but
reveals the geometrical properties reminiscent of the propagation of singularities
in the case of smooth media on the other hand.
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Let p(z,,§) be a real-valued function defined on [0, Z] x R x (R¢ \ {0})
that is smooth and positively homogeneous of degree 1 with respect to £. If
2o € [0, Z], we then consider the initial value problem

(0, —ip(z,2,Dy))u(z,2) =0 and wu(zp,z) = up(x). (1)

Here p(z,x, D) is a pseudodifferential operator (?DO) whose symbol, p, may
be rough in the 2 and x variables. We will require here that p € C™1S! with
m = 1 or 2. This means that the mth derivatives of p with respect to z and =
exist everywhere, are uniformly Lipschitz, and for every multi-index « there is
a constant C\, such that for all £ sufficiently large

10P(, &)lloma < Ca(l+ (g1,

The notation of the left-hand side above indicates the C"! norm in (z, z).

The technique used here for construction of solutions to (1) was introduced
by Smith [23]. More recently, properties of these solutions were studied from
the point of view of concentration of curvelets motivated by the propagation of
singularities for the case of smooth symbols [3]. The solution construction is
initiated by the construction of an approximate solution following the smooth-
ing, that is, paradifferential decomposition of the symbol p, and is completed
by solving a Volterra equation of the second kind which corrects for the sym-
bol smoothing and essentially accounts for scattering between curvelets. The
approximate solution is constructed using geometrical asymptotics and involves
solving the Hamilton and Hamilton-Jacobi systems generated by the smoothed
symbols. The Volterra equation can be solved by a Neumann series — as in the
computation of certain multiple scattering series — revealing a curvelet-curvelet
interaction. The main goal of this work is to develop regularity estimates in
the evolution coordinate z for the Volterra kernel and solution. These estimates
govern the choice of quadrature used when solving the Volterra equation, and
subsequently the initial value problem, numerically.

Our main result uses an adapted underlying approximate solution operator
(parametrix) for (1) with second-order correction. With this parametrix we
provide scale-independent regularity estimates of the associated Volterra kernel
in H*, and likewise estimates for the regularity of the solution g(z,z) of the
Volterra equation in the z variable as a map into H®, when m = 2 (or larger)
and —1 < s < 2. Specifically, we obtain a Holder estimate of order 1/2. Thus
a natural choice of quadrature when considering the numerical solution of the
Volterra equation becomes the trapezoidal rule [8]. The approximate solution
construction to second order is obtained from results pertaining to expansions of
Fourier integral operators generated by canonical transformations [15, 11]. This
second order parametrix improves on first order parametrices in at least two
ways. First, the Holder regularity mentioned above is required to prove that a
discretization of the Volterra equation in the evolution parameter z converges as
the discretization step size goes to zero. Second, the Volterra kernel associated
with the second order parametrix is actually compact acting on H® (in fact it
maps into H*+1/2) and so exhibits better behavior when iterated.
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Figure 1: Diagram describing a numeric solution including a single Volterra iteration. The
parametrix is based on the second-order (geometric) approximation and depicted in blue.
Some “scattered” curvelets produced by the Volterra iteration are depicted in red. The decay
of curvelet frame coefficients for one of the wave packets propagated by the parametrix is
illustrated by grayscale.

The results obtained here can be extended directly to apply to solving the
second-order wave equation and associated Cauchy initial value problem.

A key aspect of developing an efficient computational algorithm will rely
on available sparse decompositions of ug (that is, the initial data at zp), and
of the Volterra operator applied to the current solution by the Neumann se-
ries expansion (that is, the residual force at values of z dictated by the chosen
quadrature). We have developed first steps towards an approach based on non-
linear approximation [1, 2], motivated by the work of Beylkin and Monzén [5, 6].
Here, we provide an estimate of the spreading of the set of curvelet coefficients
under propagation as a function of scale. Following the decomposition of ug
into wave packets, a natural solution strategy — tracing the convergence of the
Neumann series expansion — starts at the finest available scale and progresses
to the coarser scales. The Volterra equation can be solved with a step-by-
step method reminiscent of the semi-group property. The numerical analysis
of curvelet-like transforms can be found in [10, 19]; this analysis plays a role
in developing a fast algorithm for the above mentioned approximate solution.
We note that the regularity and spreading estimates obtained here imply error
estimates of corresponding numerical schemes. One possible such result is given
in Corollary 12.

The results obtained in this paper have direct applications, for example, in
seismic imaging. Indeed most imaging procedures can be expressed in terms
of evolution equations [20]. We mention “reverse-time migration” based imag-
ing [16] and “downward continuation (reverse depth)” based imaging [24, 25].
Furthermore, curvelet based data regularization dovetails perfectly with these
imaging techniques.



2. Solution of the evolution equation

We find solutions for (1) in two steps. We first construct an approximate
solution operator, which we will refer to as a parametrix, and then we use this
parametrix to transform (1) into an equivalent Volterra equation of the second
kind for a function with values in a Sobolev space. To be more precise, we first
construct a family of operators T(z,z’) : H*(R™) — H*(R"™) for some s € R
parametrized by (z,2’) € [0, Z] x [0, Z] which satisfy the following two properties

T(Z,2")=1d for all 2/ € [0, Z], and (2)

(0, —ip(z,2,D;)) T(2,2") : H® — H® uniformly for (z,2") € [0, Z] x [0, Z].
(3)
Because (0, —ip(z,x, D)) is a (possibly rough) ¥DO of order 1, the mapping
property (3) is better than would be expected and so it is this property that
makes T(z, z’) an approximate solution operator. Here “uniformly” means that
there is a single modulus of continuity that holds for all (z,2z’). We think of
T(z, z0)up as giving the approximate solution of (1). Any family of operators
satisfying these properties will be called a parametriz.
Once we have a parametrix we look for an exact solution for (1) in the form

z

u(z,2) = [T(e )uol(w) + [ (D)9l ) (a) ' (4)
20

Intuitively, we are setting u(z,z) to be the approximate solution plus an error

term that we expect can be found or at least estimated. Now the function to

be determined is g(z, ) which we refer to as the residual. A calculation making

use of (2) shows that u(z, ) is a solution of (1) if and only if

g(z,x) = _[(az - ip(z7x,Dz))T(z,zo)u0](x)

- /Z[(az —ip(z, 2, Dy))T(z,2')g(¢', )](x)dz".

20

Motivated by this fact we introduce the Volterra kernel
K(z,2") = (8, —ip(z,z, D;))T(z,2") (5)

so that the equation for g(z,z) becomes

9(z,7) = [K(2, 20)uo](x) + /Z[K(ZaZ')g(Z'a () dz'. (6)

zZ0

This is a linear Volterra equation of the second kind where the function to be
determined (g(z,-)) takes values in the Sobolev space H®. For a review of the
classical theory of this type of equation see [8]. Although the theory there only
explicitly deals with real and complex valued functions many of the results still
hold in the case of functions valued in general Banach spaces with the same
proofs.



The solution of (6) may be obtained via a Neumann series. Indeed, let us
define

K'(z) = K(z,20), andforn>1 K"(z)= / K(z,2 )K" () d7.

Note that by (3) K(z,2') : H* — H*® uniformly, and thus the composition used
in the iterative definition of K" (z) is still an operator on H®. Furthermore, if
1K (2, 2")||(zrs, 55y < C(Z) for all z and 2/, then for all n and z it follows from
the definition that

1K™ ()l e, 1) < c2)". (7)

(n—1)!

The solution of (6) is then
9(z ) = Y [K"(2)uo)(z) =: [R(2)uo](x).

By (7) this sum converges absolutely in H*® for every z € [0, Z], and in fact
IR(2) || (715, 11ey < C(Z)eZ¢D), (8)

We refer to R(z) as the resolvent corresponding to the parametrix T.

This method of solution was first introduced for the half wave equation in
[23], and has been used previously to analyze the equation (1) in [3]. In both of
these works the parametrix T is constructed by decomposing ug in the curvelet
frame, and then applying a rigid motion to each individual curvelet. We refer
to this “rigid motion” parametrix as T;. In the current work we will introduce
a new parametrix, Ts, which still uses a curvelet decomposition of ug, but also
incorporates spreading into the evolution of each individual curvelet. As we
will see, when T is used as the parametrix the corresponding Volterra kernel
Ks(z,2") will have additional regularity properties in the z variables.

3. Construction of the parametrices

In this section we describe two possible ways to construct a parametrix
satisfying the requirements (2) and (3). Both methods are based upon a curvelet
decomposition. The first uses only a rigid motion of the curvelets, while the
second also incorporates spreading. The treatment of caustics in the second
method needs special attention, which we do not elaborate on here. The first
method does not provide strong enough estimates to guarantee that numerical
solutions of the Volterra equation will converge. The proofs in this section and
section 4 make use of the results in both of the appendices, and in particular
the rules for manipulating families of curvelet like functions (FCLFs) developed
in Appendix A. When dealing with a FCLF F we sometimes use the notation
fy € ms(F) for a function in the family corresponding to the curvelet index ~.



