SHARP BOUNDS ON SPECTRAL CLUSTERS
FOR LIPSCHITZ METRICS
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ABSTRACT. We establish LP bounds on L? normalized spectral clusters for self-
adjoint elliptic Dirichlet forms with Lipschitz coefficients. In two dimensions we
obtain best possible bounds for all 2 < p < oo, up to logarithmic losses for 6 < p < 8.
In higher dimensions we obtain best possible bounds for a limited range of p.

1. INTRODUCTION

Let M be a compact, 2-dimensional manifold without boundary, on which we fix a
smooth volume form dx. Let g be a section of positive definite symmetric quadratic
forms on T*(M), and let p be a strictly positive function on M.

Consider the eigenfunction problem
div(g de) + \pp =0,

where div, which maps vector fields to functions, is the dual of d under dx. This setup
includes as a special case eigenfunctions of the Laplace-Beltrami operator. We refer to
the real parameter A as the frequency of ¢, and take A > 0. Under the condition that
g and p are measurable and bounded from above and below, there exists a complete
orthonormal basis {¢;}32; of eigenfunctions for L?(M, pdx), with frequencies satisfying
>‘j — 0Q.

In this paper we prove the following, where for convenience of the statement we take
A > 2. Except for the factor (logA)? in (1.2), these bounds are the best possible for
general Lipschitz g and p, in terms of the growth in A, by examples of [8].

Theorem 1.1. Suppose that g, p € Lip(M). Assume that the frequencies of u are con-
tained in the interval [\, A + 1], so that

u = Z cjdj -

G:A E[ANAH]
Then
(1.1) lull Lo ary < Cp AT7% [l p2uy, 8 <p < oo,
and
(1.2) llull e (ary < C>\§(§_5)(log)\)UHUHL?(M) , 6<p<8,

whereoz%forpz& and o =0 for p=06.
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For 2 < p < 6, the bound (1.2) was established, without logarithmic loss, in [7],
lullzrary < OXSEPlullaary, 2<p<6.

To put the above estimates in context, we recall the previously known results. In case
g and p are C*°, Sogge [10] established the following bounds in general dimensions d > 2,

1_1y_1
|l e ary < CAMami) e Il 2 ar) » % <p< oo,
d—1¢1_1
ullzrary < CAT @70 || Fll 2o s 2 <p< 2D

which are best possible at all p for unit width spectral clusters. Semiclassical generaliza-
tions were obtained by Koch-Tataru-Zworski in [5].

The estimates (1.3) were extended to Cb! coefficients in [6]. On the other hand, the
examples of [8] show that for small p they fail for coefficients of lower Holder regularity.
In particular, for Lipschitz coefficients the following would in general be best possible

1_1y_1
lulloary < CAME0) 72 || fllpzary, 22 <p<oo,
2(d—1) 1 1
lullrary < CA G2 | fllpzany,  2<p< 22

Except for the factors of log A for 6 < p < 8, we have thus obtained the sharp results
in two dimensions. We also establish in this paper partial results for dimensions d > 3.

Precisely, in the last section of this paper we prove the first estimate in (1.4) for Gj:f <
p < oo. The second estimate in (1.4) was established in [7] on the range 2 < p < %.

That proof proceeded by establishing the no-loss estimate (1.3) on sets of diameter )\’%,
using methods analogous to the A~3 time scale representation of u in this paper. This
scaling had been used in [11] to prove Strichartz estimates with loss for wave equations
with Lipschitz coefficients, and the examples showing optimality of the estimates were
constructed in [9].

For most of this paper we focus for simplicity on the case of two dimensions, where
our results are strongest. We start in section 2 with the reduction of Theorem 1.1 to
two key propositions, one involving short time dispersive estimates and the other long
time energy overlap bounds. The short time estimates, Proposition 2.5, are established
in sections 4 and 6, through a combination of Strichartz and bilinear estimates. The
energy overlap bounds, Proposition 2.4, are established in sections 3 and 5, and depend
on energy propagation estimates for Lipschitz metrics. The weak localization of these
energy propagation estimates is the main reason for the limitation on our results in higher
dimensions, which we establish in section 7.

2. THE ARGUMENT

In this section, we reduce the proof of Theorem 1.1 to the two key results of this paper,
Propositions 2.4 and 2.5. Since the estimate (1.2) follows by interpolation from the case
p = 8 and the known case p = 6, we consider 8 < p < oco. To avoid unnecessary repetition,
we focus on the case p = 8 in the following steps. At the end of this section we then show
how to deduce the estimate (1.1) for p > 8 by a simple interpolation argument.
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The spectral localization of u, integration by parts, elliptic regularity, and the equation,
yield the following over M

(21) A Hdiv(gdu) + Npullrz + A7 |dull 2 + A7 dul 2 + Allull g1 S [lullze -
By choosing a partition of unity subordinate to suitable local coordinates, for p = 8 we
are then reduced to the following.
Theorem 2.1. Suppose that g and p are globally defined on R?, with
18" = 6| Lipe2) + 1P = UlLipez) < co < 1.
Then the following estimate holds for functions u supported in the unit cube of R?,

(2.2) el o) S A¥(log A2 ([[ull 2ezy + A~ (div (g du) + A pul L2ge2))

Step 1: Reduction to a frequency localized first order problem. In proving Theorem
2.1 we may replace the function g by g\, where g, is obtained by smoothly truncating
g(&) to |€] < ¢\, ¢ some fixed small constant. Since

lg = gxllze@ey SATH V(g —g)lleeme S1,
the right hand side of (2.2) is comparable to the same quantity after this replacement.
Similarly we replace p by pj.

By the Coifman-Meyer commutator theorem [2] (see also [12, Prop. 3.6.B]), the com-
mutator of gy or py with a multiplier I'(D) of type S maps H® — H*T! for —1 < s <0,
so we may take a conic partition of unity to reduce matters to establishing (2.2) with
u replaced by I'(D)u, with I'(§) supported where |{3] < ¢&. This step loses compact
support of u, but we may still take the L® norm over the unit cube. Finally, arguments
as in [7, Corollary 5] reduce matters to considering 4(§) supported where |£] &= A.

We now label 21 = ¢, and z2 = z, and let (7,&) be the dual variables to (¢, x). Thus,
with ¢ above small, (7, ¢) is supported where {[¢| < X, 7 &~ A}. For [£| < 3\ we can
factor

_g)\(ta (E) : (Ta 5)2 + )‘QP)\(tv {17) = _gg\o(t7 LL') (T + d(t7 €, 67 )‘)) (T - a(t, &, 67 )‘)) ’
where @, a > 0, and both belong to AC''S)  according to the following definition.
Definition 2.2. We say b(t,z,&,\) € Sy s if, for all multi-indices o, 3,

|8§fzagb(t’ z, 57 )‘)| S Cﬂéﬁ)\_lﬂl—i_é‘al :
We say b(t,z,&,\) € C'Sy s if, in addition, for |a| > 1 the stronger estimate holds
052,0F b(t, 2,6, N)| < CapA71H00I=0
We write b € A™ Sy ys to indicate A\™™b € Sy ys.

