PROPAGATION OF SINGULARITIES FOR ROUGH METRICS
HART F. SMITH

ABSTRACT. We use a wave packet transform and weighted norm estimates
in phase space to establish propagation of singularities for solutions to time-
dependent scalar hyperbolic equations that have coefficients of limited regular-
ity. It is assumed that the second order derivatives of the principal coefficients
belong to L%Lg", and that u is a solution to the homogeneous equation, of
global Sobolev regularity so = 0 or 1. It is then proven that the H%0T1 wave-
front set of w is a union of maximally extended null bicharacteristic curves.

1. INTRODUCTION

In this paper we establish a propagation of singularities theorem for second-order,
scalar hyperbolic operators of (t,z) € (—=T,T) x R™ of the form

L =D} -2V (t,2)D; Dy~ (t,2)D;D; +d°(t,x) Dy +d* (t, ) D; 1<i,j<n,

where summation notation is used, and Dy = —id;, D; = —i0,; for 1 < j < n.
Under the assumption that the second derivatives of the principal coefficients belong
to L} L2°, we establish the following.

Theorem 1.1. Suppose that so € {0,1}. Suppose that Lu = 0, and that
(1.1) ue CO((-1,T), H*(R")) , Dy € C°((—=T,T), H* " (R")).

If v(t) is a null bicharacteristic curve of L, and y(tg) ¢ WFs,4+1(u) for some
to € (=T,T), then yNWF, 11(u) =10.

The improvement of this paper over prior results for twice-differentiable coeffi-
cients is the gain of 1 derivative over the background regularity, which we show by
example is the best possible in the setting we consider. Also, we assume integra-
bility in ¢ of the second order derivatives, as opposed to uniform bounds, which by
a limiting argument will show that the theorem holds for piecewise regular coeffi-
cients. By Theorem 8.2, the assumptions on u imply that WF's 1 (u) is contained
in the characteristic set of L, so the restriction to null bicharacteristics is natural.
Theorem 1.1 can be localized in z, see Remark 8.7. Also, for sg = 1 the regularity
assumption on u may be reduced to u € Hl((fT, T) x ]R”) by Theorem 8.6. For
50 = 0 it is not clear how to interpret Lu in case u € LQ((fT, T) x R”). However,
if L is of divergence form, or if the regularity assumption on the coefficients of L
is increased to b7, c% € C’l’l((—T7 T) x R"), and d°, d7 € C’O’l((—T7 T) x R"), then
Remark 8.8 shows that Theorem 1.1 holds for L? solutions.

This material is based upon work supported by the National Science Foundation under Grant
DMS-1161283. This work was partially supported by a grant from the Simons Foundation (#
266371 to Hart Smith).
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Hoérmander’s theorem [9] on propagation of singularities for operators of real
principal type shows that if the coefficients of L are C'°>°, then the conclusion of
Theorem 1.1 holds for all sy, with no global regularity condition required of wu.
Propagation of singularities theorems in the setting of nonsmooth nonlinear equa-
tions were obtained by Bony [2], where the method of paradifferential operators
was introduced. In that case a local regularity assumption is required of u. Related
work on nonlinear equations includes Rauch and Reed [10], and Beals and Reed [1].
More closely related to this paper, Taylor used the positive commutator method
and paradifferential theory in [15] to establish propagation of singularities for linear
differential equations, including results for coefficients of Holder regularity less than
2. In the case of C11 coefficients, Proposition 11.4 of [15, Chapter 3] implies invari-
ance of the H*0! wavefront set if u € H*T¢ any e > 0, for sg € [-1,1]. In [7], de
Hoop et. al. studied reflection of the H*° wavefront set off conormal singularities of
metrics with singularities of Holder regularity C1'®, where 0 < o < 1. The limiting
result in [7] for & = 1 would be a gain of 1/2 derivative relative to the assumed
background regularity of u. For C? metrics in domains with C® boundary, Burq
[3] established the propagation result for microlocal defect measures. In the setting
of [3], as well as in that of [7], there may be multiple generalized bicharacteristics
passing through a given initial point in phase space.

We now make more precise the regularity conditions that we place on the coef-
ficients. We assume that the coefficient functions b’ and ¢ are real, and that the
equation is uniformly hyperbolic in ¢,

n

(1.2) Y dta)& g =l >0,

ij=1

The b and ¢ are assumed continuously differentiable, with uniform bounds

(1.3) s 3 ([07.6 ()] + |07, ()] ) < o

[t|<T, zeR™ lyl<1

In addition, we assume that the second-order derivatives of & and c¢* belong to
L'L®. Precisely, we assume that their distributional derivatives of second-order
are locally integrable functions of (¢, ), and that there exists a function «(t) €
L'((=T,T)) such that

(1.4) sup Z ( 07,67 (t, )| + |9] .V (t, @) ) < aft).

reR™
[v1=2

This condition in fact implies that the coefficients are continuously differentiable
functions of (¢, ), so that the assumption of C! coefficients (as opposed to Lipschitz)
is redundant. It also follows from (1.4) that

t
(1.5) [, ) = (s, )llor@n 3/ a(r)dr,

so the map s — ¥ (s, -) is continuous from (=7, T) into C*(R"), similarly for &’.

The coefficients d° and d’ are assumed to have the same regularity as the first
order derivatives of b7 and c¢¥; that is, d° and d’ are assumed to be continuous
functions of (¢, ) with uniform upper bounds, with first order derivatives in L' L.
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Precisely, for d denoting either d® or d?, we assume bounds with a(t) as above,

(1.6) sup ‘d(t,x)| <Cy, sup Z |8 d(t,z)| < a(t).
[t|<T, zeR™ zER"™ =1

The coefficients of L all admit extensions to R x R™ with the same regularity. For
example, consider ¢(t, ) defined on t > 0 with second order derivatives belonging
to LL>®°(R, x R™). By (1.5), c(t,z) extends to a C'* function on ¢ > 0. For t < 0
define

(1.7) c(t,x) =3c(—t,x) — 2¢(—2t,x).

It is then easily verified that all second order distributional derivatives of ¢ belong
to LYL>°(R'*") | and that the same extension preserves the first order regularity
of d°,d’. For convenience we will thus assume when needed that all coefficients of
L have been extended to R x R™, and in addition that L equals the standard wave
operator for |t| > T + 1.

We note that the product of functions satisfying (1.3) and (1.4) is of the same
type, hence there is no loss of generality in our assumption that the coefficient of
D? is 1. Such an L can also be written in divergence form

L=D?-2D; ¥ (t,x)D; — D; ¢ (t,x)D; 4+ d°(t,x) Dy + d’(t,2) D

for d satisfying (1.6). This form will be more convenient for certain proofs.

Consider the principal symbol of L, where (7, &) are the phase space coordinates
dual to (¢, ),

n

H(t>$77-7£) :T2_22bj(t7x)£j7—_ Z Cijgigj'

=1 ij=1
This factors as

H(t,x,7,€) = (1 = p+(t,2,8)) (T +p-(t,2,€))
where

pe(t,2,&) = p(t, 2, &) £ (t,2) &,
€)= (e + (Vo) ).

We modify p(t, z, ) near £ = 0 so that it is smooth in &, and homogeneous of degree
1 for |¢] > 1. The symbols p and p+ are continuously differentiable in (¢,z), and
satisfy

(1.8)

sup sup |8 8t 2p(t T §)| < C;,
|§1=1 |BI<1

(1.9)
sup sup |8 af a"p(t € g)‘ S C’Ya(t)a
[€l=1 |B]=2

and similarly for p4. As a consequence, the Hamiltonian flow of £p,

dx d
dtt = :Edgpj:(t It,ft) dit = :Fd"cp:t(t ztagt)
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is well-posed and induces a bilipschitz homeomorphism on Ri’fg, since the Lipschitz

norm of pi with respect to (z,€) is bounded by «(t) € L'((~T,T)). The null
bicharacteristics of H(t,x,,&) are, after reparametrization, curves of the form

’Y(t) = (ta Tt ipi(t,$t7§t),§t) )

where (¢, &;) is respectively an integral curve of £p.. We will refer to such curves
~(t) as the null bicharacteristic curves of L.

The outline of this paper is as follows. In Section 2 we reduce the proof of
Theorem 1.1 to an analogous result for a first order pseudodifferential equation,
which requires a careful factorization of L. In Section 3 we construct the evolution
groups for the first order factors of L as one-parameter families of operators on
the appropriate range of Sobolev spaces, through the use of wave packet transform
methods. In Section 4 we establish spatial-wavefront mapping properties (pseu-
dolocality) for the evolution operators at fixed time. This is the heart of the paper,
where pseudolocality is established via weighted-norm estimates on the fixed-time
evolution operators expressed in the wave-packet frame. In Section 5 we deduce
the space-time wavefront propagation of Theorem 1.1 from the fixed time result.
In Section 6 we show that Theorem 1.1 applies, through a limiting process, to coef-
ficients that satisfy the above regularity assumptions on the elements of a partition
of (=T,T) x R™ into time slices, with matching assumptions at the endpoints. We
then produce an example of such a metric showing that the assumption of H*° regu-
larity on u cannot be relaxed when establishing propagation of H*t! singularities.
The first appendix, Section 7, contains the various commutator and paraproduct
estimates that are used throughout the paper. Some of these results are standard in
paraproduct theory, but we collect them here for reference. The second appendix,
Section 8, contains energy estimates and well-posedness results for the operators
considered in this paper.

Notation. We use the following notation for function spaces. For 1 < p < oo,
and s € R, LPH* denotes functions for which [|u(t)|| gr=(rn) belongs to L? (=T, T)),

with norm
r .
s = ( /. ||u<t>||psdt) ,

with the obvious modification if p = oo, and where we write L? instead of H°. Here
and throughout this paper, u(t) denotes the function « — u(¢,x). The LPL? norm
is similarly defined as |[u||pr((—7,7),L0(&") -

The space C*1, for nonnegative integer k, consists of functions whose k-th deriva-
tives satisfy a Lipschitz condition,

)

I fllcon = sup L&) =W

z#y |z — yl

[fllexa = sup [|07 fllcor -
|| <k

For k a nonnegative integer, C* H® denotes the space of u such that ¢ — u(t) is
a C* map of (—T,T) — H*(R"), with the norm

lullckgs = sup  sup H@fu(t)HH
te(~T,T) j<k
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The notation || f|| g+ denotes the norm in the Sobolev space H*(R™). In case that
we use the norm in H*((—=7,T) x R™) or H*(R'™™) we write the domain explicitly
unless it is obvious from the context; in the first case s will be a nonnegative integer.

For a sequence of functions f = {fx}32,,

oo 1 oo
Wl = (Z ||fk||%z) R (ZW ||fk||%z)
k=0 k=0

The space S™ C C*°(R™) denotes smooth symbols satisfying the standard mul-
tiplier condition; that is, for all multi-indices «,

020(6)] < Ca(1+1e)™ 1.
The space S} C S™ denotes symbols that are homogeneous of degree m on |£] > 1,

q(r§) =r"q&), r=1, [f=1.

Given two positive functions f and g we say that f < g, respectively f =~ g, if
there is a constant C' < oo such that

f<Cg, respectively C7lg < f<Cy.

1
2

2. REDUCTION TO A FIRST ORDER OPERATOR

In this section we reduce Theorem 1.1 to results for a first order pseudodifferential
equation, through a factorization of the operator L. We introduce the notation

(2.1) P=pt,z,D), P*=pi(t,e,D)=P+V D;,
with p and py defined by (1.8).

Throughout, D = (Ds,...,D,) = —i0,, and always 1 < ¢,j < n. The operator
P(t), respectively P¥(t), will denote the corresponding pseudodifferential operator
acting on functions of z, obtained by freezing the t variable.

We start with a factorization of L of the form
(2.2) L= (D;+P +d°)(D;—P")+ R,
where R (t) is a one-parameter family of first-order operators acting on functions
of x, with the precise form of R} (t) stated below.

Since P* = P+ Dj , the product of parentheses on the right hand side expands
to
D? — 26 D;D; + b6’ D;D; +d°D; — P* + R,
where _ _ _ ‘
R=—((D)) = b"(D;b’))D; — [Dy, Pl + [V’ D;, P] — d° P+ .

Using a symbol expansion of the homogeneous symbol p(t,z, &) as in (7.1), we
see that R is a convergent sum of terms of the form

(2.3) d(t,z) qo(D) and ay (t, x)[asx(t, z), q1(D)] g2(D) ,

where d satisfies (1.6), each a; satisfies the regularity conditions (1.3) and (1.4),
and each ¢;(¢) € SL(R™).

