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ABSTRACT. We establish Strichartz estimates for the Schrédinger equation on
Riemannian manifolds (£2,g) with boundary, for both the compact case and
the case that 2 is the exterior of a smooth, non-trapping obstacle in Euclidean
space. The estimates for exterior domains are scale invariant; the range of
Lebesgue exponents (p, q) for which we obtain these estimates is smaller than
the range known for Euclidean space, but includes the key L?Lgo estimate,
which we use to give a simple proof of well-posedness results for the energy
critical Schrédinger equation in 3 dimensions. Our estimates on compact man-
ifolds involve a loss of derivatives with respect to the scale invariant index. We
use these to establish well-posedness for finite energy data of certain semilinear
Schrédinger equations on general compact manifolds with boundary.

1. INTRODUCTION

Let (2,g) be a Riemannian manifold with boundary, of dimension n > 2, and let
v(t,x) : [0,T] x @ — C be the solution to the Schrédinger equation

(i8t+Ag)U(t7x) :07 0(0793) = f(SC) (1)
We assume in addition that v satisfies either Dirichlet or Neumann boundary con-
ditions

v(t,yc)’aQ =0 or ayv(t,x)|8Q =0,
where 9, denotes the normal derivative along the boundary. In this work, we
consider local in time Strichartz estimates for such solutions; these are a family of
space-time integrability estimates of the form

vl oo, 77:002)) < Cllfllms() - (2)

Here H*(Q)) denotes the L? Sobolev space of order s, defined with respect to the
spectral resolution of either the Dirichlet or Neumann Laplacian. The Lebesgue
exponents will always be taken to satisfy p,q > 2, and always the Sobolev index
satisfies s > 0.

The consideration of high frequency bump function solutions to (1) shows that
P, q, s must satisfy

+—>—-—3s. (3)
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In the case where equality holds in (3) the estimate is said to be scale invariant;
otherwise, there is said to be a loss of derivatives in the estimate, as it deviates
from the optimal regularity predicted by scale invariance.

Strichartz estimates are most well understood over Euclidean space, where ) =
R" and g;; = d;;. In this case, the scale invariant estimates hold with s = 0 and
T = oo. See for example Strichartz [21], Ginibre and Velo [8], Keel and Tao [15],
and references therein. Scale invariant estimates for s > 0 then follow by Sobolev
embedding; such estimates will be called subcritical, as their proof does not use the
full rate of dispersion for the equation (1).

This paper is primarily concerned with proving scale invariant Strichartz esti-
mates on the domain exterior to a non-trapping obstacle in R™, that is, Q@ = R™\
for some compact set K with smooth boundary. Non-trapping means that every
unit speed broken bicharacteristic escapes each compact subset of €2 in finite time.
While we are only able to prove such estimates for a restricted range of subcritical
P, q, we do obtain estimates with applications to wellposedness in the energy space
for semilinear Schrodinger equations when n = 3.

The key new step in this paper is to establish (for the same range of p, q) scale
invariant estimates for the semi-classical Schrodinger equation on a general compact
Riemannian manifold with boundary. The step from these local estimates to the
case of exterior domains depends on the local smoothing bounds of Burq, Gérard,
and Tzvetkov [4]. When K is assumed to be non-trapping, they proved that

160l o grisrsd oy < Ol ey EC2@),  sel. @)

This inequality is a natural formulation of the local smoothing estimates for Eu-
clidean space which originated in the work of Constantin and Saut [6], Sjolin [18],
and Vega [23]. The estimate (4) was used in [4] to obtain Strichartz estimates with
a loss of 1/p derivatives, by combining the gain in regularity in (4) with Sobolev
embedding, in order to prove space-time integrability estimates near the obstacle.

Improved results were obtained by Anton [1], which show that Strichartz esti-
mates hold with a loss of % derivatives. The approach in [1] combines the local
smoothing estimates (4) with a semi-classical parametrix construction, rather than
Sobolev embedding. We remark that further improvement is possible by using the
parametrix construction of the authors in [2], to yield a loss of % derivatives. This is
currently the best known estimate for critical p, ¢, that is, %4—% = 4, except for the
case where K is strictly convex. For the exterior domain to a strictly convex K, the
full range of Strichartz estimates (except for endpoints) was obtained by Ivanovici
[12] for Dirichlet conditions, using the Melrose-Taylor parametrix construction.

The use of local smoothing to establish Strichartz bounds has origins in the
work of Journé, Soffer, and Sogge [14], and of Staffilani and Tataru [19]. Both deal
with perturbations of the flat Laplacian in R", and establish estimates with no
loss of derivatives. The paper [14] considered the case of potential terms —A + V,
whereas [19] considers non-trapping metric perturbations. In both cases, one has
local smoothing estimates similar to (4).

More recently, Planchon and Vega [17] used a bilinear virial identity to obtain
the scale invariant estimate (2) where p = ¢ =4, s = § in n = 3 dimensions (along
with a range of related inequalities), for the Dirichlet problem on non-trapping ex-
terior domains. These estimates were applied to semilinear Schréodinger equations,
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showing that for defocusing, energy subcritical nonlinearities, one has global ex-
istence for initial data in H!(Q). For strictly convex K, the work [12] establishes
global existence for the energy critical semilinear equation, focusing or defocusing,
for small Dirichlet data in H'().

In the present work, we establish the Strichartz estimates (2) for a range of
subcritical p,q. The key tool is a microlocal parametrix construction previously
used for the wave equation in [20] and [3]. This approach treats both Dirichlet and
Neumann boundary conditions, and applies to general non-trapping obstacles.

Theorem 1.1. Let Q = R™\ K be the exterior domain to a compact non-trapping
obstacle with smooth boundary, and A the standard Laplace operator on 2, subject
to either Dirichlet or Neumann conditions. Suppose that p > 2 and q < oo satisfy

3,2 _
5+5§17 n—2,
l+%§1 n>3.

()

Then for the solution v = exp(itA) f to the Schridinger equation (1), the following
estimates hold

vl e o, 11529y < Clfllas (@) (6)
provided that
2 n n
-+ —=—=—35. 7
PRI (7)

For Dirichlet boundary conditions, the estimates hold with T = oc.

That one may take T' = oo in (6) for Dirichlet boundary conditions is a conse-
quence of the fact that (4) holds for "= co in the Dirichlet case.

We now consider estimates for compact Riemannian manifolds €2, with A, the
Laplace-Beltrami operator for g. Burq, Gérard, and Tzvetkov showed in [5] that
for p > 2 estimates hold with a loss of * derivatives in case 9Q = (. The same
result was established for compact manifolds with geodesically concave boundary
in [12]. For general boundaries, we establish estimates with the same loss of %
derivatives, valid for (p,q) satisfying (5). For such (p,¢q), this is an improvement
over the estimates of [2], which involve a loss of % derivatives.

Theorem 1.2. Let Q) be a compact Riemannian manifold with boundary. Suppose
that p > 2 and q < oo satisfy (5). Then for the solution v = exp(itAg)f to the
Schrddinger equation (1), the following estimates hold for fized finite T

ol Lacc) < 1
ol zoqo.riszae) < CIl s o

forp, q, s satisfying (7).

As with [5] and [12, Corollary 1.5], the loss of 1 arises as a consequence of using
a representation for solutions that is valid only in a local coordinate chart; that is,
on a semi-classical time scale.

In the last two sections of this paper we present applications of the above the-
orems to well-posedness of semilinear Schrédinger equations in three space dimen-
sions with finite energy data. In Section 5, we use Theorem 1.1 and interpolation
to establish the L}LS® Strichartz estimate. This estimate yields a simple proof
of well-posedness for small energy data to the energy critical equation on exterior
domains, a result first established by Ivanovici and Planchon [13]. In Section 6, we
establish a variant in three dimensions of Theorem 1.2 for the case p = 2, for data
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u localized to dyadic frequency scale X\. The estimate involves a loss of (log\)?
relative to the estimates of [5]. Following the Yudovitch argument as in [5, Sec-
tion 3.3], we use this to establish well-posedness for finite energy data to certain
semilinear Schrodinger equations, on general three dimensional compact manifolds
with boundary. The logarithmic loss in the estimates restricts our result to slower
growth nonlinearities than considered in [5] for manifolds without boundary. For
particular three dimensional manifolds without boundary, recent results have been
obtained for the energy critical case by Herr [9], Herr, Tataru, and Tzvetkov [10],
and Tonescu and Pausader [11].