In our applications either § = 1 or § = %, and we suppress the explicit A when
writing b. The symbols b € Sy  are simply a bounded family of Sg’O(RQ,R) symbols
rescaled by (t,z,&) — (M, Az, A1), so that L?(R) boundedness of b(t,z, D), as well
as the Weyl quantization (¢, x, D), follows (with uniform bounds in ¢) by [3]. For

symbols in C 15,\, \s, the asymptotic laws for composition and adjoint hold to first order.
In particular, if a € C’lS,\)\s then

a’(t,x,D) =a(t,x,D) +r(t,z,D), re€ )\_ISA)\(; ,
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and if a € SAA‘;? be Cls)\}\&, then
a(t,z, D)b(t,z, D) = (ab)(t,z,D) +r(t,x,D), 1€ X 'S\ .

Let ax(t,z,£) be obtained by smoothly truncating the (¢, z)-Fourier transform of
a(-,+,& ) to frequencies less than c\. Then since a € AC1S) y,

(Z(t,l’,f, )‘) - a)\(t,amf) S S)\,)\ .
The symbol ay (¢, x, &) inherits from a(¢, x,&, \) the estimates, for [£| < %)\,
(2.3) ax(t,z,&) = A, 352aA(t7x,§) ~ -2t
We now extend ay globally in & so that ax(t,x,&) = A for |{] > (i — ¢)\, and ay
is unchanged for |£] < %)\, while maintaining the frequency localization in the (¢, )
variables. In particular, (2.3) holds for [£] < SA. A similar observation holds for a.
By the above, we have the factorization over |¢] < 2,
dngdJF)\ZP/\ = gg()(Dt +a})l\)(taf‘CaD))<Dt 7a1)l\)(taan)) +T(taIaD)7

where r € ASy x. Since a¥(¢,z,D)u is supported where 7 = A, and D, + ax(t,z, D)
admits a parametrix in A™1S)  there, we have thus reduced Theorem 2.1 to establishing
the following estimate over (¢,z) € [0,1] x R,

3
2

lull s (o, xm) S A (log ) (llullz2o,yxr) + 1(Ds = aX (t, @, D))ull L2 (0,17 xR) ) -

We denote by S(t,s) the evolution operators for a¥(¢,z, D), which are unitary on
L2(R). Precisely, u(t,z) = S(t,to)f satisfies

(2.4) (D¢ —a¥(t,z,D))u=0, u(to, )= f.
If f is supported in |¢] < 3, then so is 4(t,-), since ay = A for [¢] > (3 — ), and a, is

spectrally localized in x to the ¢\ ball. By the Duhamel formula, it then suffices to prove
that

ull 23 (0.1 xRy S AT (log \) ¥ [|uoll 2wy » u=S(t,0)uo,
with Ty supported in [£] < 32X, and ax(t,z,€) as above.

Henceforth, we will take [juol|2®) = 1.

Step 2: Decomposition in a wave packet frame on A~35 time slices. Let ay2ss(t,x, &) be
obtained by smoothly truncating the (¢, z)-Fourier transform of ay (-, -, £), or equivalently
that of a(t,z,&, ), to frequencies less than cA3. Then ayz/s € ASy az/s, and ayz/s also
satisfies (2.3), for [¢| < 2X in case of the second estimate in (2.3).

We divide the time interval [0,1] into subintervals of length A~3, and thus write
[0,1] x R as a union of slabs [IA3, (I + 1)A3] x R. Within each such slab we will consider
an expansion of u in terms of homogeneous solutions for D; — a¥, s (t,x, D), We refer to
the homogeneous solutions on each A~3 time interval as tube solutions, since they will
be highly localized to a collection of tubes T'.

The collection of tubes is indexed by triples of integers T = (I, m,n), with 0 <1 < A5
referencing the slab [l)\%7 1+ 1))\%] x R. We will describe the construction for the slab

[0, )\*%] x R; the tube solutions supported on the other slabs are obtained in an identical
manner. Thus, T is here identified with a pair (m,n) € Z=.
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We start with a A3-scaled Gabor frame on R, with compact frequency support. That is,
we select a Schwartz function ¢, with ¢ supported in |£] < %, such that, with x7 = %)\’%m

and &7 = /\%n, the space-frequency translates

or(x) = A5 TGN (2 — 7))
form a tight frame, in that for all f € L?(R),

f=Yeror,  er= [G@r)ds

from which it follows that

Hf”%z(ua) ~ Z ler .

Since the function f in our application will be frequency restricted, the index & will only
run over |n| < % , by the compact support condition on qb

The frame is not orthogonal, so it is not necessarily true, for arbitrary coefficients by,
that || > bror||2. ® X2 |br|?. However, by the bounded overlap condition on ¢, this
does hold if the sum is over a collection of T" for which the corresponding {7 are distinct,

2
(2.5) HZ qusT‘ 3P it Gr#&r when T#T EA.
TeA L2(R) TeA

Let vr denote the solution to
(D¢ — aleys(t,z,D))or =0, vr(0,-) = or.
We define xr(t) by

I'T(t) =TT — t8§a>\2/3 (0 'TT7§T)

By Theorem 5.5, for ¢ € [0,A3] the function vr(,-) is a A3-scaled Schwartz function
with frequency center {7, and spatial center zp(¢), where the envelope function satisfies
uniform Schwartz bounds over t. Thus, vy is localized, to infinite order in z, to the
following tube, which we also refer to as T,

T={(t2):|z—ar(t) <A F,te[0,A\3]}.

Since the a¥, s (t,x, D) ﬂow is unitary, for each ¢ the functions {vr(¢,-)} form a tight
frame on L%(R). On each A\~ 3 time slab we can thus expand

u(t,z) =Y cr(t)vr(t,z), cT(t):/vT(t,:L’) u(t,z) dz .

T

Differentiating the equation, we see that
cr(t) = i/vT(t, z) (ay (t,z, D) — aless(t, z, D))u(t, z) dz .

Since ay(t,x,€) — ayes(t, z,€) € A3 Sy, and |jug|[2 = 1, we then have uniformly for

te[0,A3],
SNler®P <1, Y Ih®)P S AL,

m,n m,n
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which together imply the following bounds, that will then hold uniformly on each A3
time slab,

1
(2.6) D llerlie +A75ller]7 S 1.
T:l=lo

We apply this expansion separately to the solution u on each A~5 time slab, and obtain
the full tube decomposition u = >, cpvp, where if T = (I,m,n), the functions ¢ and

vr are supported by ¢t € Ir = [l/\_%, 1+ 1))\_%].

Step 3: Interval decomposition according to packet size. Here, given a coefficient cr,
we partition the time interval I into smaller dyadic subintervals where the coefficient
cr is essentially constant. This is done according to the following lemma.

Lemma 2.3. Let c¢: I — C with
el e ry + HI - 11720y = B-
Given € > 0, there is a partition of I into dyadic sub-intervals I, for each of which either
1
(27) lellzmqry = 2051 ey or lellimry <c.
Independent of €, the following bound holds

DI el G ) < 16BIII

J

Proof. If the condition (2.7) holds on I then no partition is needed. Otherwise we divide
the interval in half and retest. The condition automatically holds if |I;| < e2B~!|I|/4.
The bound holds by comparing the sum to the L? norm of ¢’ over the parent intervals,
which have overlap at most 2. O

We will take € to be A=3. For each T , this gives a finite partition of its corresponding
time interval I7 into dyadic subintervals,

Iy = | JIn,
J

so that (2.7) holds for ¢y in each subinterval,

1 _
(2.8) lerllzos e,y = 2712 1P llL2(p,y o llerllLoer,) < A73,

ol

and we have the square summability relation

(2.9) > o ATE Iy

J

— _1
Herllie e,y S lerllie + A3 ]2 -

We introduce the notation
cr; = 11 4c cp = 1p ;¢
T,j T,5¢T 5 T,j T.j¢T -

Using these interval decompositions, we partition the function w on [0,1] X R into a
dyadically indexed sum

(2.10) =" ta+ e,

a<1k>0
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. . 1
where the index a runs over dyadic values between ¢ = A\73 and 1,
Ua,k = E cT 0T,
(T3)€ETak

and where )
Tak = {(T,5) : U3l = 27"A75, |lel|zo(1r.,) € (a,2a] }.
We call the functions u, ; above (a, k)-packets, and note that by (2.8)

%S‘CT(t)‘Sa, tEIT’j.

