SPECTRAL CLUSTER ESTIMATES FOR C!! METRICS

HART F. SMITH

ABSTRACT. In this paper, we establish LP norm bounds for spectral clusters on com-
pact manifolds, under the assumption that the metric is C™!. Precisely, we show
that the LP estimates proven by Sogge [12] in the case of smooth metrics hold under
this limited regularity assumption. It is known by examples of Smith-Sogge [11] that
such estimates fail for C% metrics if a < 1.

1. INTRODUCTION

Let M be a compact manifold without boundary, of dimension n > 2, and let P
be an elliptic differential operator of second order on M which annihilates the constant
function. Assume that P is self-adjoint and non-positive with respect to some density
du, and denote the eigenvalues of P by {—)\?}. Let II, be the projection of L?(du) onto
the subspace spanned by the eigenfunctions for which A; € [\, A + 1].

In the case that the coefficients of P are smooth, Sogge [12] established the following
bounds for the L? — L2 operator norm of IIy:

n—-1,1_1 n
(1.1) TS paary < CA T C70 | flpzay,  2<q< 2
1_1y_1 n
(1.2) TS paary < CA"E 7072 I flr2ary, 2 < g < oo,

Both exponents can be shown to be best possible for each q.

In this paper we establish these estimates under the assumption that the coefficients
of P are of regularity C*! (the first derivatives of the coefficient functions are Lipschitz.)
In Smith-Sogge [11], for each a < 1 examples of operators with coefficients of regularity
C1@ were constructed for which estimate (1.1) fails for ¢ # 2, showing that the regularity
CY! is sharp among the Holder classes.

We begin by making our assumptions on P more precise. We assume that M is covered
by a finite collection of coordinate patches, and that in the induced local coordinates

(13)  (PN@ =p@) " Y 0(p(e)g”(@) 05/ ()),  du=pla)da.
ij=1
Our assumption is that p(x) and each g/ (z) is the restriction to the patch of a function

in CHY(R™), with p(z) and the matrix valued function g(x) both real and uniformly
positive.
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Theorem 1.1. Let M and P be as above. Then (1.1) and (1.2) hold for n > 2.

Theorem 1.1 will follow as a corollary of the square function estimates for the Cauchy
problem stated in Theorem 1.2 below. Since the square function estimates involve Sobolev
spaces of index equal to the exponent of A in (1.2), the limited regularity of the coefficients
places a restriction on how large ¢ can be in Theorem 1.2. In particular, we require

d(q) < 2, where
1 1 1
s =n(5-,)"3

However, as noted below the estimates (1.1) and (1.2) for the full range of ¢ follow by
establishing them at the critical exponent ¢, = M7 and Theorem 1.2 applies since

n—1
0(gn) <1 in all dimensions.

We define Sobolev spaces on M by the rule

o0 6 o0
||f||H5(M):Z(1+)‘?> )% f:chwj,
j=0 j=0
where Pi); = —)\?wj is the orthonormal eigenbasis. By elliptic regularity (see, for exam-

ple, Theorem 8.10 of [4]), this norm is equivalent to that defined by the standard Sobolev
space in local coordinates, provided 0 < § < 3. (This requires that the coordinate patches
on M be of regularity C®. In our applications we consider only 0 < § < 2, so that C?
coordinate patches are sufficient for what follows.)

Theorem 1.2. Let P and M be as above, and suppose that {1;} is the eigenbasis for P,
with eigenvalues {f)\g}. Then, with

u(t,z) = cjcos(th;) ¢;(z), fl@) = cjjla),
=0 =0

the following estimate holds, provided % <g<oo and §(q) <2,
(1.4) HuHLng(Mx[—l,q) <C Hf||H5(q)(M)

To see that Theorem 1.1 follows from Theorem 1.2, we first consider estimate (1.2) for
g such that 6(q) < 2. Observe that

1
HAf:/ eT YT Eeos(thg) Uy,
-1 FA E€NA+]

where

= [sin()\j —A) |, sin(y +2) } ! .
A — A A+ A
For A; € [\, A+ 1] the term in brackets lies in the range [1,2], and the ¢; are thus
coefficients of a function of comparable H%(@ norm. The bound (1.2) for §(¢q) < 2 then
follows immediately from (1.4). Since §(¢,) = ¢,; ' < 3, the case ¢ = ¢, holds for (1.2),
hence for (1.1). Estimate (1.1) follows on its full range by interpolation of ¢ = ¢, and
q=2.

The condition §(g) < 2 fails for large ¢ if n > 6. To obtain (1.2) for all n and g we
apply heat kernel methods. We first note that by interpolation it suffices to consider the
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case ¢ = 0o. Let Hy = exp(A~2P) denote the heat kernel at time A=2 < 1. By Markov
semigroup results of Varopoulos [16], specifically the Theorem of section 7, page 259, it
holds for n > 2 that

1 Hxgll Lo ary < C A" |lgll 22 (ar) -
For this we need to check the inequality

lgll, 225y < C ((=Pg:9)* + lllz2an)

which holds since the right hand side is equivalent to || f|| 1 (ar). Interpolation with the
bound
| Hxgll o (ary < gl Lo (ar)
yields that
| Hxgll Lo (ar) < C A4 ||gllpa(ar) -
If Xj € [A\, X + 1] then exp(—A3/A?) is bounded away from 0, and we may write

I f = H\II,f, H.];”LQ(M) ~ || fllz2(ar) -

The case ¢ = oo of (1.2) thus follows from the case ¢ = ¢, which as noted above follows
from (1.4) in all dimensions.

Theorem 1.2 has the advantage of being localizable to a coordinate patch by finite
propagation velocity, after observing that u satisfies the Cauchy problem for 67 — P. By
covering M x [—1,1] by a finite collection of sets, and scaling the coordinate patches, we
may assume that in each local coordinate patch P is arbitrarily close to the standard
Laplace operator, and thus reduce Theorem 1.2 to the following result on R™.

Theorem 1.3. Suppose that the operator P takes the form (1.3), where for x| > 3 we
have g (x) = 6 and p(x) = 1. Assume also that

n
3 lg = 87l ora ey + I = Uleragn) < co,
ij=1

where cg is a small number to be fized. Then, if u(t,z) solves the Cauchy problem
Ofu(t,x) = Pu(t,x),  u(0,2)=f(z), Ou(0,z)=g(x),
the following estimate holds, provided q, < g < 0o and §(q) < 2,

HUHLgLf(]R"x[fl,l]) <C ( £l rscar + Hg||Ha(q>71) .

The version of Theorem 1.3 for smooth coefficients, without the restriction on d(q), was
established by Mockenhoupt-Seeger-Sogge [8]. The result of Theorem 1.3 is closely related
to the Strichartz estimates, which bound LY L% norms of u. The Strichartz estimates were
proven in the setting of O coefficients by the author in [10] for dimensions n = 2,3, and
subsequently by Tataru [14] in all dimensions. We remark that the results of this paper,
in particular the estimate (3.15), yield an alternate proof of the homogeneous Strichartz
estimates, in the more general time-dependent setting considered by Tataru [14]. We
provide the details in the last section.

This paper follows the same initial steps as [10] and [14] by first reducing the estimates,
via a Littlewood-Paley decomposition, to the case of u localized in frequency to a dyadic
region. One then mollifies the coefficients of P at the scale of the square root of the given
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frequency, thus reducing the problem to proving uniform estimates on dyadic frequency
scales for a family of smooth metrics.

The difference between this paper and the above works is in the control of solutions
for the mollified equation. The proofs of the Strichartz estimates essentially are estab-
lished through dispersive estimates; that is, through the time decay of an approximate
fundamental solution to the wave equation. Squarefunction estimates, on the other hand,
depend on spatial decay of the approximate fundamental solution away from the light
cone. The complication is that, for small ¢, the smoothing procedure applied to the coef-
ficients involves averaging over a spatial scale larger than the decay scale. To get around
this problem, we use a parametrix construction that behaves well under time-space di-
lation. The desired decay properties of the parametrix for small ¢ are then obtained by
scaling from the spatial decay estimates on the kernel at t = 1.