The outline of this paper is as follows. In section 2, we reduce Theorems 1.1-1.2
to estimates on the unit scale within a single coordinate chart. Section 3 outlines the
angular localization approach from [20], and introduces a wave packet parametrix
construction. Estimates on the parametrix are then developed in section 4. We
conclude in sections 5 and 6 with the applications to semilinear Schrodinger equa-
tions.

Throughout this paper we use the following notation. The expression X <Y
means that X < CY for some C' depending only on the manifold, metric, and
possibly the triple (p, ¢, s) under consideration. Also, we abbreviate LP(I;L?(U))
by LPLI(I x U) or by L4 L9(U) when I = [0,T]. If U = R™ we write LY.L, As
will be seen below, the last component of an n-vector will take on special meaning,
hence we will often write x = (2’, z,,) so that 2’ denotes the first n — 1 components.

We conclude this introduction with a remark on the Sobolev spaces that we use
in the case of exterior domains. In the above theorems, the Sobolev space H*(£2)
and the operator exp(itA) are defined using the spectral resolution of A subject to
the chosen Dirichlet or Neumann boundary condition B; in particular, the linear
evolution preserves H*(2). The space H?(2) is then equal to the subspace of
H?(Q) satisfying Bu = 0, and for 0 < s < 2, the space H*({)) can be defined by
interpolation. For s > 2, these spaces satisfy u € H*(Q2) if and only if Bu = 0
and Au € H72(Q). Thus, for large values of s, a function in H*(Q2) satisfies the
linear compatibility conditions B(A¥u) = 0, for k for which this is defined. These
compatibility conditions are necessary to bootstrap the local smoothing estimates
(4) to higher orders s, as well as to insure v(t, -) € H*(€2), which is required to
handle commutator terms with cutoff functions. We will also use that

[vll =) = 1901l e @y + (1= 9)0ll e ey

where 1) € C2°() is such that 1 — ¢ vanishes on a neighborhood of 9, and Q is
a compact manifold with boundary in which Q Nsupp(v) embeds isometrically; for
example Q = QN [-R, R]" with periodic boundary conditions and R sufficiently
large.

We use H*(Q) to denote the space of extendable elements, with no boundary

conditions. For Q an exterior domain, H*(2) consists of restrictions of functions
in H*(R™) to Q with the quotient norm (minimal norm of an extension); for {2

compact we embed Q in a compact manifold ' without boundary, and H*(2)

consists of restrictions of elements H*(Q'). By elliptic regularity, H*(Q) C H*(Q).
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2. PRELIMINARY REDUCTIONS

In this section, we reduce the inequalities in Theorems 1.1 and 1.2 to estimates on
solutions to a pseudodifferential equation defined in a coordinate chart near the
boundary. We start by considering the case of Theorem 1.1.

For Q) = R\ K, we take ¢ € C2°(£2) such that 1 —1) vanishes on a neighborhood
of 9Q = OK. Then vy = (1 —v)v satisfies the inhomogeneous Schrédinger equation
on R™:

(10 + A)vo = [¢, Ao, vole=o = (1 =) f.

Here, (1 —1)f € H*(R"), and by (4) we have [A,¢]v € LZH*"2(R"). (Although
stated only for s € [0,1] in [4], it is easy to see by a bootstrap argument and
interpolation that (4) holds for all s > 0, where H® is the is the intrinsic Sobolev
space for the Dirichlet/Neumann conditions as above.) The Strichartz estimates
for v then follow from Proposition 2.10 of [4] together with Sobolev embedding.
While [4] considers the case s € [0, 1], the result of Proposition 2.10 of [4] follows
for all s > 0, since the free Schrodinger propagator exp(itA) on R™ commutes with
differentiation.

We are thus reduced to establishing estimates on the term ¥v. We isometrically
embed a neighborhood of supp(t) into a compact manifold (€2, g) with boundary,
where 9Q = 9. Then vy = 1v satisfies the inhomogeneous Schrédinger equation
on

(iat + Ag)vl = [A, Y], V1li=0 = Vf .
By (4), we are reduced to establishing the following estimate over a compact man-
ifold with boundary €,

ol oy S 100l s gy + 1000+ D)ol oy g (®)

Here we use that [A, 1] vanishes near 09, hence maps H*+2(Q) — H*~z(Q).
We next take a Littlewood-Paley decomposition of v in the z variable with
respect to the spectrum for A,. Precisely, we write

v = o~ +Zﬁ 2V (=Ag) o= v,
§=0

where 3377 8(27%s) = 1 for s > 2, and 8 is supported by s € [1,2]. The low
frequency terms are easily dealt with by Sobolev embedding, since the right hand
side of (8) controls the LY. H =3 norm of v for 2 < p < co. The following square
function estimate holds, for example by heat kernel methods,

1

10l g gy ~ OS5 1052) 2 g gy < (S5 103120 0gay) (9)

where we use p,q > 2 in the last step. By orthogonality, the desired estimate (8)
would then follow as a consequence of the following estimate,

lojll 2 2oy S 22 N0l g 2@y + 277 2100 + Ag)vjl 1z r2a) -

Finally, we divide [0, T into intervals of length 277 and note that, since p,q > 2,
by the Minkowski inequality it suffices to prove the above on each subinterval; that
is, for T = 27J. To summarize, Theorem 1.1 is thus reduced to establishing the
following semiclassical result.
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Theorem 2.1. Let Q be a compact Riemannian manifold with boundary, and Ag
the Laplace-Beltrami operator, subject to either Dirichlet or Neumann boundary
conditions. Suppose that p > 2 and q < 0o satisfy (5) and (7).

Suppose also that, for all t, va(t, -) is spectrally localized for —Ag to the range
[LA24N2]. Then the following estimate holds, uniformly over A,

sf\1 I
loalles_ nacey S A" (A loallzz | rage) + A7 HIG0 + Aguallzz | 12@) - (10)

We observe that Theorem 1.2 also follows as a consequence of (10). To see this,
we divide [0, 7] into subintervals of length A™*, and note that for vy = exp(itAg) fa,
on each subinterval the right hand side of (10) is bounded by A*|| fx [ z2(q). Summing
the LP norm over a total of ~ A subintervals leads to

1
[orllzg oo S A ls@ ~ 13l e o -

Applying the square function estimate (9) as above yields Theorem 1.2.

We will establish (10) by the methods developed in [20] and [3] to obtain dis-
persive estimates for the wave equation on manifolds with boundary. We start
by taking a finite partition of unity over €2, subordinate to a cover by coordinate
patches. We restrict attention to a coordinate patch centered on 0f); the interior
terms can be handled by the methods of [5], or by the parametrix construction of
this paper. Thus, let ¢ € C2°(Q2) be supported in a boundary normal coordinate
patch along 99). The function vy is not sharply spectrally localized, but does
remain spectrally concentrated in frequencies < \. Precisely, for all k& > 0,

||wv)\||L§71H’“(ﬁ) S HU/\HL;lHk(Q) S )‘k||vz\||Li71L2(Q)7 (11)

and the same holds with vy replaced by (i0; + Ag)va.
Letting x,, denote geodesic distance to the boundary, and z’ coordinates on 992,
in boundary normal coordinates the Laplace operator takes the form

Agp=pt Z 0; (g”pajv)
1<i,j<n
where p = y/det g, and g denotes the inverse of the metric g,. Furthermore,
g = g™ = §;,,, so there are no mixed 9,/0,, terms.

We now extend the metric g(z’,z,) in an even manner across x, = 0; the
new metric g(2’, |x,|), which we also denote by g, is defined on an open subset of
R™, and is of Lipschitz regularity. We extend the solution ¥wv) in an odd or even
fashion, corresponding to Dirichlet or Neumann boundary conditions, to obtain a
C11 function. We will assume 1 is chosen so that ¥ (2, z,,) is independent of z,,
near x, = 0. Since the extended Laplace operator is even, the regularity of g and
vy show that the extended solution satisfies the extended equation across x,, = 0,

(i@t + Ag)(i/}’())\) = [Ag, ’l/J]’U)\ + ¢(Zat + Ag)m\ s

where Agvy is extended oddly/evenly as is vy, and 1 is even.
By choosing sufficiently small coordinate patches, and rescaling if necessary, we
may assume that g extends to all of R", such that

g — 67 congny < o<1, g =89 if 2] > 1.