We will separately bound in L® each of the functions Uq,k. Since there are at most %
tubes T' over any point, and |vp| < A3, we see that |[uc|[z~ < A3. On the other hand,
since the decomposition (2.10) is almost orthogonal, we have |uc||r2 < 1, and hence
luells < A7, as desired. For p > 8 the bounds on u, are even better than needed.

We note here that, by (2.6) and (2.9),
> lerslizs S27%F,
(T.5)ETak
hence ||Ua,kHL2([o,1]x1R) <27k

Step 4: Localization weights and bushes. To measure the size of each packet vy we
introduce a bump function in I x R, namely

xr(t,z) = 11, (1) (14 X8|z — 2p(t)])
To measure the local density of (a, k)-packets we introduce the function

Xak = Z Lip,xr-
(T,5)€ETa,k

—2

We note that )
‘UT| 5 AgXT )
therefore we have the straightforward pointwise bound
1
takl S A¥axak-
This suffices in the low density region
Aa k0 = {Xak < 1},
as interpolating the above pointwise bound with the above estimate ||uq k|2 < 27F, we
obtain .
takllze(a, o) S ATaT277.
We may sum over £ > 0 and a < 1 to obtain the desired L8 bound without log factors.
For p > 8 the resulting bound is even better than needed.
To obtain bounds over sets where x,  is large, we need to consider how the solution
u behaves on regions larger than a single A3 slab, in addition to more precise bounds
within each slab.

Step 5: Concentration scales and bushes. Here we introduce a final parameter m > 1
which measures the dyadic size of the packet density. Precisely, we consider the sets

Aa e = {(t,2) €0,1] x R: 2™ < xqi(t,x) <27}
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The points in A k., are called (a, k, m)-bush centers, since as shown in the next section
they correspond to the intersection at time ¢ of about 2™ of the packets comprising ug k.

We remark that by fixed-time L? bounds on u, and tube overlap considerations, the
parameter m must satisfy

(2.11) 2me? <1, 2™ <\

Wl

Our goal will be to measure |[uq x| 134
propriate here.

wrm)+ Some heuristic considerations are ap-

We first note that a collection of 2" tubes that overlap at a common time ¢, which
we call a 2™-bush, can retain full overlap for time 6t = 2-mX\~5. For this to happen
the tubes in the bush must have close angles. If the bush is more spread out then the
coherence time decreases.

On the other hand, with favourable geometry a focused 2™-bush may come back
together after time dt = 2™ \~%. This indicates that beyond this scale our only available
tool is summation with respect to the number of such time intervals.

In effect, the worst case scenario for 2™-bushes is when there are exactly 2™ tubes
which come together on each 0t = 2M\~% time interval. If the total number of tubes is
larger than 2™ then we expect an improvement on the L® norm.

Given the above considerations, we decompose the unit time interval [0,1] into a
collection Z,,, of intervals of size §¢ = 2-™A~3; such intervals are then dyadic subintervals
of the decomposition into A~ time slices made in step 2. The proof of Theorem 2.1 is
concluded using the following two propositions. The first one counts how many of these
slices may contain (a, k, m)-bushes.

Proposition 2.4. There are at most ~ )\%2*3ma*4<10g(2ma2)>3 intervals I € L, which
intersect Aq km.-

B . _ _1 . .
The second one estimates ||uq x||s(a, . ,,) on a single 27™A75 time slice.

a,k,m

Proposition 2.5. For each interval I € Z,,, we have
3m
(2.12) [tk

5 1 _k
|L8 (g mnIxR) S AZF278 @227 4

Combining the two propositions we obtain

3 .
L340 1) S AT (log(2™a?))F 275 .

[
The sets Aq k,m are disjoint, and <log(2ma2)> < log A. Since there are at most log A values
of m, we obtain
1 1.k
lUa,kllLs(jo,xr) S A% (log A)227 % .
We may sum over k£ > 0 without additional loss, and there are at most log A distinct
values of a, which yields the desired conclusion (2.2).

For p > 8, we interpolate (2.12) with |ue ] < A72™a to obtain

Hu“”“HiP(AH,,k,mme) < AE—1gm(p=5) gp—19-2k
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and summing over intervals yields
Hua,kHZZp(A eom) ,S )\pr2 2m(p—8)ap—8 2_2k<10g(2ma2)>3

P8 272 (log(27a?))” .

m
2

=A\E2(2% )8 (752

By (2.11), the quantity a takes on dyadic values less than 2~ %, whereas 2™ takes on
dyadic values less than A5, We may thus sum over a, k, m to obtain the desired bound

2_9
”uHiP([O,l]xR) SATTE,

which together with the estimate for p = 8 concludes the proof of Theorem 1.1. O

3. BUSH COUNTING

In this section we prove Proposition 2.4. There are 2M\3 intervals in Zm, so the bound
is trivial unless a > 27™. It suffices to prove, for € a fixed small number, that if among
€23ma?(log(2™a?)) "1 consecutive slices in Z,, there are M slices that intersect Ag g m,
then

(3.1) M < (2™a®) " Hlog(2ma?))?.

Heuristically we would like to say that a point in A, f ., corresponds to 2™ packets
through a point. To make this precise, we need to take into account the tails in the bump
functions xr.

Consider a point (£,z) in a 2-™A\~3 slice I x R, such that x(t,z) > 2™. For each
y € R, we denote by N(y) the number of tubes T in the definition of x, , which are
centered near y at time t, i.e.

N(y) = #{(T,j) € Tay : t € Ir; and |ap(t) —y| < A5},
Then
Xoa(t. ) SAF [ (L4 A e = yl) N ) dy.

Hence there must exist some point y such that N(y) = 2™. Thus, we can find a point
y and > 2™ indices (T,5) € Tox for which |zp(t) —y| < A~3 and t € I7 ;. Since there
are at most 5 values of T with the same {7 for which |z7(t) — y| < A~3, we may select
a subset of a2 2™ packets which have distinct values of £&7. We call this an (a, k, m)-bush
centered at (t,y). For simplicity, we assume the bush contains exactly 2™ terms.

Consider a collection {B,}*., of M distinct (a, k,m)-bushes, centered at (t,,z,),
with
eAT52262(log(2™a?)) "t > |t — tw| > AT527™ when n#£n'.
Denote by {vy,; }i=1,2m the collection of 2 terms vy comprising B,,. For each n we define
the bounded projection operators P, on L?(R) at time ¢,, by

P,f = 27"a® (Z m(tn)ilvn,l(tm ’ )) (Z C7L7l(tn)71<vn,l(tna )5 f>>
l l
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where we recall that [c,;(t,)| = a, so that ||P,f|r2@) S ||fllz2). Applying these
projections to our solution u to (2.4) at time ¢,, recalling that (v, ;(¢,- ), u(t,-)) = cn(t),

we obtain
Pou = a? (ch,lunrl V1 (tns ))
l
therefore
(3.2) [Pt 22y & 2™ a?

where we are using (2.5) and the fact that the v, ; have distinct {r values. Note that the
L? norm is invariant under the als,; flow.