The first step for both parametrices is to smooth the rough symbol p of (1)
in the z variable according to scale. In this way we obtain a sequence of smooth
(in ) symbols p; which approximate p. Indeed, let ¢ € C°(R™) be an even
function such that () = 1 for |¢] < 1 and ¢(&) = 0 for |[¢] > 2. We also assume
0 <1 <1 everywhere. Then define

pk(Z,I,f) = [w(2ik/2D’E)p(za 175)](x) (9)

for all £k € N. Thus for each k we low pass filter p in the x variable around
the frequency 25/2 to obtain p, € C*. This sequence of approximations to p
satisfies the following estimates. For j + |[f] < m + 1 (when j + |5 = m + 1
estimate (10) holds everywhere the left hand side is defined)

102070¢ (b — pr) (2,2, )| S 27 M IPIZTED 2192 (- €) | omas (10)

and 4
|02050¢ i (2, 2,€)| S 106 D(-, )l oma- (11)
Also, if j <m and |5| > m+ 1 — j then

|07000¢ pi (2, 2, )| < 2FIPHT=m=072) 92 p -, )| gom (12)

Here and in the remainder of this work the notation A, < By means that there
exists a constant C' > 0 independent of the scale k, or more generally the index
~v = (x,v,k), such that Ay < CBj. In the following parametrix constructions
pi(z, 2, D, ) will be used to approximate the action of p(z, z, D, ) on the curvelets
at scale k.

3.1. Rigid motion parametiz

We first review the construction from [3] of a parametrix, referred to here
as T(z,2’), based only on the rigid motion of curvelets. The purpose of this
review is twofold. First, some of the techniques involved will be used again in
the construction of the new parametrix in section 3.2, and second we eventually
wish to compare some results for this parametrix and associated Volterra kernel
to those for the new parametrix. In this interest we will also prove regularity
estimates for Ti(z,z’) in the z and 2’ variables. We will always assume that
m = 1 when we are considering T}.

We begin by considering the system

d
%(Z’Z/) = _afpk(z7y/€al/k) 3
@(Z,Z/) = 0upk(2, Yk Vi) — { Vi> OuDr (2, Yks Vi) )Vk»
and
aey,
dz (Z,Z ) = @k Vk ®axpk(zaykayk) - axpk(zaykayk) ®Vk . (14)




which gives the co-sphere projected Hamiltonian flow associated to pi. We write
(2,2, 2,v) , wve(z,2,2,v), and Ok(z,2,z,v)
for the solution of (13) and (14) with initial data
y(Z 2 o) =2, v, e v)=v, and Ok(Z,7, x,v)=1d,

and refer to the map (z,v) — (yx(z, 2/, z,v), (2,2, 2,v)) as UF . We also
consider the system (13) and (14) with pj, replaced by p, and introduce a corre-
sponding map VU, . defined in the analogous manner (note that since p € C1*

the problem is well-posed). In [23] it is shown that
(W o (), WL L (2,v)) S 275, (15)

where d is the pseudodistance defined in Appendix A.
If v = (z,v, k) is a curvelet index, then the flow out of the individual curvelet
@~ is given by

901,’}/(2;7 Zlvy) = @"/(@k(za Z/a z, V)(y - Z/k(% Z/,.f, V)) + ],‘)

If u € L2(R™), then the parametrix T (z, 2’) is defined by

[T1(2,2)ul(y) = Y uy pra(2,2, ) (16)

where the u, are the coefficients of u given by the curvelet co-frame. Since
it will be useful below, we also define operators T’f/ (z,2") which only give the
contributions of curvelets at scale k’:

[TF (2, 2 )ul(y) = > Uy p14(2,2,y). (17)
{v=(x,v,k):k=k"}

It is proven in [3] that T1(z,2’) is a parametrix as defined in section 2 for
—1<s<2.

Remark 1. We comment here that it should be possible in (16) to use elements
of a FCLFs that also form a frame to define an operator similar to Ty, but with
respect to this alternate frame. The same comment applies later to the operator
Ty introduced in the next section. Furthermore, essentially the same analysis
should apply to that case. Also, we note that the frame of wave atoms is not a
FCLF because it does not use parabolic scaling. In fact the operator T1 would not
be a parametriz if the curvelet frame is replaced with a frame of wave atoms.
The analogue of the parametriz To in the wave atom frame is the Gaussian
beam approzimation. (For information on wave atoms and their application to
represent wave propagators see [17] and [18].)

To finish this section we prove the following regularity result for T4 (z, 2’).



Lemma 2. The operator T1(z,2') is uniformly Lipschitz in both of its argu-
ments as a map from H® to H*~1 for any s and on any fized domain [0, Z] x
[0, Z]. That is

||T1(Z7ZI) — Tl(f, Z/)||(H57Hs—1) < Cl(Z)|Z — 2‘ (18)

forall z, z, and 2’ € [0, Z], and the same estimate holds when 2’ is varied rather
than z. Furthermore,

ITY (2, 2)) = TF (2, 2) | (12.12) < C1(2) 2% |2 — 2| (19)

and the same holds when z' is varied instead of z.

PROOF. For v = (g,7°, k) the index of a curvelet, we define the change of
variables
Yy @ (2,2, y) = Oz, 2, 20, V°) (y — yr(2, 2, 20, °)) + 0.

This family of maps satisfies the hypotheses of Lemma 19 relative to the FCLF
given by the curvelet frame. Therefore

{20010 (2 2 y), 01, (1)}

is a FCLF, and by Lemma 14 we have for every § > 0 a constant Cj such that

‘<90§v 82901_’7(2, Z/v y)>‘ < 05216/1'5(:?7 (I)T,'y(’)/))’ (20)

where 5 is the weight function introduced in Appendix A. This is equivalent
to

[02¢1.5,(2,2)] < C52" 5 (7, 0% L (7)) (21)
where ¢ 5 (2, 2") is the matrix for T with respect to the curvelet frame given
by

c13+(2,2) = (p5(y), p14(2, 2, 1)) (22)
Using (15) we may replace W* , by ¥, ., in (21) and so results in [23] imply
that 9,T(z,2') : H® — Ho s uniformly bounded for all z and 2’ € [0, Z].
Therefore

||T1(Z,Z/) — Tl(z, Z/)H(H57Hs—1) < / HatTl(t,Z/)||(Hs7Hs—1) dt < Cl(Z)|Z —E|

where C1(Z) = sup, .rc(0,7] [10:T1(2, 2')||(zr+, ms-1). This proves (18). If we note
that (21) implies

|8ZC]1€’§,Y(Z, Zl)| S 062k //L(S(ﬁa \I/];,z’ (7))7

then (19) follows in the same way.
Finally, the result for the 2’ variable follows by the same proof if we begin
by obtaining (20) where the differentiation is with respect to 2’ instead of z.



Remark 3. We observe that both T%(z,2') and T¥(z,2') — T¥(Z,2') are fam-
ilies of operators satisfying the hypotheses required for Fj in Lemma 21 with,
respectively, r = 0 and r = 1 and in the latter case with C = C1(Z) |z — Z|.

At this point we note that Lemma 2 together with the fact that T; is a
parametrix allow us to prove a (already known, see e.g. [27]) regularity result for
the solution of (1). Indeed, from (4) we see that if m = 1, then for —1 < s <2
and initial data ug € H* the solution u(z, ) of (1) is in C%1([0, Z]; H*~1).

3.2. Parametriz with second order correction

In this section we will construct a parametrix, To(z, 2’), that takes into ac-
count the spreading of curvelets. The action of this parametrix will be specified
in the same way as in section 3.1 by defining an action on each curvelet individu-
ally. The underlying motivation for the parametrix construction comes from an
approximation to a Fourier integral operator, via a phase expansion as discussed
in [15], with phase function defining the propagation of singularities for (1). In
contrast to the parametrix T introduced in the previous section, T accounts
for the full ray geometry, rather than just the rigid motion along a single ray,
the natural spreading of the curvelets which occurs as they propagate, and a
small phase shift. These are the effects that are necessary to obtain the next
level of accuracy in an asymptotic solution for (1).

We should note that this parametrix construction only works in the absence
of caustics (this restriction will be made more precise below). However, if there
is a global minimum time before any caustics develop, then it is possible to
repeatedly apply the construction stepping forward in sufficiently small time
steps. Thus, though we do not formulate the precise statements here, these
results can also apply past caustics. When we consider Ts(z, 2’) we will always
assume that m = 2.

We begin the construction by introducing the Hamiltonian system that gives
the propagation of singularities for (1). In contrast to (13) and (14) the integral
curves here are not projected onto the unit co-sphere. For every (z,n) € R? x
(R} \ {0}) we consider the flow given by

d dy,
%(Zazl,%??) = _afpk(z7yk?ayk) ) and T;(Z7Z/a$7n> = a:vpk(z7ykal/k)
(23)

with initial data yi(2', 2/, x,n) = x, and v (2, 2, 2,7) = n. The curves
(yk('z? Z/v z, 77)7 Vk(za Zla z, 77))

are the integral curves of the z-dependent Hamiltonian vector field given by py
with initial data (x,7n). We consider the following system of equations

(y,y) = (yk(zvZlvxan)vyk(zvzlvxvn))' (24)

For every k these define a mapping from (z, z’, 2, 1) to (y, ) which is the canon-
ical relation of the solution operator for (1) if p is replaced by pi. Using them to



define implicit relations amongst the various variables amounts to parametrizing
this canonical relation by different subsets of the variables.