The odd (respectively even) extension operator maps functions in H"(R;) satis-
fying f(2’,0) = 0 (respectively 9, f(2’,0) = 0 ) to functions in H"(R™), provided
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r € [0,3). The extension also commutes with differentiation in the z’ variables.
We observe that multiplication by functions such as g or p preserves H"(R"™) for
r € [0,2), and multiplication by d,p preserves H"(R") for r € [0, 3). This can be
seen, e.g., from the fact that <§>%*6 is an As weight in one dimension, and that
Oy p is a Calderén-Zygmund type multiplier in x,,.

It follows that the bound (11) holds to a limited extent for the extension of 1vy

to R™. To quantify this, we introduce the following family of norms, for r > 0,

W lles = D7 (A0 Fll2qeny + A7 102 Al ey )
le|<N
and observe that ||f| gox S| fllge» f0 <o <r. Here N is taken to be a fixed but
sufficiently large number, which we allow to change in a given inequality. However,
for the results of this paper N need never exceed n + 2.
By (11) and the above, it holds that for 2 < r < 3

1 _1 .
A2 ||¢UA||L§71HT7*(R") + A2 (@0 + Ag)(w"}/\)”LiilHT*?v)\(R")
1 _1 .
SAZ[oallez_, p2e) + A2 @0 + Ag)ualle | r2o)- (12)

This bound also holds if we replace A, on the left side by the divergence form
operator 9;g%9;, since the difference p~1(9;p)g8; maps H™ — H"™ 2> with
norm A\, provided r € [2, g) Since subsequent estimates will be only in terms of
the left hand side of (12), we may thus set p = 1, and replace Ag by >, 9; g 0;.

We next reduce matters to considering solutions that are strictly frequency lo-
calized on R™, and which satisfy an equation with frequency localized coefficients.
For each pu, we form regularized coefficients gf] by truncating the Fourier transform
of the g so that

—

supp(gy ) C {l¢] < e}, (13)
for some small constant c. We observe the following estimates
gt — g7 oo rny S 1Y, 102 (| oo mry S w71, Jaf > 1. (14)
With slight abuse of notation we now set
Ag,v = Z 0; (gffajv) .
1<i,j<n

We will prove in the next section the following estimate for u,(¢,z) defined on
[0, x71] x R™, which are localized to spatial frequencies ~ y.

Lemma 2.2. Suppose that (p, q,s) are as in Theorem 1.1, and u,(t,§) is supported
in the region %u <¢ < g,u. Then

1 .
lenllzs_zo S 05 ullze oo + 020100+ Ag, Jullzs_zae (15)

Furthermore, if U, (t,€) is in addition localized to |¢'| < 3|¢,|, then (15) holds for
p > 2 and g < 0o satisfying (7) with s > 0; that is, without the restriction (5).

In the remainder of this section we reduce (10), and hence Theorems 1.1 and
1.2, to establishing Lemma 2.2.

We start by considering the frequency components p < A of ¢vy (by which we
understand its odd/even extension to R™). Let §,(D) denote a Littlewood-Paley
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localization operator on R™ to frequencies ~ p, and consider w, = B,(D)(xvy).
For p < A, (15) and the Schwarz inequality imply

1 _1 .
bl oo €0 (A lluallie oo+ A 3100+ A unlzz 22) . (16)

Since s > 0 in our bounds, we may sum over dyadic values of p < X\ to establish
(10) for the cutoff of ¥vy to frequencies < A, provided we bound the £2 norm over
o of the terms in parentheses in (16) by the terms in parentheses in (10). By (12),
this is a special case of the following estimate, which we establish for all € [2, g),

1
(3 Ml s+ 2720000+ Ayl e )
%

SAoallzs s + AT 200+ Dg)(Woa)lgz o (A7)

Since B, is L? bounded and commutes with differentiation, this will follow from
showing the fixed time estimate

(Z (B g — Ag,‘ﬂu)(q/’w)||§pz,x> < Alowalle i (1)

m

In this estimate we may replace A, = 9;¢"9; by g9;0;, and similarly for Ag,.
This follows since the difference (9;¢)9; maps H"~1* — H"~2* with norm A. By
the Coifman-Meyer commutator estimate (see [22, Prop 4.1D)), for o € [0,7 — 2],

(Z H m,g]ai(wmnza) S llvallzess < A7 porlln

m

The same holds with [5,, Ag] replaced by [0, 8., Agl], since this has the effect of
differentiating the coefficients g* in 2/, which remain Lipschitz. Hence

(Z ||[5mg}33(¢vx)llipz,x) " S Ml
m

Next, using (14) and interpolation, we obtain for 0 < o < 1,

(S0 - mo2BuolBrr ) S 10uwonllae <A o ligosss.
m

Commuting with 0, as above yields

1

(316 - 0228 o) s ) S A sl
o

completing the proof of (18).
To handle frequencies p > A, we consider separately the tangential and normal
components of u,. Thus, we decompose

Bu(€) =Tu(€) +T,(8)

where

supp(Fy.) € {€ « [€'] < 31éal} supp(I'y,) C {€ + [€'] > I&al}-
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First consider a tangential component u, = I', (Yvy). The key idea is that u,
and Ag, u, are supported where |{'| ~ p, whereas 0,/ weighs as A acting on u,,.
Consequently, for each fixed time,

N
e § (14 5) llunllmon
and similarly for (i0; + Ag, )u,,. Noting that the proof of (17) works the same with
with 3, replaced by I}, then (15), (12), and (17) together yield

HNT2 /1 _1,.
HuuHLi_lL‘l S (X) A </\2||UA||L§\71L2(Q) +A 2||('Lat+Ag)v>\HLi71L2(Q)>'

We sum this over the u/\ disjoint intervals of length p~! contained in [0, A7,

and over dyadic values u > A, to complete the proof of (10) for v, localized to
frequencies |£'| > |&,|.

For a normal component u,, = I',(1)vy), we do not have sufficient decay in powers
of 11/ to apply the above steps for large s. Instead, we use the fact that (15) holds
for all s > 0 in this case, and deduce large s results from the case s = 0 together
with Sobolev embedding. Given a triple (p, g, s) satisfying (7), let go € [2, %) be

such that
1 1 S

0 q n’
hence (p, qo, 0) satisfies (7). Then (15) implies

1 .

HUMHLEIL% S HU#HL2_1L2 + (0 + Agu)uu”Ll_le .
n w W

Summing over intervals yields, for r € [2, 2)7 and p > A,

e

A3

I 2—r 1 .
S(5) (MFllwallaz_meor #1160+ Bg Dl o2 ) -

We apply this inequality to A™'9,/u,,, and observe that

||uu||L‘;71L<10 < HUMHL;IH + ||<i8t + Agu)uu”L;flLQ

—1 1
1A 00r, Ag, Jupllpr ez S Mupllz:  gex S A2 upllpz g -
This holds since multiplication by the tangential derivative J,/g,, preserves H r=LA
provided r < g Repeated application yields

_ o I 2—r 1 )
10 ullze_no0 S (5) (W lluallza_sres + 160+ Bg, Dl s, srea ) -

We next apply Sobolev embedding to yield
\335/
s(n—1)

gﬂ%)‘ ™ sup H()‘_lax’)au#||L‘;71L%

jal<n

s(n—1)
" uu||L‘;71qu

||uu||L‘;71L‘I Suw

<X (YT (k) 00+ A
~ X UpllL2 _ Hrx + || (i0 + gu)“u||L§71H"'*2vA .

We choose r € (2+ 2, %), and apply (17). We then sum over dyadic values of > A
to establish (10) for ¢y localized to frequencies |£'] < 2|&,|.

In proving Lemma 2.2 using the results of [20], it is convenient to work as in
that paper with a first order equation. To do so, we start by rescaling the time
interval of length ! in (15) to an interval of length 1, by considering the function
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v(t,x) = u,(p~'t, ). This replaces Ag, by p="' > di(g}/ djv), which is a first order
symbol for [£| &~ p.