A rough outline of the proof is as follows. We begin by reducing Theorem 1.3 to
establishing estimates for a first-order equation, essentially the half-wave equation, with
both the solution and the coefficients of the equation appropriately localized in frequency.
We next apply a continuous wave-packet transform in the z-variables to the solution
u(t,z) of the first-order equation, lifting u to a function v(¢,z,£). The wave-packet
transform is at the right scale so that the lift of the half-wave operator applied to u
equals the derivative of v along the Hamiltonian flow, modulo an error term bounded
in energy. This error term can be absorbed into the driving force, and thus v(t, z,£)
satisfies an inhomogeneous first-order differential equation. By variation of parameters,
we are then reduced to establishing estimates for functions whose lifts are constant along
the Hamiltonian flow. The Hamiltonian flow generates a unitary transform on L?(dz d¢),
which lets the crucial “W; W} = W,_,” step go through. We then scale ¢ — s to 1, and
show that the rescaled kernel has the desired decay estimates away from the light cone.

Our use of a continuous wave-packet transform is inspired by Tataru’s proof of the
Strichartz estimates [14]. The main difference is that we here take a wave-packet trans-
form in the z-variable only, rather than in (¢,2). We also use a Schwartz function of
compact support in ¢ as the basis for the transform, as opposed to the Gaussian based
FBI transform used in [14], which has the benefit that the transform of a function w is
compactly supported in £ if the Fourier transform of u is. This is important for intended
future applications, since as a result one has to deal with the Hamiltonian flow only on a
localized set in £. For more information on the Fourier-Bros-lagolnitzer transform, and
its applications for wave equations, we refer to [3] and the references therein. The partic-
ular scale of FBI transform used here coincides with the Cérdoba-Fefferman wave-packet
transform, [2].

The outline of this paper is as follows. After generalizing the class of operators we
consider, section 2 is concerned with reducing Theorem 1.3 to Theorem 2.5, which involves
the half wave equation localized to a dyadic frequency shell. In section 3 we introduce
the wave-packet transform used to analyze the solution u. The main result is Lemma
3.3, relating the half-wave operator to differentiation along the Hamiltonian flow. We
then reduce matters to proving pointwise estimates for an integral kernel arising from
the Hamiltonian flow conjugated by the wave-packet transform. In section 4, we establish
the estimates on the Hamiltonian flow necessary to establish the desired decay estimates
on the kernel. The main result is that, after rescaling ¢t — s to 1, the kernel of interest has
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the same decay off of the light cone as one would have for the smooth case. In section 5
we show how these techniques also yield a proof of the homogeneous Strichartz estimates,
in the setting of Tataru’s result [14].

Notation. We write a < b to mean that a < C'b where C' is an allowable constant, in
that it depends only on universal quantities (such as the dimension n). We also allow
C to depend on the integer N in case of decay statements involving arbitrary N, and «
and [ in case of estimates involving arbitrary multi-indices  and 3. We say that a ~ b
ifa Sband b < a. We write a < b if a < ¢b, where ¢ is a constant that can be taken
arbitrarily small by making ¢g in (2.2) below small.

We use d, to denote the gradient operation that takes scalar functions of x to vector
fields, and vector fields to matrix valued functions. We also use d¥f(z) to denote a
generic derivative of f(x) of order exactly k. We use d to denote the space-time gradient

(di,dy).

In summations, we let 0y = 0, and & = 7 be the dual variable to t. The symbol &£
denotes (&1,...,&p).

2. REDUCTION TO THE FIRST ORDER CASE

The goal of this section is to reduce Theorem 1.3 to the case of a hyperbolic operator
of first order, with solution localized to a dyadic frequency shell. We start by introducing
a more general class of time-dependent operators, of the type considered by Tataru [14].

We let g (¢, z) denote a matrix valued function with 0 < i, < n, such that
00 ij g 3
(21) &) =1, g =g it Jel 4>,
where 7 is the Minkowski metric
n = diag(1,—1,...,—1).
We assume that the second derivatives of the functions g% (¢, ) are sufficiently small in
L} L norm,

(2:2) sup sup (95,8 (t, )| L1 < co,
J |a|=2 ’

where ¢ is a constant that will be chosen sufficiently small, depending only on the
dimension n. Together with (2.1) this implies that g is close to the Minkowski metric in
the Lipschitz norm,

(2.3) sup sup (|95, (g (t, ) —n")|| L1z S co-
4,7 |a|<1

Notice that if g(¢, «) is the smooth cutoff of a time-independent metric, as is the case of
interest for Theorem 1.2, then we have the stronger estimate

(2.4) Sup sup ||atcfzgij(ta$)||L§L;o <co-
ij |al=2 ‘

In the following, we let 9y = 0, and 0; = 0, for 1 <1i < n.
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Theorem 2.1. Assume that (2.1) and (2.2) hold. If u(t,z) solves the Cauchy problem

05 Y4 (g7t @) dpult,2)) =0, w(0.2) = f(&), Bu(0,x) = g(x),

2,7=0
then the following estimate holds, provided q, < q¢ < oo and §(q) < 2,
ull g 2o x =117 < Coq (1 f s + N9l o) -
If (2.1) and (2.4) hold, then the estimate holds provided ¢, < ¢ < 0o and 6(q) < 2

We start by reducing the proof of Theorem 2.1 to the case that u, F, and g are all
appropriately localized in frequency space. We let

1 =ﬁ0(§)+25k(§)» Br(§) = B1(27%¢)
k=1

denote a Littlewood-Paley partition of unity on R™,

support(fo) € {[¢] <1},  support(f1) C {§ < [¢] < 2}.
We also introduce a cutoff function x(7,¢) supported in the unit ball, which equals 1 for
|7,€] < 1. Let ¢(t) be a smooth cutoff to |t| < 1, which vanishes on [t| > 3. We then let

ug(t, ) = (t) Br(Dy)u(t, ), gzj(t, x) = )((2_%Dt7 2_§D:,C)gij(t7 x).
Lemma 2.2. If u satisfies (2.5), then the functions u(t,x) satisfy

(2.6) Z 0; ( (t, =) Ojup(t, f)) =Fip(t,x), up(0,2) = fi(z), Owur(0,2) = gr(z),
1,j=0
where we have the bound, for all 0 < § < 2,

oo
D W llZrs + NgwllZrs-s + 1Ny rroms S A WZs + llgliZrs-s -
k=0

If (2.4) holds, we have the bound, for all 0 <¢§ < 2,

oo
Dkl + IgulFro-s + 1l T2 s S IFI1Zs + llgllrs— -
k=0

Proof. We begin by observing that the energy inequality
(2.7) sup > 10fult, Mlas-s@ny S I fllas + llglms—
te[—2,2] 0<j<2
holds for 0 < ¢ < 2. This is a consequence of [5] Proposition 6.3.2 and commutation
arguments, as well as using the equation to control O?u.

The estimates for fi and gi follow by orthogonality, as fr, = 8k(D2)f, grx = Br(Dz)g -
We next write

n

Fo= 3" [0((gd — &) yui) + 0:( (87, Au(D2) 05(6u) )

i,7=0

+ 0u(D2) (91 (87 (0;0)u) + (9i0)5 05 |
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Observe that, by (2.6), Fy is localised to frequencies in the range 28=1 < |¢] < 2k+1)
since uy, is similarly limited, and g’ is limited to [£] < 2-% . Thus, we need only control
the restriction of each term to frequencies of scale 2%.

The first term in braces is controlled by bounding

18k (Da)dl(gr — &)dur)llez o2 rs—1 < 118k (Do) (g1 — &)du) | 1122 31
S ||dg||L}L;°||2k(6_1)duk||L§°e§Lg + lld?gll Ly 1 \\2k(6_2)dzuk\|Lf°é§Lg
S co(Iflls + llgllzrs- ),
where we used (2.2), (2.7), and the bound
g — g piree S 27087 1 pee -
If (2.4) is satisfied, the estimate holds with L} replaced by L? in each instance.

To handle the second term in braces, it suffices by the Minkowski inequality to bound

124~ [ dg, B(Dx)] d(ou)l[Lre2r2 + 12507 [, Be(Dy)] d2(¢u)||ng§Lg .