Next, observe that
p(t,x,D)* = p*(t,x,D) + R=c"D;D; + "o’ D;D; + R,
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with R is again of the form (2.3), as seen by using the symbol expansion (7.1) of p.
Thus, (2.2) holds with R} a convergent sum of terms of the form (2.3). By (1.3)
and (1.4), and Theorem 7.1, we have the following bounds for each t € (=T, T),

(2.4) IR @) fllee < Cllflla,
(2.5) IR () fllme < Ca®) Ifllgesr,  —1<s<1,

(2.6) IDeRY (8) fll 2 + llar(D), R (1)) fllz2 < Calt) [ £l

whenever ¢; (D) is an order 0 multiplier in the z-variable. Additionally, by (2.6) or
(1.5), we have the following norm-continuity of R} (t) with respect to ¢,

27) IRF(®)F — RE(s)fle < C ( [t dr) s

We now fix s € {0, 1}, and produce a factorization of L modulo order 0 terms,
(2.8) L= (Dt P +dO+Q+) (Dt _pt —Q*) +RE

where QT = Q1 (¢) will be a uniformly bounded family of operators on H®°(R™),
depending on the parameter ¢, and where the form of Q will depend on the choice
of so € {0,1}. Here, Rj (t) is a one-parameter family of operators on H**(R"), and
we construct QT (¢) such that

(2.9) IR (8) fllzrs0 < Ca(t) || fllareo
and such that
1QT W) fllers < Ca®) || fllers,  s0—1<s<so+1,

(2.10) 1QT M) fllm=o < C | flla=o
1Q )] — Q" ()0 < C ( [ at dr) 1l -

In particular, Q*(¢) is a continuous function of ¢ in the H*® operator norm.
Expanding the product of parentheses in (2.8) leads to
L—R{(t) = P(t)Q™(t) — QT (t)P(t) - R(t),
where
R= (D, Q%] - [VV,QT]D; —¥/[D;,Q*] + (QT)* + d°Q+.
Assuming (2.10), and since [|d°(t,-)||cor < Ca(t), the last two terms satisfy the

bound in (2.9), hence can be absorbed into the error Ry (t). The estimates (2.12)
below will imply that the first three terms also satisfy the bound in (2.9).

So, given R} of the form (2.3), it suffices to construct Q*(t) solving
(2.11) P(t)Q*(t) + QT (t) P(t) — Rf () = Ry (1) ,
with Ry (t) satisfying (2.9), and Q7 (¢) satisfying the following two conditions:
[D:Q* () f || 720 + [QF (1), a(D)F | 1720 < Calt) || fll oo .

16, @* (-0 < Cx(t) [bllcos 1 lze0-1

(2.12
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where ¢(D) denotes a general S (R™) multiplier in the a-variable, and b(z) a general
Lipschitz function of . An immediate corollary of (2.12) is that

(2.13) [QF(®), ao(D)f || jyosr < Cal®) I fllzzs, s0—1<s<s50,

whenever gy € S%(R"), as is seen by interpolation and writing
[Q7 (1), q0(D)]D = [QT (1), 9o(D) D] = qo(D)[Q™ (), D],
DIQ™(t),qo(D)] = [Q*(t), qo(D)D] + [Q* (1), D]go(D) .

After adding a harmless constant to p(t,x,&), by Lemma 7.10 the operator P(t)
is invertible for every ¢, and with uniform bounds over ¢t € (=T, T),

HP(t)_lfoﬁ SCHfHHs—l, OSS SQ

For the case sg = 1, we define
1 _
(2.14) Q" () = 5P(1) 'RY (1)
Then (2.11) holds with
1 _
Ry (t) = FP() HRT (), P(1)] -
Lemma 2.1 below will show that

IRy (t) fllerr < Ca(t) || flla -
Thus (2.9) holds with so = 1. Furthermore, the operator
(DAQ¥)(#) = S P (DP)E) PO B (1) + S P() " (DRD)()
has the same mapping properties by (2.6). This also holds for [D;, Q% (¢)]. Finally,
if b e 0%, then
20,QT ()] = P(t)"'[b, P(t)] P(t)"'R{ (t) + P(t)"'[b, R (1)] -

The first term on the right maps L? to H' with norm < «(#)|b||co.1, which follows
by Theorem 7.1 together with (2.5) for s = —1. For the second term we apply
Lemma 2.1 below, to see that it satisfies similar bounds on H*'. Thus, (2.12) holds
with So = 1.

For the case sy = 0, we set
1 _
(2.15) Q) = SR (WP(1)
Then (2.11) holds with
1 _
Ry (t) = §[P(f)7RT(t)]P(t) b

hence by Lemma 2.1
IR (1) fllzz < Cat) [|fllze -

Furthermore, (2.10) and (2.12) hold with sp = 0, so that the other terms in Ry (¢)
have the same mapping property, hence (2.9) holds with so = 0 for this choice of

QT (1).
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Lemma 2.1. Assuming R} (t) is a convergent sum of terms of the form (2.3), then
I[P(t), RE ()] f]| 2 < Ca®) || Il
and for b € C%Y(R"),
I[RT (8),b] f]| 2 < Ca(t) [bllcos || flze -

Proof. In these estimates, the type of terms in R} (t) of the form d(t,z)g(D) lead
to commutators that are easily handled, so we replace Rf (t) in the statement by
an operator of the form a1 [az, ¢1(D)]g2(D) .

For the first estimate, we take the symbol expansion (7.1) of p(t,x, &), and con-
sider a term of the form

[ao q0(D), a1 [az, ql(D)]qQ(D)] =
) [QO(D)70/1] [az, Q1(D)]Q2(D) +aga; [qO(D), [a% Q1(D)]]q2(D)

+ a1 [ao, [a2, q1(D)]]g2(D)qo(D) + a1 [az, ¢1(D)] [ao, ¢2(D)] qo (D) ,
where each ¢; € Sgl(R”). Each term on the right satisfies the desired bound by
Theorem 7.1 and Lemma 7.7.

For the second estimate, we need consider

[[az,fh(D)] QQ(D)vb] = [a2,Q1(D)] [Q2(D)ab} =+ [57 [az,lh(D)HQQ(D),
which is handled similarly. O

The same calculation also constructs one-parameter families of operators Ry (t),
Q™ (t), and Ry (t) satisfying the above conditions, such that

(2.16) L= (Dt —P++d°) (Dt+P‘) +RT,
and
(2.17) L= (Dt7P++dO—Q*)(Dt+P’+Q’> + Ry,

Suppose now that we are given sy from Theorem 1.1, and construct the cor-
responding Q*(t) as above. In the next section we construct evolution groups
EL(t, to), for t,tg € (—T,T), satisfying
(218)  DiBa(tto) = +(PE(0) + Q¥(1)) Baltito),  Bullosto) = 1.

Precisely, F4(t,tg) is a bounded family of maps on H*(R") for sg < s < s¢ + 1,
which is strongly continuous in ¢ and tg, such that if f € H*(R") and tg € (-7,7)
then
Eyi(t,ito)f € C'H nC H ™!, so<s<sp+1,
and such that
DiBa(tto)f = £(PE(t) + Q5() ) Ex(t.to)f . Elto,to)f = £
Then the above factorizations show that
LEx(t,t0)f = Ry (t)Ex(t to)f -
Given the F4, and a v € COH® N C*H* ! that solves the Cauchy problem
Lu=0, u(to) =wuo, Dwulty) =uq, (ug,up) € H® x H%™!
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for some given ¢y € (—T,T), we can write u in the form

u=uv+ ZEi(t,to)fi , where fi € H*  WF, 11(v)Nchar(L)=10.
+
To see this, we impose the conditions
f+ + f-=uo, (P*(to) + Q" (to)) f+ — (P (to) + Q™ (t0)) [~ = w1,
which is solved by

f+ = (2P(to) + Q™ (to) + Q+(t0))_1(P¥(to)uo + QT (to)uo £ur) € H*(R"),

where the inverse exists by Lemma 7.10, after adding a harmless constant to p. We
then write

L(u - ZEifi) =S RiE.fi e L'H™.
+ +
Also,

(- Srs)| o0 (e, 0
+ 0 + -

Thus, by Theorem 8.6
v=u—Y Eify € COH*'nC'H™,
+

and in particular WF,11(v) Nchar(L) = @, since char(L) C {€ # 0}.

We thus can reduce Theorem 1.1 to a result about the functions EL(t,tg)fx.
Suppose for simplicity that the v in the statement of Theorem 1.1 is contained in
the forward cone 7 = py(t,z,£). By Theorem 8.4 of the appendix,

Yy n WFso+1 (E, (t, to)f,) = (Z) .
Since vy N WF,41(v) = 0, Theorem 1.1 is reduced to the following.

Theorem 2.2. Suppose that so € {0,1}, and that Ei(t,to) is the wave group
constructed in Section 3 for

DiBx(tto) = (PHH) +Q (1)) Ex(tto) ., Elto,to) = 1,

where QT (t) is given by (2.14) or (2.15) respectively if so =1 or sg = 0.
Let v(t) = (t, @y, p+(t, 21, &), &) be a null bicharacteristic curve of L. If f € H®°,
and for some to € (=T, T) we have ¥(to) ¢ WF s 41(E1(t,to)f), it follows that

YO WF g1 (B4 (t,to)f) = 0.
The analogous result holds for the wave group E_(t,to).

3. THE WAVE PACKET TRANSFORM AND CONSTRUCTION OF THE WAVE GROUP

In this section we construct the wave groups E4(t, tp). For simplicity we drop
the superscripts + and —, and let P(t) be either P*(t). Given sy € {0,1}, we let
Q(t) denote either QT (t), given by (2.14) or (2.15) respectively if so = 1 or 5o = 0,
where Ry (t) is a convergent sum of expressions of the form (2.3). There is a minor
inconsistency in that the P(t) in (2.14) and (2.15) refers to the original p(t,z, D)
as in (2.1), but this is unimportant as all three symbols p and p1 have the same
regularity.
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We construct E(t,tg) : H* — C°H*° such that

DyE(t,t0)f = (P(t) + Q(t)) E(t, to) f , E(to,to)f=f, feH™.

By Theorem 8.5 the evolution group E(t,tg) is uniquely determined, although in
the proof of Theorem 1.1 the existence of E(t,ty) with the desired properties is all
that is used. Our construction will show that E(t,tg) is also uniformly bounded on
H? for s < s < sp+ 1, and is strongly continuous in both ¢ and ¢y on each such
H*. Tt follows from (2.10) that if f € H® for some sy < s < 59 + 1, then

QW) E(t, to)f € C°H* c COH**.
The same holds for P(t)E(t,to)f. Thus, for so <s<sp+1,
(3.1) E(t,to)f e C°H nC*H™, if fe H*.

Since the proof below works equally well if @ = 0, it will also construct the
evolution groups Ey 4+ (¢,to) for the equation

(3.2) DyEo 1 (t,to)f = £PE(t)Eg 1 (t,t0)f , Eo(to,to)f = f,
and (3.1) holds for f € H*if 0 < s < 2.

Following [12], we work with a scaled wave-packet transform, similar to the
FBI transform used in Tataru [14], but based on a Schwartz function with Fourier
transform of compact support instead of a Gaussian.

We fix a real, even Schwartz function h(z) € S(R™), with ||h||z2 = (27)~% , and

assume that its Fourier transform h(§) is supported in the unit ball {|¢] < 1} . For
k >0, we define Ty, : S'(R™) — C°°(R?") by the rule

k

(Twg)(z,€) = 2% /e_i<5’z_‘”> h(27(z — 2)) g(2) dz.

A simple calculation shows that

nk

gly) =2% /e“”:’y_’ﬁ> h(25 (y — ) (Tkg) (2,€) da de,
so that T},"T}, = I . In particular,
HTkQHL?(R?n) = ||gllz>-

The following, which is Lemma 3.1 of [12], shows that the L?-continuity of T}
holds under relaxed conditions.

Lemma 3.1. Suppose that hq¢(2) is a family of Schwartz functions on R”, de-
pending on the parameters x and &, with uniform bounds over x and £ on each
Schwartz semi-norm of h. Then the operator

(Rug) (. €) = 27 / e (2

satisfies the bound

[SE

(z — 9:)) g(2)dz

| RigllL2@2ny < CllgllLz -

We will apply T}, to the localization of u at frequency k. We introduce a nonneg-
ative function 8(s) € C°(R), supported in the interval 27, 2!9] where § > 0 will
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be taken sufficiently small. With 8 (¢) = B(27%|¢]) if k > 1, and 3y an appropriate
compactly supported function on R", we assume that

(3.3) > B =1.
k=0

Now define T : L?(R") — ¢2(N, L*(R?")) by

Tg=g={gc}izo,  G&="TiBr(D)g.
Then T is a norm isomorphism, hence T*T = I. Furthermore, for k large enough
so that 27%/2 < 279(1 — 279) | g, is supported in the set {2F=20 < |¢| < 2k+1420}
It follows that, for o € R,

1

> 2
3.4 ol (32 e )
k=0
We will obtain E(t,to) by constructing its lift E(t,ty) to £2(N, L*(R?")) via the
wave packet transform 7',

E(t,to)f = TE(t, to) T*f .

The group E(t,to) will be constructed in a manner similar to that used in [12],
approximating the lifted equation by the Hamiltonian flow of an appropriately
mollified p and obtaining E(t, to) by a convergent iteration from the Hamiltonian
flow group.