We can modify this operator away from the region |£| ~ p without changing
the estimate (15). To fit into the framework of [20], we want to work with an
operator such that solutions to the homogeneous flow remain frequency localized
to |£] & p if the initial data is supported there. For 3,(§) a Littlewood-Paley cutoff
to frequencies = pu, we thus set

Py(x, Do = p~" B(D)0; (g} 0;8,(D)v) + =" (1 = Bu(D)*)Av.
Then P, is an elliptic self-adjoint operator on R”, with a symbol p,(z, ) such that
10 ¢,y (2, €) = p || < o < 1.
We will prove in the next sections the following result. Here we replace the

parameter u by A, and v by u, to follow the notation of [20, Theorem 2.2].

Theorem 2.3. Let gg\j be obtained by truncating g (x', |x,|) to frequencies < c),
and define Py as above. Suppose that uy(t,x) is localized to spatial frequencies
€] € [3A 3], and p,q,s satisfy the conditions of Theorem 1.1. Then for small
the following holds

lunll e parny S X5 ( Junll oo L2y + 11(00¢ + PA)UAHL;H(R")) - (19)
If in addition Gy is localized to |&,| > 55|€], then (19) holds if s > 0, p > 2, ¢ < oo,
and % + % =3 —s.
That this implies Lemma 2.2 follows from the fact that
luxllpeL2@ny S llunllzrz@ny + (80 + Pa)uallizz@ny

which follows from self-adjointness of Py. We further note that, by the Duhamel
principle, it suffices to prove the estimate for the case that (i0; + Py\)uy = 0. In
particular, it would suffice to prove (19) with L! replaced by L? on the right hand
side, as is the case in [20, Theorem 2.2].

3. ANGULAR LOCALIZATION

We now proceed as in [20, §3], and decompose u in the frequency domain into terms
localized to angular sectors. This is done by taking a finite dyadic decomposition

in the &, variable, where £ = (£/,&,). Precisely, we write uy = Z;\Zl uj, where
Ny = %log2)\, and where for 1 < j < Ny,
supp (1 (t,€)) € {[€'] € [FA 4], €] € 27772227770 ] (20)
The “tangential” term is uy, , where
~ 2

supp (UN,\ (t7§)) - { |§I‘ € [%)‘74)‘] ) |£n| < A3 }7 (21)
and u, is localized away from tangential co-directions

supp (@ (1,€)) © { I¢] € [3A 3], [6nl > A} (22)

The term u; can be handled by the same methods as us, so we restrict attention
to 2 S ] § N)\.
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The energy of the solution uy travels along bicharacteristic curves

T = dgp/\(x,f), f = —dsz(%g) .

For curves which satisfy |£(t)| ~ A for t € [0,¢], then |#| ~ 1, and &, ~ A71E,.
In addition, if |£,(0)] &~ 279\, then we will have [,(t)] ~ 277\ for |t| < £277.
Setting 6; = 277, the function u; is thus localized to bicharacteristics which remain
at angle =~ 6; to the boundary for times up to €6;. As in [20], we will have good
estimates on the term u; on slabs of width €277 in t.

For each j > 2, we let p;j(x,§) be the regularization of the symbol py(z,¢),
1
-3

obtained by truncating the metric coefficients g’;(x) to frequencies < c/\%ej .
Let S 1 denote the slab {(z,t) : t € [keb;, (k+ 1)eb;]}. The slab S =[0,¢] x R™
is then the union of the S} as k ranges over the integers from 0 to Hj_l. Define

2/(1 1
U(q>—{3(2‘q>, n=2,
n>3J3.

Note that (5) is equivalent to o(q) >
show that if u; satisfies the equation

(Dt +Pj)Uj :Fj +Gj,

then the following estimates are valid for 2 < j < Ny

zl)' As in [20], the crucial matter is to now

s+1 o
gl zacs, ) S A F07D (sl oo o, + 1 Fslr oo,
HATOF (A0 2 20) Mgl s, ) (23)
_1,-1 1,1
A0 0 7 20)2 Gl n2(s, )
In case j = Ny, that is §; = A~3, then

s+t 0
luillzozags, ) S X307 (lusllimpas,u + 1B + Gillnras, ) - (24)

Let ¢j i denote the term in parentheses on the right of (23) (respectively the
term in parentheses in (24) when j = N, ). A modification of the arguments in [20,
§6] show that if £(j) denotes any sequence of values of & for which the slabs Sj ()
are nested, that is, S 1 x(j+1) C Sj k() then

Zcik(j) S lualZoe p2gsy + (0% + Pr)uallZap2s) - (25)
J
The key modification arises from the fact that the symbol py(z, ) is not homoge-
neous of degree 1 in . This changes the form of the conjugation of @, (which is
the operator Py after a space-time rescaling by 6,), by the wave packet transform
T,,, which occurs on the bottom of [20, p. 137] and top of [20, p. 145]. The new
relation is
1,Q,T; = Dy +ia+ K.

Here, ¢ is the symbol p; rescaled, and D, the Hamiltonian field of q. The real
valued function « is defined in (31) below. The operator D, + i« is simply the
conjugation of D, by the unimodular function exp(it(¢,x,£)). This conjugation
does not affect the arguments of [20, §6], since the only estimates used on K are
absolute value bounds [20, (6.21)], that follow from the estimates [20, (6.31)]. We
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also note that the estimates in [20] use (i0; + Py)uy € L?L?(S), but as noted after
Theorem 2.3 above this is unimportant.

The estimates of Theorem 2.3 will then follow from (23)-(24) and the branching
argument on [20, p. 118].

In the proof of (23)-(24), we will from now on work with a fixed j, and will
abbreviate §; = . We work with an angle-dependent rescaled u;, setting

u(t, 1‘) = Uy (Hjt, 9]1‘) s F(t, a:) = Hij (Gjt, 0133) , G(t, 33) = HjGj(Gjt, 9].73) 5

and ¢(z,€) = Hij(ij,Hj_lf). Set p = A, so that ¢(z,&) ~ p when [¢] = p.
Additionally, if |§] & p, then g(z, ) satisfies the following estimates; see [20, (4.1)].
1=lel if [8]=0,

10202 q(x,6)| S {” ’

26
co (14 plPI=D720, (uza,)~N)pl=lel - if |8 > 1. (26)

‘We then have
Dyu—g(x,D)ju=F+G,

and the frequency localization condition holds

‘| € [bp,4 1,2 =3
supp(i(t, ) C Ifll € [%u, uls l&nl € [459, o), 0> :
&' € [gm4p], |&nl < p2, 0 2

After translation in time, the estimates (23) reduce to showing that, over the slab
S =10,e] x R,

o zogs) S 1507 (Jfull o p2s) + I Fllzaras)
+ 02 {2 an)  ul| (s (27)
+ a0 20) 2 Gllrags) )
The estimates in (24) reduce to showing that, for = =z
lullzoras) S w567 (|lull o r2gs) + |F + Glliizags) ) - (28)

To establish the inequalities (27) and (28), we use a wave packet transform to
construct a suitable representation of u. Define the linear operator 7}, on Schwartz
class functions by

(Tuf)(z,€) = / M€V g4k (y — 2))f(y) dy,

where we fix g a radial Schwartz class function, with g supported in a ball of small
radius c. Taking ||g[[r2gn) = (27)7 % , it holds that T;T, =1 and ||Tuf||L2(Rzn£) =
||f||L2(RLl). We set
u(t, z, &) = (Tyu(t, ) (z,§) .-
By Lemma 4.4 of [20], we may write
= F(t,2.6) + G(t,z,6), (29)
where, over S = [0, &] x Rf&, the quantity

ad 1 1 1 =,
IF i g2z + #7107 2 (2 20) G 2 (5)
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is bounded by the right hand side of (27) when > ;=2 , and the quantity
1E + Gl 23

is bounded by the right hand side of (28) when 6 = 1~ 2. The proof of this lemma
relies only on the bounds (26), and thus applies in our situation. Also, given the
compact support of g, it can be seen that the & support of @, F, G is contained in
a set where |¢/| ~ p and &, ~ Op (or [€,] < p2 when 6 = p~2).