We consider the order § — 1 multiplier P =3, £,280=1 3, (D,), for an arbitrary choice
of e, = £1. By considering ey, = ry(t) for ¢t € [0,1], where ri(t) is the k-th Rademacher
function, a standard argument (see e.g. [13] page 464) shows that it suffices to prove
that, if a(z) € C%1(R"), and b(z) € C11(R"), then

(2.8) [a, PL fllz> S llallco | Fllzs=2s 116 Plglize S lbllerrllgllms—2

for 0 < § < 2. The first estimate in (2.8) is trivial; one can consider the terms aP and
Pa separately. For § = 2, the second estimate in (2.8) follows from the Coifman-Meyer
commutator theorem [1], and holds for b € C%!. See also [15], (3.6.2) and (3.6.35). For
6 = 0,1, the second estimate holds by commutating this result with d,, and intermediate
values of § follow by analytic interpolation.

If (2.4) holds, we can similarly replace L} by L? in each instance.
Finally, the remaining terms in the braces are controlled by estimating
10: (g7 (9;¢)u) + (0i0)g" Ojull Ly s < N s + llglls—

and similarly with L} replaced by L? if (2.4) holds, which is a simple consequence of
(2.7) and (2.2) or (2.4). 0

Our goal is to reduce matters to establishing uniform estimates over k for a first order
hyperbolic equation. Fix a function AT (s) € C*°(R), supported in the set 0 < s < 2
with h(s) =1for 3 <s< 3. Weset h(s) = h*(—s), and let

ui = hE (27 Dy )uy, .
Lemma 2.3. The function vy = ux, — u;} — u,, satisfies, for 2 < q < oo,

lvkllzare S N fellms + gkl gow— + | Fxll Lt o1 -
The following bound also holds

_k
lokllzaze S 272 (Ifsllzsw + lgrll gow-1 + [1Fkll L2 gow—1) -
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Proof. The function vy, is microlocally supported away from the characteristic set of our
equation, and the lemma thus reduces to elliptic estimates. Precisely, let

b(r,€) = (1 —h*(27"7) —h=(27%7)) Bi(€) ,

where (3, (€) 8 (€) = Br(€) and G (€) is supported in |¢] ~ 2%, and let B = b(Dy, D). We
show that there exist pseudodifferential operators Q and R on R"*! such that

(2.9) B=BQ Y 0g/0;+BR,
i,5=0
with the property that
. _k
(2.10) 1BQF sz S min (1Pl rsco-r » 27 1 Fill oo )
_k
(2.11) |BRug|lpare S 272 |lukll oo oo -

The last quantity in (2.11) is controlled using the energy estimates (2.7), and the lemma
follows by (2.6), since Buy, = vy.

We let a(7, &) be a standard multiplier of order 0, supported in the region |7|+ |¢| > 2F
and away from the characteristics of the equation, with a(r, £)b(7, &) = b(7,§).

The coefficients gij(t, x) satisty
|8E$g;€3 (t,x)] S22 (0,181-1)

1y
1,5

It follows that, given N, there exists symbol Q(t,z,7,£) € S
|7| + €] = 2F, such that

supported in the region

a(Dy, D,) =Q Y 9igf0; + R,
i,j=0

with R € S, V. Furthermore, since g (t,z) — 0" is Schwartz class for |t| 4 |z > 1,
2
the symbol of R will be rapidly decreasing in ¢ and x. The estimate (2.11) then follows

easily. To establish (2.10), we may replace @ by QB (D), since Fy, is supported in the
set |£] ~ 2¥. We then decompose

2 & 7|~ 27, €| =2k, >k
Q.7 (6 = 3 Qult ). suwport(@y) {m <o |~k Gk
The integral kernel K; of Q; satisfies
[t 5,9)| S 27 27 (14 2]t — ] + 25 —yl)
and hence by boundedness of B, the Minkowski inequality, and Young’s inequality
1BQiFillrars < 1QiFrllizee S 2742530 min (| Fill s, 27 F 1 Fulluzre ) -

The inequality (2.10) follows by summing over j > k. |

We now set v = Y 7~ , vg. By Littlewood-Paley theory, for ¢, < ¢ < co we may bound

[0lle Lz < Cyllvrllpae 2 < Cyllvrllrer: < Cq (1 flusw + lgllmsw-1),
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where we use Lemmas 2.2 and 2.3. If (2.4) holds, we control the L? H%(@~! norm of F
and, by the second part of Lemma 2.3, for ¢ < oo we may bound

ollarz < vkl pacz < C (I flasw + 9l mow—1) -

Thus, Theorem 2.1 is reduced to establishing the estimate

lu—vllzazz < C (Ifllgsw + gl gsw-1),

which we will show holds for ¢, < ¢ < co under the weaker assumption (2.2). For this,
note that the functions uf are essentially orthogonal in ¢, since their Fourier transforms
are localized to dyadic intervals +7 € [2¥,2*+1]. Consequently, for ¢, < ¢ < oo,

1225 uy HLGL2 N ||Uk HLG@?L2 N ||Uk HEQL"LQ
where at the last step we may use Minkowski’s inequality since ¢ > 2. Consequently, by

Lemma 2.2, the proof of Theorem 2.1 is reduced to establishing, uniformly over k, the
following estimate

(2.12) lug ez < W fellarsco + gkl goa— + 1F%ll 1 grsco-1

where uy, solves (2.6). Due to the use of orthogonality in ¢, we need to establish (2.12)
where the left hand side norm is taken over ¢ € R. However, since uf are obtained by
convolving in ¢ a 2*-scaled Schwartz function with uy,, which is supported in the interval
|t| < 3, the norm over [¢| > 2 in (2.12) is dominated by 2~ V¥ [ug|| 22, which is easily

controlled by the right hand side. Thus, we may assume that ¢t € [—2,2] in (2.12).

We will in fact prove (2.12) in all dimensions, for the full range % <q< 0. The
restriction d(¢) < 2 in Theorem 2.1 arises only due to Lemma 2.2.

We now show that the uf satisfy an appropriate first order equation. We factor

n

> gl (e &g =0t o) (7 — gf (4,2.6)) (7 + g (1.2.6)).

i,j=0
where on the left §; denotes the time dual variable 7 in case j = 0, and where the
functions qki are smooth positive functions away from £ = 0, homogeneous of degree 1
in &= (&,...,&). Since the functions gzj are truncations of g% to frequencies less than
272, the assumptions (2.1) and (2.2) imply that for |§| =1,

_ -N .
(2.13) | 208 ( gt (t, 2, &) — 1EN] S o2 ME(1+[t] + |2]) if |t + x| >1.
Also, by (2.2) and (2.3), we have the following derivative estimates on the set || = 1,
(2.14) 107208 (aic (t,2,) = €1 1y e S co 22 M O1P172),
£ max(0,|8]—
(215) Hatﬁ,xag(ql:gt(tvxvg) - |€| )HLfCLgO 5 C022 ax(0,181-1) .

Finally, we let
+ _k _k +
Dy (t,$,€):X(2 2Dy, 2 zDﬂc)qk (t,$,§)

be the truncation of the symbols q,f to frequencies of size at most 2% in the ¢ and z
variables.
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Lemma 2.4. The functions u,f satisfy the Cauchy equations
8tuf(t,x) = iipf(t, x,DI)uf(t, x) + Fki(t,x) , ukj[(O7 x) = fki(a:) ,
where

(2.16) I fi lersco + IES Nz aseo S el s + gell s + I Fellps o1 -

Proof. We concern ourselves with u, , the case of uk being identical. We first observe
that

(2.17) lug 2 o S Nkl ms S I fkllas@ + gk llgs@-1 + | Fellimoo-1,

which yields the part of (2.16) concerning flzt

Set H, = 3k( 2 )h (2 ’th), so that H, uj = u, . The estimate (2.15) shows that
the symbols ¢ and 8; ,qif are of class S1 1 on the set €] ~ 2*. We can thus find

pseudodifferential operators @@ and R such that

(00 +iqy (t, 2, D)) Hy =Q > 0igl0; Hy + R,

i,j=0
where
Qt,x,7,8) € S| 15 , (t* + |2V R(t, x, 7, &) € Sf,% VN.
Then, Oyu,, = —ip, (t,x, Dy)u, + F, , where
(2.18) Fy =i(py —qi ) Hywe + QH, Fe +Q Y 0; g, Hy | 9jup + Ruy, .
§,5=0

We thus need to show that each of the four terms on the right hand side of (2.18) has
L} H%@ norm bounded by the right hand side of (2.16).