For k € N, we introduce the spatial regularization of p,

pr(t,z,€) = ¢(27 2 D)p(t, x,€) ,

which regularizes the symbol in x to frequencies of magnitude < c2§, some small
fixed ¢ > 0. We let Py(t) = pr(t,z, D). We remark that in [12] the symbol regu-
larization was over both ¢ and = variables, but that is unimportant for the results
from [12] that we use in this paper, specifically [12, Lemma 3.2] and [12, Lemma
3.3].

Let Vi, = Vi(t, x,&, 0z, O¢) denote the real, linear first-order differential operator

This vector field is Lipschitz regular in (z, ) provided || is bounded above, with
Lipschitz constant a(t) € L'((—T,T)). Hence the associated flow group is well-
posed.

Let @’;t denote the associated time t — s flow map on R?",

&ff(@f,t(x?g)) = ka(@]:,t(mrf)) 3
which is the Hamiltonian flow induced by p;. Also let ©,; denote the t — s
Hamiltonian flow map for p. By a simple extension of [11, Lemma 3.6], if (z¢, &) is
the flowout of (g, &) through p, and (zF¥, £F) is the flowout of (z¢,&o) through py,
and |&| & 1, then

_k

[of —me] + 1€ — &l S 272
Also O;, and each @’;yt, are bi-Lipschitz, measure preserving maps on R?”, ho-
mogeneous of degree 1 in £, and by homogeneity it holds that |&| = |£y]|, similarly

€71 ~ 1Sl
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We define a unitary evolution group W (t,s) on ¢?(N, L?(R?")) by evolving each
fx along Vi. Thus, for f = {fi(z,£)}22, € (*(N, L?(R?")), we set

(W(t,5)f), = fro©5,.

Suppose that @(t) = T(u(t)). Then the equation Diyu — P(t)u = Q(¢t)u is equiv-
alent to the collection of equations for k£ € N,

(3.5) — Z(at — Vk)ﬂk e (Tkpk + ’L'Vka)ﬂk(D)u

+ Ti [Br(D), Pi]u+ Ti Bk (D) (P — Py)u + Ti 5k (D) Qu..

Inserting v = T™u, we can write this as a series of equations
(3.6) (0 = Va)ik () = (B(t)a(t)),,

where (Ba) is the right hand side of (3.5) applied to u = T*%. Note that (Ba)y, is
supported where |£| € [2F39, 2k+1439] by the frequency localization of Pj, and T.

We will show that
(3.7) 1B(t)fllarorzre < Calt) || flloreser2 s s0—1<0<s5+1,

where the norm denotes the one on the right hand side in (3.4). We can then
obtain the solution to (3.6) with given initial condition u(ty) by solving the integral
equation

(3.8) a(t) = W(t, to) alto) + /t W(t,s)B(s)a(s) ds.

Indeed, for u(tg) € H?(R™), so —1 < o < 59+ 1, the integral equation (3.8) admits
a series solution & = Z;io @9 | convergent in CO((-=T,T),2* (2 L?), where

@O (t) = W (t, to)alto) , alUt(t) = ttW(t,s)B(s)ﬂ(j)(s)ds.

We express the solution as @(t) = E(t, to)u(tg), which by uniqueness determines an
evolution group E(t, to). Note that each ﬁ](jﬂ) is supported where O~ 2F < |¢] <
C 2%, for some fixed C, by the localization of (B1); and homogeneity of W (t, s).

It is easily seen from its construction that the group is strongly continuous in
the 2%¢2L? norm, as a function of the parameters (t,t0) € (—=T,T)%. Since (3.6)
is obtained by lifting the equation Dyu — P(t)u = Q(t)u, it follows that E(t,to)
preserves the range of T, and thus is of the form TE(t,to)T*, where E(t, ty) =
T*E(t,to) T is consequently strongly continuous on H? in both parameters. It
follows from (3.8) that E(t,to)u(to) is a distribution solution of the equation Dyu —
P(t)u = Q(t)u, which as noted before belongs to C°H? N C1H~! provided that
soLo<sp+1.

It remains to establish (3.7). Let By;(t) denote the kj component of B(t), so
(Bu)k(t) = >_; Brj(t)a;(t) . By the above, By; is the sum of 4 terms,

Bkj = (Tkpk + ZVka)ﬂk (D)BJ(D)T; + T, [5]@ (D), Pk] ﬂj(D)T;
+ T0uBr(D)(P — P)B;(D)T} + Ti B (D)QB; (DT

= 1Bkj + 2Bkj + SBkj +4Bkj .
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The bounds in (3.7) are satisfied by the operator 4B = TQ(t)T* by (3.4) and
(2.10), so we focus on the first three components of B(t). The terms 1By, and o By;
vanish unless |j — k| < 1. Thus, it suffices to prove that each is bounded on L?(R?")
with norm < «a(t), uniformly over j and k. For 2Bj;, this follows by Theorem 7.1
(or indeed the 51,1 pseudodifferential calculus). For {Bjy, it follows by Lemmas
3.1 and 3.2 of [12]. In the next section we will prove even stronger estimates for
these terms.

To handle the term 3B, we take the symbol expansion (7.1) of p(¢,z,&) to re-
duce matters to considering p(t,z, D) = a(t,z)q(D). For |j — k| < 1, uniform
boundedness of 3B;j, follows since ||a — ag|/L= < 27%a(t).

If |7 — k| > 2, then after this substitution
3B = Tifr(D)a(t,z)q(D)B;(D)T},  |j—k| = 2.

These off-diagonal terms give an operator which is in fact smoothing of order 1, as
we now show.

Set P(t) = a(t,z)q(D). If 2 < |j — k| < 3, then since |la(t,-)|c1r < af(t), and
q(D) is of order 1, we have
(3.9) |58 (D)a(t, 2)a(D)B;(D)T; || 1212 S Ca(t) 27,
If |j — k| > 4, then using the Littlewood-Paley partition of unity given by ; = BJQ-

3By = Z Ty Br(D)i(D)alt, z)q(D)m (D) B;(D)T;
li—m|>2

and hence
TRawa(D)T* = Y 3Bij(t) = Y TuB(D)r(D)a(t,z)q(D)tbm(D)B;(D)T]

[§—k|>4 [7—k|<3
ji—m][>2

where R, is defined as in Lemma 7.4. In the latter sum, j, k, [, m differ by at most
5, and each term satisfies the bound in (3.9). Combined with Lemma 7.4, we see
that

310) | X By,

li—k|>2

vy SCaO flotepps, —1<o<1.

As a consequence, the operator 3B satisfies the bound in (3.7) on the range —1 <
s < 2, which contains sg — 1 < s < 59 + 1 for sg € {0,1}. This concludes the
proof of (3.7), and hence the existence of E(t, ty). If Q = 0, then (3.7) holds on
the union of the ranges, —1 < o < 2, hence the wave group Fy(t,t) exists on the
range —1 < s < 2.
We summarize the results of this section.

Theorem 3.2. Suppose that so € {0,1}, and that Q*(t) is respectively given by
(2.15) or (2.14). Then an evolution group E1(t,to) for equation (2.18) ezists as
a family of bounded maps on H*(R™) for so —1 < s < sg + 1, and is strongly
continuous in both t and tg. Additionally, for s < s <sg+1,

Ei(t,to)f e C'H* NC*H*™" when fe H*.
The evolution group Eo 1 (t,to) for the equation
DyEo +(t, to) = £P*(t)Eo +(t,t0),  Eo+(to, to) =1,
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similarly exists, is strongly continuous in both variables on H® for —1 < s < 2, and
the following holds if 0 < s <2,

Eo+(t,to)f € C°H*NC*H*™' when fe H*.

4. WEIGHTED ESTIMATES FOR THE WAVE GROUP

The null bicharacteristics of 7 F p4 (¢, z,£) are in one-one correspondence with the

Hamiltonian curves (xy,&;) for £py (¢, z,£). In this section we prove the following
result about wavefront mapping properties on R™ for the fixed time wave groups
E4(t,tg) constructed in the previous section, and in Section 5 derive Theorem 2.2
as a corollary.

Theorem 4.1. Given sg € {0,1}, let EL(t,to) be the wave group constructed in
Section 3. Let (x¢,&) be the Hamiltonian curve of the corresponding +py(t,x,§)
that passes through (xo,&p) at t = to.

Then, given f € H®, if (x0,&0) ¢ WFs,41(f) it follows that

(Itagt) ¢ WFSo+1 (Ei(tvto)f) ) te (_Tv T) .

Furthermore, if T < oo there is a constant ¢ > 0 such that if x(x) is a C°(R™)-
bounded family of cutoffs, respectively supported in the ball of radius ¢ about xy,
and Ty (€) is a S°(R™)-bounded family of conic cutoffs, respectively supported in the
cone of angle ¢ about &, then with uniform bounds over t € (=T, T)

Ti(D)xi(x) (Ex(t, to) f) € H**!.

We consider the case of E(t,tg), and denote the wavegroup simply by E(¢, o).
We prove Theorem 4.1 through weighted-norm estimates on the lifted evolution
group E(t,s) = TE(t,s)T*, where the weights are time-dependent functions of
(z,€). Tt suffices to consider the case ¢t > to in Theorem 4.1, which we will assume in
the rest of this section. Also, by making a smooth, t-dependent change of variables
in x, we will from now on assume that & remains within a small cone about the
positive & axis.

Suppose that M (t, z,£) is a family of strictly positive functions on (=T, T) x R?",
continuous in all parameters, such that for some C < oo

CTHE™ < M(tw,6) <C ()™
Assume that the following holds, where B(t) and W (t, s) are as in Section 3,

(4.1) [ M(s,2,&)B(s)fllezr2 < Ca(s)|M(s,2,8) flle=r2
and, in addition, for tg < s <t < T assume that
(4.2) [M(t,z, )W (t,5)fllezrz < ClIM(s,2,8) flle2r2 -

It follows from (3.8) that
1M (¢, 2, )"V (@)l 22 < ClIM (to, 2, )iulto) |22

+0/0 a(s) || M(s,z, €)% (s)||p2r2 ds.
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Since o € L' ((—T,T)), the sum of the @/) converges to @ in the weighted norms,
and we conclude that
(4.3)
t
sup ||M(t,z,&)a(t)] 22 < C eXp(C/ a(s) ds) 1M (to, x, &) a(to)]ezrz -
te(—=T,T) to

With data u(tg) € H®(R™), we thus need to construct M (¢, z, &) such that the right
hand side is finite if (29, &) ¢ WFs,+1(u(to)) , and such that finiteness of the left
hand side implies (z¢,&) ¢ WF 5,11 (u(t)) . The weight M (¢, 2, &) we construct will
be of size (€)% on some locally uniform conic set about (x,&;), so the statement
about uniformity of the neighborhoods in Theorem 4.1 will be a consequence of the
following arguments, and we thus focus on the fixed time estimates.

We start by equating weighted L?(R?") estimates on (T'g)(z,&) to multiplier
estimates on g(x).

Lemma 4.2. Suppose that w(§) € C(R™) is a strictly positive function for which
there is a constant m < oo such that, if k > 0 and 2871 < |¢|,|n| < 282, the
following holds

w() < Cw(©) (1+275|g =)™
Assume also that C~HE)™N < w(€) < C(E)N for some N and C < oo. If g €
H*(R"™) for some s € R, then

lw(D)*gll2 = w(€)* Tyllere
and consequently

[w(D)T"fll > S lw(€)f ez -

Proof. 1f x € C2° is supported in the cube [—.6,.6]", such that >, ;. x(§ —j) = 1,
then on the set 28—1 < |¢| < 2k+2

w(é) & Y w2Ef) x(272E ).
jezn
If we replace w by the right hand side, then for |¢|,|n| ~ 2F,
(4.4) 5w < Ca2 " Fw(©* (1+27 g —nl)".

Smoothing out w in this way on each component of w with respect to a Littlewood-
Paley decomposition, we may assume that (4.4) is satisfied whenever 2F~1 <
€], In| < 2%+2.

Since the conditions on w are symmetric in w and w™?, it suffices to show that

[w(©Tw(D) gllzere < llgllre
as writing ¢ = T*Tg and using the adjoint bound with w replaced by w~' implies
the reverse inequality. Let g, = Br(D)g, and write

w(€)Thw(D) gy =27 / S aw(@©w(Q)TTh(273 (¢ — €)) Gr(C) d¢
—2¥ [ R E (¢ - 9) qulc) de.

where
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Here, |£] &~ 2% and |n| < 1, so by (4.4) it follows that the function he(z) is a smooth
function of z, with Schwartz seminorms bounded uniformly over £&. By Lemma 3.1,

|w(&)Tew(D) ' grllre < llgwllrz
and the result follows. O

For weights in « the analogue is the following result, which holds by a similar
proof.

Lemma 4.3. Suppose that wi(x) € C°(R") is a strictly positive function, such
that for some m < oo the following holds

wi () < Cugly) (1425 —y))"
Then
[wi (@) Trgll L2 2ny = lwi ()™ gl L2
and consequently
lwi(2)T5 fllze S llwe (@) fll 2 gony 5
Furthermore, the constants in the bounds are independent of k.

We can now use weighted estimates to characterize the H?-wavefront set of g.