Let O, 1(x,&) denote the canonical transformation on Rf:"f = T*(R?) generated
by the Hamiltonian flow of ¢(z,§). That is, O, .(z,§) is the time r solution of

T = dgq(.’l?,gl) 5 5 = _dIQ(I7£) ) (30)
with initial conditions (z(t),£(t)) = (x,&). Since ¢(z,§) is independent of time,
O+ = 0O,_4. Also define

¢
0(r.€) = a(e.&) € deg@.9). V2O = [ a@@O)ds. (Y

It follows by time independence of ¢ that f; a(Os4(x,8)) ds = p(t —r,z,€).
Equation (29) above allows us to write

ﬂ(t7 xZ, 5) eiiw(t’m$£)ﬂ(07 eo,t(xa é))
' i (t O(F g
+ | w2 (fir @, (2, €) + C(r, 0,4 (x, ) dr.
‘/0 e ( (7" 7t($ 5)) (7" ,t(m g))) r

In the next section we will establish the following estimates for solutions to the
homogeneous flow equation,

Theorem 3.1. Suppose f € LQ(Rif‘s) is supported in a set of the form

|§/|%:U7 |§n|%/107 0> _%7 (32)
€~ p, |€nl <z, 0 z

Define Wf(t,x) =T} [e=¥ ) (f 0 ©g )] (2). Then the following estimate holds for
$>0,p>2, and q < 0o satisfying (5) and (7),

IWllroracs) S u* 207D fll 2 (gen) - (33)

For f € LQ(RE&) supported where |'| < p, |&,| & u, estimate (33) holds with 6 =1,
for s >0, p>2, and q < 0o satisfying (7).

Since T,;T,, = I, it follows by the preceeding steps and variation of parameters
that this implies the estimates (28), as well as the estimates (27) in case G' = 0.
The reduction of the estimates (27) to Theorem 3.1 for G' # 0 requires the V:f
spaces introduced by Koch and Tataru [16], and follows exactly the arguments on
[20, p. 124-126]. The key fact used in that proof about the Hamiltonian flow of ¢
is that &, = 6 on the support of @(t,x, &), which holds in our case.
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4. HOMOGENEOUS ESTIMATES
In this section we prove Theorem 3.1. By duality, it suffices to show that

S 1 o
[WW*Fl| o ragsy S #2960 D Fl| Ly por s (34)

where F(t,¢) is supported as in (32), and we recall that

Q=
SN—
|
[\

|
Q= |

VA

Il

3

—~
N =
I
Q=
S~—

I

=N

Q

—

=)

S~—

Il
—N—
STV N

—

(I

Let W; denote the fixed time operator W;f = Wf(r, x)|,—=¢. We will show that
n _ _n—1 _ _ _1

W Wi llspe Sp2(pt +lt—r)™ = (W02 +t=r))72,  (35)

W Willesre S 1. (36)

Interpolation of these estimates yields
IWeWi N o S pECTD (=)~ 07D (a0 2 =) 72073, (37)

For n > 3, we have % <1- % < ”7_1(1 — %), hence we may ignore the term [t — 7|

in the last factor to obtain
2

WTW* v \ < M2(5+%)020(q) t—rl"7. 38
t L9 —La ~
In case n = 2, we use that 8 < 1 to bound
« 401_2y,.2(1-2y, _ —2(1-2)
HWrWt ||Lq’_>Lq 5/13(1 7)83(1 ‘1)(/14 1+‘t—7"‘) 3 -,

Since % <21- %), in this case we again have (38). In either case, the Hardy-
Littlewood-Sobolev theorem gives (34).

In case 6 = 1, as for the normal piece, estimate (38) follows for all p, ¢ satisfying
(7) with s > 0. Hence for the normal piece the condition (5) is not necessary.

The inequality (36) follows from the fact that T}, is an isometry and ©g(z,&)
is a symplectomorphism, and hence preserves the measure dx d§. The remainder of
this section is devoted to proving (35).

The action of W, W;* on a function h(y) can be expressed as integration against
an integral kernel K (r,x;t,y), defined by the formula

p [ e gy = 2, gl (o - 2)0(C) d

Recall that g is supported in a ball of small radius and f(z,£) is assumed to have &
support in a set of the form (32), which is essentially preserved by the Hamiltonian
flow of ¢ for time . Hence By(¢) can be taken to be a smooth cutoff to a set of the
form (32). For convenience, we take By({) to be a product of a cutoff in (' and a
cutoff in (,.

Since O;, = O:_,0, it suffices to consider the case » = 0. We abbreviate
(21,0,Ct0) by (21, (1), so that

atzt(27C) = ch(Z,C)a 8t<t(27<-) = _dzq(za<) ) (207C0) = (Z7C) (39)
The kernel K (0, z;t,y) takes the form

i [ e g = gl (@ - 2)PofG) dzdg. (40

Nl
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Theorem 4.1. Suppose (z(z,(),i(2,()) are defined by (39) and d., d¢ denote the
z and ¢ gradient operators. Then if |(| = u, and §, = ub, or |(,] S u% in the case
0= ;f%, the following bounds hold,

|dzze = I| St |deze| S 't (41)
ldeGe —I| St |d=Ce| S e
as well as the more precise estimate

t
dezy —/ dgq(zs,gs) ds
0

Furthermore, for second order derivatives we have

<R (42)

221 S (2t d26| S u? (43)
_ 1 1
|dodeze] S n™ Mt (nzt), |ddeGel S (p2t) . (44)
Finally, for 1 > 2 we have
pldbze] + p LGl S B2ty (45)

Proof. The proof is a rescaled version of Theorem 5.1 and Corollary 5.2 of [20], but
for completeness we sketch the details here.
Differentiating Hamilton’s equations one obtains

d d d.d ded
at |:d§:] = M(ZtaCt) |:dzz] ’ M(Z,C) = {—dzdicq] _dgdiz]]:| .

To keep all terms of the same order in u, we take the following rescaled equation,

d.zy 1 dczt} { d.zy 1 dgzt}
P -M , 46
3 Pl RRLACHON P (46)

where
_ d.deg  pdedeq
MH(Z7C) B |:_.u1dzdzq - dCdzq '
The key estimate on M), is that, for j +k =2,
. pwlt, ifk=2,
[ @it 3o, ir=k=1, (47)
0 I, if j=2.

This follows from (26) and the property |(;z)n| ~ 6 for t € [0,¢], when 6 > ™=,
When 6 = ;=2 the estimates (26) are uniform over |3| < 2, and (47) also follows.
Gronwall’s lemma now gives that

| ze] + e ldeze] + pt|doGel + [deGel S 1.

Integrating (46) and using (47) yields (41). The estimate |d¢¢; — I| < ¢ can then
be substituted in the integral equation for 0:z; to give (42).
To show the higher order estimates (45), we work with the equation

phdlzy 1 pldl 2, Eq(t)
Oy L1122Q] = M, (2, ) [Nllgllcgj + {E;(t)} .

Here E1(t) is a sum of terms of the form

(AL g) (20, C) (a0 20) - (Y 2) (a7 1a5 1 G) (b 1a b ¢y),
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Similarly, E5(t) can be written as a sum of such terms, but with the first factor
replaced by (pk*1d§'+1d’gq)(zt, Ct). In either case, l,, < lforallmandly+---lj1y =
[. The estimate (45) now follows by an inductive argument which uses the bounds

e t, if j =0,
/ Mk 1\(d1+1dlf )(zs,Cs)l ds S { izt
0

0wz ifj>1.

)

Estimates (43) and (44) follow similarly; see the proof of Theorem 5.1 in [20]. O

We start the proof of (35) by noting that absolute bounds on the integrand
in (40) easily yield
K (0,z;t,y)| S p"0
which gives (35) for 0 < ¢ < u~!. We next consider the cases p=! <t < pu=1672
and 1072 < t < ¢ separately. In these two cases, we will respectively integrate
by parts in (40) with the two vector fields

I L—ipt Yo —2—dee- (y—2)) - der
1+ ut*1|(x —z—deC - (y— zt))’|2
L—ipt™ (@ — 2 —deGe - (y — 20)) - de
1 —&-ut‘l‘x —z—deC - (y — zt)’2
Both L' and L preserve the phase function in (40). This can be seen by noting
that ¥ (¢, z¢, ;) fo S, zs, Cs) ds, and observing that

t
aCi (A Q(stCs) - G- (dCQ)(szs) dS) + G 'a@zt =0.

The expression vanishes at ¢ = 0 since d¢zp = 0, and Hamilton’s equations show
that the derivative of the expression with respect to ¢ vanishes identically.