If these projectors were orthogonal with respect to the flow of (2.4), that is
P, Sty t,) P, =0,
then we would obtain
1= lluollFemy 2 Y I Paullize ~ M2™d?,

and (3.1) would be trivial. This is too much to hope for. Instead, we will prove that the
operators P, satisfy an almost orthogonality relation:

Lemma 3.1. Let o = max()\_%|tn/ —ta] 7Y, )\%|tn/ — tn\) Then the operators P, satisfy
(33) ||Pn/S(tn/, tn)Pn||L2(R)—>L2(R) <27 <10g(27m0[)> .

We postpone the proof of Lemma 3.1 to the end of section 5. This estimate is not
strong enough to allow us to use Cotlar’s lemma. However, we can prove a weaker result,
namely that for any solution u to (2.4) we have

(3.4) SRl e S C2lluollzwy,  C=M+Y 27 (log(2 ™).

Indeed, by duality (3.4) is equivalent to

| 280, ta) Pt

1
e®) SO sup | fall2(r) -

Using (3.3) we have

| >80t Pufa

2
= n’,Pn’ tn’atnpnn
. n};@‘ S(tn s tn) Pufn)

S (M43 27ma log 27 a)) ) sup | fullfe ey
n#n’ "
establishing (3.4).
Comparing (3.2) and (3.4) applied to u, it follows that

m

1
22aM < C2
or, in expanded form,

(3.5) 2ma?M? < M + Z 27"a (log(27™a)) .
n#n/'
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This will be the source of our bound in (3.1) for M. If
2ma?M?* < M
then we are done, so we consider the summation term.
First consider the sum over terms where \3 [t — tn| > 1, for which we have

> 27Nty — ta] (log(27 AR |ty — ta] ) < €] log e 2 a? M2,
n#n’

where we use that 7(logr) is an increasing function, and that (recall (2.11))

27N [t — ta| < €2™a?(log(2Ma?)) ! < 1.
Taking € small we can thus absorb these terms into the left hand side of (3.5).

To conclude the proof, we consider the sum over )\%|tn/ —t,| < 1. By the 2"MATE
separation of the M points t,,, we have

> 2T mATE [ty — | 7! (log (27 A [t — ta])) S M(log M)?.
n#n'
We conclude that
2"a*M < (log M)?,

hence that

M < (2ma2)_1<10g(2ma2)>2.

4. SHORT TIME BOUNDS

In this section we prove Proposition 2.5. We recall the bound we need,
tta bl 25 (4 gy S ATI28MaB275
where |[I| =27\ 5. Here g on I x R has the form

1r(t) - ugr = g lierjur,
(T,j)€7—a_k :IT’]‘QI#@
1
where we recall that cr; = 11, e, ¢p; = 11, ¢p. Also, |Ip ;| = 277275, and
- / 1k
lerjl = a, HCT,J‘HL2 S As22a.

Note that if k£ < m, then I ; O I for each term in the sum, whereas if k¥ > m, then I ;
is a dyadic subinterval of I, and there may be multiple terms associated to a tube T

We let N denote the number of terms in the sum for u, 1, and note that, by (2.6) and
(2.9), we have

(4.1) Na? <27F,
Using this bound, and dividing u, x by a, we then need establish the following.

Lemma 4.1. Let T be a collection of N distinct pairs (T,j), and Ir; corresponding
intervals of length 2-F\=3 which intersect the interval I of length 2-MA=5. Assume that

_k _1
llerjllnee +272 X762 < 1.
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Then with v = ZT cr ;vT, the following holds
vl Lsa,,nrxr) S A3 NT28™

where
Am={x=2"}, X

XT -
TeT

To start the proof, we first show that we can dispense with the high angle interactions.
We want to establish
0] Lagannixr) S ATENE2E™

2

We express v using a bilinear angular decomposition. Fixing some reference angle 6 we

can write
2 2
Ve = g Touf + g CT,;VUT * CS,kVUS
1 Z(T,8)>0
where v; = ZgTe K, CT,jUT Cconsists of the terms for which &7 lies in an interval K; of

length ~ A, where the K; have overlap at most 3. The second sum is over a subset of
T x T subject to the condition Z(T,S) = A\~|ér — &g] > 6.

For the second term we have a bilinear L? estimate,

Lemma 4.2. The following bilinear L? bound holds,

1 — _1
S075 Y (llerale +27A 3 lier 32 )
L2(IxR) TeT

(4.2) Z CT,jUT * C3,kVS

Z(T,8)>0

For this estimate there is no restriction on the number of tubes, nor do we require
equal size of the ¢y. The integral can furthermore be taken over the interval of length
A3 containing I; the short time condition is needed only for the small angle interactions.

We prove (4.2) in section 6. In our case, each term in the sum on the right is bounded
by 1. On the other hand, we have |vp| < A3y therefore

2
.2
E CT 0T - CsRUS | S ABXY,

Z(T,8)>0

which yields

5 A% 22m
LOC(A'm)

E Cr,;UT * CS,kVS
£(T,8)>0

Interpolating the L? and the L>° bounds we obtain

SATNEQTYTE
LA(Am)

g CT VT * CS EVS
£(T,8)>6

This is what we need for the high angle component provided that
AEN22mY=i = \Tz N22im

or equivalently
1

0=A\"32".
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Hence it suffices to restrict ourselves to the terms v;, where &7 € K, an interval of
width §¢ = A32™ centered on &. Let N; denote the number of terms (7, j) in v;, so that
> Vi < 3N. We will prove that

(4.3) 11+ A" #2727D 26 20f| y  py S AN 2

Let Q;(D) = (14 A~3272m|D — 2£|2)~1. We observe that, for w; € S(R),
3 3
|20 ,., < (S hiom)”
which follows by interpolating the bounds
| > Qm . > hliece. H > . (Z 1B aey)

The second follows by the finite overlap condition, the first since @; is convolution with
respect to an L' function. Applying this to (4.3) yields

Interpolating with the L bounds as above yields the desired bound

3204
l

By Leibniz’ rule and Holder’s inequality, (4.3) follows from showing, for n < 2, that

< ASN3o%
L3(IxR)

< )\12N2 247" .
LA(AmNIXR)

(44) | 5277 (D = ) v o gy S AFNS 2%

We first note the following bound on v; in L% over the entire 2~ min(k.m) \=3 time slice
I* x R on which the v; are supported:

(4.5) [(A7327(D = &))"t po ey S A® NP

To establish this, it suffices by the generalized Minkowski inequality to establish it on a
time interval J of length 2_’“)\_%, with N; replaced by the number N of (T, j) for which
Ir; = J. If k < m, then there is only one interval J to consider, whereas k > m means
J is a dyadic subdivision of I. If ¢g is the left endpoint of J, then we have the initial
data bound

N|=
Sl

||(/\7%27m(D—€l)) [ to ||L2 (Z|CT’J to ) ,S N

and for the inhomogeneous term we have

—240-m n w 1 1
[(A7527™(D = &))" (D: — a)\Z/S(tvxaD))””L%Li(.]xR) SEPAE (Z HC/T,j||%2(J)) SNJ.
The result then holds by the weighted Strichartz estimates, Theorem 5.4.