Now we supplement the flow (23) with another system that gives the depen-
dence of (y,v) on perturbations of (z,7). This system, the linearized Hamilton-
Jacobi system associated to pg, is

d / _ 7852xpk(z7yk7yk) 76§2§pk(zvykayk) !
dsz(z,z ;T M) = ( o2,y k) O2epr(zy i) Wiz, 2 x,m)
(25)

where W (z, 2/, x,n) is a 2n x 2n matrix with initial data W (2, 2/, z,n) = Ida,.
We split ;W (z, 2/, 2,n) up into four n x n matrices

le(zv Z/,J?, 77) kW2(Z7 Zlaxv 77))

/ _
kW(Z’Z ,:67,'7) B (kW3(sz/7xan) kW4(Z,Z/,£C,77)

and then we have

0
%(27 Zlv'ran) = le(Z7 Zlv'ran)-

We will assume that Wi(z, 2’, z,n) is always invertible, and so by the implicit
function theorem the equations (24) can be solved for « and v as a function of
(2,2',y,m) at least locally. Since these functions depend on k we will label them
as T and 7gx. We can then introduce a defining function Si(z,z’,y,n) for the
canonical relation defined by (24) given by

Sk(zvzl7ya77) = <%k(z7zlvyan)7n>'

We will always assume that this map Zj, exists globally for z and 2’ € [0, Z].
This is the assumption that there are no caustics. We can also find formulas for
the derivatives of Zx(z, 2’,y,n) and (2,2, y,n). In the following the matrices
kW, are understood to be evaluated at the point (2, 2’, Zx(z, 2, y,n),n).

Oy,

aiy(zazlayvn) = kwl_lv (26)
oy, / -1
87,'7(2’72: 7y777) = _kwl kWQa (27)
v, , 1
aiy(zazvyﬂl) :kW?)le ) (28)
and
v, , 1
8717(2’ 25y,m) = kWa =k Wa kWi Wa. (29)
Using the homogeneity of pi we can also prove the two following properties
= W B(z, 2, y,m), (30)
and
WWS W =0. (31)

10



Here ,,W; T refers to the inverse of the transpose of ,W;. Finally, since S (z, 2/, y,7)
is a smooth function, using the above properties and the equality of the mixed
partials of Sy we have

- or\T (925, \"  82S, O _
kW1T_(5yk> _< k) - kiﬂsz4*kW3kW11kW2-

dyon) — 9ndy I
(32)
Thus (29) becomes
Oy, _
877](27 Z/aya 77) = kwl T' (29l)

Finally, we can check using some of the above identities that W3 W, L and
W1 ! rWs are always symmetric matrices.

Next we will introduce the phase function used to construct the action of
our parametrix on curvelets at scale k. Let v = (zg,2", k) be the index of a
curvelet. Then, for z,2’ € [0, Z], y € R, and € R", define (motivated in part
by an expansion of Sk(z, 2',y,n))

~ _ 1 B
S«/(Z, Zlvyan) = <.Z‘k(2, Z/v Y, VO)’U> - T<kW1 ! Wa 7]777>
200, n)
- (33)
— 5 // tr <kW3 kwllaggpk(t,yk,uk)> dt

where the W, yi, and vy are the functions defined above all evaluated at the
point (¢,2’, g, ") within the integrand and (z, 2, zg, ") outside the integral.
This will be the convention for the remainder of this work when ,W;, yi, or
v, are written without any argument. Note that the last term in the definition
only depends on z, 2’ and the curvelet index . Because of this we introduce
the notation

1 z
Uy(z,2') = 5/ tr<kW3 KW OZepi(t, yk,Vk))dt~

Now we define the action of an operator on the curvelet ¢, as

1
(2m)"

o) = e [ S0 (),

Note that ¢1,, could be written using the same formula if §A, were replaced
by a linear phase function. To gain more intuition about the action of T we
may consider the individual effects of each of the terms in the definition (33)
of 57. The first term alone produces simply a change of variables that is done
in accordance with the ray geometry. Thus T takes into account the full ray
geometry rather than just rigid translations along individual rays as in the case
of Ty. The second term in (33) produces the spreading of the curvelets which
naturally occurs as they propagate. Finally the third term in (33) produces a
phase change along the rays which either advances of retards the phase in the
direction of propagation.

11



Now Ts(z,2') and Tk (z,2') are defined respectively by (16) and (17) with
1,y replaced by ¢ . In Theorem 7 we will prove that Ty is a parametrix for
(1), but for now we prove only the following analog of Lemma 2.

Lemma 4. The results of Lemma 2 hold with T1 replaced by T assuming that
no caustics develop in the interval [0, Z).

PRrROOF. As one might suspect, the proof is similar to that of Lemma 2. We
first note that

(2m)"

D02 (22 y) = / GGG (o ) o) dn. (34)

Now if we define new functions by

i

—~ — —1
Fo(es o ) = examm W eWan) (35)

then using (31) we see that {f,(2,2',-),7}yer,, where I'g is the grid of indices
corresponding to the curvelet frame, is a FCLF. Further, if we write

q)Z,’y(Za Zlvy) = :fk(z7 Z/ay) VO)7

then from (34) we have

Ouprn (2,2, y) = ie (0.5, (2, 2y, D) fy (2,2, )) (36)

P2 (2,2,y)
To simplify notation in the following we will write y = &, i(z,z’,x) where
@i}y(z,z’, -) is the inverse of y — @5 (z,2',y), and v = vy (z, 2/, z,1°). From

the definition of S, as well as identities (26) and (32), we may calculate

8257(2,2',34,77) = <8Epk(z,y,V),kaT(z,z',x, %) 77>

1 2 -T =T
+ W<6f§pk(zvykayk)kwl n’k‘Wl 77> (37)

1 _
— itr (kW3 kWI 18525291@(27 Yk Vk)) .

From this formula and using (12) we see that Bzgﬂ, (2,7, @5’#(2, Z',x),n) satisfies
the hypotheses of Lemma 18 where z and 2’ are considered as parameters. By
that lemma and Lemma 19,

—k ! * s
{2 82‘)0277(Z7Z 7y)a (1)2,7(27'2 ) )(’Y)}’YGFO (38)

is a FCLF.
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Now let us introduce the matrix coefficients ¢3 5. (z, 2’) defined by (22) with
1,4 replaced by 2 . Just as in the proof of Lemma 2 from (38) it follows that

102254 (2,2)] < C5 2%5(3, @3, (2,2',) ()

for any 6 > 0. Now we can calculate using (26) and (30)

(1)37“/(27 ZI? )(7) = (yk(za Z/am()a VO);

(2, 2, xo, V°
(.2, ),k+1og2<uk<z,z',xo,u0>|>)-

vk (2, 2, 2o, V)|
The only difference between this and ®7 _ (2, 2’,-)(7) is the potential shift in the
scale k by log, (|vk(2, 2/, 29, ¥°)|). However the size of this shift can be bounded
uniformly by a constant times Zsup,cgn-1 ||p(-,w)||cm.1, and so as before we
may replace @3 (z,2',-)(y) by ¥, . (7). The results now follow as in the proof
of Lemma 2.

Remark 5. From the proof of Lemma 4, using Lemma 17, we may conclude
that T5(2,2") and T§(z, 2')—T%(z, 2') satisfy the hypotheses for Fy, in Lemma 21
with respectively r =0 and r = 1, and in the latter case C = C3(Z)|z —Z|. The
constant A is related to the change in scale logs(|vk(2, 2, 20,v°)|), giving the
frequency localization.

4. Properties of the Volterra kernels and solutions

In this section we will prove a number of properties of the Volterra kernels
K; and K, associated, by (5), respectively to the parametrices T; and Ty
introduced in the previous section.

4.1. Regularity estimates for the Volterra kernels

We will prove two theorems which give respectively Lipschitz and Holder
regularity estimates for K; and Ks. The key distinction is that Ko has Holder
regularity as a map from H?® to H® for certain values of s, while K; only has
this type of regularity as a map from H® to H®~° for some positive epsilon.
Actually we will just prove a Lipschitz estimate for K; as a map from H*® to
H*~! but using interpolation such Hélder estimates could be found.

The first result concerns Kj.