We begin with the case where p=! < ¢t < p='672. Recall that B¢(¢) is the
product of smooth cutoffs to |(,| ~ O and |('| = p. Let {£/,} be a collection of

A (ut)"T_1 vectors on the lattice of spacing p2t=2, and ¢ a cutoff so that

)= Ba(O)m(¢),

where ¢ ((') = p(u=5t2(¢' = &,)) .

Define K, (t,x,y) as the integral in (40) with B¢(¢) replaced by By({)dm ({') so
that K(0,z;t,y) =>_,, Km(t,z,y).

By the estimates (41) and (45), we have that for k£ > 1,

|(/ﬁt_%dc)ka| <1, for a(tz ()= [t 7z or a(t,z,¢) = t‘%dcg},
which holds not just for ¢ € [p=*, p~=1072] but for all ¢t € [u~1,¢]. Furthermore,

\(u%t’%dq)kgbm(g’)ﬂg (Q)] <1, since we do not differentiate in (,. Therefore, inte-
gration by parts yields the following upper bound on K,,(t, z,y),

L =

n

" 11 -N
/f/ (L4 p2t 2@ =2 = deGe - (y — 20))'])
R"™ xsupp(Bo Pm )

x (14 w3y — zt|)_N(1 e — z|)_N dzdC.
We set &, = (&), 10). Since t < p=1672 we have for ¢ € supp(BoPm),
¢ = &l Surt2. (48)
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Recall that z; = z(z,() is the spatial component of ©;0(z,(). We let z]* =
zi(z,&y) denote the spatial component of ©y¢(z,&y,). We then claim that, for

¢ € supp(BoPm),
PR w =z —deGy - (" — 2)| S 1+ plw — 2 (49)

Assuming this for the moment, we dominate the integrand for K, by

(1133 (G (y—ap) ) (L ply —zl) " (4 pdla—2) " (50)
By (41) and (48), we have |2 — 2| < = 2t7 + |& — 2|. Thus, since |dc¢, — I| < |¢,
we conclude that

R R (v — i) | 2 R |y — 2l | -ty - ap|

2 utE(y — )| = p e (ly = 2+ o = 2l) — el

The negative terms on the right here are small compared to the last two terms

in (50). Therefore, we have

n+l _n—1 1 1 —N
Ko (2, 9)| S 5 0675 (14 p2t 2 |(y — 2 )) ",

which follows by observing the rapid decay of the integrand in z, and that the

volume of supp (¢, 39) is comparable to unTHGt_nT_l.
We next observe that, by (42) and the estimate

|dZa(z,¢) = 2p~ || S u™Hlg¥ — 0]l S con™,
we have that
(2} — 1) = 2p 7 (6 — )| < 1Mt € — &l
and since |&,, — &| = |£,, — &]|, we conclude that
pt= 3| — o) | ~ o tR g, — &l (51)
Since the &/, lie on a /ﬁt_% spaced lattice, we may sum over m to obtain

KO, 25t,)| S p T 0t T > (L p2t 3|y — o))" Sp T ot

yielding (35) for p=! <t < pu=t6=2

To handle the case 1672 < t < e, we modify the above proof by considering
an O(u3t3) collection of vectors {&,} in a ;ﬁt*% spaced lattice in R™, and an
associated partition ¢, ({) = gzﬁ(u’%t% (¢ —&m)), satisfying

B6(Q) = 3 Bo()bm(C)

We now define K, (¢, x, y) as the integral in (40) with £y (C) replaced by Bo(¢)dm ().
Here, since ,u%t*% < pb, we have
(13 2de)* D (C)Ba(O)] S 1.

Integrating by parts with respect to the vector field L now shows that K,,(t, z,y)
is bounded by

n

n 1 1 —N
uaé o (i - 2)
" Xsupp(bedm

X (1+u%|y—zt|)7N(1+u%\x—z|)7Ndde.
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Using (49), which holds for any ¢t € [u~!, €], we proceed as before and conclude

that N
n n 1 1 —
| K (t,z,y)| Sp2t™2 (1+p2t™ 2|y — o))

The n-dimensional analogue of (51) is valid here, so we may use the spacing of the
&n as above to sum over m and obtain (35) for ¢ > p =102, that is,

[K(0,23t,y)| S put™ %,

Returning to (49), we first observe that by estimating the Taylor remainder
using (43)—(45) and (48), the following holds

PP |2 = 2 — (o) (2 — 2) = (deze) (G — Ol S 1+ plz — 22
Furthermore by (41) and (48), we have
At 2 (dez)(Em — O S 1.
From the fact that (z,{) — (2¢,(;) is a symplectic transformation, we have
8@@ : 3zj 2t — 8@% : 8zj Gt = 5ij ,
where - pairs the z; and ¢; indices. Lastly, by (41),
At 3oz |doGl o — 2| S p2tEle — 2| < pFla — 2.
These facts now combine to yield (49). d

5. APPLICATIONS TO SEMILINEAR SCHRODINGER EQUATIONS ON EXTERIOR
DOMAINS

In this section, we assume that Q = R?\ K is the domain exterior to a smooth
non-trapping obstacle K (or any exterior domain where (4) holds). We consider the
initial value problem for the following family of semilinear Schrodinger equations
in 3 + 1 dimensions,

i0u+ Au+|u|"tu=0, u(0,2) = f(x), (52)
satisfying homogeneous Dirichlet or Neumann boundary conditions
u(t, $)|BQ =0, or Oyu(t, ZC)‘BQ =0. (53)

Precisely, by a solution to (52)-(53), we understand that, with F(u) = +|u|""'u,
and u(t) denoting the function u(t, ),

w(t) = A f 4 /0 =98 Ply(s)) ds, (54)

where exp(itA) is the unitary Schrédinger propagator defined using the Dirichlet
or Neumann spectral resolution. Defocusing means that F(u) = —|u|"~u. Since
we will work with H' data, the boundary conditions required of the initial data
in the Dirichlet case are that f vanish on 9€; in the Neumann case the boundary
conditions are void, i.e. f is the restriction to § of a general function in H*(R?).
Planchon and Vega showed in [17] that, for 1 < r < 5 and defocusing nonlinear-
ities, one has global existence of solutions to the Dirichlet problem for f € H!. A
crucial ingredient in their proof was the estimate in Theorem 1.1 with p = ¢ =4
and s = %. They combined this with local smoothing estimates near the boundary
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to obtain well-posedness of solutions for time 7' > 0 depending on || f|| g:. Conser-
vation of energy and mass

1 1
/Q §\dwu(t)|2 + m|u(t)\7"+1 dx = constant in ¢
/ |u(t)|* dr = constant in ¢
Q

can then be used to establish global existence of solutions. Given that Theorem 1.1
holds for either Dirichlet or Neumann boundary conditions, we remark that our
estimates can be used in the same way to obtain global existence of the solution to
the Neumann problem.

In the critical case r = 5, local well-posedness for solutions with f € H!, and
global well-posedness for small data, was proved by Ivanovici in [12], under the
assumption that /C is strictly convex, and wu satisfies Dirichlet conditions. These
assumptions are necessary for the Melrose-Taylor parametrix construction used to
establish Strichartz estimates in [12]. The Strichartz estimates were in fact shown
to hold in this setting for the full range of p,q satisfying (7), provided p > 2.
Recently, Ivanovici and Planchon in [13] extended the well-posedness results to the
case of general non-trapping K, for both Dirichlet and Neumann conditions, using
certain L5 L? estimates from [20].

Here, we use our estimates to give a simple proof of the well-posedness results
for H' data for the critical case » = 5, and general non-trapping K. The proof
proceeds by a contraction argument using a L}LS° Strichartz estimate. As in [13],
the local results are valid for the Dirichlet and Neumann cases, and the proof yields
scattering for small data in the Dirichlet case. Precisely, we establish the following.

Theorem 5.1. Suppose f € H(2), where floo = 0 if Dirichlet conditions are
assumed. Then there exists T > 0, and a solution u(t,z) to equation (54) with
r=2>5 on [-T,T] x Q, satisfying

we X = O[T, T); H'(@) N LA(-T, T); L*(2)),

and the solution is uniquely determined in this function space. Furthermore, if the
data satisfies || f||gr < € for e sufficiently small, one can take T = oo in the case
of Dirichlet conditions, and T =1 for Neumann conditions.