The operator QH, has symbol of type S;i supported where |7], |¢| ~ 2*, and thus
2

maps L} H* @~ — LIH%®  which handles the second term. The fourth term is easily
handled using the rapid decrease of the symbol of R in ¢ and x. To handle the first term,
we note by (2.14) that

0ot - Ou € LiST (RYY) = (b, —ap)Hy € Li¥) ) (R™).
To handle the third term, we show that
(2.19) O gy, Hy ) : L HO@W=1 — [1d@-1,

Since [|0jug|| o a1 is bounded by the right side of (2.16), and @ maps L; H*@~1 —
LiH d(a) (note that we are applying @ to a frequency localized term) the bound for the
fourth term follows.

The estimate (2.19) follows by using the S 1 calculus on R+, The symbol of
(g, H, ] is of class S %, and localised to |7|, |¢| ~ 2¥. Furthermore, it is rapidly decreas-
ing in ¢ and «x since gk' is. The estimate is a simple consequence. (|
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We summarize here the reductions we have made. For the rest of this paper, we fix a
scale A = 2%, and let p = py - Then p(t,x,&) is a real symbol, homogeneous of degree 1
in &, which is spectrally limited in ¢ and z to frequencies of size )\%, in that for all &,

(2.20) / GEMTY G o dtd =0 G [n+ || > AL
We also have that p(¢, z, ) is close to |£| up to second order, in that for all £ with |£] = 1,

21 >0 (o508 (pt,2,€) ~ 1€1) ||y e
lal+18]<2
+ Y 110702 (p(t 3,6 — 1€]) | e < 0
lal+[8]<2 )
1BI<1

where ¢ is a number to be fixed sufficiently small. Furthermore, for all £ with |§| = 1,
and all «, 3, we have

(2.22) 167,08 ((t,2,€) = [€]) || 13 oo S B2

x

(2.23) 107,02 (p(t, 2,€) = |E]) || o oo S AT OIS0
Also, (2.21) yields

(2.24) ‘sw‘up stup } dgp(t,x,f) - Hé ‘ <c¢p,
§=1 tx

where Hg- denotes projection onto the plane normal to &, and dg the Hessian with respect
to &.

Let p(t,z,D,) denote the corresponding pseudodifferential operator acting on R™,
parametrized by ¢. Then, by the results of this section, we have reduced Theorem 2.1 to
establishing the following, uniformly over A > 1.

Theorem 2.5. Suppose that dyu(t,z) = —ip(t, z, D) u(t, z) + F(t, ), where the symbol
of p satisfies conditions (2.20)—(2.24). Assume also that, for all t, the partial Fourier
transform u(t, &) is supported in the region i)\ <|gl <A If

lejll)gqgooa (5(q):n(%—l)—%,
then the following estimate holds

el a2 (10 xny S AY@ (HUHLchi([fl,l}x]R”) + HFlngLg([—l,uan)) :

3. THE WAVE TRANSFORM
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We fix a real, even Schwartz function g(z) € S(R™), with ||g||z> = (27)~ %, and assume
that its Fourier transform h(£) = g(£) is supported in the unit ball {|¢| < 1}. For A > 1,
we define Ty : S'(R") — C°°(R?") by the rule

(TAf) (z,6) =\ /e_i@’z_r) g(/\%(z - x)) f(z)dz.

A simple calculation shows that

f) =3t [ (0 - ) (1) . do e,
so that T{Ty = I . In particular,
(3.1) ITxflle@any = [1f |22y -
It will be useful to note that this holds in a more general setting.

Lemma 3.1. Suppose that g, ¢(2) is a family of Schwartz functions on R, depending
on the parameters x and &, with uniform bounds over x and £ on each Schwartz norm of
g. Then the operator

satisfies the bound
1T fllp2@zn) S 22 we) -

Proof. The operator T\T5 is an integral operator with kernel
K(2, &3 8) = A3 ¢1&m) i) /ei@*@@gm,g (M (z—2)) gse (M (2 — 3)) .
A simple integration by parts argument shows that
[K(@,62.9)] S (1+A g &+ M —a]) ",

with constants depending only on uniform bounds for a finite collection of seminorms of
gx.¢ depending on N. The L? (Ri”f) boundedness of K then follows by Schur’s Lemma. O

Lemma 3.2. For A > 20, and %)\ < [€] < 2\, we may write

(P (1,9, D) = idep(t,2,€) - dy + idap(t,,€) - de ) [/ €772 g (A3 (y — )]
= OV gae (A2 (y — @)

where gi 5.¢(-) denotes a family of Schwartz functions depending on the parameters t, x
and &, each of which has Fourier transform supported in the ball of radius 2. Furthermore,
the Schwartz norms of p(t)™* gt »e(+) are bounded uniformly over t, x and &, where

p(t)=sup sup Y |970¢p(t,x,€)].
=T alrp=2
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Proof. Letting § denote the Fourier transform with respect to y, we write

1

To (p* (t,y, D) — idep(t, @, &) - dy + idp(t, z,§) - df) [e%y_w I - ) } g
= i) A By, (AE (= ),

where Ay 5 ¢(¢) = Gi.2,¢(€) is equal to
[ b+ Ay g4 MO — 0, €) = Medepl,)- €~ A F () ] 9(w) dy

1
= // 6*i<C,y)(1 —5) 852<)\p(t,:v + s/\*%y,)flf + S)\7%C)> g(y)dsdy.
0

The spectral restriction on p and g imply that this vanishes for |(| > 2. Consequently,
we are reduced to establishing C° bounds on p(t) ™! hy ; ¢(¢), uniformly over ¢, z and &,

for |¢| < 2. Since § < |A7!¢| < 1 and \3/\_%(| < 15, the estimates (2.23) imply that any

¢ derivative of the integrand is bounded by Cy (1 + |y|?*)~ ¥ p(¢), with Cx independent
of t, y, £ and ¢ for |¢] < 2. The result follows. O

Suppose now that u is as in Theorem 2.5, and let
v(t,z,€) = (Tau)(t,2,8),

where T) acts in the x variable. We assume that A\ > 219 so that v(¢, x, £) vanishes unless
X<l < 2.

Lemma 3.3. Under the above conditions, we have
Orvo(t,2,) = (dep(t,2,€) - do — dup(t,,€) - de ) 0(t2.€) + (TNF) (,€) + G(t,.€).
where G(t,z,€) = 0 unless §X < [¢] < 2, and
(3:2) IG Gt paeny < o0 lult, -z -
Proof. Differentiating under the integral sign yields

o(t, x,€) = (TaF)(t,2,€) — i AT / P (t,y, Dy) [ 160 (A3 (y — ) | ult,y) dy,

By Lemma 3.2, we are done if we can prove the estimate (3.2) for the term

[t gae - o) utt. ) dy.