Lemma 4.4. Suppose g € H*(R™) for some s. Then (x¢,&) ¢ WF,(g) if and
only if there exists an open ball Q centered on xg, and an open conic set I' C R™
centered on &y, such that

(45) Z/ (€)7o, €) dr . < oo

Proof. Suppose that (z9,&) ¢ WFs(g) . For x(z) € C(R™), and ¢(§) € S7 real
and homogeneous of degree o for |£] > 1, we consider

/ X (@)a(€)? (. €)? da de = / 019 () bi(C, ) §(n) 3(C) diy da dC
where

b(Com) = 2% / W2 5 (- ) h(2

k
2

(¢ =€) Br(n) Br(¢) d€.

Since 7 is supported in the unit ball, by (¢,n) vanishes unless
20 < || < 2MHH L dist(n, supp(q)) <27,

and the same condition holds with 1 replaced by (. In particular, if IV is an
open cone containing the support of ¢, then by (¢, n) is supported in IV x TV for k
sufficiently large. Additionally, a simple calculation shows that

02026 (¢, m)| < Ca,p22ko— 5 Ual 1D
Hence, the compound symbol a(¢,z,n) = x(x) > be(¢,n) is of type S[fal o If
the support of x(x)g(§) is contained in a small conic neighborhood of (z, &)) then
standard pseudodifferential calculus arguments show that

[ @Dz, D)gle) dr < .
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The bound (4.5) follows by taking a sufficiently small conic neighborhood © x T" of
(z0,&0) with x(x)q(§) equal to one on Q x T

Conversely, suppose (4.5) holds and g € H*(R™). Let ¢(§) € S, and write

x() (g Zz-* W=y (y) q(n) Br(n) B (272 () — €)) Gie(x, €) dw dé iy

Kiulal ¢ €) =27 85 [ et -iomeaaq)
< 4(0) Bi(Q) (274 (¢ — €)) aln) Be() A (2% (n — &) dndy dc.

Then K vanishes unless £ and £ both lie in a small conic neighborhood of the
support of ¢, and |¢| ~ 2F, |¢/| ~ 27. Additionally, for all N,

min(j,k)

(o, €3, )] < Oy 27002 NIi=H (14922 ) =N (149~

x (1+ 25 dist(x, supp(X)))_ (1+ 2% dist (2, supp(x)))
An application of the Schur test and the Schwarz inequality then show that, if x is
supported inside €2, and ¢ supported inside the open cone I', the following holds,

IX(@)a(D)gl2s < Z/ 2“|gkxs|2dwdf+2/ (€)% 0, |2 da de |

hence (z9,&y) ¢ WF,(g) by elliptic regularity. O

1n1x(7 k)

=

—N

Suppose that (zg,&) ¢ WFs,11(u(to)). Given Q x T' as in Lemma 4.4, we will
produce a family of ¢-dependent weight functions M (t, z, &) for ¢ > ty, such that

W) CTHE™ < M(t,z,8) < C ()T,
.6
M(t07x7€)gc<£>so for (Z‘,f)%QXF

Also, for some ¢; > 0, if

:{x:|x—xt|<ct}, {§ ’ —L|<Ct}
then the following will hold
(4.7) M(t,z,&) > C7 e O for (z,6) € O x Ty

In addition, we will show that (4.1) and (4.2) hold. Theorem 4.1 then follows
immediately from Lemma 4.4 and (4.3).

4.1. The weight function. For ¢; > 0, and &, close to the positive &; axis, we
take M (t,z,€) to be the weight function
-1

(e (1 +16] min (1, dist? (2, (1) ) + ¢ ise® (. Ct@)) |

where Q., (x;) is the ball of radius ¢; centered on z, and K., (&) is the closed conic
set contained in the half-space £; > 0 whose intersection with the set & = 1 is
the cube of sidelength 2¢; centered on & /(&;)1, with sides parallel to the &; axes.
The time-dependent number ¢, is given in Lemma 4.5 below, where ¢, is chosen as
follows.
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Provided that Qsc, (z0) C Q and Kz, (§o) C I, then condition (4.6) is seen to
hold. Thus, if (zq,&) ¢ WFsy41(u(to)), we can choose ¢y, small so that

[ M (to, , §)u(to)llezr> < oo
Also, (4.7) holds (with the same ¢;) since I'y C K., (&). It remains thus to verify

the mapping bounds (4.1) and (4.2) for to < s <t <T.

We start with the proof of (4.2), which reduces to showing that, uniformly in
k" t, 87

/M(t,%&)r‘)lfo@?tlr”)(x@) drd§ < C /M(s,w,f)Q [f?(2,6)dxds, s<t.

Since each @’;t is a volume preserving diffeomorphism, this is equivalent to the
bound

(4.8) M(t,0,4(x,8)) < M(s,z,§), s<t.

The map @’;t is homogeneous of degree 1 in £, and preserves [£| up to a uniform
multiple, so the factor (£)*0*! can be ignored. Furthermore, the projective map

induced by @’;t on the cosphere bundle is a bilipschitz map, with uniform bounds

over k, s,t. Thus, (4.8) holds as a consequence of the following.

Lemma 4.5. Forcy > 0, let

¢t = exp(—C’ /tt a(r) dr) .
0

Then for cq sufficiently small, and C' given below,

Ors (. (w0) X Ko, (€)) D Qylwe) x Ko (&) s <t

Proof. Write £ = (£1,¢£), and consider the projection (x4, &) — (x4, 1, (g})flfg) of
a Hamiltonian curve onto the set & = 1. Let {; = (gt);lgg. Then by homogeneity
of pg,

‘i‘t = dfpk:(xt) 17 Ct) ) ét = _dw'pk('rta 1a Ct) + dw1pk($t7 1a Ct) Ct .
On the set || < 10, the right hand side is Lipschitz in (z, ¢), with Lipschitz constant
Ca(t). Hence, if we let

Qe(2°,¢°) = {(2,¢) : [x = 2% + sup |G —¢| < e},
2<i<n

then for ¢ > s the image of Q.,(x¢,(;) under the reverse-time projected flow is
contained in Q. (s, (s), where ¢, is as in the statement. Since K., (&;) is the conic
subset of R” N {& > 0} whose intersection with {{; = 1} equals Q, (z¢,¢;), then
by homogeneity of the Hamiltonian flow, for ¢ > s

O (ch (xs) x K, (fs)) D Qe (xt) x K, (ft),

provided we choose ¢, small enough so that Q.,(zt,(:) remains within the set
|| < 10. Here we use that ¢; remains in the set |[(;| < 1, by the assumption that &
lies in a cone of small angle about the &; axis. ([
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4.2. Fixed time weight bounds for B(t). We now turn to the proof of (4.1).
The operator B(t) : £2L? — (?>L? is a sum of four terms, B = 1B+ 2B + 3B + 4B.
As before, we let By;(t) : L2(R?*") — L?(IR®*") denote the j — k component of B(t),
which we recall is localized dyadically in £ on each side.

We start by considering the terms ,,, B for m = 1,2, 3. Recall that 1 By; and 2By
vanish unless [j — k| < 1. For 3Bj; we may also restrict attention to |j — k| < 1,
since (4.1) holds for the sum over |j — k| > 2 by (3.10) and (4.6).

Consider then the terms for |j — k| < 1. By finite overlap in £ these are almost
orthogonal in k, hence we are reduced to establishing, for m = 1,2, 3, that uniformly
for j, k with |j — k| <1, and f € L?(R?*"),

(4.9) M (s,2,8)mBr;j(s)fllL2@en) < Cals) [ M(s,2,)fllL2®2n) -

We will consider the case j = k, as the terms with j = k £+ 1 are handled the same
way. We ignore the factor (£)**1 in the definition of M, since it introduces the
same factor of 2F(0+1) on both sides.

The terms 1By and 2By are the simplest to handle. The operator 1 By is, by
Lemmas 3.1 and 3.2 of [12], represented by an integral kernel operator K satisfying
(K (2, & y,m)| < Cas) (1+25 | —y| +275[€ —n]) .

On the other hand, if |¢| ~ || ~ 2%, then
M(s,z,§)
[M (s,9,m)

so the term | Byy, is seen by the Schur test to satisfy the desired weighted L? bound

(4.9). The operator 9By is represented by a similar kernel; this follows from the

fact that a(s)™'[Bk(D), ax(s,2)]q(D) is a SO, pseudo-differential operator in z,
’2

dyadically localized to [£| ~ 2*.

+1
} <C(1+25|z—yl+275|¢—n])°,

For the term 3By, after substituting p(¢,x, D) = a(t,x)q(D), freezing ¢, and
replacing q(D)B(D) by 2*8;(D) (since the exact form of 3 is unimportant) we can
assume that

3Bik = TiBk(D) 2" (a(x) — ax(x)) Be(D)Ty:
and need to show that (4.9) holds with a(s) = 1 if ||D2%al|p~ < 1. The adjoint
operator 3B}, then has the same form as 3By, so that in the estimate (4.9) we
may replace M (s,z,£) by M(s,z,&)~ . Letting Q = Q._(7,), K = K._(£,), then
since the estimate is over the region |¢| ~ 2*, we may thus work with the weight

M(z,€) =1+ 2F min(1, dist?(z, Q)) + 27 *dist?(¢, K) ,
and show that the analogue of (4.9) holds for 5Byy.
The conic set K is obtained by intersecting 2n — 2 distinct half-spaces. Let

{wj}?lfl be the collection of their outer normals, together with the vector —e;

pointing on the negative £; axis. We let

<wj7 §>+ = max((wj, §>7 O) P
and claim that
2n—1

(4.10) dist’(§, K) ~ Y (w;, )3 .

Jj=1
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To see this, we first note that each term on the right vanishes on K, so the right side
is dominated by the left. To prove the converse, we make an affine transformation
preserving & so that K is centered on the &; axis. The collection of (w;,&) are
then equivalent to the collection of ££; — c& and —&;. In case & < 0, then
(—e1,€)4 = |&1]. Since & < 0, then

161 <D (£ — ey
+

so the right hand side of (4.10) dominates €[> > dist®(¢, K). If & > 0, let n be the
point in K closest to &. If |¢;| < ¢&;, then n; = &, so by reducing dimension and
multiplying &; by —1 if needed, we may assume that &; > c&; for each j. Then

2n—1 n
ST w62 =16 - caP = dist? (€, (61, ¢t 1)) 2 dist? (€, K)
j=1 j=2

Including the spatial weight, we can thus replace M (z, ) by a sum of 2n weights,
and it suffices to establish the analogue of (4.9) separately for each. Precisely, by
Lemmas 4.2 and 4.3, it suffices to show that multiplication by 2* (a(gc) - ak(m))
preserves the spaces with norms

(1 + 2" min(1, dist* (2, 2))) 9() | L2 (da) - (1427w, )3) () 2 (ae) »

for a general unit vector w.

Boundedness in the first norm is immediate since ||a — ax||z~ < 27F||D2%al| L.
For the second norm, we make a rotation to reduce to the case w = (1,0,...,0).

Let b(z) = 2%(a — a;)(2"22). Then
IBll 2 + |1 Db|| e + [ D?b]| = S 1.
Thus, after scaling x — 251;, we need to show that

1L+ (€0)2) 0f llz2(ae) S bllona (1 + (€0)2) F 122 ae) -

Since the weight is a function of & only, and C1(R") C L*(R"~1, CL(R)), we
may assume n = 1, that b € C11(R), and need show that

1(1+3)0F oy S Iblcrall(1+€3) Fllzo) -
If fis supported in [0, 00), then the bound follows from the fact that
KDY (0f)I2 < bl cra KDY f e -
Hence we may assume fis supported in —(oo, 0]. Since

X002 BFllz2 < Bf 2 < [1bllzoe [ Fllz2 < [Bllcrall (1 +€3) Fllee,

it suffices to then bound

o~

4€)2 BF | 22,00 S IBllonn fllzz s supp(f) € (=00,0].
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Given h € L*(R) with h supported in [2,00), using the functions ¢; and 9, from
(7.2), we may write

[ = | 3 [ @DHDP) (55D (654D )
E<j+2
< 3 4 / (272 (DYDY ] |20, (D)b] |6-4(D)f | d
k<j+2
S |h|m(z/|22w 6D )

S Al lloller 1f 1l
where at the last step we use Theorem 7.3. This completes the proof for 3Bj.
We now establish (4.1) for the term 4B(t) = TQ(t)T*. Recall that

b {P(t)‘lRl(t), so=1,
R P, =0,

where R;(t) is a convergent sum of terms of the form (2.3). We observe that if
M, = M, (t,z,£) denotes the weight for sg, then

M1 Tglerz ~ |MoT(D)glle2rz -
Also, if (&) € S°(R™), then
| Mg, Tq(D)T™ fllezr2 < C|| M, flle212

since the operator T}, 8, (D)q(D)B;(D)T; vanishes unless |j—k[ < 1, and for [j—k| <
1 is given by an integral kernel with bound

(4.11) (K (.G ym)| < On (1425 | —y| +27 56 —n]) "
Since T*T = I, it therefore suffices to show the following bounds:
(4.12) [MoTaT fllezrz < Cllallcoa|[Mofllezr2
(4.13) 1Mo Tla,q(D)] T"fllezre < Cllallcra|[Mof|lezr
(4.14) |Mo T{D)YP(t) "' T*fllzr2 < C[|Mofllezr

where in (4.13) the multiplier ¢(£) belongs to S}, (R™).