7

=

To obtain the gain in the norm over the slice I x R, we make a further decomposition
vy = ) pvp into “bushes”. This is made by decomposing the z-axis into disjoint intervals

of radius )\’%, indexed by B, with center xp, and letting vp denote the sum of the cr jvr
in v; whose center x at time ¢, satisfies |z — x| < A3
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For simplicity, we take to = 0. Let zp(t) denote the bicharacteristic curve passing
through (z5,&). Then |zp — 25| < A~3, provided T is part of vg. By Theorem 5.4 we
thus have the weighted Strichartz estimates,

10+ Ao = 2 P) (327D = )" 08| o gy S A NVE

where Np is the number of terms in vg. We may sum over B to obtain
n & 1m
10 O @) gy S M (S NE) < AN,
B

where at the last step we used Np < 2™, and ) 5 N = N;. Combining (4.6) with (4.5)
yields (4.4). O

5. WAVE PACKET PROPAGATION

In this section we establish the basic properties of the wave packet solutions vr on
the A™3 time scale, and prove weighted Strichartz estimates. In addition, we give the
proof of Lemma 3.1. Throughout this section, we let A = a\, ;(¢,z, D), and let u solve
(Dy — A)yu =0, u(0,-) = ug. We assume uy € S, so that all derivatives of u are rapidly
decreasing in . Throughout, I is an interval with left hand endpoint 0 and |I] < 273,

Lemma 5.1. For any m,n >0 and & € R,

n

Z(A%Tm)jH(D — &) ull Lo r2(rxmr) < Cn Z()\%Q*m)jH(D — &) uol 2wy -
j=0 =0

Proof. We use induction on n. The case n = 0 follows by self-adjointness of A, so we
assume the result holds for n — 1. We may write the commutator

ATH(D = &), Al = A5b"(L,2, D), b€ Sy s,

whereas commuting with A3 (D — &) preserves the set of Weyl-pseudodifferential oper-
ators with symbol in Sy )2/s. Hence, we may write

(D — A)(A327™)"(D — &) "u = A3 i b (t,x, D)(A"327™) (D — &),

=0

where b € Sy )2/s may vary with j. The proof follows by L? boundedness of b*(t,z, D)
and the Duhamel formula, since |[I| < A73. O

A similar proof, using the fact that
AS[z, Al = ASb(t, 2, D), be Syem,

and that commuting with sz preserves S y2/s, yields the following.
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Corollary 5.2. For any l,m,n >0, and all xg,& € R,

n

!
Z AS (Ai%fm)] [(x = 20)*(D — &) ull L~ r2(1xx)
=0 k=0

n l . )
< Coa DD AT (A2 (2 — 20)"(D — &) uoll 2wy -
k=0

Jj=0

To obtain weighted localization in x at the A~3 scale we need to evolve the spatial
center of u along the bicharacteristic flow. Additionally, we must work on a time interval
I so that the spread of bicharacteristics due to the spread of frequency support is less
than A~3.

Lemma 5.3. Let 24(t) = 9 —t 0cay2/3(0,z0,&0) , and suppose that |I]| < 2-MA~3. Then
forl <mn, and general m,n, xq, &,

l . .
STAF (527 (@ — 20()H(D — &) ull e L2 (1w

SCaY DAY (A 3272 — 20)*(D = &) uo | 2e) -

7=0 k=0

Proof. We write
ilx —xzo(t), Dy — A = (Ocanzss)(t,x, D) — Ogayz2ss(0, 20, &) ,

and taking a Taylor expansion write

)\% (85a,\2/3(t,x,§) — 8§a)\2/3 (031'0750)) =
A2 (b (2, M (@ = 20) + ba(t 2, ON 4 b, 2, A 27 (¢ - €0))

with b; € Sy y2/s, where we use 2™ > 1. Additionally, commuting with iz preserves
the class of b (t,x, D) with b € Sy y2/s. The proof now proceeds along the lines of the

proof of Lemma 5.1, using that |I| < \=32~"™, O

We remark that the proof of Lemma 5.3 in fact shows that one may bound

n l
SONF (T E27Y Dy — A) (@ — 20(0)F(D — Gl ull 121k
j=0 k=0
n l . ) ) 4
S Cn A3 ()\_32_m)j ||(x — $0)k(D — fO)jUOHL?(R) s
7=0 k=0

provided | < n and |I| < 2=™A~3, or |I| < A\~% in case [ = 0. We thus can prove
weighted Strichartz estimates as an easy corollary of the unweighted version. We state
the result for p = ¢ = 6, but it holds for all allowable values of (p,q) for which the
unweighted version holds.
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Theorem 5.4. Let xo(t) = xo — tOeay2/3(0,20,&0), and suppose that |I| < 2"MA"3
Then for 1 <n, and general m,n, xq, &,

l ; ]
Z AE (27 (@ — wo()F(D - o) ullLo(rxw)

n l
SO (v F ) (& — ) (D — oV unll ey -
3=0 k=0

If1 =0, then the result holds for |I]| < A3,

ol

<C,A

Proof. By the above remarks, the result follows by the Duhamel theorem from the case
n =1 = 0. That case, in turn, follows from Theorem 2.5 of [4]. An alternate proof is
contained in [1]. That paper dealt with A™'A, instead of A, but the analysis is similar
for A as above. O

If we take m = 0, then Lemma 5.3 applies to the evolution of a A3 packet. Precisely,

Theorem 5.5. Suppose that ¢ is a Schwartz function, and ¢ = )\%emgﬂﬁ(/\% (x—x7)).
Let v satisfy

(Di=A)or =0, v (0) = b1
Then with
xr(t) = xp — t Ogayzss (0,27,¢1),

for t € [0,A3] one can write

op(t,) = A5 pp (1, A3 (2 — ap(1)))

where {Yr(t, ) }er is a bounded family of Schwartz functions on R, with all Schwartz
norms uniformly bounded over T, t € I, and X > 1.

We conclude this section with the proof of Lemma 3.1. Let Py denote the bounded
projection on L?(R) defined by Pyf = 2™ (wy, f)wo, where wy is a sum of 2™ normalized
packets centered at xg with disjoint frequency centers; that is,

gm
wo = Z)\%eimd)l(ﬁ(x — ),
1=1
where the 1; are a bounded collection of Schwartz functions, and the & are distinct points
on the A\3-spaced lattice in R, with |§| < 1), We take P; to be similarly defined where
x¢ is replaced by x1, possibly with a different set of & and ;. We need to prove

(5.1) ||Pls(t17tO)POHLQ(]R)HL?(]R) ,S 27" <10g(27m01)> 5
where a = max (A5 |t; — to| "1, A3 [ty — to).

The proof of (5.1) requires control of the solution u over times greater than A~3, which
we will express in the form of weighted energy estimates. Heuristically, for ¢ < A~3 one
can localize energy flow at the symplectic A3 scale. For t > )\*%, energy flow cannot be
localized finer than the uncertainty in the Hamiltonian flow, where £ is determined only
within At, with resulting uncertainty in x. In the notation below, our weighted energy
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estimate localizes & to within 6\, and = to within §2. The linear growth of the weights
reflects the Lipschitz regularity of a (¢, z,§).