The key ingredient in Theorem 5.1 will be the following Strichartz estimate for «
given by formula (54), and with f and F satisfying the given boundary condition,

lullps oo < Il + 1 Fll Ly e - (55)
Given (55), one applies differentiation and Holder’s inequality to obtain
H|u|4u HLlTHl S HUHi‘;LmHu”L%"Hl ) (56)

noting that |u|*u satisfies Dirichlet conditions if u does.
We then pose u = ug + v, where ug(t) = exp(itA)f, and take T small enough
so that [lugl|ps p~ < ¢, for ¢ to be determined. Estimates (55) and (56), together

with conservation of the H! norm under exp(itA), show that, for small ¢, the map

v = /ot ei(t_s)A(\uo(s) +v(s)[*(uo(s) + v(s))) ds
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maps the ball ||v]x < c into itself. Similar analysis shows that the map is in fact
a contraction on this ball, for small ¢, yielding a fixed point v. If || ||z < &, then
one can take T' = oo for the Dirichlet case, or T'= 1 for the Neumann case.

For defocusing Neumann, energy and mass conservation then yield global exis-
tence. For small norm Dirichlet data, the proof implies |u[*u € L*(R, H*(2)). This
yields that such solutions scatter, in the sense that they asymptotically approach
in the H' norm a solution to the homogeneous equation.

In establishing (55), it suffices by the Duhamel principle to consider F' = 0. The
proof of (55) will be obtained from the following cases of Theorem 1.1,

lullprepe S 1w lullzsre S, -

The second estimate could be expressed as controlling the L3W?2 norm of u in
terms of || f|| 71, and we would then apply a fractional Gagliardo-Nirenberg inequal-
ity to control ||u(t)||L= by interpolating LY and W29, We can avoid dealing with
fractional LP Sobolev spaces on exterior domains, however, by carrying out the
same steps more directly. The interpolation we will use is the following.

Lemma 5.2. Suppose that a1, > 0, and u = Z;io uj, where
[l Lo < min(277% py, 272 py) .
Then

@2 @]

HUHL‘X’ S Cal)a2p1a1+a2 /02al+(12 .
Proof. The proof follows by summing the smaller of the bounds, i.e. separating the
. 1
sum depending on whether 27 > (p;/p2)=1+22 or not. The bound applies with
201 902
a1 gm 1"

Cal,az =

We next take a Littlewood-Paley decomposition of the initial data
oo
F=Y B YH)f+Bo(H)f,
j=1

where f(s) is supported in the interval s € [3, §], and 1 = Bo(s) + 3,2, B(27 % s)
for s > 0. Here, H denotes —A with either Dirichlet or Neumann conditions. Set

fi=eHBRTTH)E,  fo=e"Bo(H)S.
By the spectral localization,
> il S A
j=0
and we may write u(t) = 372 u;(t), where
u;j(t) = e‘272jHe_”Hfj , up(t) = e He 1 f, .

By the ultracontractivity estimate for H on exterior domains (see Theorem 2.4.2
and the ensuing comments in [7], where ;1 = 3 in our case), we can bound

1 _
luj ()l zee S 25 ™" £l o
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Together with the case (p,q,s) = (3,9, %) of Theorem 1.1, we have

127 S ugll oo S Nle™™ fillpsre S Ifill <2725l s

which we combine with Minkowski’s inequality to yield

oo . 3 3 o0 . 3
2 2
([(Tibusn) ar) < (X lizbustion ) <071
=0 =0
In particular,
i
sup 26 ||lu;(t)[[z < p1(t),  llpilles S Iflae -
J
Similar considerations, using the case (p,q,s) = (12,9,1) of Theorem 1.1, yield
i
sup 275 ||u; ()|l < p2(t), p2llLz S NI fllz -
J

Lemma 5.2 now applies to give the bound

Ju(®)llz= < pa(t)3p2(t)? .
Applying Hélder’s inequality with the dual indices (2,9) now yields

8 4 8 4
lullfspe S /m(t)3pz(t)3 dt < \loill3s llp2llZee S 1S e -

6. APPLICATIONS TO SEMILINEAR SCHRODINGER EQUATIONS ON COMPACT
MANIFOLDS

In this section we consider a compact 3-dimensional Riemannian manifold €2 with
boundary. We assume G : [0,00) — R is bounded below, with G(0) = 0, and that

G ()| + 7 |G" ()] S ()5 . (57)
We set F(u) = G’'(Jul?)u, so that
[F(w)] < (w?5lul,  |duF(u)] < ().

We prove existence, uniqueness, and energy conservation, for initial data u(tg) €
HY(), to the semilinear Schrodinger equation

i0ru + Au = F(u), =ty = u(to) , (58)

satisfying homogeneous Dirichlet or Neumann boundary conditions (53). As above,
by a solution to (58) we understand that its integral form holds,

u(t) = ettt (u(to) —i / t e TIA P (y(s)) ds) . (59)

to

This formulation is seen to be independent of to; that is, if u solves (59) on an
interval for some ¢y then it solves the same equation for all ¢y in that interval.

The key estimates we use involve values of (p,q) which do not satisfy (5). In
this case, the method of proof yields estimates with a loss of derivatives relative
to the scale invariant value of s from (7). In particular, the following analogue of
Theorem 2.1 loses + derivatives relative to the case of manifolds without boundary
considered in [5]. Additionally, there are logarithmic losses due to the endpoint
p=2and g = .
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Lemma 6.1. Let n = 3, and suppose that for all t, uy(t, -) is spectrally localized
for —Ag to the range [i)\2,4)\2]. Then the following estimate holds, uniformly for
6 < g < oo, where Fy = (i0; + Ag)ux,

1_2 1 _1
lunllze oy < CAI™ 108 02 (A lluallzz |, rage) + A HIRA Lz 12y ) - (60)

Proof. We start by noting that the reduction of Theorem 2.1 to Theorem 2.3 holds
with uniform constant over g > 6 with p = 2. In particular, in the handling of the
normal piece, gy = 6 for p = 2, and s < % in our estimates, so the use of Sobolev
embedding works for that piece. Thus, (60) is a consequence of the estimate

-1

lunllzrs < CA'= (10g A (luall e 22 + ](i0; + PA)UAHLlLZ)
together with the following estimate, valid if @y is localized to |&,] > 55¢],

uallzzre < C’)\l_g(log )‘)2(||UA||L30L2 + (180 + Pr)uallpiz2)

where P, is as in Theorem 2.3. These estimates in turn follows as a consequence
of the following analogue of (23)

»a\w

_3 3,5
HujHLZLq(Sj,k) S C)\l a (log)\)29j2 (”uj”LOOLz(Sj,k) + HFjHLlLQ(SJ,k)
13 11 _
OB B s, (6D)
_1,.-1 1,1
AT A0 F ) G s, )
To see this, we note that for p = 2, the branchmg argument [20 p.118] requires

92 to converge and the remaining term 0 . is bounded by M. The additional

loss of (log )\) here comes from the fact that there are ~ log A terms j in the
decomposition of uy =Y ; uj- We thus have, uniformly in g,

1
luallzzze S Qog N2 (|37 [us1”)* | o
J

and it is the norm on the right hand side that is controlled by the branching
argument.

The estimate (61) is scale invariant; scaling by 6 reduces it to the following
analogue of (27), for angularly localized u satisfying (D; — q(z, D))u = F + G,

_3 3,1_3
lullzzpocs) S it~ Qog ) 3033 (Jlull = p2cs) + 1 Fllrsags)
SRRUA [EE PR (62)
1 1 1
+ a0 H (b en)2Cllaas) )

where we used that log 1 =~ log \.