Theorem 6. For —1/2<s<1
1K1 (2,2') = K1 (2, 2) (a1, m0) < OF (Z) |2 = 21, (39)
uniformly in 2’ € [0, Z]. An equivalent estimate holds when 2z’ is varied instead

of z.
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PROOF. To begin we make a decomposition of (9, — ip(z,y, Dy))T1(z,2) —
(0: —ip(z,y,D,))T1(z,2') into the following three pieces

Z(@Z —ipr(z,v, Dy))T’f(z, 2') = (0: — ipk(Z, v, Dy))T’f(Z, 2", (40)
k
ZZ (pk(z7 Y, Dy) - p(z7 Y, Dy)) (T’f(z, Z/) - T’f(iv Z/))7 (41)
k
and
0> ((pr(2,9, Dy) = pr(Z,5, Dy)) — (p(2,y, Dy) — (2,5, Dy))) T (2, 7). (42)
k

The proof that the kernel is Lipschitz in the z variable will be complete if we
can estimate the norm of each of the previous three operators by |z — z|. To
estimate (41) we note, referring to remark 3, that T%(z, 2') — T%(z, ) satisfies
the requirements of Fj, in Lemma 21 with » = 1 and C' = C1(Z)]z — Z|. Also
p(z,y,&) takes the place of a(y, &) with m = 1 for fixed z, and so Lemma 21
implies the required estimate for (41). Similarly, Lemma 21 implies the result
for (42) taking this time Fj, = T¥(z,2'), r = 0, m = 0, and a(y, &) = p(z,y,&) —
p(Z,y,&). We now continue to analyze (40).
We will use the same notation as in the proof of Lemma 2. First define

951,7(27 Z/, y) = (az - ipk(z7 Y, Dy))@l,’y(z7 Z/a y) (43)
and consider

8,2@1,’7(2’ Z/7 y) =

44
(az _ipk(zvvay))azwl,’y(Zazlvy) _iazpk(zvvay)QDI,'y(sz/vy)' ( )

Applying several of the lemmas from Appendix A to this formula we see that

2_k6z~ 5 /7 aq>* ) /’. }
{2r0.60, 20 00,2 0}

is a FCLF. Here we have omitted some calculations that show the cancellation
of certain terms, but these calculations are essentially the same as some which
can be found in [3], and a more sophisticated version is given in the proof of
Theorem 7. The result for (40) now follows as in the proof of Lemma 2.

To prove the final statement about regularity in z’ we write

Ki(z,72) —Ki(z,2) = Z (82 —ipr(z, y,Dy)) (T'f(z, 2 — T'f(z,?))
k
=i (20, Dy) = p(z,5, D)) (Th (2, 2) = Th(2,2)).
k

The required estimate for the first term in the sum above follows just as the
estimate for (40), while the second term is estimated in the same way as (41).

14



The following theorem regarding regularity of Ky is the main technical result
of this paper.

Theorem 7. For —3/2 < s < 3, Ky(z,2') : H*"'/2 — H® continuously. If
—1<s<2 then

K2 (2, 2') = Ka(2, 2) s ey < C5'(2) |2 = 2|2, (45)

uniformly in z' € [0, Z]. An equivalent estimate holds if we vary z' instead of z.

Remark 8. Note that the first statement of the theorem shows that Ts is a
parametriz for —3/2 < s < 3.

PROOF. First assume that —3/2 < s < 3. We begin as before by splitting Ko
into smooth and rough parts:

> (8- =iz 5. D)) TS+ 3 (pr(z9, Dy) — pl2,9, Dy) ) T5.
k k

For the rough part (the second summand above) we use the fact that T4 satisfies
the requirements of Lemma 21 with » = 0, and so the required estimates follow
by applying the lemma with m = 2. Now we continue to analyze the smooth
part given by the first summand.

We use the same notation as in the proof of Lemma 4, and begin with
formulas (36) and (37). Indeed, by (37) we have

825"/(27 Zlvya D)f’y = 7i<8£pk(zay7 V)a kaT(za Z/,I’, VO) a:cf’y>

1 142 -T aga:
—Qtr(kwl 85§pk(zvyk7yk)kwl <VO,D> f’y

1 _
— §tr (kW3 k;Wl 18§2§pk(za Yk, Vk?)) f"/'

Combined with (36) this gives a formula for 0,99 (2, 2/, y).
Next let us analyze ipg(z,y, Dy) p2,(z, 2", y). Since

902,7(2’ Z/, y) = e tU(e2 )[(I); ,Y(Z, 2/7 ')f’v(za zl» )](y)’

)

we may begin by applying the calculus of ¥DOs (see in particular [21, Theorem
18.1.17]) as well a generalization of [15, Lemma 3.1] to obtain the formula

pk(za Y, Dy) @Q,W(Za Z/, y) = eii UW(Z)Z/)q);,—y(Zv Zla )[g»y(Z, Z/a )](y)
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where
gr(er ) = <pk(z7y¢i¢%g(z,zcy)13>
1 _
—5tr (kWS kWi 02k (2, Yk, Vk)) +ax(z, 7, D)) Iy

and the ag(z, 2, z,n) result from the remainder terms of the ¥DO calculus and
the application of the lemma. The symbols aj are such that both

{2k/2ak(z7 Z/,ZIJ, D)f’y(za Z/7 ')77}’761—\0

and
{2_k/262ak:(za Zlv x, D)f’y(Z, Z/a ')? ,Y}’YEFO

are families of curvelet like functions. This follows from analysis of these re-
mainders and size estimates of W7 and its derivatives. By Lemmas 20 and 16
if

gy = i2b/2e UW(ZJ,)(@ZSVV(Z? 2y, D)fy — 97)

. : (46)
=i 28271 U220 g (2, 2, D)f,
then
(@522, 05 (2, 2,), @3, (2,7, ) () } (47)
v€lo
is a FCLF. Combining all the previous calculations we see that
2k/2(az - ipk(za Y, Dy))@2,v(2, Zl7 y) = [(I)S,'y(za Z/7 ')g’y(zv Z/a )](y)v
and we finally conclude that
{220 —ine(ew. D))ors(2.20). 95,700} (48)
0

is a FCLF. The first statement of the theorem now follows as in previous proofs.
To prove (45) we combine the result already obtained for the continuity of
K2 (z, 2") with the following estimate which we will show holds for —3/2 < s < 2.

(CH(2))?

K2 (2, 2) = Ko (2, 2) | resrrz,pe) <

|z — Z| (49)
for a constant C¥(Z) > 0. Indeed, if we establish (49) then (45) follows by
interpolation and the triangle inequality. The proof of (49) is the same as the
proof of Theorem 6. First we split Ka(z,2') — Ka(z, 2') into (40), (41), (42)
with T¥ replaced by T& wherever it appears. The estimates for the two rough
parts, (41) and (42), follow just as before except that now m = 2 and 1 in the
respective applications of Lemma 21. Finally, we analyze the part corresponding
to (40).
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The object is to show that

{27k/26z(82 _ ipk(z’y, D))(pgﬂ(‘?f7 Z”y), (1)37,),(2:7 z” )('7)} (50)

v€To

is a FCLF from which (49) follows as in the previous proofs. To do this, we
calculate using the results from above

2_k/zaz(az - Z.pk:(za Y, D))@Q,"/(za Z/a y) = Q_k (85 ‘1)3,7(27 Zl) ))g’y(za Z/7 )

zZ=z

+ @5 (2,2,)(0:94(2, 7, ))} (y)-

The first term on the right hand side gives a FCLF by Lemma 19, and we
can see that the second term also gives a FCLF by analyzing the derivative of
the second line of (46). This completes the proof of (50) and also the proof of
the Holder regularity in z. To prove regularity in z’ we begin with the same
expression as (50) with the first 9, replaced by 9, and apply a similar analysis.

4.2. Estimates of the iterated Volterra kernel and solution

Now that we have established our central technical results in the previous
two sections, we apply them to the solution of the Volterra equation, and by
extension the full solution of (1). Assume that we have a Volterra kernel K(z, z’)
with the following properties. There exist r, s, a, C(Z), C#(Z) € R with r > 0,
1>a>0,and C(Z), CH(Z) > 0 such that

K(z,7'): H® — H® uniformly for z, 2’ € [0, Z] with constant C(Z), (51)

1K (2, 2") = (2, 2l gre o=y < CT(2) (|2 = 2" + 2 = 2'%) (52)

for all z, 2/, z, and z’ € [0, Z]. Note that the Volterra kernel associated to any
parametrix satisfies (51), K; from section 3.1 satisfies (52) with certain values
of s, =1, and @ = 1, and K> from section 3.2 satisfies (52) with certain values
of s, 7 =0, and a = 1/2. Thus all the estimates of this section applied to either
K; or K5 may be considered as corollaries of Theorems 6 and 7.

We first consider the iterated Volterra kernel K™ given by (9). The following
estimate is proven by applying (52) to the definition of the iterated kernel and
using an inductive argument.

Zn—l
(n—1)!

We next consider the resolvent R(z) defined in section 2 corresponding to
K(z, 7). By summing up (53) we obtain the following.

1K™ (2) = K" ()| (pre,pre-r) < czy et (z)z -z (53)

IR(2) = R(2) | e o) < 7“HCH(2) |2 - 27, (54)

17



Now, for ug € H®, let g(z,2) = [R(2)uo](z) be the solution of the Volterra
equation (6). A straightforward application of (54) then immediately implies
that

lg(z,) = g(2, Mo < 7D (Z) |2 = 2| || - (55)

This, together with the comments above, shows that if 0 < s <2 and ¢1(z,z) is
the solution of (6) using K; with initial data ug € H*®, then g; € C%1([0, Z]; H*71).
If =1 < s < 2 and g2(z,2) is the solution of (6) using Ky with initial data
ug € H?, then go € COV/2((0, Z]; H?).