In the following, we let

ol

-

lto—t1], [to—ti] = A73.

ol

_{Aé, |t07t1|§)\77,

Let g;(t,z, D), j = 0,1, denote the symbol
qj(t,2,) = 072 (x — x5 + (t — t;) Deax(t, 25,€))
and set Q;(t) = q;(t,x, D). We will prove that
(52)  Qo(t1)S(tr,t0) fllLo@) S IS llzemy + 1Qo(to) fllL2®y + 0~ (@ — o) fll L2y -
Assuming (5.2) for the moment, we consider the constant coefficient symbols
mo(§) = (qo(t1,21,8)) m1(§) = (q1(to, o, €)) -
We will use (5.2) to prove that
(5.3)  [[mo(D)2(57%(@ — 1)) S (t1,0) (0> (2 = 20)) *ma(D)2 [ 2y S I1f 222

with bounds uniform over the various parameters. We then factor

P1S(t1,t0) Py = P (6% (z — $1)>2m0(D)7%m0(D)é<572($ —ay))7?
S(tr,t0) (6 2(x — 20)) " 2ma(D)2m (D)2 (5 2(z — 30))2 Py,

which reduces (5.1) to showing that

(54) (P62 — ) mo(D) [ S 270 (log(2 o)) ey -

where we use symmetry and adjoints to conclude that the rightmost factor above satisfies
the same bounds. Since [lwy || z2r) & 2%, (5.4) is implied by

(5.5) Imo(D) ™3 (57 (@ — 21))wn[3ag) S a {log(2"a)).

To prove (5.5), note that since § > /\_%, and the packets in w; are centered at xq, the
function (672(z — z1))?w, is of the same form as w;. The Fourier transform of w; is
a sum of 2™ L?-normalized Schwartz functions, concentrated on the A3 -scale about the
distinct &, and the left hand side of (5.5) can thus be compared to

A [ ma( @i -al) de £ S mate-
l

By (2.3),
deax(to, o, &) — Dean(to, mo, &) = A~ (& — &) .
Since A3 82[t; —to| ™! = a > 1, the estimate (5.5) then follows by comparison to the worst

case suim
om

Y (+a )t Sa(l+[log2ma™)]).

Jj=0
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To see that equation (5.3) is a consequence of (5.2), we observe that (5.3) follows by
interpolation from showing, with uniform bounds,

[mo(D)Y(E2( — 1)) 28 (11, t0)(52(x — 20)) 2 F | gy < I l22e)
(5.6)
(62 — 0)) 728 (11, 10)(62 (= 20)) 21 (D) | ey 1220 -

The second line follows from the first by symmetry and adjoints, so we prove the first
estimate. We first note that

Imo(D)(0™*(x — 21)) " fllzeey S I1f 1|2y + [1Qo(t) (6 (x — 21)) 7 fllrow) -

The commutator of Qo(t1) and (§~2(z — x1))~2 is bounded; this uses the fact that
Fax(t,z,€) € X71Sy x, that [t; —to| < 4, and that 672 < A. Thus, (5.6) reduces to
showing that

1Qo(t1)S (t1,t0)(6~*(x — 20)) > fllz2e) < If L2

which follows from (5.2), since the purely spatial weight Qo (to)(6~2(z—z0)) 2 is bounded,
and § < 1.

To establish (5.2), we calculate
F:/1Qo(t)S (¢, t0) flI 72y = 2Re ((3:Qo +i[Qo, ay (¢, z, D)])S(t, to) f, Qu(t)S(t,t0) f) ,
so since |t; — to| < § it suffices to show that
1(8:Qo +i[Qo, aX (t, x, D)) S(t,to) fll z2(ry S 6 fll ey + 072 (x — 20) fll z2(m) -
The operator 0;Qo + i[Qo, a¥ (¢, z, D)] is equal to
672 (deax(to, xo, D) — deal (t,x, D)) + i (t — to) [Deax(to, zo, D), a¥ (t,z,D)] .

The commutator term is bounded on L2 since ay € ACIS)\,A, and 3§2a,\(t0,m0,§) €
)\*1015}7)\. Since |t — to| < J, the second term is thus bounded by §—!. The L? norm of
the first term is bounded by §=! 4+ §~2(x — x¢), so we have to bound

5 Mz — w0)S(t, to) fllzy S If 2@y + 0 (= 20) fll 2wy -

This follows by Corollary 5.2, since 61 < A3, (]

6. BILINEAR L2 ESTIMATES

We prove here the bilinear estimate Lemma 4.2. For this section, we will let

xr(te) = (14 A3 |z —ap(t)) ™

for some suitably large but fixed N, and use the fact that |vr| < )\%XT, by Theorem 5.5.
Also in this section we let

a(t,$7£) = a)\2/3(t,.’[,£), ag(t,.’[,f) = 85(1)\2/3(t,$,f) .

We first reduce Lemma 4.2 to the case that the ¢y are constants, that is, to the
following lemma.
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Lemma 6.1. Suppose that br,ds € C. Then, for any subset A of tube pairs (T,S)
satisfying Z(T,S) > 0, the following bilinear L? bound holds,

(6.1) | () (3 as)
T S

The norm is taken over the common N3 time slice in which the tubes lie, and there is
no restriction on the number of terms.

Z bT’UT . dsvs
(T,S)eA

To make the reduction of Lemma 4.2 to Lemma 6.1, we note that it suffices by
Minkowski to establish (4.2) on an interval J of size 27¥A~3, including only the ¢r
for which I ; = J. On such an interval we can write

t
cr;(t) = er i (to) —|—/ cr.;(s)ds,
0
where %, is the left endpoint of J. We can thus bound

' ZCT,jUT . CS,ka + / ‘ ZCIT,j(T)UT . Cs’k(to)vs
J

+/ ds + / ZC’TJ (r)vr - cs1.(s)vs
J JxJ

Bringing the integral out of the L? norm and applying (6.1) together with the Schwartz
inequality yields the desired bound

dr

< ’ Z cr,j(to)vr - csk(to)vs

> erjlto)vr - s (s)vs drds.

_1 _ _1
$075 3 (lleryllie +27507Fch 3 ).

E CT VT * CS VS
L2(JxR) Ipj=J

£(T,8)>6

We now turn to the proof of Lemma 6.1. One estimate we will use is the following.
Suppose that the tubes T (respectively S) all point in the same direction, that is, &7 is
the same for all T, and g is the same for all S, where [£7 — £g| > A0. Then

o2 (S erir- isis) drde £ 27307 (30 0rl?) (P

This follows since different tubes T' (respectively S) are disjoint, and the intersection of
any pair of tubes 7" and S is a A~3 interval in z times a #~*A\~3 interval in ¢ about the
center of the intersection. Precisely, one can make a change of variables of Jacobian M50
to reduce matters to A = 1 and 6 = 7, where the result is elementary. We remark that
since the terms are positive, this holds even if the sum over T and S on the left includes

just a subset of the collection of all T" and S.

Consider now an integral
/vT vg U Ugr dt dx .
Recalling that )\_%fT € Z, we will relabel
§r =8&m+js Es=6&m—j, & =&nti, &5 =&,

corresponding to &p = )\g(m + j), etc. Here, m, n, i, and j may take on half-integer
values; for simplicity we assume m # n and i # j, and 4, j nonzero. The cases of equality
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are simpler in what follows. By symmetry we may take j > i > 1. Assuming that
Z(T,S) > 60 implies j > A36, and similarly Z(7”,5") > 0 implies i > A3 0.