By Lemma 3.2, each Schwartz norm of p(t) s 4. is uniformly bounded over z and &.
The estimate (3.2) then follows by Lemma 3.1. O

IS

G(t,z,§) = A

Let x5, denote the canonical transform on Ri’é = T*(R™) generated by the hamilton-
ian flow of p. Thus, xs.(z,£) = 7v(s), where « is the integral curve with y(¢) = (z, ).
Then we have

o(t,2,€) = (T0 ) (X0 (2,€)) + / G X, €)) dr + / (T5F) (1 xos (. €)) dir
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Writing u(t, -) = Txv(t, -) = Txv, yields
1 1
lu(t, )| < |Tx (T f o xou)| + / |T5 (Gr 0 Xrt) | dr + / | T3 (TAFy © Xr,t) | dr.
-1 —1

For each r, we define a map W, taking a function f on Rf& to a function on R;‘Z"

(WTf)(S’y) = T)T (.fo X'r,s)(y)
oyt / =) g (A (y — ) Flxms (2, 6)) da dt

Then, by (3.1) and (3.2), and since the volume form dx A d¢ is invariant under the
symplectic map x, ¢, we have reduced Theorem 2.5 to establishing, uniformly over r,

1SN D)W f I zzr2((- 1,1 xmmy S NP F [lL2@eny

where Sy (D) is a Littlewood-Paley cutoff to frequencies at scale A in z. This is equivalent
to proving that

(33) HSA(DI)WTW;S)\(DI)FHLZLf([—1,1]><]R") 5 >‘26(p)||F||L§’L§([,1’1]XR71) )

with p’ the dual index to p. The operator W, W;*S,(D,) takes the form

Nl=

A2 /6i<§’yfm>7i<£tvs’Zfz“)g(/\ (y — :17)) g()\%(z - l“t,s)) (S,\(DZ)F) (t,2)dtdzdz dE

where (2¢ s,&t.5) = Xt.s(z,€) . In this calculation, we used the fact that dx Ad€ is invariant
under Xr,ts and that Xt,r © Xr,s = Xt,s -

The integral over z vanishes unless [£; 5| &~ A, hence unless |¢| ~ A, thus we are reduced
to establishing L' L2 — LPL? estimates, with norm A2(®) for the integral kernel

N

K(s,yit,z) = A% / eeyma=iltnazmans) g (N (y — 1)) g(AF (2 — 24,5)) BONTLE) dar dE,

with 8(¢) a smooth function supported in the region || =~ 1.

We next follow the steps of [8], by localizing the operator in the Fourier variables and
reducing matters to dispersive type estimates. By decomposing ( into a finite number
of terms, we may assume that it is supported in a cone of small angle, and without loss
of generality we assume that § is supported in a small cone about the & axis. We then
split z = (21, 2') and y = (y1,y’), and will prove the following pair of estimates

(3.4) H / K(s,y;t,2) f(t,2') dt d2'

<
22, L3 (- 1] xRr-1) 1f1lE2, L2 (-1, xmm 1) 5

(3.5) H/K(s,y;t,z)f(uz')dtdz'

L% L2([-1,1]xR" 1)

_n=1
SN L4+ A —2]) ? 1L, 22 (=11 xR0 1) -
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. . 2(n+1
Interpolation yields that, for %Jrl) <p < oo,

H / K(s,y;t,2) f(t,2) dt d2’

LP, L2([~11]xRn-1)

—14L -1
< )\25(P)|y1 — 21| peor ”fHLP:L’;’([—l,l]X]R"_l) ’

and an application of the Hardy-Littlewood inequality yields the desired bound.

Proof of the estimate (3.4). We make the measure preserving change of variables xo s
in x and £ to write

[N

(y — 25)) g(A2 (2 — 2,)) BATLE,) da de

where (‘rsa gb) = XS,O(xv g) and (xty ft) = Xt,O(xa 5)
We will show that, for fixed y;, the map 73" defined by

Klsyit,2) = A8 [ eleomsitiossig(y

(TP ) (s,y) = A% /ei<5‘*’y_xs>g()\%(y —x5)) BATE) f(2,€) dw dg

is bounded from L*(R2%) — L*(RZ,). The operator K is essentially of the form

TV (T5')*, since we can insert a harmless cutoff like B(A71&,) as & is restricted to a
small neighborhood if &, is, and the L? boundedness of K follows.

Fix y;. Given (z,€), let § denote the unique time s at which z, lies over y;, which
exists since (0s25)1 ~ 1. Then, with §' = 2%, 5 = —p(5, 25, &), and 7/ = &%, the point
(8,7';5,7) is the intersection of the null Hamiltonian curve determined by (z,&) with
the cotangent bundle T (R?’y,). We now show that we may write

3 —T 1 — i (s—3)+i(7’,y' —7’ 1 = —
(3.6) e CvTTIg(N (y — ) BNTIE) = TCTIHTY g (N2 (s = 5,y — )

where g, ¢( - ) denotes a family of Schwartz functions parametrized by (z, ), with uniform
bounds as x and £ vary.

We use the following facts about the Hamiltonian flow, where y = (y1,y") with y; fixed
as above, and (z, &) fixed but arbitrary.

(3.7) ly—azs|~|s—38+y —7|, seR, y eR",
and
(3.8) 00 e | SAE, |9t SASFY, if 5> 0 and [¢] ~A.

The estimate (3.7) follows since (0sxs)1 ~ 1 and |9s2%| < 1; the estimate (3.8) follows by
repeatedly differentiating the Hamilton equations and using (2.23) and (2.22).

We also observe that we may write
n
(39) (Ey—ws)—a(s—58) = (1,0 =) = q0(s)(s = 8)° + Y _a;(s)(s = ) (' —7);,
j=2

with
(3.10) O ai(s) S A

m
2
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To do this, we note that by homogeneity of p we have o = — (&5, (0525 )|s=5), and thus
can write the left hand side as

(€ =&y =) — (& — &syws — m5) — (65,05 — 25 — (5 — 5)(0s5) ] s=5) -
The result follows by Taylor’s theorem and (3.8). Finally, we note that
; 1 _ 104 1 _ 1 _\—N
10700, [g(\2 (y — 24)) BT | S AFTFD (14 X3 |y — 7| + AE[s —5])
which follows from (3.7) and (3.8). Together with (3.9) and (3.10), this implies (3.6).

We can thus write

—

(TP f)(s,9) = A% / o= H Y =T g (N (s — 5,y — ) f(,€) dxdE.

The map (z,8) — (5,7',5,7') is a measure preserving diffeomorphism, since it is sym-
plectic. After this change of variables, the adjoint of 7% is then of the type for which
L?(R") — L*(R?") boundedness was established in Lemma 3.1. O

We establish estimate (3.5) through pointwise bounds on the kernel K(s,y;t,z). We
will show in the next section that

7 _nT71 -N
(3.11) (K (s,y:t,2) S A" (L4 Ay — z1]) (L+Als =2

Here, @Z . is the function such that s = <I>?: .(y) defines the forward light cone centered
at (t,z) in the region 2 > s > ¢, and @:Z(y) = 2 if (s,y) is not in the light cone for any
2 > s > t. Similarly, ®, ,(y) defines the backward light cone centered at (t,z) in the
region —2 < s < t, and @;Z(y) = —2 if y is not in the appropriate domain. The above
estimate then holds taking ®;", for s >t and ®;, for s <.

Symmetry of the form of K shows that (3.11) holds with (¢, z) and (s,y) exchanged.
The estimate (3.5) then follows by Schur’s Lemma.

The next section is devoted to proving these pointwise estimates, which we do through
a scaling argument. Without loss of generality we assume that s = 0 and ¢t € [0,1]. Let
¢ denote a scaling factor with A™! < ¢ < 1, and introduce the scaled kernel

K (y;t,z) = e"K(0,ey;et,ez) .
Introducing the scaled parameters
R=c¢c\2 , w=ge\,
we have
Ke(yt,2) = R / elewmnilens=ed g (R(y — 2)) g (R(z — 1)) Blu~"€) dar de
where now (z, ;) is an integral curve of the Hamiltonian function
(3.12) H(t,z,£) = p(et,ex, §)

with (z9,&0) = (z,€) . In the next section we prove the following estimate.
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Lemma 3.4. Let ', denote the time s = 0 slice of the light cone centered at (1,z). Then
the following bounds hold uniformly for p > 1,

nt1 -N
(3.13) Ke(y:1,2)| S ' (14 pd(y.T2))
And for p =1, the following bounds hold uniformly for t € [0, 1],
-N
(3.14) [K(yit,2)| S (1+1y—2]) .

To deduce the estimate (3.11) (for s = 0 and ¢t € [0, 1]), we consider separately the
cases t > A"l and t < A7, In case t > A71, we take ¢ = ¢, and deduce from (3.13) and
a scaling argument that

n—1

(3.15) IK(0,y:6,2) SN (14+A8) 72 (1+Ad(y,Th.)) ",

where T . is the time 0 slice of the light cone centered at (t,2). If |y — z| > 2, then

d(y,T¢,2) 2 1+|y—2|, and the estimate (3.11) follows easily, since [®; | < 3.1f [y—z| < 3,
then y belongs to the domain of ®, ,, and by (4.13) below we conclude that

(0,538, 2) S A (14 At) 7 (14 Ao w)]) .