5. Approximation by semi-discretization

In this section we discretize the Volterra equation (6) with respect to the z
variable. To accomplish this we use the repeated trapezoid rule to approximate
the integral, and it is here that the regularity estimates from the previous section
will play a key role. Using these estimates we have certain error bounds for the
quadrature scheme which allow us to prove in turn convergence of a resulting
approximation of the solution to the Volterra equation.

5.1. Quadrature scheme

To produce a numeric algorithm to solve the Volterra equation (6) we first
introduce a quadrature scheme for the integration involved there. Given that
the Volterra kernel and solution have Holder regularity and in general no better,
a natural choice of scheme is the trapezoid rule defined as follows.

For every N € N we introduce a partition PV = {zJ', 2, ..., 2} of the
interval [0, Z]. That is, we chose the 2V so that 0 = 2}’ <2V < ... <N =Z.
We then define hY = 2N — 2 |, and the weights

N N
BMAhm ifo<j<i<N,
Wi; =94 -~ ifj=1>0, (56)
if j=0and i >0,

and otherwise w{}[ =0. Also let hy = sup;¢q, . Nhfv If B is any Banach space

and f: [0, Z] — B is continuous, then the repeated trapezoid rule is given by

|7 s =S+ B ) 67)

We are thinking of the sum in the previous expression as an approximation to
the integral and E¥ (f) as an error term which should approach zero as N — co.
Indeed, we have in general the following estimates

1EN (£)lls < 2 (ha)® 25y () (58)
where 17(2) — £2)]
zZ)— Z)IB
0. (f) = sup LR A A AL
[027] z,z€[0,z2N]: 2#£% |Z - Z|a
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The cases that are relevant here are when f(z') = K, (2, 2")g(2',-) : [0, z;] —
H? where m =1 or 2 and s is in the allowed range depending on m.

5.2. Semi-discrete Volterra equation
We now introduce the semi-discrete Volterra equation. If K is the Volterra
kernel associated to a parametrix, as defined in section 2, then we will write

K :=K(z],z)). Also we define

N _  NyN
A = wi K

where w;; are the weights given in (56). Thus A" is a (N +1) x (N + 1) matrix
with entries in the space of continuous linear operators from H® to H®. The
semi-discrete Volterra equation is then

g = louo—i-ZAugj for all i € {0, ..., N}. (59)

We assume that ug € H*. If hN < 2 then, since A;; = h;Id/2 for i > 0, and
Ao = 0, we see that this equation has a unique solution in (H*)V*!. This
method of approximating g, using (59), is known as direct quadrature. The next
proposition establishes how well the solution of (59) approximates the solution
of the Volterra equation.

Proposition 9. Suppose that the Volterra kernel X(z,2') satisfies (51) and
(52) for some wvalues of the parameters, and for given ug € H® let g(z,z) €
L>([0, Z], H®) be the solution of (6) and g € (H*)N*1 be the solution of (59).
Assume also that K(z,2') extends to a uniformly continuous map from H*™" to
H*~" with the same constant C(Z) and that hyy < 1. Then

2+ 2NN Yoz o
supic o,y l9(z ) — g Ollareer < 2eFFFR)CDCH (7)1 g . (60)

PROOF. We first note that by (8), (52), and (55)
K (=N, 2)g(2, ) =K (=Y, 2)g(z', ) mor < 267D CH(Z)]2" =2/ -
(61)
for all 4, 2/, and 2. We will write d¥ (z) = g(2¥, ) — g™ (x). Then (6) and (59)
imply

@)= | [ KE 0 @) a3 AN )
0 iz
S AN G — Y ()](@) (62)
3=0
= BN (K (zi, 7 z AN AN ()]



Using now (58) with B = H*™" and (61) we have

145 || o < 26#CDCH(Z) W lluo | - + C(Z Zw 1A | re--

ZC(2) CH (7)

(6%
<9 NHUOHHS T
= 1—hy/2 h /22” I

A discrete Gronwall-type inequality (see [8, section 1.5.3]) now implies that

NhpyC(2Z)
18N e < 4eZCOCH (Z) W [lug e w72

This completes the proof.

If hy = 1/N, as would be the case if the partition P is evenly spaced, then
Proposition 9 implies that ||g(2,-) — g~ (-)||gr—s ~ (1/N)® as N — oo. The
proposition also reveals the key difference between the parametrices T; and T
and corresponding Volterra kernels K; and Ks. For K; we only have the Holder
estimates (52) in the case where r > 0, and so we can only estimate the error
incurred as a result of the discretization in a norm which is rougher than that
of the space where the initial data ug lies. However, for Ko we can take » = 0
and obtain an error estimate with respect to the original norm.

6. Concentration of sets of wave packets

In this section we assume that the initial data, ug, has a representation in
the curvelet frame that is concentrated near a finite set of curvelet indices I'g,
and then study how much the curvelet coefficients for the solution of (1) spread
away from U, ((I'g) as z increases. The motivation for this study is to apply
the results to prove convergence of a numeric scheme to solve (1) using only a
finite set of curvelets.

Following [3], we first introduce the following weighted spaces.

Definition 10. Let Ty be a finite set of curvelet indices. We define the space
H® by the norm

Yo€Tlo

||f||§{g0a = Z | 2k0 min {(ZmaX(k,ko)E(,y;,yO))a} f’y ’2 ,
5

where v = (x,v,k), and f, are the coefficients of f with respect to the curvelet
frame.
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In this definition, o corresponds to the Sobolev space regularity of f while «
gives the degree to which the curvelet coefficients of f are concentrated near I'y.
A useful estimate is the following

||f||i[g0a ~ min Z | 2]€O' (2max(l€,/€0) g(,}/”y()))ll f,y ‘2. (63)
Y

Yo€Tl0

The constants relating the two sides can be found based on the “radius” of the
set Ty (under a proper interpretation of the radius).

Estimates in terms of the Hl‘foa norm allow us to easily estimate how well a
given function is approximated by a finite set of curvelets. Indeed, given a finite
set of curvelet indices I'y C I' let I'j be the set of all indices « that are indices
of curvelets in the curvelet frame, and such that

min Qmax(k’kO)E(’y;’yO) <.
Yo€lg

Then define Af, to be the operator given by
?Of = Z Ty
RISIIN

If a > 0and f € H" it is then straight forward to check that f € H? and

1f = Arg fllae < min(r=, D[ fl[ g (64)

This inequality will be useful below when we estimate the error incurred by
solving the Volterra equation with only a finite number of curvelets. However,
to accomplish this goal we will first require the following lemma.

Lemma 11. Let 0 < a < 2L, |o] < 251 with m = 1 (p € CH'SY) or 2

(p € C*18Y ). It holds true that

K (2, W ge . mge < Ck(2) (65)

¥, o0lo)’ ‘I’z,O(FO)) -
uniformly in z, 2" € [0, Z].

PROOF. Let ¢y (2, 2") and € 44/ (2, 2') be respectively matrices of the oper-
ators

Z(az—ipk(z,y,Dy))Tﬁl(z,z’) and T,,(z,2)
k

with respect to the curvelet frame. Then by results in sections 3 and 4 as well
as [23, Lemma 2.2] we have the estimates

ey (2, 2)| S 2872 s (7, W, (7)), and Gy (2,2)] S (7, Uaor (7))
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for any § > 0. Also, by [3, Theorem 5.5] (or, more accurately, using a portion
of the proof of that theorem) and (63) we have the estimates

Sleallage o

< 21@‘0’ min { 2max(k,ko)8 : O‘}
~ €U0 (To) ( (v Vo))

||(pk(z7ya Dy) - p(Z, y7-Dy)) QP’YHH\‘;:

0(To)

for o and o within the ranges specified in the hypotheses and where ¢, is a
curvelet at scale k. Making the same decomposition as in the proof of Theorem 7
we have

1Ko (2, Z)f“H“O‘ S

0(To)

(Z Z 2k min {(2max(k7ko)8(fy; yo))a} Cmoyy (2, 2') | [y |
vy

Y€V 0(To)

2
Z Z 2k 4 min {(2max(k’k°)d(’7;%))a}Em,w’(zvz/)|fv’|> ‘

S Rk Y0€E¥;,0(T0)

Now we apply the estimate
(2mex (k0 d(y; W 0(70))) " S (27 EF) (4 0. L (7))
. (2max(k’7ko)g(\1/z70(,yo); \IJz,z’ (')/)))a

which together with the bounds from above on the matrix coefficients ¢, v+
and ¢, 4 gives for any 6 > 0
) 2

Finally, [23, Lemmas 2.1, 2.2, 2.4] imply with the last inequality and (63) that

Ko (2, ) flFze S I flFee

v,0(T0) V. 0o )

Ko (2, Z)fIIHM S

0(rg) ™

Y€V 0(To)

min Z (Z:u‘é Y05 ¥z 20 ,)) ’2klg(2max(k/’ko)g(,}/o;qu7zl(7/>))af’y/

This completes the proof.