We introduce the quantities
V(4) = VT Vs U7 Vs,
a@) = a(t, 2, &mtj) + alt, x, &mj) — alt, z,&ni) — alt, x,§n—i)
awy = a(t, ®,&m+j) + a(t, ,&m—j) — alt, @, &myi) — alt, T, Em—i) -

Since age &~ A7!, we have simultaneous upper and lower bounds for agary,

J J
(6.3)  a) =A% / ag(t, T, 6mts) — ae(t, 2, Emos) ds ~ A3 / sds ~ A3 (52— i?).

We may similarly use |0 ace| < A~13(a=D) for nonzero a to deduce

(6.4) |00 0| S AFFEIOIED(G2 2y o > 1.

To control the difference of a(4) and a4y, we introduce the quantity
Ty = @) — a) = 2(&m — &n)ag(t, 2, &m)
= Z a(t7 z, fmii) - a(t7 x, fnii) - (gmiz - gniz) aﬁ(ta xZ, fm) 5
+

which by a Taylor expansion in £ is seen to satisfy

|07y | S At Emax@lal=D (4 —nf) [m — nl.

Using a Taylor expansion of a(t, z,£) about & = &{p, we can write
aw(tv Zz, D)UT = [a(ta x, €T) + aﬁ(ta €z, éT)(D - §T) + rw(t7 €z, D)]UT )

where A~ 37¥ (t,z, D) applied to a A3 -scaled Schwartz function with frequency center &,
such as vr, yields a Schwartz function of comparable norm, uniformly over A.

We then write
ag(t,x, &) (D — &r)vr = [ae(t, z, &r) — ag(t, x,&m) | (D — &r)vr
=+ af(tv Z, gm)(D - ST)UT .
The same expansions hold with &7 replaced by &g, {7, and Eg.
Replacing &7 by any of £,45 or &+, the function a¢(t, x,&r) — ae(t, , &y) satisfies
’8?’1 (ag(tx,fT) — ag(tmc,fm))’ S(@E+j+|m— n|))\_%+% max(0,]e| 1)

Let L = Dy — ag(t, z,&m) D, where D = D, as always. Writing Dyvr = a" (¢, z, D)vr,
and using the above expansion for the latter, we see that (L — a(4/))v(s) can be written
as a sum of 5 terms,

(L — ay)vay = (Lrvr) vs U7 Usr + vr (Lsvs) U Usr — vr vs (Lyvr) Usr

—vrvs U7 (Lsvsr) + 1ayvay ,
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where we wrote {7 + s — & — Eg0 = 2(&m — &), and where
LT'UT = (aw(ta €, D) - a(ta xng) - G‘E<ta xagm)(D - gT))vT
_ ([ag(t, 2, 6r) — ac(t, , &) (D — &) + 7 (t, D))UT .

In the expressions for Lg, L7/, and Lg/, T is respectively replaced by S, 77, and S’, but
the &, is the same for each. The Lp’s thus depend on all 4 subscripts, but this is fine
since the below analysis is applied separately to each term.

Since (D — &r) applied to vp counts as A3, then |Lovr| < A3 (i + j + |m — n|)A3 xr.
Indeed, Lyvr can be written, at each fixed time ¢, as A% (i + j + |m —n/|) times a Schwartz
function of the same scale and phase space center as vr.

Consequently,
(L = a@n)vay| S A5G+ + m —n]) (m —n) ASx)
where x4 is the product of the corresponding xr.
We also need the estimate
2, 4
(L — a@n)?vay| SA3(G+ 7+ |m—n[)*(m—n)?A5 x4 .

Following the above arguments, we can write (L — a(4/))20(4) as a sum of 16 terms like

(Ljvr) vs v 057 + (Lyvr) (Lsvs) v U5 — (Lyvr) vs (Lyvg) Ugr — -+
plus 4 commutator terms
( [Dt —a"(t,z,D) ,LT]’UT) vg U7 Ugr + v ( [Dt —a”(t,z, D) ,LS]US) U Vg — - -
plus remainder terms
(Lr@) vy + 1) (L = a@))vg) -
Except for the commutator terms, the desired bounds follow by the same estimates as

for (L — a(4y)vesy. The commutator terms depend on the fact that the commutator of
two symbols in C'Sy y2/s is in A71S) y2/s.

We let ¢ be a smooth cutoff to a A~3 time interval in ¢. We can then write

2
L —awy L'an) — apn (L
/v(4)¢dtdx:/< ac) U(4)¢dtdax+/ (0 aw) — o T0) vy gy 4,
(

A

/ (26(L'aw)) — a@)(L'9)) (L — aw)) v

— 3 tdx,
4

where we have integrated by parts in the last two terms, and L’ is the transpose of L. We

assume here that the vy are extended to a slightly larger time interval to allow integration
by parts in ¢.

By the above estimates the integrand of the first term on the right is bounded by

4

. . 4
(Z+J+lm_.n|)2§m_n>2mx(4) < @—@ A5x4 -
(j2 —i2)? (j—1i)?
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By (6.3) and (6.4), we have (L'a(4)) < as). The integrands of the last two terms on the
right hand side are then respectively dominated by

Asxay i+ +|m—nl)(m—n)Asxu
(52 —14%) (j2 —i2)?

Consequently, we have shown that we can write f vg)Qdtdr = f w4y dt dz, where

(m—n)* 4
Goaz M@

<

(m—n)* 4
lwgy] < W)‘S‘X(M'

Given a collection A of pairs of tubes (T, .5), we let

b= (X0 brP)’ . da= (3 )

Er=&n Es=En

where the sum is over all T, respectively S, in the collection that have frequency center
&n. Then

2 -
Hqsz bTvT~dSvSHL2: DY deSbT,ds,/v(4)¢dtdx

(T,S)eA (T,S)eA (T',5")eA
<YY Y Y (brdsteds | [ugdd,
m,j n,t (T,8)EAp, ; (T',8")EA,
where A, ; C A consists of the pairs (T, S) € A such that {r = &5, and g = &—j.
By the above this is dominated by

AS Z ml/( Z |deS|XTXS>< Z |bT’dS/|XT/XS/>dtd£L’

m,n,i,j (T,S)EAm,; (T",8")EA ;
2
-1 (m —n)
S0 Z Wbm+j dy—j bpti dn—i,
m,n,i,j

where we used the Cauchy-Schwartz inequality and (6.2).
We next show that we may write [v4)y¢dt de = [ w4y dt dz, where

(6.5) |w(4)| S m /\%X(4) .
Since
min( m —n)* ! ) < 1
(i=3)* " {m=m)!®) = (i—j)i(m—n)?’
this will establish that
2 1
o3 prom dsoslla 507 30 gy ggtnes s b

By Schur’s lemma, this is in turn bounded by

1

(T ) (D) <o (S iel) (S lask?).
m,j n,i T S

where the last sum is over all 7T',.S that occur in A.
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To prove (6.5), we write

2(mfn)/v(4)q5dtd:r = /Ai%(gT‘FES —ET/ 755/)U(4)¢dtdl’: /w(4)¢dtdx,
where

wy = (AN5(D — &) vr) vs U g + vp (A3 (D — &) v) T g — - -

k

We repeat this process, and use that |A=% (D — &r)*vr| < A3y O

7. RESULTS FOR DIMENSION d > 3

In this section we work on a compact d-dimensional manifold M without boundary. We
consider spectral clusters for g, p € Lip(M) exactly as in Theorem 1.1. We will apply the
methods and results of the previous sections to prove the following, which establishes the
conjectured result (1.4) for a partial range of p.