On the other hand, by the first part of (4.11) below,
[0 (y) — (t—ly—2])| < ly—=|.
Since |y — z| > |y1 — z1], these estimates together imply (3.11).
In case t < A\71, we take ¢ = A~1. The estimate (3.14) and a scaling argument yield
(3.16) |K(O,y;t,z)|5)\"(1+)\|y—z\)_N.

Together with the preceeding estimate, and the fact that A¢ < 1, this implies (3.11) for
this case.

4. REGULARITY FOR THE HAMILTONIAN FLOW

We work in this section with the Hamiltonian function defined above by (3.12). By
(2.23), the following estimates are then satisfied,

2 Ca 5 ‘ﬁ| =0
(4.1) / sup sup|8518§‘H(t,x,§) |dt§ Cue, 18] =1
e CapeRII-2, |3 >2

Lemma 4.1. Let (z4(z,€), &(x,€)) denote the solution to the Hamiltonian flow,

Oy = (deH) (t,24,&), & = —(doH) (6, 34,&), wo=x, &=E.
Then, uniformly for —2 <t <2 and |§| = 1, the following hold
(4.2) |z — 6|+ |6 — €| < t,

and

t
(4.3) \dwmt—1]+\dw§t|+\d5xt—/ 2H(s,2,.€,) ds | + |dets —T| < 1.
0
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Furthermore, for derivatives of order |a|+|B| > 2, the following estimates hold, uniformly
forO<t<1andl|é =1,

For R<1,
1, 16l =0
(4.4) |900¢m, | Sq e, 18] =1
eRIFIZ2 |51 > 2
B aa < €, |ﬂ| = O
(4.5> ‘89385&‘ N{ERﬁl, |ﬁ| Z 1
For R>1,
1+eRle=1 |8/ =0
B 9 < )
(4.6) |8xa§ Tt ’ ~ {ER|Q|+ﬁ|1 18> 1
(4.7) |920g¢,| S eRlITIAI

Proof. To begin we note that
|atH(t,l't,£t)| = ’(atH)(tvxtvgt)‘ S H(tvmtvgt)v
and consequently by the Gronwall Lemma that, for —2 <¢ <2, and || =1,

(4.8) Sz, )| = 1.

The estimate (4.2) is a simple consequence of (2.21).

We next differentiate the Hamilton equations to write

det dth dgxt dgl‘t
O =Mt 2, &) - ) O = M(t,x¢,&) -
da&t di&t de&s de&s
where
(dede H)  (dedgH)
M =
—(dmdzH) —(dgdzH)
By (4.1) and (4.8), the upper right hand block of M is of norm ~ 1 in L}[-2,2], and
all other blocks in M are of norm < 1 in L}[—2,2], uniformly over x and &. Since at
t =0 we have dy§y = dexo = 0, and dxg = deo = I, the estimate (4.3) follows by the
Gronwall Lemma.

To control higher order derivatives we proceed by induction. We write
858?$t 858?1} E1
815 = M(tvxtagt) : +
9;0¢& 9 0¢ & Ey

where F; is a sum of terms of the form

(dFdIT H) (t, e, &) - (02008 @p) - - (0200 w,) (001981 &) - (957 9™+ €,)
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and FEj is similarly a sum of such terms, but with df“dgH. In both cases, 3;+a; < B+«
for each ¢, and 81 +--- B4k = B, a1+ ajrr = . We thus assume that the estimates
(4.3)—(4.7) hold for all terms arising in F; and E,. We use the notation

2
IIE; |l = sup sup/ By (1,2, €)) dt
gl=1 = J-2

We first consider the case R < 1. The estimates (4.3) and (4.4) show that all derivatives
of z; and & are bounded by = 1, and (4.1) implies that

HENIST, Bl Se,

which implies the case § = 0 of (4.3) and (4.4). In case || = 1, this estimate can be
improved to

NEllSe, Bl Se,
since at least one term in the product arising in FE; must be of size e. For |3] > 2, we
must show that

NE SR [[|Bf]| SeRPIT.
It is helpful to note that, since ¢ < R < 1, estimates (4.4) and (4.5) imply
(4.9) 000¢ x| Smin(1, R, (0fogg| < eRPITE <RI

For E;, considering separately the cases k =0, k=1, and k > 2 leads to
[|E1]|| S1-eRPI e RIFIZL 4 c RF=2. RIBIZF < o RIBIZZ
The estimate for Fy follows similarly.
For R > 1, it is useful to note that (4.6) and (4.7) imply
(4.10) 0708, S RIGFIPIEL (90| S RIMHIPIT,
since € < 1. Considering separately the cases £ = 0 and k£ = 1 then leads to the estimate
| Bal|| S e - RIeHIAI=I ¢ RF=1. Rlal#IBl=k=5 < o plal+Ifl-1
This bound also holds for any term arising in the expansion for F; for which k£ # 0. In
case || =0 and k = 0, we have the bound
B[ S1-1+eRT 14 eRIT

where the term 1 arises in case |a;| = 1 for all 4. For |5] > 1 and k = 0 we have the
bound
1B || S & RleHIoI=E

since \858?&\ < e Rl“H181=1 whenever |3| > 1. Together with the Gronwall Lemma,
these estimates imply (4.6) and (4.7). O

We now study the geometry and regularity of the light cones. By translation invariance
of the conditions on the Hamiltonian, it suffices to consider the forward cone centered at
the origin. Thus, let T' C [0,2) x R™ denote the forward light cone centered at ¢t = 0 and
z =0,

I'= U U (t,$t(0>§))7

t€[0,2) £€R™\0
and let I'* C R™ denote the slice of I' at time t = s.
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Theorem 4.2. The set T' can be written as the graph s = ®(y) of a function ®(y) defined
on an open subset of R™. The function ® satisfies

y 1
(4.11) () — [yl | < Iyl ’dyfb(y)fm’<<1, |d5<1>(y)|§m.

Furthermore, for each 0 < s < 2, the level set I'? : {®(y) = s} is a conver hypersurface
in R™, and for z,y € I'* we have

dy®(z) _ dy®(y
|dx®(2)]  |dy®(y

) | o
(4.12) I ‘ ~sle—yl.

Finally, for each y belonging to the domain of ®(y), and s € [0,2), we have
(4.13) d(y,T%) =~ |s—®(y) |.

Proof. We prove the result for the part of I' corresponding to 1 < ¢t < 2; the case of
27771 <t < 2779 for j > 0 will follow by a scaling argument. We consider the map z — y
defined as follows, for |z| < 2. We write z = rw, where |w| =1 and r € [0,2), and let

y(z) = 2 (0,0),  &(2) = &(0,w).
Then by (4.2)—(4.3), (2.21) and (2.24), we have
oy —w| <1, |o.y—rlIf| <1, |98 <1, |o.6-T5]<1.
Consequently, on the set 1 < |z| < 2, it follows that
[y(z) = zller <1, [[€(2) —wler < 1.
It follows that the map z — y is a O diffeomorphism on the set 1 < |2| < 2.

The set T' is defined by the condition s = r. Letting ®(y) = r yields that T' is the
graph of ®(y). To see that ® is C? as a function of y, we note that its differential is given
by
£(2)

GO = Fya.60)
which follows from the fact that £ is normal to d,x, since the flow is symplectic, and the
fact that & - 9,z = H(r,z,£). Consequently, d,®(y) is C*' close to w in the coordinates
z, hence C! close in the coordinates y. The estimates in (4.2) follow for 1 < |z| < 2, and
then for 0 < |z| < 2 by scaling.

We next observe that for y € T'!,

d,2(y) _ Ew)
d,®(y)] ~ JE)]

if y = y(w). By the above, the map w — y(w) is bilipschitz from S"~! — T'l. Also,
ldué(w) —TI5 | < 1,

where I} denotes the differential of the inclusion of S"~ — R™. This implies (4.12) for
t =1, as well as the fact that T'! is convex. The result for ¢ € (0,2) follows by scaling.