The lemma also yields estimates for the resolvents:

IR ()l (rrg, g < Crm(Z) (66)

Soe)) =

uniformly for z € [0, Z].
With the previous result we may now prove an error estimate that relates the
solution of the fully discrete Volterra equation (i.e. the semi-discrete equation
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from the previous section truncated to a finite set of curvelets) to the true
Volterra solution. We begin by modifying the semi-discrete Volterra equation
to become fully discrete. Using the same notation as in section 5.2, for any
given r > 0 and finite set of indices I'y let

Aij = Wi A\I/zN O(FO)KU

The fully discrete Volterra equation is then (compare with (59))

gZN = AGJZN O(Fo)KiO (') —|— Z Avij 5]1\/ (67)
i j:O

Note that for every i and N the solution g~ of (67) is a linear combination of
curvelets corresponding to the indices W, ~ 4(I'g)". Now we present the result,
which is a sort of extension of Proposition 9.

Corollary 12. Let ug be a linear combination of curvelets with indices in the
finite set Tg. Suppose that g(z,x) is the solution of (6) corresponding to Ko,
and that g~ is the corresponding solution of (67). Then for any |s| < 1/2 and
0 < a < 3/2 we have the estimate

sup lg(=N, ) = GV ||me < C(2) (hy? + min(r==, 1)) uo| -
i€{0,...,N}

PrOOF. The proof is largely the same as the proof of Proposition 9. The pri-
mary difference is that in (62) d¥(z) = g(zN,z) — g () replaces d¥ (), AZ

replaces Ag in the sum on the second line, and there appear the extra terms

AN — ANJg(zY )| < min(r=,1) Z Co(2) Cra(Z) |luolln-
j=0 Hs
and

HKZ() Uug — A (To) KiO UOHHS é min(r_a, ].) CQ(Z)”UOan

g/zN,o
These estimates use the result of Lemma 11, (64), and (66) as well as the
continuity of Ks. Inserting these into the proof of Proposition 9 yields the
proof of the corollary.

This last corollary establishes the possibility of approximating the solution
of the Volterra equation using only curvelets that lie within a certain distance
of the Hamiltonian flow corresponding to the finite number of initial curvelets.
We note additionally that the estimates lend themselves well to a “step-by-step”
approach to solving the fully discrete Volterra equation (67). Given a choice of
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step size in the quadrature, and a choice for r, at each time step we compute
only those curvelet coefficients corresponding to indices in W, ~ 4(I'g)". This
means, loosely speaking, that we only consider those curvelets l}j'ing within 7 of
the original curvelets flowed forward to time z;.

In the same vein as remark 1 above, we comment that it should be possible
to replace the frame of curvelets by another frame that is also a FCLF. Since
the major part of our analysis leading up to the results in this section uses only
the properties of FCLFs, it should then proceed in the same manner, and for a
numerical scheme based on a parametrix constructed using this different frame
we expect the same result as Corollary 12. We point out that in harmonic
analysis there are a number of distinct “wave packet” frames and, speaking
again somewhat loosely, amongst these those which are based on a parabolic
scaling in phase space will generally be FCLFs.

Finally, we point out that the approximate solution of (1) provided by the
fully discrete Volterra equation will consist of a sum of terms each being a com-
position of some number of operators of the form Ky (2", 2Y) or Ta(z,z}).
We comment that there will be a further error which has not been analyzed here
arising from the numerical computation of these operators which might be done
in several ways. An efficient method might be carried out via a separated repre-
sentation similar to that used in the proofs of Theorems 6 and 7. A full analysis
of this is reserved for future work. A method of numerical implementation for
T, and some analysis of the associated error has been done in [4].

Appendix A. Curvelet like functions

In this appendix we develop some technical machinery which we use to an-
alyze the various operators defined in terms of the curvelet frame. In the main
text, we use a curvelet frame based on parabolic scaling as defined, for example,
in either [3] or [23]. Our notation for curvelets and the curvelet frame matches
that of [3]. In particular, we use the notation I' = R” x S"~! x R and refer to
' as the set of “curvelet indices.” Also d is the pseudodistance on R™ x S*~1
introduced in [22, Definition 2.1]

d(z,v;2' V) = |(v,z —2")| + |(V, 2z — )|
+min{|z — 2|, |x — 2/ ]*} + v — V|2 (A1)
If v = (z,v,k) and v = (2/,V/, k') € T, let
d(y; ') =27 ™) L q(z, vyal V). (A.2)
The weight function us(vy,’) is given by
ps(7,7') = (1+ K — K|?) 127 (Ent IR =klg=(ntdymin(k k)G oy, o) = (),

This weight function is different from, but equivalent to that introduced in [22].
We also use both notations f and .%{ f} for the Fourier transform of f depending
on the aesthetic demands of the individual situation.
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The curvelets at scale zero require a brief special note. These elements of
the frame do not have a direction and so are indexed only by their position.
Nonetheless in sums over the frame such as (16) and (63) we include these zero
scale curvelets without comment. If v = (z,0) is the index of a zero scale
curvelet then the function d defined in the previous paragraph is modified to

d(v;y) =14z —2'|

and this is then used in the definition of the weights us when one of the indices
is at the zero scale.

We now begin to introduce more general classes of functions that behave in
many ways like those which make up the curvelet frame. For k € R we will
denote by C} the cylinder

Crp = [2"1, 2] x BY, ) C R™ (A.3)

where B;Lk_/é is the n — 1 dimensional ball of radius 2¥/2 centered at the origin.
The term “dyadic parabolic scaling” refers to the relative proportions of these
cylinders which scale like 2¥ in the direction of e1, and 2¥/2 in the perpendicular
directions. Given v € S"~1 let ©, € O(n) represent any rotation that maps e;

into v, and define

Cur =0,Cy.
Naturally C, , is independent of the specific rotation that is chosen. Also, we
write pr = |Cy| ~ 2F(+1/2 The families of functions are now defined as
follows.

Definition 13. A subset F C S(R™) x I is a family of curvelet like func-
tions (FCLF) if the following conditions are met.

1. For every j € N, a € N*, and N € N, there exists a constant Cj o n > 0
such that the following estimates hold for all (f, (z,v,k)) € F

P (0, 0e)02(7=9) F(6))| < Cpa w2 H U5 (1 1 27421 — 0, ) 7.

2. There exists a constant C € R (possibly less than zero) such that for all
(f’(‘r7l/7k)) G f? k Z O‘

When we have a family of curvelet like functions, F, we use the notation nr :
F — T for the map projecting F onto the set of curvelet indices, and 7, m,,
7 for the respective projections onto components of the curvelet indices. Also,
s : F — S(R™) is the projection onto S(R™). When referring to a fixed family
of curvelet like functions we will usually write v = (z, v, k) for the curvelet index
of arbitrary functions in the family.

We make the observation that if F and G are FCLFs such that np(F) =
7r(G), then we may form another FCLF as F + G = {(f +¢,7) : (f,7) €
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Fand(g,v) € G}. That F + G defined in this way is in fact a FCLF follows
easily from the definition.

Curvelet frames with parabolic scaling give families of curvelet like functions
if we remove the elements of the frame whose Fourier transform covers the origin
(i.e. the zero scale curvelets). The motivation for considering these families is
that they are more or less preserved under most of the operations that we
would like to perform on curvelets. In the following series of lemmas we will
show precisely what this means, and in essence establish a calculus for families
of curvelet like functions.

Lemma 14. Suppose that F and G are two families of curvelet like functions.
Then for every § > 0 there exists a constant Cs such that for every f € F and
geg

[(ms(£),ms(9))| < Cs s (me (), 7 (o))

ProOF. We first prove the result for the case when one of the families is given
by a curvelet frame. Then we represent the functions in each of two families with
respect to this curvelet frame and apply a slight generalization of [23, Lemma
2.5] to the case when the v and 7o need not be in the grid corresponding to the
curvelet frame.

We next study what happens when we take derivatives of curvelet like func-
tions.

Lemma 15. Suppose that F is a family of curvelet like functions. Then
{*wa,) )} {@y—2)1.9)}

are also families of curvelet like functions. Furthermore, if we are given a map
vy : F—S" ! such that (vi (f,7),v) =0 for every (f,v) € F, then

[0 (£7).8,) £.7)}

(fver (fmer

(fmer

and

{@2wi(fy-2)19)}

are both families of curvelet like functions.

(fm)er

ProoOF. For (f,7v) € F we have

o~

27 F{(1.9,) £ (&) =27 () F(&).
Combined with the inequality

27(v, &) < 2(1+27"2||¢ = Cuill)
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this gives the first assertion of the lemma.
Next we have

F{wy-a)1}=w.DF)
which easily implies the second assertion.
The third and fourth assertions follow in the same way if we use also the
inequality
272 (Wi (f,7),6)] < (1+272€ = Cupll)

which holds for any v, satisfying the hypotheses.