Theorem 7.1. Let u be a spectral cluster on M, where M is of dimension d > 3. Then
1_1y_ 1 _
(7.1) [ull Lo (ary < Cp A2 72 Jufl 2 ary,  HE <p <0,
The following partial range result for the other estimate in (1.4),

2(d_1)(l 1

") Ifllz2ar) > QSPS%

lullLrary < C A

was established in [7], as was the p = oo case of (7.1).

The proof of Theorem 7.1 follows the same steps as Theorem 1.1, and so we focus
below on the modifications necessary in each step.

Step 1: Reduction to a frequency localized first order problem. Care must be taken
in the frequency localization step to handle the high-frequency terms, since Sobolev
embedding as used in the d = 2 case is not sufficient to establish the desired result for

large p in high dimensions. In particular, the analogue of Theorem 2.1 does not hold for

p= 6;1%12. Instead, we use the following estimate from [7], valid for Lipschitz g, p,

d—1
(7.2) lull oo (ary S A [Jull2(ar) -

We remark that this estimate used the strict spectral localization of u and intrinsic
Sobolev embedding on M to deduce it from results for smaller p.

By (7.2), if ¢ is a bump function supported in a local coordinate patch, and
du = (¢u)<x + (pu)x + (¢u)>a

is the decomposition of ¢u into terms with local-coordinate frequencies respectively less
than c)\, comparable to ), and greater than ¢~!'), then each term in the decomposition

has L* norm bounded by A“z" llull L2(ary - The proof of [7, Corollary 5], together with
(2.1) and Sobolev embedding on R, yields

(@) <rll, pa, +[[(@u)sall e, S llullzzany -

Interpolation with (7.2) then yields even better bounds than those of Theorem 7.1 for
these terms.
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Hence we are reduced to bounding |[(¢u)x||z». With a¥'(¢,z, D) and S(t,9) defined
as they are for d = 2, where z and £ are now of dimension d — 1, we then reduce matters
as before to establishing

1 1

1
||uHLp([O71]X]Rd—1) < Op)\d(z ») 2||UOHL2(]R‘1_1)’ u=.5(t,0)ug, % <p<L oo,
with @y supported in [¢] < 3. As before we will take [[u|p2ra-1) = 1.

The expansion of u in terms of tube solutions vy on each A~3 time slab and the
definition of Ag g, bushes then proceeds for d > 3 the same as for d = 2, but where

we take ¢ = A\~“5" as the lower bound for a in the sum u = > g in order to trivially
obtain the desired bounds for u..

In d-dimensions, a 2™-bush has angular spread at least 271 )\*%, and so can retain
full overlap for time §t = 27721 \~3. Thus, in dimension d we decompose the unit time
interval into a collection Z,, of intervals of size 5t = 2~ La*1] )\_%; such intervals are then
dyadic subintervals of the decomposition into A~3 time slabs.

The proof of Theorem 7.1 will then be concluded using the following two propositions.

Proposition 7.2. There are at most A\3277-1(2ma2)~2(log(2™a?)) intervals I € I,
which intersect Ag k m-

Proposition 7.3. For each interval I € Z,,, we have

d—1 —Pd o kPa d
”u“’k||1£P(Aa,k7mﬂl><Rd*1) 5 )\()\ 3 2ma)p Pig—=5 , P> pg= 2(d+1) .

Indeed, combining the two propositions we obtain

kpg

4= om \p— o= rom — m -
H“a’kHsz(Aa,k,m) SA(ATT 2Ma)PTPAN52T T (2 a®) "% (log(2™a?))2" 2

< A5 P gm(FF -y (gma2)%—2<log(2ma2)>2—k’%_

Recall that 2™ and a both take on dyadic values such that
M2 <1, 2m <A .
When the exponent of 2™a? is positive,

__ 6d—2
P>pd+4—ﬁ,

we may sum over m, a and k to obtain
P 1+ 4L (p—
||UHL1> < CIZ;)\ = (p Pd)’

giving the desired result
lull e < CpAT 75
By (7.2) the constant C), remains bounded as p — oo, but may diverge as p — %i;Q.

—1
On the other hand C), is bounded by a power of log A for p = 65%2, since there are only

1
=~ log A terms in each index.
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Proof of Proposition 7.2. There are ~ 27°T \3 intervals in Tm, SO we may assume
1
that a2 > 27™0+77) It suffices to prove, for € a fixed small number, that if among
2
€20+ 3=1) 42 consecutive slices in Z,,, there are M slices that intersect Ag k,m, then

(7.3) M < (2™a?) " log(2ma?)) .
Consider a collection {B,}*, of M distinct (a, k,m)-bushes, centered at (t,,z,),
such that
ex"39mUt ) 2 > [tn — tas| > A"3277T  when n £n'.

Denote by {vy, ;}1=1,2m the collection of 2™ packets in B,,. As in the proof of Proposition
2.4, for each n we define the bounded projection operators P, on L?(R%~1) at time t,, by

P.f= 27"a? (Z m(tn)_lun,l(tm : )) (Z Cn,l(tn)_1<vn,l(tn7 ), f>>
l l

where we recall that |c, ;(t,)| = a, so that
(7.4) [Pati(tn, )72 a1y = 27a?.

As with Proposition 2.4, the key estimate is the following analogue of Lemma 3.1,
Lemma 7.4. Let a = max()f%hfn/ —tn| 71, )\%|tn/ — tn\) Then the operators P, satisfy
(7.5) 1P S (s tn) Pall L2@a—1y s L2 @a-1) S 277 1,

Proof. We follow the proof of Lemma 3.1 at the end of Section 5. The same steps follow,
where the g; are vector valued if d > 3. The analogue of (5.5) to be proven is

[mo(D)"% (672(x — 21)) w1 |22y < 2" 7T,

which is established by comparison to the worst case sum, where j € Z% 1,

27
R e R e
lil<2@T ’

where we used that a > 1 to handle the 7 = 0 term. O

As before, Lemma 7.4 leads to the bound
(7.6) SRl rega-ty S Cluollrewy, C=M+> 27 a.

n n,n’
Comparing (7.4) and (7.6) applied to u, it follows that
(7.7) 2ma’M? S M+ ) 27T a,
n#n'

The bound (7.3) is trivial if 2™a?M? < M, so we consider the summation term. For
the sum over terms where A3 [t — tn]| > 1 we have

ST TNty — | S e2ma? M.
n#n’
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Taking e small we can thus absorb these terms into the left hand side of (7.7).
To conclude, we may assume then that
2ma?M? 27 TTINTE D [t — |
n#n’
We use the 2”71\~ 3 separation of the t,’s to bound
D7t =t TP S 27N M log M
n#n'

thus
2ma*M < log M,
or
M < (27a®) ™ (log(2™a?)) .
O

Proof of Proposition 7.3. We estimate [ua | zr(a,,.,.) on a single slice I x R*1,
where I € Z,,,. By (4.1), if there are N terms in the sum for u, x, then Na? < 2% so by
orthogonality the total energy of u, x is S 275, We then have the Strichartz estimates

Ak
H“mkHLPd(Ide—l) SAPa272, Pa = %-

If £ > 475, this is proven on each 27F)\"3 dyadic subinterval of I then summed.
We interpolate this with the L bound
d-1
Hua,k||L°o(Aa,,€,mmlde—1) SA T 2",
to obtain
kpg

a—1 _ _ kPq
||Ua,k7||1£p(Aa’k)mm]><Rd—1) 5)\()\ 3 2ma)p Pi9——2 [
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