To establish (4.12) it suffices to prove
(4.15)  [[MoT;B;(D) aBr(D) T fllez < Cllallcor|Mofllz2s 7=k <1,
since the terms for |j — k| > 2 are handled by the arguments leading to (3.10),
together with Lemma 7.4 and the fact that ¢ < My < ().

By taking adjoints, we may replace My by MO_1 in (4.15), and ignore the factor
(&) in My since |j — k| < 1. Furthermore, we may replace a by the operator
(¢r(D)a)dr (D) for a compactly supported ¢(£). As with the handling of the term
3By, it suffices to prove that if [|al|co.1rn) < 1, then (¢x(D)a)¢r(D) preserves the
spaces with norms

(4.16)  [|(1+ 2" min(L, dist*(z,9)))g(@) 2, (1 +27"w, &3)F(E)]| =
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Boundedness in the first norm is simple, since ¢ (D) is a convolution kernel that
is rapidly decreasing on scale 27%. For the second norm, we can reduce to the
one-dimensional case, and need to prove that

11+ 274 D2) (9 (D)) (64 (D)g) | 2y < Cllallcon [[(1+ 27 D25 ey
where D is the operator with multiplier £, = max(¢,0).

Consider first the case that g is supported in & < 0. Then since |¢| < 2% on the
frequency support of (¢r(D)a)(dr(D)g), this follows from the bound

|1+ Dy)(@g)llz> < Cllallcns (1 + D gllze

which holds by Theorem 7.1 since £, is a classical first order multiplier. If g is
supported in £ > 0, it suffices to prove the bound

2+ DX (9 (D)a)(@x(D)g) = < Cllallcos (lgllze + 274 1D%]] =)

This holds by distributing derivatives, and using that || D%¢y(D)al/z~ < 2F|alco. ,
in addition to ||Dér(D)gllz2 < 2*|gllL> -

The estimate (4.13) is similarly reduced by Lemma 7.4 to handling |j — k| < 1.
We then need to show that the commutator [(¢x(D)a),pr(D)g(D)] is bounded
in the norms (4.16) with operator norm < |la||c1.1. Here pg(£)g(€) is an order 1
classical symbol dyadically localized to |£] ~ 2F. Thus, the kernel K (z,y) of the
commutator has bounds

n —N
K (z,y)| < COn |lal|coa 2 (14 2%z —y|) ™,

so boundedness in the first norm in (4.16) follows by the Schur test as the weight is
slowly varying over distance 27*. For boundedness in the second norm, we assume
(w,€) = &1, let qp(D) = pr(D)q(D), and need show that, if g vanishes for |¢| > 2F,
then

(4.17) [[(1 + D1,4) [(¢x(D)a), ax(D)]gll 2

(418) 127" DE[(én(D)a),ak(D)]gllzz < Clallors (llglee +27 " Digllz2)

The estimate (4.17) follows from Corollary 7.9, since we may replace the multiplier
1+ & 4 by its truncation to |¢| < 2%. The estimate (4.18) follows by distributing
derivatives similar to above, and using that || Dialcos + 27%|| D3¢ (D)al|cor <
llal]| .1, together with Theorem 7.1.

We now turn to the proof of (4.14). By Lemma 7.10,

IN

Cllallcrr (L + D 1)gllze

A

(D)P()™ = (D) (p*(t,2, D) + ¢) " 32 (1,2, D) (F (1,2, D) + ) 1),

n=0
where the sum converges as a map on L?(R"), uniformly over t. Since (p*(t,x, D)+

c)_l is a pseudodifferential operator of class S 1, it follows from (7.6) that

117

H( (t,2, D) (p'(t,z, D) +c) )gH < C|gllr2

uniformly in t. Thus, the sum of terms over n > 2 gives a bounded map from L?
to H', and the bound (4.14) holds for these terms since ¢ < My < (£).
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It thus suffices to show that
(4.19) | Mo Tp’ (t, 2, D)(D)™"T* f|| 2.2

IN

C Mo flle2r
(4.20) HMO T<D> (pﬁ(t,l‘,D) + C)_lT*fH[zL'z S C ”MOfHZ?L?

In proving (4.19), we take the symbol expansion (7.1) of p, and use that order 0
multipliers are bounded in the My norm, to replace p°(z, D)(D)~! by a’, and thus
need show

||M0 TCLb T*prL’z < CO ||a||00,1 ||M0f||€2L2 .

This is proven as for (4.12). Indeed the off-diagonal terms of a” are the same as for
multiplication by a, and if |j — k| <1 the bound holds for both a and ¢/ /2] (D)a .

The bound for (4.20) is simpler. The operator (D) (p*(t, z, D)+c) “lisa pseudo-
differential operator of type S‘l) 1, so the off-diagonal part is a smoothing operator;

in particular it maps L?(R™) to H'(R"). And for |j — k| < 1, the operator
1 N
T;B;(D)(D) (p*(t, 2, D) +¢)~ Bx(D)T};

is an integral kernel operator with kernel satisfying (4.11). O

5. THE SPACE-TIME VERSION: PROOF OF THEOREM 2.2.

In this section we deduce the space-time wavefront estimate in Theorem 2.2 from

the fixed-time wavefront estimate established in Theorem 4.1. We use the nota-
tion of Section 3, with P = p(¢,z, D) denoting a choice of py(¢,z, D), and Q(t)
constructed according to the choice of so € {0, 1}.

Lemma 5.1. If u € CYH* satisfies Dyu — P(t)u — Q(t)u = 0, then
(to, 2o, p(to, T0,%0),80) € WFsor1(u) = (w0,&0) ¢ WFso+1(U(t0)) .

Proof. Let x(t,x) and x(¢, z) denote cutoff functions, with ¥ = 1 on a neighborhood
of the support of x, and x = 1 on a neighborhood of (tp,z). Also, let T'(¢) and
['(¢) denote conic cutoffs, equal to one on a neighborhood of &, with T =1 on a
neighborhood of the support of T'.

Let ¢ € C°(R) equal 1 near 0. If the support of ¢ € C°(R) is suitably close to

0, and x and I' also have suitably small support, then y(tg) ¢ WF,+1(u) implies
that

L(D)6(1 = p(to, x0, D)D) (Xu) € H*FH(RIF™).
On the other hand, (2.10) implies that Q(¢)u(t) € C°H*®, so Theorem 8.4 implies

(1 — 6(1 = plto, 7o, D)D;l)) (Yu) € L2H**,

hence

(5.1) I'(D)(xu) € L*H* ",
We next show that
(5.2) (Dy — P(t) — Q(t))T(D)(xu) € L'H** .
Together with (5.1) and Theorem 8.5 this implies I'(D)(yxu) € C°H®* ™1 hence
(%0, 80) & WFs,41(ulto)) -
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To establish (5.2), we write

(5.3) (Dt — P(t) — Q(t))T(D)xu = [[(D)x, Q(t)]u
— [P(t),T(D)x|T(D)xu + T'(D)xP(t)(1 - T(D)Y)u
+ P(t)T(D)x(1 — T(D)X)u + T(D)(Dsx)u .
The next to last term on the right belongs to L' H?, since u € C°L? and the cutoffs

give a smoothing operator, and the last term belongs to L2H* ! by (5.1), hence
both are in L' H%0+1,

Since u € COH®, the first term on the right in (5.3) belongs to L'H® 1 by
(2.13) and the fact that x is C° and the components of @) are smooth symbols in
the & variable.

For the second and third terms in (5.3), by the symbol expansion (7.1) we may
substitute p(t,z, D) = a(t,x)q(D), with ¢(£) a symbol of order 1 and a € C%' N
L'C"™!'. We note the following consequence of Lemma, 7.4,

IT(D)xa(t, -)a(D) (L = L(D))ult, )l gsors < Cllxalt, -)lloralfult)ll s .

and also the following consequence of pseudo-locality of ¢(D)I'(D), where so+1 < 2,

IT(D)xa(t, -)g(D)L(D)(A = X)ult, )| georr < Cllalt, - )llcrllu@) o -

Since u € C°H*®0, this handles the third term on the right in (5.3).

Now consider the second term on the right in (5.3), and write

[aq(D),T(D)x] = al'(D) [q(D), x] + [a,T(D)]xa(D).
Consider the case sg = 0. By Corollary 7.2 we have
[aa(D), T(D)X]v|| 2y S llallzcorllvllzem

which we apply to v = T'(D)xu € L?H".

In case so = 1, we use that v = T(D)Yu € L>H?> N C°H', by (5.1) and since
u € COH'. We again apply Corollary 7.2 to obtain
[1Dla, T(D)]xq(D)vl|zrmr < [|[(Pa), D(D)Ixq(D)vl[Lrar + [[[a, T(D)Dxq(D)vl|Lr

S [1Dallioa[[olle e + llallLoecor [0l raz -

Similarly, we use that I'(D) [q(D), X]v € L’H?> N C"H', and the following conse-
quence of the Leibniz rule

law|| L1 g2 < || Dallprcon ||w] g g + lal| oo |w]|Lra2

to handle the remaining term. O

We now observe that if the conditions of Theorem 2.2 hold, and s € (=T,T),
then by Lemma 5.1 and Theorem 4.1 there is a function y € C°(R*™) equal to
1 on a neighborhood of (s, zs), and conic cutoff I'(§) equal to 1 on a neighborhood
of &, so that

[(D)xu € L*H**
where y(s) = (s, 25, p(s, x5, &), &) Since p & [€], it follows that v(s) ¢ WF, 41 (u),
which completes the proof of Theorem 2.2. (I
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6. PIECEWISE REGULAR COEFFICIENTS

‘We work in this section with L of the form
(6.1) L= D] —2D; ¥ (t,x)D; — D;c”(t,x)Dj + d°(t,z)D; + &’ (t,2) Dy ,

where the coefficients satisfy certain piecewise regularity conditions with respect to
a decomposition of (=7, T) x R™ into disjoint time slabs =T =1 < ts < ...tp_1 <
t, = T. We assume given such a partition, and assume that the coefficients c*/ and
b satisfy the conditions (1.3)-(1.4) separately on each time slab (¢;,¢;41) x R™.
In addition, we asssume that ¢ and b/ are continuous on [-T,T] x R™. This
implies in particular that ¢/ and &/ belong to C%'([-T,T] x R"), and that the
map t — ¢%(t,-), respectively t — b7 (t,-), is continuous from [T, T] into C*(R").

Similarly, we assume d° and d’ satisfy (1.6) separately on each time slab, hence
on each slab they admit a continuous extension to [¢;,%;41] X R". We allow d; to
have jumps at ¢; for 1 < j < n. It is unimportant how d? is defined at t = t;, but
for definiteness we assume it is right continuous.

We assume the coefficient d° belongs to C°([—T, T] x R"™), which with the above
is equivalent to assuming 9 ,d° € L! LOO((—T7 T) x R"). The continuity assump-
tion on d° is needed for weak solutions of Lu = 0 to agree with solutions defined
separately on each slab with matching Cauchy data at each ¢;. At the end of this
section we indicate how to handle jumps in d°.

For sq € {0,1,2}, and Cauchy data of regularity H*°® x H*~! at some tq, one
obtains a solution to Lu = 0 of regularity COH*> N C'H*~! by piecing together
solutions on [t;,t;41], and imposing continuity of w and Dyu at t;. Such a solution
is easily verified to satisfy [wL'¢ = 0 for ¢ € C°((—T,T) x R™), with L' the
formal transpose of L.

That this u is the unique weak solution of regularity CYH® N C1H®0~! follows
immediately from uniqueness for the Cauchy problem on each time slab, by the
assumed continuity condition in ¢ of (u(t), Dyu(t)) .

Since the first-order derivatives in z of ¢/ and b’ satisfy the regularity conditions
of d°, one can convert between the standard form of L in the introduction and one
of the form (6.1) and preserve the regularity assumptions. Since the first order
derivatives in t of b/ satisfy the conditions on d/ for 1 < j < n, one could also
express a term of the form D; b’ D; in the form (6.1). Indeed, up to addition of an
L'L® function the class (6.1) is closed under transpose.

If we factor the principal symbol of L as before as

H(tvvav g) = (T 7p+(t,£€,§)) (T +p_(t7l’,£)) )

then py are C', and 97 .p+ belongs to L'L>, hence the null bicharacteristics of L
are well defined, C' curves.

Theorem 6.1. Assume that the coefficients of L are as above. Suppose that sy €
{0,1}, that Lu = 0, and that w € COH® N C1H® 1.

Then if v(t) is a null bicharacteristic curve of L, and (to) ¢ WEF g 4+1(u) for
some tg € (—=T,T), then YN WFg 11(u) =0.
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Proof. For simplicity, we assume that the partition consists of [-T,0] U [0,T]. The
general case follows easily. By openness of the wavefront set we may then assume
to # 0, and without loss of generality take to < 0.