To establish (4.13), we note that, since I' is contained in the set .99s < |y| < 1.01 s,
we may restrict to the case .98 s < |y| < 1.02 s. After scaling, we may then assume ¢t = 1
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and .98 < |y| < 1.02. There is then a unique point € I'* closest to y, and since y — z is
normal to I'! at z, hence close in angle to the vector z, then

|d(y,T") = [{z,y — )| | < 1.
On the other hand,

[#0)—1] = | =) [ (@) +0- ) ds].

and by the preceeding estimate and (4.11) this is close to d(y,T'!). O

The first estimate in (4.3) implies that, for each fixed £ # 0, and each t € [—2, 2], the
map z — z = x(x, ) is a local diffeomorphism of R™. It is proper since |z —z| <5, and
consequently is both an open and a closed mapping, which by connectivity of R™ implies
that it is onto. By simple connectivity it is one-to-one, and hence a global diffeomorphism
of R™, for each fixed ¢t and £ # 0. We may thus take its inverse to define a map Z4(z, §).
The inverse function theorem, together with (4.3), shows that, for || = 1 and |¢]| < 2,

(4.14) |dee@e(2,6) | S 1.

For higher order derivatives, we have the following.

Corollary 4.3. The following hold for |a| + |5] > 2, uniformly for |£] =1 and |t| < 2.
For R <1,

L, B8] =0
(4.15) | 020¢2:(2,6) | S < e, 18] =1
eRIFIZ2 18] > 2
For R>1,
1+eR=1 18/=0
8o s ’
(4.16) | 0208 3:(2,€) | S {ERlaHﬂl—l’ 18] > 1

Proof. The estimates follow from (4.4)—(4.7), by writing afagdz,g:t(z,g) as a sum of
terms

fdegy) (0008 dy gy) - - (098 O™ dy gt

where f is a rational function, smooth on the range of its argument, where
051+"'+Olk:()[, 61++6k:ﬂ7
and where the right hand side is evaluated at @ = Z4(z,¢) . ]

We introduce the phase function
(4.17) 0i(2,8) =€ Tu(2,6) = > _&Ti(2,6).
i=1

This is a generating function for the symplectic map (x,&) — (x4, &), in that

(418) dz(pt('z?g) = ft(jt(zvg%g) ) d&@t(zﬂg) = jt(zvg) :
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We will need symbol bounds only for the second order in z derivatives of ¢;. To state
them succinctly, we use the bracket norm

1
(R)=(1+R*)*~1+R.
Lemma 4.4. The following estimates hold, uniformly for |£| =1 and |t| < 2.
(0808 d2p1(2.6)| S < R (R)1.

Proof. We use (4.18) to write ﬁzﬁﬁgdf@t(z, €) as a sum of terms of the following form,

(dﬁkdggt) (i‘t(zvg)7€) : azlaglft(zvg) e 83'“3?@(%5) )

where [y1|+ -+ || = 8] + 1, and j + [01] + - + [0k = |a| . By (4.5), (4.15) and the
fact that ¢ < R, this is dominated, for R < 1, by

c RF-1. Rivl=F — - pIBI
For R > 1, we use the bound (4.7) and (4.16), together with € < 1, to dominate this by
o RIHE=1 . Rl - How 1011+ - Hol—k _  glal+18]

O

We now consider the estimates (3.13) and (3.14), where ¢ € [0,1] and p > 1. By taking
the Fourier transform of the first factor of g, we write

K.(yit.z) = / eHmy=t)=iGu==rd (R (n = €)) g (R(z — @) d d€ dn

:/ei<ym>7wt(z,n) a(z,n)dn,

where we define the symbol
(419) ay(z,m) = / e () —i{wm) —i (€ (2,€), 2~ (2.6))

h(R7(n—9) g(R(z — zi(x,8))) B(n"€) du de .

Recall that h is a smooth function supported in the unit ball of R", and 3 is a smooth
function supported in the ball of radius % about (1,0,...,0). The function g is of Schwartz
class. By taking A large we have R < % i, so that a¢(z,n) is supported in a ball of radius
%u about (u,0,...,0).

Recall also that p=¢eX and R = eA2 , so that

(4.20) epR2=1.
Theorem 4.5. The symbol ai(z,n) defined by (4.19) satisfies, uniformly for t € [0, 1],
(4.21) 02 (n,dy)Fai(z,m)| S (RY el

Proof. We first consider the case k = 0 of (4.21). We will say that a function p(z, z,£, )
is a symbol of size A if it satisfies bounds

0002 p(x, 2,€,m)| S A~ (R0l ~lel=lo]
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We then consider a more general integral of the form

a2 ) = / g0 () ={m) —i{E0(2,), 5= (2.0))

p(a, 2,6 n) h(R™ (= €)) g(R (2 — 24(2,€))) B(p 7€) du d€ .

Simple absolute bounds on g and h, and the fact that © — x;(x, ) is a diffeomorphism
for fixed ¢, &, show that if [p| < 1 then |ai(z,n)| < 1. We next show that, if p(z,2,&,n)
is a symbol of size one, then J,a:(z,n) can be written in the same form (that is, with
modified g, h, and 8 which satisfy the conditions stated following (4.19)) but with p
replaced by a symbol of size (R)u~!. The theorem for k = 0 then follows by induction.

The operator d,, applied to the integrand can act either on the phase or on h (we
ignore the effect on p, which is handled trivially.) The effect on h is the same as applying
—0¢; to h, and integrating by parts leads to terms where ¢, acts on the phase or on g.
(The effect of 9¢; on p or B is handled trivially.) Consequently, ignoring trivial terms,
the effect of applying d,, to the integrand is the same as multiplying it by the symbol

87]] %(Z,W) — &5 — afj <§t(x7§)a 2 SCt(:L'7£)> - Rafj‘rt(xvg) y

and we need to show that this expression is in effect a symbol of order (R) u~!, where
“in effect” means that it can be written as such a symbol after replacing z — x¢(x,£) by
R, and n — ¢ by R, which can be done at the expense of changing the form of g and h.

By (4.9) and (4.10) and homogeneity, the function d¢,2(z, ) is a symbol of size p~*,

which handles the last term. By (4.18), we may write
dypi(z,m) = depr(2,6) = Ze(2,m) — T4(2,€)
1
| e+ (1= (r-9).

Replacing 7 — £ by R, the estimates (4.15) and (4.16) and homogeneity show that this is

in effect a symbol of size Rp~!.

Since the terms (x4, &; @, €) lie on the graph of (2, d. (2, &); der(2,§), &), we observe
that gt(xvg) = (dz(pt)(xt(x7£)a§)7 and <I7£> = (pt(xt(x7£)5€) . We are then left to show
that the expression

O, [ 01(2,6) = wu(@e(@,€),€) = (= = 2e(,€)) - (despr) (0u(2,€),) |

is in effect a symbol of size (R) u=!. We write this as

(4.22) Oe, | (= = wu(w,0))" /0 (d20) (52 + (1= s)zo(2,), ) (1 - 5) ds |

Finally, we note that, uniformly for each fixed s, (d2p;) (sz+(1—s)z¢(2,€),€) is a symbol
of size ¢ pu. This is a simple consequence of Lemma 4.4 and the fact that O, z¢(7,&) is a
symbol of size pu~!. The first order derivatives in £ of (dZ¢:)(---) are then symbols of
size € (R) . The expression (4.22) is then in effect a symbol of size

R ptep+R?-e(R) S (R,

~

where we use (4.20) for the last inequality.
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We now consider the case k > 1 of (4.21). Note that

<777 dn>ka’(2? 77) = (Tar)ka(zv 7‘77) ’r:l
and, by changing variables £ — r&, that

a(zmm) = 1" / girlou(zm) =i (e, —i{E(2,6) 2~ (2,)) ]

h(rR™ (n—€) 9(R (2 — 24(x,€))) B(ru'€) da dE .