We next study how curvelet like functions change under pull-back by a
change of coordinates. Suppose that ¢ : R — R" is a diffeomorphism. First
recall that the pull-back of a function f € S(R™) is given by the composition
*(f)(x) = f(P(x)). We define the pull-back of a curvelet index v = (x,v, k)

by

0" (7) = (@7 (2), (497 (2)1)/|dD” (2)v], k + logy(|aDT (w)v])).

Note that since ® is a diffeomorphism, the map ®* : I' — T is invertible.

Lemma 16. Suppose that F is a family of curvelet like functions, and that
{®, }yerr () s a family of diffeomorphisms on R™ satisfying

||8§‘<I>$1|| <Cq for0<|al <2, and ||8;‘<I>$1H < 2M1el=22¢ for 2 < |al.

Then
{ (@2 (f), @ (7)) }(f,v)ef

is a family of curvelet like functions. Note that ®X(f) is the pull-back of the
function f, while ®*(v) is the pull-back of the curvelet index .

PRrOOF. Let (f,7) € F. By the Fourier inversion formula we have the following
formula

Waaldl . _
1 o ga i@ @).) G v // i((@, () =z —(y—3 ' (2).9))
<V va§> aE (6 q)'yf(g)) (271_)” e

071 @) — ) (971 @) — y) (07 Flp) dndy.

where k' € R and v/ € S*™! are the respective components of the pull-back
®X (7). Note that this should be interpreted as an iterated integral with the
integration done first in n and then in y. Making the change z = ®,(y) — z in
the second integral gives

(') 0¢ (177 0877 (6))

ij‘Ho“ A~ — 1/~ —1 .
_ il (@n)—(2 " @+) -2, " (2).£) 1\ _ 1%
= /[ 09) 851 () - 871 4 )
@—1

(
(o7 @) e @+ ) (¢ F) |det(diz2§+ )|
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By Taylor’s theorem we may write
@;1(56 +x)" — <I>;1(a:)7" = d@;l(x); P + V. (7, x),, 27 TP

using the summation convention. Here \TIW is a smooth array of functions that
can all be simultaneously bounded in C' i in terms of bounds on the derivatives of
®- ! up to order I 42. We will also write o (@, x)y = Ao ()] + U (T, 2)p, T
Wlth this notation

W, 3‘5)33&( (P (), >(I>*f(§)>
§)itel // (@) — (3, (7.0)3.,8)) W', &, (T, x)T)
. rn dndz
. ((I)%m x)x) ( A ) |det( d@n (T + )]

Z B J
// i((@m)— (4 (F,2)F,8) ( v ,d®2 7 () Op) + (V/ v, (z, )pqaglpnq)>

") ( 0 fln )) |det(di7i?§+x))|‘

Now if we define the differential operator

182K () 05((B, (7, 2) T, €)), 05)
12k [y = 0:(8, (7, 2) 7, €)2

then after several more rounds of integration by parts, for any M and N the
last expression equals

i((Fn)— (P (&,2)F - I J
e (< M) — (P (Z,2) f)) (Lt)M(<l//,d®,yl(CE) an> +l/;, \Il'y( )pqag 17,1>

1-22A,\Y /= T dn dz
'<1+2k|§g> (‘bv(x’”j)a") <e< mf(”)) |det(d®- (T + ))]’

which may now be interpreted as an integral over R?". Using definition 13 and
the hypotheses on ®., the integrand in the previous formula can be bounded
for any N by an expression of the form

C2RHE (14 2742y — Oy i )N (1 + 2742y — 05((8, (7, 2)7,€))) M
(14282

for some positive C. Therefore, if N and M are taken sufficiently large then

P 0y 0g (40 D085 7 (¢) )

S27MHI A+ 2726 - a9 (@) Cu

<2 HEHEY (1 4 2Rl — Gy )N

=

This is the required estimate and completes the proof.
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The next lemma says that we may decompose curvelet like functions into
two pieces one of which is compactly supported in the frequency variable and
the other which decays very quickly with the scale k.

Lemma 17. If F is a family of curvelet like functions, then for every e > 0 it
is possible to find a family of curvelet like functions G and a map, Tg : F — G
such that

1. r o Tg =Tr
2. For every (g,7) € G, if £ € supp(g), then

(12 —€) <€) <252+ ¢€) and 2F(1/2 —€) < |(1,6)] < 2F(2 4 ).
3. For every m € R,

{@™(f =750 To(£.1).7) }

s a family of curvelet like functions.

(feF

PRrROOF. We begin by choosing a cut-off function x € Cg° supported within € of
the set A; = {271 < [¢] <2} N {271 < [(1,€)| < 2} and equal to 1 within €/2 of
this set. We construct x so that it is symmetric with respect to rotations that
preserve v. Also, we set xx(£) = x(27%¢). The first task is to show that

G={x(D)f} |

is a family of curvelet like functions which will then satisfy requirement 2. For
(f,v) € F we have

P/ (v, 06)1 92 €O [ (D) f1(€) = (v, D) 0 (o 29 xi (€) F())

and it follows from this expression and the Liebniz rule that G is a family of
curvelet like functions.
It now remains to show that for any m,

H= {2km(1 B Xk(D))fﬁ}(fﬁ)ef

is a family of curvelet like functions. Once again for (f,~) € F, we have using
definition 13 that for any NV

‘ P2 (0, 8e) 0 =0 [ (1 _;;ID))ﬂ (5)‘

YEF

o~

(1,008 (0269 (1 — i (€)) FE)) ]

S 2 OHE (14 27 M2 — Oyl sup (142772 = Cil) >
€2k Aq||>e2k—1

S 2RI (14 27K/2 ¢ — O, 4) N2

This completes the proof.
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Now we begin to examine the action of pseudodifferential operators on fam-
ilies of curvelet like functions.

Lemma 18. Suppose that F is a family of curvelet like functions, and that
{0y (¥, ) }yenn(r) is a collection of smooth functions on R™ x (R™\ {0}) such
that for some m € R, any multi-indices a and B, and any monnegative integer
J there is a constant Cy g ; so that

o ; 181 mlal
10502 (1, 0e) oy (4, )| < Cap 28T (1+ €))%
for all (y,€). Then

{(Q’kmpv(y, D)f, 7)}

18 a family of curvelet like functions.

(fimer

PROOF. We begin by choosing a family G as in Lemma 17 with some small
value of € > 0. The following calculation then applies when (h, ) equals either

Tg(f,7) or (f —ms o Tg(f,7):7)-
P, 0ey0ge = 7 {p. (y, DY R} (€)

e 0, 0,17 0 py () (32 () ) iy dy

€05 (0,0,)1 0 i (y + ) () 2T ) dndy

1
(2m)

// ey (11278 =€ 00\ M (1 =254, \ 7
(2m)" L+27Fn —£? 14 2F|y|?

(v, 0) 05 py(y + 2,m) (p 2 6i<z’">ﬁ(n)) dn dy.

In the case when (h,v) = Tg(f,~), by taking M sufficiently large this integral
may be bounded by the required estimate since on the support of h

10202 (v, 0, py (y + w,m)| S 2H(m=i =5+
and
(42752 =€) 7 (14 272y — o)™ < (L 2742 - Gl

For the case when (h,7) = (f — ms o Tg(f,7),7), we use the fact that 2¥7(f —
wsoTg(f,7)) gives a family of curvelet like functions for any m. Therefore the
integral in this case may be bounded by a constant times

27K (14272 — Coull) N

for any m. This proves the result.
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The next lemma examines the case of Lemma 16 when the diffeomorphisms
depend on a parameter.

Lemma 19. Suppose that F is a family of curvelet like functions, and that
{®+ }ern(F) is a smooth family of functions from [z, Z] x R™ to R™ such that

{@4(2, ‘)}fyem(f)

satisfies the hypotheses of Lemma 16 for every fived z with the constants in the
estimates uniform with respect to z, and

|8;6z@7(zv y)l < Cazkl%‘

Then
{00230, 50) }

1s a family of curvelet like functions.

(freF

PRrROOF. Let (f,v) € F. Then, as in the proof of Lemma 16 we use the Fourier
inversion formula to establish that

0.9 110) = g [ 0.0, (). ) o) ae
= @22, (042,07 (2,)), 0,)1] ()

The collection of functions {(82 ., (2, <I>,;1 (z,9)),6) }we ) satisfy the hypothe-
Ty
ses of Lemma 18 with m = 1, and so that lemma and Lemma 16 imply the result.

The next lemma gives an explicit expression for the leading order terms of the
action of a suitable family of pseudodifferential operators with principal symbols
that are homogeneous of degree 1 on a family of curvelet like functions. For
every v € m,(F) we use the notation P, for the matrix which gives orthogonal
projection onto the space perpendicular to v.

Lemma 20. Suppose that F is a family of curvelet like functions, and that
{P~ }yerr(F) is a collection of smooth functions on R™ x (R™\ {0}) such that

10802 D+ (y, €)| < Ca 252 (14 [¢])1 11,

and every p. is positive homogeneous in & of degree 1 on {272 < |(&, )]}
where C' is the constant from part 2 of definition 13. Also, let ¢(t) € C°(R) be
a function that is equal to zero when |t| < 273 and equal to 1 when |t| > 2672,
If for every (f,v) € F we define

g=2 (pw(y,D)f ~ e o0). D) = gt (3, o) AT 2y )
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then
{ (9:) }<m)ef

18 a family of curvelet like functions.