We derive the result as a limiting case of Theorem 1.1, using uniformity of
the wavefront set estimates over bounded sets of coefficients. Precisely, we use
the fact that all of the bounds on wavefront sets involve only uniform control
over appropriate norms of the coefficients. To define uniform cutoffs, we fix a
smooth radial cutoff to the half-unit ball x(¢, z), supported in the unit ball, and let
Xeto,zo(t, ) = X (71t —tg), ¢  (x — x0)). We also fix a conic cutoff I, rotationally
symmetric about the & axis and supported in the cone of angle cr,

Lo(r,€) = x(c & e 71 1E,0),

and define T'¢ r, ¢, (7, &) by composing I'. with a rotation that centers it on the ray
through (79,&p). The following result is then a consequence of the fact that the
bounds and support of the cutoffs in the wavefront estimates in proof of Theorem
1.1 depend only on bounds for the cited quantities in L.

Corollary 6.2. Suppose that for some 0 < ¢o, Cy < 00, the coefficients of L
satisfy the bounds (1.2), (1.3), (1.4), and (1.6), where |a||r < Cp.
Suppose that uw € COH® N CYH®~! satisfies Lu = 0, and that
sup_ (Lo + | Deu(®)llsreo-1 ) < Co.
te(—=T,T)
Let y(t) = (t,x¢, 7, &) be a null bicharacteristic for L, and suppose that the follow-
ing holds for some 0 < ¢, C7 < 00, and some tg,
HFCL‘HO,&O (D) Xcl7t07l‘t0u||HSO+l <Cr.
Then if T' < T there are 0 < ¢y, Co < 00, depending only on cg, Cy, c1, C1, and
T, so that
||F02,Tt,§t (D) XC27t,Itu||HSO+1 < C? )
for all |t| <T.

We will consider a family of operators L,, of the form
L, =D} —2D; b D; — D; ¢ D; + d° D, + d’, Dy,

which converge appropriately to L, and such that the coefficients of L,, satisfy
(1.2), (1.3), (1.4), and (1.6), with constants ¢y, Cy uniform over n. Since the class
L of Theorem 1.1 can be expressed in the form (6.1) with comparable cg, Cy, the
corollary applies to L.

To construct L,, we fix an increasing function h € C°*°(R) which vanishes for
5 < —1, equals 1 for s > 1, and so that h(s) + h(—s) = 1. For ¢/ (t,z) as above, we
let ¢ denote its restriction to ¢ € [—T,0], which using (1.7) we assume extended

to a function on [—T,T] satisfying (1.3)-(1.4) there. Similarly, let cfﬁ denote its
restriction to [0, T], appropriately extended to [T, T]. Define

¢ (t,x) = h(—nt) ¢ (t,x) + h(nt) ] (t, z)

= (t,x) + h(nt) (¢ (t,z) — ¢ (t,2)) .
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Since ¢ (0,z) = " (0, ), it is seen that the estimates (1.3) and (1.4) are satisfied
by ¢ on (=T, T) with uniform bounds for ||a,| 1. Furthermore

” ” 1
el (t,x) =c?(t,x) it |t > —.
n

We apply this smoothing technique to the coefficients ¢ and b of L. Since d° is
already globally regular we set d° = d°. We also define

& (t,x) = h(—nt) d’_(t,x) + h(nt) & (t,z), 1<j<n,

which satisfies (1.6) with uniform bounds on ||a,||L1. We then define L,, to be the
operator of form (6.1) with modified coefficients, and note that L = Ly, for [t| > L.

If we factor the Hamiltonian of the principal part of L,, as
Hn(ta z,T, 5) = (T - pn,+(t7 z, E)) (7_ + pn,—(ta z, 5)) )

then p, + = py for [¢| > %, and D, ¢py, + converges uniformly to D, ¢p+ on compact
sets. It follows that the null bicharacteristic of L,, through a given initial point
converges uniformly on [—T, T] to the null bicharacteristic of L through that point.

We henceforth assume n large so that tg < —%. Then the solution to Lu = 0
with given Cauchy data at ty satisfies L,u =0 for =T <t < %, in particular for ¢
near tg. Thus, if we let u,, be the solution to L,u, = 0, with the same Cauchy data
as u at to, then u, =u for —T <t < f%. In particular, for all n, and ¢; small,

||F0177t0»§t0 (D) Xei,to, @, unHH50+1 <Ci.

Thus, since the null bicharacteristic of L, through (tg, o, 70,&0) converges uni-
formly to the null bicharacteristic of L through (to,xo, 70, &0), Corollary 6.2 shows
that, for n large and some small ¢ > 0, with C5 independent of n,

HP62,n,Et (D) X62-,t,:rtun||H-*0+1 < Cs.

We will prove that some subsequence u,; converges weakly as distributions to u,
from which we obtain the desired result

”FCZ,Tt,Et (D) Xea, b,z W] preotr < Co.

To show the convergence, we observe that by weak compactness some subse-
quence (up;, Dyuy, ;) converges weakly in L°° H® x L H®0~! to (v, Dyv) € L®H®% x
L>*H?* ! We next verify that v is in fact of regularity COH® N C'H%~! sepa-
rately on [-T,0] x R™ and [0,7] x R™. For ¢t < 0 this is trivial since wu,, = u for
t < f%, hence v = u for t < 0. For t > 0, if s = 1 then it follows from Theorem
8.6 since Lv = 0 and v € H*((—=T,T) x R"). If so = 0, then Theorem 8.1 yields
that L((D)~'v) € L'L?. Since ((D)~'v, Dy(D)"'v) € L°H' x L>L?, the result
again follows from Theorem 8.6.

Thus, v consists of regular solutions on (—7,0) and (0,7") to Lv = 0, and it
remains only to show that the Cauchy data match at ¢ = 0, since v = u for t < 0.
To see that the data match, we note that, for (t,z) € C2°((=T,T) x R"),

0= /v(Ltz/J)dtda:.
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Integration by parts separately on ¢t > 0 and ¢ < 0 leads to the following condition:
[ (00072) = 0(07.2)) (D60,2) = ¥ (0,2)D30(0,5)) da
= / (Dtv(0+, z) —Dyw(07, z) +d° (0T, z)v(0F, 2) —d°(0~, z)v (0™, a:)) ¥(0,2) dx .

Since this vanishes for all ¢, we must have v(0%,z) = v(07,z), and if d°(0F,z) =
d°(0~, z) as we assume, then also D;v(0F,z) = Dw(07,z) . O

We remark that if d° is piecewise regular with jumps at ¢;, that is, of the same
regularity as d/, then the result still holds, but the solution u must be defined
by piecing together COH® N C'H*~! solutions on [t;,¢;4+1] with the following
matching conditions on u at each t;,

(6.2) w(t])=u(t;), Dyu(t?) — Dyu(t; ) + d° (¢ yu(t]) — d°(t; Ju(t;) = 0.

The proof shows that the limiting solution v agrees with this solution u, hence the
result of Theorem 6.2 holds for u satisfying (6.2). The one modification to the proof
is to define dY similar to dJ, so that it meets the regularity conditions (1.6).

6.1. An example showing sharpness. We now show that the assumption of
global H?®° regularity on u cannot be lowered in Theorem 6.1, hence it is necessary
for Theorem 1.1 to hold with bounds depending only on the appropriate norms
of the coefficients. Precisely, we construct a piecewise smooth operator L and a
corresponding null bicharacteristic 7y, and for each o < 2 a solution Lu = 0 with u
of H regularity, such that w is microlocally smooth on «(¢) for ¢ < —1, but for all
€ > 1 we have y(t) € WF,4(u) for t > —1.

Consider the following hyperbolic equation on R; x R,
(0} +td?)u(t,z) =0, t< -1,

(6.3)
(07 = 02)u(t,x) =0, t>—1.

Let A(s) = Ai(ws) be the solution to the Airy equation A”(s) + sA(s) = 0,
where w = €2™/3_ Then, for s < 0,

A(s) = ei3 (=) a(—s), a(s)~ Zak sTamak,
k=0
Furthermore, A(s) # 0 for s < 0, and each ay # 0.
If € > 1, we consider the following solutions to (6.3),
e A1)
welty =4 ACE
eike (co(g)e—i5<t+1> o (g)eieml)) 7 t>—1,

where the following matching conditions are met to yield u € C11(R?),

A(=€) 1/3a’<52/3>)
A(—€2/3) a2 )’

w@ral@ =1, —i(co©-a(©) = ——ig(1-i¢
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Then ¢p(§) and ¢;1(§) are smooth on £ > 1, and admit an asymptotic expansion

W@ =1-c©), @~ (14 de™).
k=1

If € < —1, we set
(6.4) ug(t,7) = u_¢(£,7)

For —1 < ¢ < 1 we take a combination of the solutions A and A in the definition
of ug so that ug(—1,2) = €**, and (6.4) holds. The following then holds,
eiseHiZe(=0* P =igeq (¢ £ t<-—1,

ue(t,z) = _

el (Co(g)e—if(t+1) to (f)elf(t-i-l)) 7 t> -1,

where a(t, £) and cy(€) are elliptic symbols in & of order 0, and ¢;(§) is elliptic of
order —1.

Let b(&) = (€)"2 7 log(2 + |¢])~!, and set
u(t,z) = /_ b(E) uelt, ) de .

Then v € COH° NC*H° =N C?H°~2. Consequently WF,(u) = 0 if o < 2.
For each 0 € R and € > 0, on the set ¢ < —1 we see by stationary phase that
WFopeu={(t,z,7,§) 1z = —%(—t)?’/2 +2, 74 ()26 =0} .
Fort > —1 and 0 < € < 1, since ¢; is of order —1 we have
WFopcu={(t,z,7,§) :x=14+1t,74+£=0},
On the other hand, for ¢t > —1 and € > 1, we have
WFU+Eu:Ui{(t,x,T,€) :x::I:(l—l—t),T:I:f:O}.

Thus, if € > 1 then WF, 4. contains the null bicharacteristic vy(t) = (¢, —(1+t),1,1)
for t > —1, but is microlocally smooth on its continuation for t < —1, v(t) =
(ta %(_t)3/2 - %a (_t)1/27 1) U

7. APPENDIX 1: PARAPRODUCT ESTIMATES

In this section we collect the paraproduct and commutator estimates used through-
out this paper. By a standard multiplier of order m, we understand a function
q(&) € C*°(R™) such that

102q(€)] < Ca (14 1)1,

and denote the class of such multipliers by S™(R™). The best constants C,, form
the seminorms of ¢. In the statements of this section, it is implicit that the constant
C in any given operator bound for a multiplier depends on a finite number of the
C.. We say that ¢ € S™ is a classical multiplier if in addition

qr§) =r"q(§), r>1, [{|>1,
and denote this subspace by S7'.
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The homogeneous symbol p(t,z,€) admits a convergent expansion on the set
|€] > 1 of the form

(7.1) p(t,x, &) = Zal (t,z) (& q(§) = ‘§|wl(§/|f‘) € Scll(Rn)7
=1

where w; are spherical harmonics, and a;(t, z) satisfies the regularity conditions in
(1.3) and (1.4), with constants C; that decrease rapidly in I. We may smoothly
extend the ¢;(§) near 0 so that this expansion is valid for all £. The seminorms of
q; grow at most polynomially in /, so the bounds in prior sections on Rli, etc., are
convergent.

The Coifman-Meyer commutator theorem [6], which generalizes the Calderén
commutator theorem [4] for homogeneous multipliers, is the following.

Theorem 7.1 (Coifman-Meyer commutator theorem). Suppose that a € C%1(R™),
and ¢ € SY(R™). Then

[[a,a(D)]f|[ > < Cllalcollfllze-

An immediate corollary, as seen by commuting or composing with D, is the
following

Corollary 7.2. If g € SY(R"), and a € C1(R"), then
[[a,a(D)] f|l e < Cllallciall s,  —1<s<1,
If ¢ € S°(R™), and a € C%Y(R™), respectively a € CH1(R™), then
[a,a(D)] || yorr < Cllalcoallflla,  -1<s<0,

[a,aD) fllfoss < Cllallerallfllms,  —2<s<1.

N

A key ingredient in the proof of the commutator theorem is the following es-
timate, due to Carleson [5] and Fefferman-Stein [8]; for a proof, see [13, 11.2.4,
V.4.3].

Theorem 7.3. Suppose that ¢, € S(R™), and that ¥(0) = 0. Let ¢;(D) =
»(27ID), ¢;(D) = #(277D). Then

(Z / \wxD)a\Q!@(D)f\def < Cllallsarollfllz2
j=07E"

Theorem 7.3 yields smoothing estimates for the off-diagonal terms in paraprod-
ucts. To state these, form a Littlewood-Paley partition of unity {¢x(£)}72, by
taking 1 (€) = BZ(€), with B as in (3.3). Then let

k-2 k+1

(7.2) ¢e(D)=>_"9;(D),  pr(D)= > ¥;(D

§=0 j=k—1
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If g € L*(R") and a € L= (R"™), we decompose ag = R,g + T,g, where

Rig= Y u;(D)(atn(D)g)

[i—k|>2
= " ¥;(D)(ad;(D +Z¢k (avr(D)g),
j=2

and

> (D) (avk(D)g)

—kl<1
Z ¥;(D) ((¢j+4(D)a) (Pj(D)g)) :

With the exception of the last identity, in the above a may be replaced by a general
bounded linear operator on L2.