Acting on the h or § terms with 0, simply changes the particular form of h or 5. Thus,
the theorem will follow by showing that the phase function

‘pt(zﬂn) - <$777> - <£t(x7£)v Z = xt(x’g»
is in effect a symbol of size 1. The function

<,0t(27§) - <337§> - <§t(x7§)72 - xt(x,§)>

is the same as the expression in braces in (4.22), and the first line following (4.22) shows
that this is in effect a symbol of size R~2¢ = 1. It remains to show that

ei(z,m) = pi(2,8) — (2, ) + (2,§) = /O (dewpi(z,sm+ (1 = 8)§) —x,n — &) ds

1
— [ aeon + (1= 5)6) ~ an - &) ds
0
is in effect a symbol of size 1, which will follow if we show that the last integrand is in
effect a symbol of size 1, uniformly for each s € [0, 1].

We now write x = Zy(z¢(x, £), £), and note that
1

<jt(za 6) 7jt(xt(xa 5)7 §)7 n— £> = (Z - It(xa f)) ! (77 76) ' /dzjt(sz+ (1 - S)xt(z7 f)a 5) ds.
0

Corollary 4.3, with the fact that dexi(z, €) is a symbol of size !, shows that the integral

is a symbol of size 1, and hence this term is in effect of size R™'- R -1 = 1.

This leaves the term

<5Et(z7577 + (1 - 8)5) - jt(zvg)vn - 5> = (77 - 5)2 /0 dﬁjt(%f‘f‘m(n - f)) dr.

1

The last integral is a symbol of size !, so this term is in effect of size R2p~' =¢. O

Proof of the estimate (3.13). We use a second-dyadic decomposition partition of unity
over angles (see Stein [13]) to write a1(z,m) = >, a”(z,7n), where a”(z,7n) is supported
in a cone of angle ,u*% about the unit vector w,, and satisfies the estimates

(4.23) [(wo dy)*02a” (z,m)| S pF3lel,

These estimates follow by (4.21), and the fact that R < /ﬁ . We may take the vectors w,
to be separated by distance u_%.

Next, on the support of a”(z,n) we write

901(2777) = <(d77901>(27wl/)777> + Ry('zvn)ﬂ
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where
(4.24) [(wy, dy)kOSRY (2,m)| S pFzlol

The proof of the estimates (4.24) is essentially from Seeger-Sogge-Stein [9], where it was
established for smooth phase functions. To prove them, note that by homogeneity we
may consider £ = 0, and observe that R”(z,n) is equal to the error for second order
Taylor expansion of ¢;(z,n) in 7 about any conveniently chosen point on the ray through
w,. By fixing the point within distance ﬂ% of 1, the estimates then follow from Corollary
4.3, and the fact that d2¢1(z,m) = d,z1(2,7) -

We now write K. (y;1,2) = >, KZ(y; z), with
KY(y; 2) = /€i<y777>—i801(z777) a’(z,n)dn

- /eﬂy—xu,n) {e—iR”(zm) a”(z,n)} dn,

where we set x, = (d,¢1)(2,w,) = Z1(z,w,). The term in braces satisfies the same
estimates (4.23) as a”(z,7), and thus

ntl —N
KXy, )| Sz (L4 pl(wny —a)| +uly—a ).
The point z, is the unique point on I', at which the normal equals w,. Consequently,
|$l/ — Ty | ~ |WV _wl/'|

We may assume that d(y,I',) < .01, since the result is immediate otherwise. Let z
denote the unique point on I', closest to y, and wy the normal at xg, so that

d(y, 1) = |y — zol = [{wo,y — zo)|

We claim that

(4.25) wo,y = 20)| + [y — 20 = [{wo,y — 20)| + [wo — wy|*.

To show this, we first observe that, since |y — zo| < |y — x,|, then

ly = = [y —wol® + 20 — 2 = |y — w0 + |wo — wy |
On the other hand,
[{wo,y — zo)| = [{wy, y — )| | < [{wo —wi,y —z0)| + [{wo, 2 — 20)|

S |y —zol* +wo — wy?

where we use that I, is C2 close to the unit sphere and wy is normal to I', at xy. Together,
these imply (4.25).

‘We now have
| K- (y; )]

IN

> KLy, 2)]

P (L4 pd(y,To) + pwo —w2)

v

IN

n+

P (14 pd(y,T2))

where we use that the points w, are /ﬁ evenly spaced over the unit sphere. (|

—-N

IA
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Proof of the estimate (3.14). In this case p =1, R <1, and t € [0,1]. It follows by
(4.14) and (4.15) that

|0 z(z,m) [ S 1.
We write @i(z,m) = (T+(z,m),n). Since | Z(z,n) — z| < 2, together with (4.21) this yields

‘3;7(61'(2,77%%(2,77) at(%ﬁ))‘ <1.

The symbol a;(z,n) is supported in the set |n| < 2. Writing

Ko(yit,2) = /ei<y—z,n> (o= ay(z,m) ) d

easily yields (3.14) . O

5. STRICHARTZ ESTIMATES

We provide here details on how the results of the previous sections can be adapted
to give an alternate proof of Strichartz estimates for the homogeneous wave equation,
for time dependent metrics satisfying (2.1)—(2.2). Tataru established LyL$ — LPLY
estimates for the inhomogeneous equation for such metrics in [14]. The steps in section
3 which reduce matters to bounds for the operator W, work only for the homogeneous
H® — LYLY estimates, however.

Theorem 5.1. Suppose that the metric g (t,z) satisfies conditions (2.1)—(2.2). Let u
satisfy the Cauchy problem

(5.1) Z 0; (gij(t,a:) @u(t,x)) =0, w(0,2) = f(z), Ow(0,2) =g(x).

4,j=0
Then for n > 2 the following estimates hold,

lull Lz Lg @nx(-1,1)) < Cpig (If 550 + gl gowa-1) 5
provided that 2 <p < oo, 2< g < 00,
1 1 ) 1 2 n-1 < n—1

6p’q :n(f_f ) -+ = 9
(.q) 2 q D D q 2

and §(p,q) < 2.

The condition d(p,q) < 2 is necessary to apply Lemma 2.2 to localize matters to a
fixed dyadic frequency range. This condition may be dropped if one considers instead
the estimate

(D) 2P Dul| o 13 -1y < Cog (I s + llgllz2) -

For the Minkowski wave operator the above theorem was established under the restriction
p > 2 by Lindblad and Sogge [7]. It was shown there that such estimates are a consequence
of the L' — L dispersive estimates for the wave group. The endpoint case p = 2
was settled by Keel and Tao [6] using a bilinear interpolation scheme. That paper also
formulated the general results for p > 2 in an abstract Hilbert space setting that works
well for the operators W,. of section 3.
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We start by observing that, for ¢ < oo, the results of Section 2 reduce matters to
proving the following analogue of Theorem 2.5.

Theorem 5.2. Suppose that Opu(t,z) = —ip(t,x, Dy) u(t,z) + F(t,x), where the symbol
of p satisfies conditions (2.20)—(2.24). Assume also that, for all t, the partial Fourier
transform u(t, &) is supported in the region i)\ < |&| < A. Then

[l p o —1,1)xmn) S AP (||U||Lf°Lg([—1,1]an) + HFHL}Lg([fLuan)) ;

forp, q, and 5(p,q) as above.

The wave-transform methods of section 3 then reduce matters to proving the mapping
properties, uniformly over r € [—1,1],

(5.2) 1SN (D)W fllr £ (1,1 ¢y < Cpg APV || fll 2 (geny
where f is a function of (z,€), and as before

(Wef)(s,) = T3 [f o Xrs ] () -
To work in the setting of Theorem 1.2 of [6], we fix 7 and let

U(s)f = Sx(Da) (Wi f)(s, -) -
Since x,. s preserves dz A d€, the L? boundedness of Ty implies

WU () f lz2eny < I1F |2 qreny -
On the other hand,

_n—1
[U(S)U () gllLee@ny SA (1T Als =) 7 llgllr@n -

To verify this, we note that U(s)U(¢)* = Sx(Dy)Ks,1Sx(Dy), where K, is the integral
kernel of section 3 for fixed variables s and t. The preceding bound is then a consequence
of (3.15) and (3.16).

The setting of [6] thus applies with H = L?(dz d€). Precisely, conditions (1) and (3) of
that paper are satisfied by the rescaled operator 05 oU(s), where 0y is space-time dilation
by A, normalized to preserve the L?(R™) norm. Theorem 1.2 of [6] then yields (5.2). O
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