PRrROOF. First, applying both Lemma 17 and Lemma 18 we may assume without
loss of generality that every (f,v) € F satisfies part 2 of Lemma 17 for some
small value of € > 0. R

Next we make the following expansion of p,, which holds for £ € supp(f)
and follows using the homogeneity assumption.

Py(y:8) = (Oepy (y.v).€) +% > 3§p,,(x,1/)qr<£;ir> +Ry(y,6)  (A4)
q,r=1 ?
where
R’Y(yvg) =
1 < 1
B > </0 (1= 1)°agre-p+ (Y, <§,V>1/+tPl,§)dt> (P,€)1 (P,&)" (P,€)*
q,r,s=1

1 n 1 Pu T Pu s
+§ Z (/0 8245T£5Pw($+t(y—$),l/)dt> (x_y)q(i)f’(wg).

q,r,s=1

Note that in order to obtain this formula we use the fact that v lies in the
kernel of the Hessian 852]37 (y,v) due to the homogeneity assumption. We write

(R))grs(y,€) and (R2),4(y) respectively for the two arrays of functions inside
parentheses given by the integrals in the preceding formula. From the hypothe-
ses and the fact that every (f,v) € F satisfies part 2 of Lemma 17 we see that
each of these functions satisfy the hypotheses of Lemma 18 with respectively
m = —2 and m = 0 for £ restricted to supp(f) (in fact, (R2),, satisfies the
hypotheses with m = —1/2 when restricted in this way). Therefore by 15

{2(R, (. D) 1.7

(ferxr

is a family of curvelet like functions. From (A.4) we observe that

9=2"2[R,(y. D)f],

and so the proof is complete.

Appendix B. Lemma for paradifferential estimates

In this appendix we will state and prove the lemma used to deal with the
“rough” parts of the Volterra kernels. The lemma is an extension of Lemma 13
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n [9] to a broader class than just multipliers. The expansion methods used here
can be found for example in [26] where credit is given to [7] for originating the
ideas. See also [23, Theorem 4.5].

Let m a nonnegative integer, a(z,&) € C™!'SL(R™) be homogeneous of
order 1 in &, and a; be obtained by (9) applied to a instead of p. Also, let
B € C§°(R™) be a function such that 0 < g <1, supp( ) C {1/2 < |§| < 2} for

some lgp € ZT, and constructed so that £y(&) + Z B(27F+1¢) = 1 for another

function 5y € C§°(R™) with support contained in the unit ball. For convenience
we define By (€) = B(27FF1¢) for k > 1 (i.e. so that {#;} provides a Littlewood-
Paley partition of unity). Assume that Fj is a family of operators on L?(R")
satisfying estimates of the form

| Ful| L2y < C 2 (|Br(D)ul L2 - (B.1)

We will further assume that each Fj, is frequency localized at the scale A 2% for
some constant A in the sense that (1— 85 (D/A))F) = Ry, where Ry, : H® — H*
is continuous uniform in k for all s’ and s.

Lemma 21. If m > 0 and —(m+1)/2 < s < m + 1 then there is an N € N
such that for any uw € H¥*"=(m=1/2(R")

[ER——
S(@+C) Y sup [|9gal-w)]

la|<2n @ES" T

m—1 .

cmsl |u||Hs+r7 >

The constant C in this estimate is the same as the constant in (B.1), and C' is
a uniform modulus of continuity for Ry acting between appropriate spaces.

PROOF. For ease of notation we will write fi(y,¢) = a(y, &) — ar(y, &) and now
record a few properties of fi. First, from the homogeneity of a it is still true
that fi is homogeneous of degree 1 in . Second, because ay is obtained by a
low pass filter in y from a, fk (n,é) = f] (n,€) for |n| > 2max(k3)/2  Finally, the
estimates

9208 fiuly, €)] S 27K 11 2| 9 a( -, €) | om (B.2)

for || < m + 1 follow from (10).

The first step of the proof will be to decompose fi(y, D) in terms of a sum
of multiplication and convolution operators by using spherical harmonics in the
phase space. Indeed, let {w} denote the set of eigenfunctions of Agn—1, with the
eigenvalue of w, denoted by )., which form an orthonormal basis for L2(S"~1).
By the homogeneity of fj in £ we have

|5|Zf;m we(€/1€])
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where

few(y) = Frly, w)w, (w) dw.

S§n—1
By Green’s formula we have for any N € N

b= [ B aw)de = [ (AR s w)de,
which using (B.2) gives

107 frw| S AN RmEEIEDZEN T sup |02 al:,w) e (B.3)
|a\§2NweSn_l

for [8] < m+1 and any N. Also, we can see from the definition that the family
{ frx} inherits the property that fi.(n) = fix(n) for [n| > 202x*.3)/2 from { f;.}.
With this decomposition we have

> fuy, D) Fi = fiw(y) D] wi(D/|D)) F.
k k,k

Following [23] we now split this sum to be estimated into two sums with even
and odd k so that the sets where the Fj in each sum are concentrated do not
overlap. Each of these sums may now be treated in the same way and so we
focus only on the sum with even k& which may be decomposed in the following
way

YO Fau= Y fis(y)Br(D/A)vs

k even K, keven
— > Iw@BD/A) Y Ruut D fun(y)Rinu
K, k even jeven, j#£k Kk, k even
(B.4)
where v, = ) |D|wx(D/|D|)Fju and Ry, = |D|w.(D/|D|)R). Note that
jeven

n—1
using (B.1) and the estimate ||wy||pe~ S Ae® we have

~

n—1
m+1 SC’/\N4 ||UH m—1 .

N o

Since Ry, has the same mapping properties as Ry, but with norms bounded

n—1
by Ax* , if we take N to be large enough then the sums on the second line of
(B.4) give an operator with the required properties provided that |s|] < m + 1
in which case fi, acts as a multiplier mapping H® to H® with norm bounded
by (B.3). Thus, using the rapid decay of fi. in k, we have reduced the proof to
showing that operators of the form

S fen(y)B(D/A)
k
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map H°~ "3 to H® continuously with appropriately bounded norm for —(m +

1)/2 < s <m+ 1. In fact this is already done for the case m =1 in [23].
We finally introduce one more decomposition so that the last sum becomes

S =" Bi(D/A) frs(y)Br(D/A). (B.5)

k,j

Now we will look in more detail at the operators in this sum, which we will label
as

Lji = Bj(D/A) fur Be(D/A).
We will use the notation I(A4) = min(0, floor(log,(A))) and

lally = > sup [[0ga(-,w)lloma.

laf<2n wES™T
Taking advantage of the frequency localization of 5(D/A) we may show

AXNN2=ImH D gy 5> k+3—1(A),
ITjknllrzore S ¢ ANTN27HHD2 0]y k43 —1(A) > j > k =3 +1(A),
AN N2=Rmt gy k=3 +1(A) > j.

With these estimates available we now return to (B.5). For v € C§°(R")

j 2 2
1S0l3: £ %D 2% IITjkacll 2 2 1B (D)ol 2

k,j
s k(s— mEl g—m+l 2
SO ORI I (240755 180Dl )
k,j
j(s—m—1)—k(s— 4L s—mtL 2
sc%n%v( S 2ok ) (K g (D)o . )
ji>k+3—1(A)
. m 2
LD DRl A ENOAY

k—3+1(A)<j<k+3—I(A)

+ Z 92(js—k(s+

k>j+3—1(A)

m m 2
£1y) <2k(37 £1) |I5k(D)UIILz> )

If s < m + 1, then the first sum in parentheses is bounded by |[ul|?> ...
HS "2

.The second sum converges for any s and is also bounded by a constant times
llul|> .41 Finally, if s > (m+1)/2, then the third sum is bounded by the same
H* 2

quantity. This completes the proof of the lemma for —(m +1)/2 < s <m + 1.

To complete the proof for the endpoints s = —(m +1)/2 and s = m + 1
we first consider the case m > 1 where we use induction on m, and the fact
mentioned above that the m = 1 case is already proven in [23]. Indeed, we
already have that S0, : H™ — H™ and 08 H- "7 = H°, and so it

suffices to show that

0,,5]: H= "2 — H*
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for s = m and s = 0. However,

(02, S =D 0y frw () Br(D/A),
k

and the functions 0y fr. have the same properties as fi, but with m replaced
by m — 1. Using induction the proof is now complete for m > 1. In case m = 0,
we use by the above that

S(D)? :H> - H?,  (D):S:H°— H°.
Thus, it suffices to show that [(D)2, 5] : H® — H® for s = 1 and s = 0. In fact,
(D)z,S]: H® — H?

as can be seen by interpolating the estimates in Propositions 4.1.B and 4.1.E
of [26], since S € LipS},. We remark that the estimates in [26] are stated for
A € C'S}, but in fact hold for A € LipS},, as seen by the Propositions 4.1.A

and 4.1.D from which they are deduced.
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