Lemma 7.4. Suppose a € CHH(R™). If —1 < o < 1, then

(D) Ra((D) 7 9) || 12 < llallcrllglze -
Suppose a € COL(R™). If0 < o <1, then
[{D)? Ra((D)'79)|| . S llallcos [lgllze -

Proof. We prove the first estimate; the second follows by similar steps. By inter-
polation we may restrict attentions to ¢ = +1, and by considering adjoints we can

assume that o = —1. We may then replace (D)? by D?, which denotes an arbitrary
second-order derivative. First consider

> ok(D)(avr(D Zm (D)a) Yi(D)D?g) .
k=2

We take the inner product with h € L?; by the Cauchy-Schwarz inequality and
almost orthogonality over k of ¥, (D)g, we can dominate the result by

[e'¢) 1
(3 [ 1 pu(D)al - [ou( DI d) g2 < [1D%allansoll gl o
k=2

where we use Theorem 7.3, and write 2%/ p;(D)a = p;(D)D?a.

Now consider the remaining term,

.ZWD a¢;(D ij D)a) ¢;(D)D?g) .

By almost orthogonality over j we can dominate the L? norm of this sum by
1
3
(3 ] Pontpil oDyt ) < [ lwolls

where we use Theorem 7.3, and write 27* ¢;(D)D?*g = ¢;(D)g.. O
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Corollary 7.5. For a € C%'(R"), define the operator a’ by

oo
a’g = Z(a — (6152)(D) a))¢j(D)g-
5=0
Then )
la’gll s < Cllallcosllgllms,  —1<s< .
If a € CHY(R™), then
la* gl < Cllallorallglms,  —2<s<1.

Proof. We write
a’g = Rag + Z pi(D) (a — (@152 (D) a))¢j(D)g~
§=0

The desired bound for R,g follows from Lemma 7.4, and for the second term it
follows by orthogonality and the bound

la = 6572 (D) allz~ < € min( 2 fallcor , 277 allcnr )

Corollary 7.6. Suppose a € CHH(R™), and ¢ € SY(R™). If 0 < o < 1, then

(D)7 Ria,qoy) (DY 9) || Lo S llallcr lgllzz
Proof. We note that Rj, 4(p)) = [Ra,q(D)]. The estimate then follows by Lemma
7.4, since it yields that, for 0 <o <1,

HQ(D)<D>0R(1(<D>1_09)HLz + ||<D>0Ra Q(D)(<D>1_09)HL2 5 Ha”Cl*l HgHL2 .
(I

We will need an extension of these results involving double commutators.

Lemma 7.7. Suppose that a € CYY(R") and b € C*Y(R"), and that qo,q1 €
SL(R™) are Fourier multipliers on R™. Then the following hold

(73) ||HG7QO(D)]7QI(D)]QHL2

(7.4) 116 [a, q0(D)]] a1 (D)g]] .

Proof. We start with the proof of (7.3). We decompose the multiplication operator
a into T, + R,. By Corollary 7.6,

|[Ra:q0(D)]q1(D)gl| > + ||a1(D)[Rayq0(D)]g]| .. < Cllallcra llgllze -

For the term [T}, go(D)], since ¥4 (D) and p;(D) commute with the ¢(D), and have
finite overlap of support, it suffices to prove that, uniformly over j,

[45(D)[[a,90(D)], a1 (D)] p;(D)g]| 1 < C gl -

We may then replace qo(D) and q;(D) by their dyadic localization to |¢] ~ 27, in
which case they are represented by convolution kernels Ky ; and K, ; for which

IN

Cllallcr llgllze

IA

Cllaller(bllco. flgllze -

Kj(z—y)| < Cn 2D (1+ 2z —y))™Y, VN,
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After this substitution we may ignore the factors ¢;(D) and p; (D). We next expand

(7.5) ale) —aly) = d'(2) (x —y) +r(z,y) (e =), |r(@,y)]|~ < Cllafcrs.
The integral kernel r(z,y)(z — y)?Ky ;(z — y) has operator norm < 277|allc11,
whereas K ; has operator norm S 27 hence this contribution to the double com-
mutator is bounded on L2. Letting ¢j(D) denote the L2-bounded operator with
kernel (x —y) Ko ;(x —y), the other term yields [a’, q1(D)] g4 (D) , which is bounded
on L? with norm ||al|¢1.1 by a similar argument, or using Theorem 7.1.

To establish (7.4), we first use Corollary 7.6 to see that

|Ra a0(D)gl| 1> + [la0(D) Ragl| > < Cllallcra llglla-1 -

We may thus replace a by Ty,. In the j-th term for [T}, go(D)], we may replace ¢o(D)
and g1 (D) by their j-th dyadic localization as above. Expanding a as in (7.5), the
second-order remainder term leads to a bounded operator. It thus suffices to show
that

|[2: 3 05 (D) a3 (D (D) | ar (D)

L2 SOl llcoalblloon llglee

where ¢(D) is a multiplier of order 0. We may write the commutator on the left
hand side as

a'[b,40(D)] a1 (D) = [b, Rargy(D)]q1(D) .
The first term has the desired bound on L? by Corollary 7.2, and the second term
has the desired bound by Lemma 7.4. O

Remark 7.8. The estimate (7.4) can be established with ||a||co.1||b]|co.1]|g| L2 on
the right hand side. This is the second commutator estimate; see for example [13].
The simpler estimate in (7.4) suffices for our purposes, however.

Corollary 7.9. Suppose that q1(£1) € SY(R), and qo(€) € S*(R™). Then, uniformly
over k,

|| [[a. px(D)ao(D)], ¢1(D1)ar(D1)]g| . < Cllallcra llgllze -
Proof. Let qor = prqo- As in the proof of (7.3), we write

[a,q0(D)] = d'(@)ag 4 (D) + 71, lreglez < 27 |allorallglre -

The operator ¢ (D1)qi(D1) has norm < 2%, so [rg, ¢ (D1)q1(D1)] is suitably bounded.
This leaves the term [a/ (), ¢ (D1)q1(D1)]qq 5, (D), which is bounded uniformly over
k by Theorem 7.1, since a’(z) is a C%! function of xy, uniformly over (za,...,z,),
with norm less than ||a|c11. O

Lemma 7.10. Let so € {0,1}, and QF be constructed as in Section 2. Then for
¢ > 0 sufficiently large, the operator 2P (to) + QF (to) + Q (to) + ¢ : H% — H®o~!
has a bounded right inverse for each to € (=T,T). Furthermore, with uniform
bounds over t € (=T,T),

(2P(to) + Q™ (to) + Q@ (to) + c)*1 c H' — HY, so<s<sp+1,

and the inverse is a continuous function of to into the operator norm topology. Also,
P(tg) + c: L? — H™' is invertible, and

(P(to))+¢)” " H*' - H*, 0<s<2,

with norm-continuity of the inverse overt € (=T,T).



34 HART F. SMITH

Proof. Consider a fixed value of ty, and let p(z, &) = p(to, x,£). We use only CO!
bounds on the symbol p(z, &), so all estimates on p in the following proof will be
uniform over ¢ and norm-continuous in t. We write p(z,&) = pf(z, &) + p°(z,€),
with

P (@, 6) =D (S15/2)(Dp) (2, €) w5(§) € 57 3,
§=0
where the frequency truncation is in the x variable. By Corollary 7.5 and the
symbol expansion (7.1),

—_

(7.6) |19’ (z, D)gllm= < Cllg]| ——<s<1.

Hs+% ’ 2 =
Since [p’(z,€)| < C (1 + €])2, it follows that 2pf(x, €) > ¢1]€] — ¢o . For ¢ > ¢ + 1,
the symbol (2pf(z, &) + c)fl is a bounded family in S7!, and c2 (2p*(z, &) + c)fl

1,3’
1
is a bounded family in S| ?. By the pseudodifferential calculus, the composition
' 2

of the corresponding operator with 2pf(z, D) + ¢ differs from the identity by a
pseudodifferential operator that has seminorm bounds in S? , of size 73, Hence,
2

for ¢ large the operator 2pf(z, D) + c is left and right invertible on each given H,
and in particular for some ¢, and all |s| < 2,

(20 (2, D) +¢) " gl yyuss

(20", D) +¢) g e

Furthermore, the inverse is a pseudodifferential operator of class S~ e
)2

IA

Cs llgllme

IN

1
Csc™2 |gllme -

It follows that, if sqg — % < s < sp, where s € {0,1},

11(20° (22, D) + Q* (to) + Q (t)) (20*(2, D) + ¢) g .

IN

Cullgllomy -

(20" (2, D) + Q* (to) + Q (t0)) (20*(2, D) + ¢) g,y < Csc™F gl -

The operator 2P(tg) + Q@ (to) + QF(to) as a map from H® — H*~! is invertible
provided that
o0 3 3 1 n
S0+ (20 (@.D) + @ (t0) + @ (1) (25w, D) + ) )

n=0

IN

converges as a map H*~! — H®, which by the above is true for sg < s < so + 1.
Continuity in ¢ of the inverse follows by norm-continuity of P(t) and Q*(t) as
functions of t. The same proof works for 0 < s < 2 with QL (¢o) replaced by 0. O

8. APPENDIX 2: ENERGY ESTIMATES

In this section we establish the energy bounds and well-posedness results we use
for L and its factors. Throughout this section, we assume L satisfies the conditions
in the introduction, and make use of the equivalent form (6.1). Since we work
with space-time mollification of L in this section, we assume that the coefficients
of the operator L have been extended to R!*" as in (1.7), with the same regularity
conditions, and that the coefficients of L are constant for [¢| > T 4 1. The solution



PROPAGATION OF SINGULARITIES 35

u is defined only on (=T, T) x R™, however, and function space norms of « are with
respect to that domain. Recall that D = (Dy, D1,...,D,,) = (D4, D).

The following result will be used when obtaining bounds for solutions of L2
regularity.

Lemma 8.1. The commutator [L,(D)~] = (D)~'[L,(D)](D)~" admits an ez-
pansion of the form
(8.1) [L, (D)~ "u(t) = By(t)(Du)(t) + Bz (t) (Du)(t),
where
1Bi(t)gllz < Cligla-,  [1Ba(t)gllar < Ca®)lglla-— -

Proof. We write L = D? — 2D; VD, — D; ¢ D; + d°D; + d’Dj, after absorbing
derivatives of & and ¢ into d. We use the following commutator bound for func-
tions ¢ € CYH(R™),

1[e. (D) ,1]g||H1 < cncnco,ngHHfl,

as seen by writing [c, (D)~ ] [ ] ~! and applying Theorem 7.1.
The terms D; [ ¢, (D)~'| D; and D (b7, } D, can thus be written as By (t)D,
and the terms [d/, (D)~*|D; and [d°, (D > ]Dt as Ba(t)D. O

Theorem 8.2. Ifu € H._, and Lu € L? ., then WFs(u) C char(L). If u €
C°L’NC*H™Y, and Lu € L*L?, then WF1(u) C char(L).

Proof. The first result relies on only the Lipschitz nature of L. As in Lemma 8.1,
we write L = DAD? +d°D; +d’D;, where A is a (n+ 1) x (n+ 1) matrix function
consisting of 1, ¥’ and ¢*. The terms d"Dyu+d’ D;u belong to L?, . by the assumed
regularity of u, so we absorb them into F'. We decompose multiplication by A into
A = At 4+ A° as in Corollary 7.5, but where the regularization ¢1j/2) (D) takes place
over both the ¢t and x variables.

Let T'(7,&)x(t,x) be supported away from the characteristic set of L, where
I € 59 is a conic cutoff, and x € C°((=T,T) x R™). Suppose u € H},, and write

DA'*D” I'(D)(yu) = [DAD”,T(D)y]u — DA’D” I'(D)(xu) .

The first term on the right belongs to L? by Corollary 7.2, and the second to H -3

by Corollary 7.5. The operator DA*D” has symbol in S1 1 and is elliptic away

from the characteristic set of L, hence I'(D)xu € H 3. Corollary 7.5 now yields
that the second term on the right belongs to L?, and we conclude T'(D)(xu) € H?.

For the second result we let v = (D)~!u. By Lemma 8.1, Lv € L? + L'H'. By
Theorem 8.6 below, there exists w € COH? N C1H! so that L(v — w) € L?. Since
v—w € Hlloc, we may apply the preceeding result to see that WFg(v—w) C char(L).
On the other hand (D)w € H} _, so WFy ((D)w) = 0. O

Under a strengthened regularity assumption we can obtain results for L? solu-
tions.

Corollary 8.3. Suppose that L = DADT + dODt + d'D;, where A, d°, and &
belong to COL(RY™). Ifu e L? . and Lu € H, !, then WF1(u) C char(L) .

loc loc ’
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Proof. Under the assumptions on d° and &/ we have DAD”u € H;;!. The proof
then follows the same steps as for the first part of Theorem 8.2. (]

Theorem 8.4. Let s € {0,1}. Suppose that Dyu — p(t,z,D)u € L*H*° | and
we L2H®. IfT(1,€)x(t, z) vanishes on a neighborhood of the characteristic set T =
p(t,z, &), where x € C°((=T,T) x R") and I' € SY, then T(D)(xu) € L*H*T!,
In particular,

WF30+1(U) - {T = p(t,x,ﬁ)} U {g = 0} .
Proof. Consider first the case that I'(7, £) vanishes near the set £ = 0. We write
(Di — p(t,, D))T(D)(xw) = T(D)x (D; — plt, @, D))u
+T(D)(Dix)u — [p,T(D)x]u +p’(t, z, D)T(D)(xu)

where the frequency regularization defining pf takes place over both ¢ and x vari-
ables. The first two terms on the right belong to H*°(R!*"), where since I" vanishes
near £ = 0 we have I'(D) : L2H% (R'*") — H*(R*"), and similarly the last term
belongs to H% =z (R™™") by Corollary 7.5. To see that the third term also be-
longs to H*®°, we take the symbol expansion (7.1) to replace p by a(t,x)q(D). The
commutator of ¢(D) and x is bounded on H*°, so we check that

o, DDY(D)g] |y < € lallcosllgll oo

This follows from Corollary 7.2, since

[(D)gllr=o-1 < llgll2p=0 for so < 1.

The symbol 7 — p*(t, x,€) has a microlocal parametrix of class ST 1 away from

’2

the set {{ =0} U {7 = p(t,z,£)}, and the result follows as in Theorem 8.2.

Suppose then that I and [ are supported in a small cone about the 7 axis, vanish
near 7 = 0, with I'T' =T". We write

(I = p(t,z, D)D; 'T(D)) DL (D)xu = I(D)x(Ds — p(t, z, D))u

+ (D) (Dex)u — [p, T(D)x]u.

The right hand side belongs to L2H*° by steps similar to above.

The operator p(t,x,D)Dt_lf(D) is of small norm on L?H*® for —1 < s < 1, as
seen by the symbol expansion (7.1), since |{| < 7 on the support of I'. We conclude
that D,T'(D)yu € L>H*, and hence that I'(D)yu € L2H?®*1. O

Theorem 8.5. Let 5o € {0,1}, assume that p(t, x, &) satisfies (1.9), and that Q(t)
satisfies (2.10). Let E(t,tg) be the wave group of Theorem 3.2. Suppose that, in
the sense of distributions,

and u € L*H* | F € L*H*°. Then u € C°H*® | and for each tq € (=T, T)
t
(8.3) u(t) = E(t, to)u(to) +/ E(t,s) F(s)ds.

to
In particular if w € L2H%*! gnd F € L' H% 1!, then u € COH% 1,

Proof. We start by proving uniqueness for the equation

(8.4) Dyu—p(t,z,D)u=G, supp(u) C {t > -T+d}, d>0,
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under the condition v € L? and G € L'L?, and T < oco. This will show that, for
such u,

t

(8.5) u(t) = / Ey(t,s) G(s)ds,
-7

where Eq(t,to) is as in Theorem 3.2.

Suppose first that v € C*°((—=T,T) x R™), and is supported where ¢t > =T +§
and |z| < R, for some § > 0 and R < oo. Let u satisfy (8.4). We calculate

at/|u(t,a:)|2dx = —QIm/wp(t,x,D)u(t) dx — QIm/Wt)G(t) dz .

Since p(t, z,£) is real, it follows by Theorem 7.1 and the symbol expansion (7.1)
that, uniformly over t,

Ip(t, 2, D) u(t) — p(t, z, D)u(t)|[> < Cllu(t)] L2,
hence

Ocllu®)lz> < 2C lu(t)l72 + 2 1G®) L2 lu(®)] 2 -
By the Gronwall inequality

t
()2 < CEHD) / 162 ds.
and in particular

(8.6) Hu||L2((—T,T)><R”) <Cr ||GHL1L2((—T,T)><]R") .

Suppose now that u € L?((—T,T) x R") satisfies (8.4). We choose y € C°(R'*")
supported in ¢ > 0 satisfying ¥(0) = 1, and ¢ € C°(R'™) satisfying ¢(0) = 1. Let
Je denote the family of causal, compactly supported mollifiers

Jeu=¢(e " (t,z))X(eD) u.

Note that J. is a uniformly bounded family of pseudodifferential operators of class
S%O. By Theorem 7.1, the following holds uniformly over € > 0

H[Dt _p<t7an)7J€]uHL2 S C ||uHL2 :

Since J. — I strongly on both H' and L?, as well as L'L?, then by density of
H' C L? it follows that

lg% || [Dt - p(ty z, D)7 JE]UHLQ((fT,T)XR”) =0.
It follows that (8.6) holds for general u € L? and G € L'L? under the condition

(8.4), yielding uniqueness of the solution, and thus the identity (8.5).

Now suppose that u € L2H*® is supported in t > —T + §, and satisfies (8.
with ' = 0. Since Q(t) and Ey(t, s) are uniformly bounded on H*°, taking G(t)
Q(t)u(t) in (8.5) we see that

2)

1
lull 2((—1,—T+e), 120y < C 2 ||ul| p2(—,—T+e), H20) »

and by a continuation argument we must have u = 0. Hence we have uniqueness
for (8.2) for solutions supported in ¢ > =T + 4.



38 HART F. SMITH

Thus, if ¥(t) € C°(R) is supported in t > —T, and u € L2H*° satisfies (8.2),
then
t
(87) w0ut) = [ B9 (D) (6)uls) + 0(F ) ds.
-7

since the right hand side is a solution belonging to C((—T, T)7HS°). Reversing
time, we obtain the following bound for solutions to (8.2) without restrictions on
the time-support of u,

lullc(-r,1),mH50) < Cr <||u|\L2Hs0 + HF”LIHSO) )

In particular u(to) is well defined in H*® for each tg € (—7,T). Now let 9 be
an increasing function in C°°(R), which vanishes for ¢ < ¢o — ¢ and equals 1 for
t > tg + €. Letting € — 0, the formula (8.7) shows that, for ¢ > ¢,

(8.8) u(t) = E(t, to)u(to) +/ E(t,s)F(s)ds,

to
and by time reversal this holds for all ¢, which establishes (8.3).

Finally, if u € L2H*°*! and F € L*H® ™! then (8.7) necessarily holds, and
since E(t,s) is a strongly-continuous evolution group on H*°*! the same steps
above show that u € COH®* "1 and that (8.8) holds. O

Theorem 8.6. Given tg € (=T,T), and ug € L?>, uy € H ', F € L*H™' | there
exists a unique solution v € C°L2NCYH ™! to the Cauchy problem

Lu=F, u(to) =wo, Diu(ty) =wug.
If0 < s <2 and ifug € H*, u; € H*=', F € L'H*', then the solution
satisfies u € CYVH* NCYH*~1,
Also, if u € Hl((—T, T) x ]R”) satisfies Lu € L'L? | then u e C°H'NC'L?.

Proof. We start by proving the existence of such a solution to the Cauchy problem.
Assume 0 < s < 2 and (ug,u1) € H® x H5~1. We seek a solution « of the form

89) () =3 Fosltt)fs + / (Eo.s — Bo_)(t.5)(2P(s))

'G(s)ds.

Here Ey . is the wave group (3.2) for D, F P*, we take G € L' H*~1, and set
-1
fr= (QP(to)) (P$(t0)u0 + ’IL1> e H?,

that last inclusion holding by Lemma 7.10. Recall that P+ + P~ = 2P.
Applying L and using (2.2) and (2.16), the equation Lu = F reduces to

—1

G(t) + / (RT(t)EOHr(t,s)—Rl_(t)Eo,_(t,s))(QP(s)) G(s) ds

to

ZRl JEo,+(t,t0) f+ .

By Theorem 3.2 and (2.5) the right hand side belongs to L' H*~1. Also, by Lemma
7.10,

(R} ()Eo 4 (t,s) — Ry (t)Eo,—(t,s)) (2P(s)) ™"

) yoos < @) IG($) | g1,
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so that the Volterra equation for G is uniquely solvable on L' H*~!, with solution
given by a convergent expansion. Note that if ||F'(t)|gs—1 < C «(t) then the same
holds for G. That u € CYH* N C*H*~! follows by (8.9) and Theorem 3.2.

We now consider uniqueness. Suppose first that u € C* ((fT, T),C? (R”)) satis-
fies Lu = F € L*C°, and assume that u is supported in |z| < R, some R < co. It
follows from Lu = F that D?u € L'C?. Using integration by parts we calculate

/<|Dtutx|+z txDut:r)Du(t:r)+|u(tx)|>dx

= 2iIm/F(t,m) Dyu(t,x) dz + /(B(t,x) (u,Du)(t,z)) - (u, Du)(t,z) dz,

where B(t,x) is a (n + 2) x (n + 2) matrix whose coefficients consist of first-order
space-time derivatives of the coefficients b7 , ¢, as well as d° and d’, hence

IBY(#)|co <€, |DBY(t)|z= < Caf(t).
By the positive definite condition on ¢/ and the Gronwall inequality, we conclude
t t t
(8.10) [l (u, Du) ()| 12 < Celuo® | (w, Du) (to)]| 2 +/ els @||F(s)|| g2 ds .
to

By mollification and truncation with respect to the z-variable, the bound (8.10)
holds under the assumption u € C°H' N C'L? and F € L'L2.

Suppose that u € C°L? N C'H~! satisfies Lu = F € L'H~'. By Lemma 8.1,
v = (D)~ !u satisfies

Lv = By(t)(Dv)(t) + (D)'F(t),  [|Bo()gllz2 < Cat)llglr: -

The Gronwall inequality and (8.10) applied to v then imply

t ¢ ot
8.1 [ Du)@)ns < e [ (wDu)(to)ls + [ e IF(s) - ds.

to
from which the desired uniqueness follows.

To complete the proof of Theorem 8.6, suppose now that u € H* ((—T, T) x R")
satisfies Lu = 0. We want to show that

(8.12) uwe C'H'NnC'L?,

since by the above the inhomogeneous problems admits a solution of this regularity.

We consider 9 (t)u as in the proof of Theorem 8.5, where ¥ = 0 near either +7',
and easily verify that L(¢(t)u(t)) € L*>((—=T,T) x R™). By the above there exists
a solution of regularity (8.12) with inhomogeneity L((¢)u), which also vanishes
for ¢ near the chosen £T', hence it suffices to prove that if u € H'((~T,T) x R™)
satisfies Lu = 0, with u = 0 for ¢ near either £7, then v = 0. For this we note that
(8.10) implies

lull 1~y xrmy < CIF || L2 ((—,m) xR 5

if u satisfies (8.12) and vanishes near either +7. The same inequality holds if
uw € H' and F € L?, as seen by using the space-time mollifiers .J. from Theorem
8.5, and noting that [L, J.] maps H! to L?, uniformly in e. O
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Remark 8.7. Theorem 8.6 together with finite propagation velocity shows that
Theorem 1.1 holds for solutions on an open set; that is, it holds for solutions to
Lu=0withu € CO((-T,T), H.(Q)), Dyu € CO((—-T,T), H°”*(2)) , for an open
set Q C R™, as long as 7 remains above €. To see this, assume that [Depy| < C.
If x € CX(Q) equals 1 on a ball of radius 2r about the spatial projection of
v(to), then by finite propagation velocity u agrees on the ball of radius r and
|t —to| < C~'r with the solution @ on (—T,T) x R™ to La = 0, where @ has Cauchy
data (Xu(to),thu(to)) at t = tg. By Theorem 8.6, & € C°H* N C'H*~! and
Theorem 1.1 implies that y(t) ¢ WF,11(u) for |t — to| < C~!r. The argument
may then be repeated starting at tg = C~'r. O

Remark 8.8. Under increased regularity of the coefficients, solutions u € L? to
Lu = 0 satisfy (1.1). Suppose L = D? —2D; ¥/ Dy — D; ¢ D; +d° Dy + d’ D, where
b and ¥ satisfy (1.3) and (1.4) as before, but we make the stronger assumption
that d°, &/ € C%'((—T,T) x R™). Suppose that Lu € L*>H~'. By Corollary 8.3 we
then have Du € L _H~', hence L(¢(t)u) € L*H™* for ¢ € C°((-T,T)) .

loc
Suppose now that u € L2((=T,T) x R") satisfies Lu = 0. By Theorem 8.6,
there is a solution v € CYL2NCYH~! satisfying Lv = L(v(t)u), hence to prove u €
C°L? N CYH™! it suffices to prove uniqueness of L? solutions to Lu = F € L?H !
when u is supported in [t| < T — .

Fix x € C°(R*") with X(0) = 1. Then the commutator [L,X(eD)] maps L?
to L?H !, uniformly in e. This follows from Corollary 7.2 by the C°%! regularity
of the coefficients, and the form of L; in particular the D? term commutes with
X(eD). By a density argument,

. - _ 2
121(1)”[L,X(6D)]uHL2H,1 =0, u € L.
It follows from (8.11) that

lullL2((—7,7yxrny < C|Fllpig-1,

from which the uniqueness of solutions follows. (I
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