The reduction of (62) to homogeneous estimates, that is, bounds on the operator
W of (33), involves a loss of log i due to the fact that p = 2. This comes from the
use of the Vq2 spaces introduced by Koch and Tataru [16], where the subscript ¢
refers to the Hamiltonian flow for ¢(z,£). In case p = 2, one needs to control the
2-atomic norm U(? of u, whereas Vq2 C U} only for p > 2. To proceed, we note that
in the atomic decomposition argument of [16, Lemma 6.4], we may truncate the
sum u =Y., v, ton < logu, since the error is bounded in L>L? by p~ N, and its
contribution thus may be estimated in the desired norm using Sobolev embedding.
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Each term v, is uniformly bounded in U7, hence the U? norm of the truncated sum
is < log p.
We are thus reduced to establishing the following analogue of (33),
_3 1.1 3
IWFll2La(sy < Cu'~a(log ) 202~ a || f]| 2 (geny - (63)

To establish (63), we consider WW* as in the proof of Theorem 3.1. Taking
n = 3 in (37), we note the following integral bound for 6 < ¢ < oo, p and 6 as
above,

1
/ (™ )" (e 2D de < opr D log p)e' e
0
where C' is uniformly bounded. The estimate (63) follows by Schur’s lemma. O

We use Lemma 6.1 to deduce the following analogue of Lemma 3.6 of [5]. This

version is weaker, both in the logarithmic loss and the loss of )\%, but is sufficient
for our purposes. From now on, we let uy = 3(A~2H)u denote a Littlewood-Paley
decomposition of u, where A = 2¥ and k£ > 1. The term k = 0 contains the low
frequency terms of u, and the bounds for this term will follow similarly to k£ = 1.

Lemma 6.2. Let u solve (59). Then there are C < oo and € > 0 such that,
uniformly for 6 < q < oo, the following holds on any time interval [0,T] with
A< T <,

_2 _ 7/5
lunllz2qo ey < CA™ 4 (tog )2 (lullzqo,r ey + A~ (lull o oz1,00) ™) -
(64)

Proof. We divide [0, T] into subintervals of length A=!. We apply (60) on each such
subinterval, and square sum over subintervals to obtain

_2
lurllzz(o,17,00) < C A4 (log )‘)Z(HU/\”Lz([O,T],Hl) + ||F)\HL2([0,T},L2)) ,
where F = F(u)y. We now take
2 1 1
a =< T:L, 6:3(777)—1,
and observe that
[Fxllzeore S A F|[Loow.r
S AT (Idou] + (u))l| Loz
S AT W) [ Toe o Il doul + (W) oo 22
_ +1
5)\ €<1+||U||LooH1)a .

]

~

. . _1

Sobolev embedding yields [[ucr-1lz2pe S T2 ||lullpz e < llullpgemr, where
uop-1 denotes the sum of uy over A < T-1. Summing (64) over A\ = 27% and
using Cauchy-Schwarz over k, we conclude that, with C uniform over ¢ > 6,

5 7/5
ull 220,172 < Cq? (1+ [fufl poern) ™. (65)
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Suppose now that u satisfies (59) on a time interval [0, T], where u(to) € H*(£).
For sufficiently regular solutions u, we have the conservation laws

/ ) = | Jutto)

(66)
/\d u(t)2 + G (Jult) /\d ulto)? + G(Ju(to) )

<1+

~

In particular, since —C' < G(r) < C(r)s, it follows that llull o (0,17, E571)
lw(to)|| g2, uniformly in T'.

In the following proof, we assume a priori that « € L°H"' and prove uniqueness
of such solutions. The existence of bounded energy solutions, and energy conserva-
tion, is then proved by a weak-limit argument.

Theorem 6.3. For each data f € H* (), and all T > 0, there exists a unique
solution u to the equation (59), subject to the condition u € L>([0,T], H*(£2)).
Furthermore, the solution satisfies the conservation laws (66).

Proof. We start with the uniqueness of solutions. Since u € L°°([0,T], H') it
follows by Sobolev embedding that F(u) € L*®L?, so u € C([0,T],L?), and by
interpolation u € C([0,T], H®) for all s < 1. Repeating this argument shows that
the term in parentheses in (59) belongs to C*([0, 77, L?).

Let u and v be two solutions to (59), with u(0) = v(0). By unitarity of exp(itA),

d 2 d —1t 2
gillu®) —v®)72 = 2 [le7 (u(t) = v(0) ||
=2Im <F u(t)) — F(v(t)),u(t) — v(t)>

<c/ w5 + (1)) ult) — v(t)?

< C(+ lu)llgzars + 0@l p2ars) * lut) = v()]7 20

provided ¢ > 5/2. Since ||u(t) — v(¢)||s < C, we may interpolate to bound

1—3

[u(t) = (@)l oo < Cllut) = v(®)] L2
Setting g(t) = |Ju(t) — v(t)||2., and noting g(0) = 0, we have upon integrating that
= C’T
o) < [ (IOl e+ 100 ) e+

By Holder’s inequality and (65), for 7 € [0,T]

T 2 4 2 4
| 1001 et < 7l o, < O

Consequently,

oy < (st + )

which goes to 0 as ¢ — oo, provided 7 is small depending on C. Repeating the
argument yields uniqueness on [0, 7).

To establish existence and energy conservation for (59) with H! data, we let
G;(r) be a family of smooth, compactly supported real valued functions on [0, c0),
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uniformly bounded below, such that G(r) and G;(r) converge uniformly on com-
pact sets to G(r) and G’(r). Additionally, we require that (57) holds uniformly
over j for G = Gj.

We fix a time ¢ and initial data u(to) € H'(£2), and let u;(t) solve (59) where F
is replaced by Fj = G'(|u|*)u. We assume for the moment that u; exists globally in
time, and satisfies the conservation law (66), with G replaced by G;. In particular

sl < C(1+ |Ju(to)||g2) uniformly over j.

By (59), exp(—i(t — to)A)u;(t) is uniformly bounded in C*L? N L*H"' C CzHz,
hence by the theorems of Rellich and Arzela-Ascoli, some subsequence of u; con-
verges uniformly in the L? norm on each finite time interval to u(t), in the sense
that

nh_)II;o ||Uj(n) - u||c([,T7T])L2) =0 forall T <o0.

It follows that v € L>®H', and thus by interpolation that for all s < 1,

nth;O lujny — ullo(q—r,1),55) =0 forall T < oo.

By Sobolev embedding we deduce that Fj(u;) — F(u) in C([-T,T}], L?), hence u is
the solution to (59), unique by above. The conservation of mass in (66) follows by
uniform convergence in the L? norm and conservation of mass for u;. To conclude,
we observe that by energy conservation for u; and Fatou’s lemma, for each t; we
have

/\dIU(tl)IQJrG(Iu(tl)\Q)S/Idxu(to)|§+G(IU(to)l2)- (67)
Q Q

On the other hand, u is the unique solution with data u(t;) at time ¢;, and the
inequality is thus symmetric under exchange of ty and ¢;.

It remains to prove existence of energy conserving solutions to (59) for H'
data, in case G(r) € C°(R). For convenience set tg = 0. We introduce w(t) =
exp(—itA)u(t), and write (59) as

w(t) = up — z'/o e_“AF(ei‘gAw(s)) ds. (68)

Since F(z) = G'(|z|*)z € C°(C), the map u — F(u) is globally Lipschitz on
L?(£2), and one has existence, uniqueness, and Lipschitz dependence on initial data
for C1L? solutions of (68), given by the limit of w,,(t), where wp(t) = ug, and

t
Wna1(t) = ug — z/ eiiSAF(eiSAwn(s)) ds. (69)
0
Convergence of w,, to w is uniform in the L? norm on any compact interval. From
unitarity of exp(itA) on H* (with norm defined spectrally), and the bound
[F(w(s)ar < Kllw(s)|ar
one sees from (69) and weak limits, and using (68) to express w’(t), that
lw®)llmr < lluollmr exp(Kt), [ ()l < Klluoll g exp(Kt).  (70)

It remains to prove the conservation laws (66) on an interval [0, T'], for a T depending
only on |lug||g1 and F; uniqueness yields global conservation. To do this, we
will prove for such a T that if ug € H?, then w € C([0,T], H?), hence u €
C1([0,T], L?). Together this is sufficient regularity to see that (66) holds on [0, 7]
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for ug € H2. Density and Fatou’s lemma yields mass conservation and (67) for H*
data; uniqueness then yields (66).
We start by noting that

IF (u(s)) a2 < )l + luls)llaz < luls)lFe + luls)] e
Iterating (69) yields ||ullpe(jo,71],12) < 2||uo||2 for some 7" > 0 depending on
lwo|| 2. It suffices then to prove, for some C' and T depending only on ||ugl| g1, that

if 7" < T and |[[ul|pes(jo,77],m2) < 00, then [|u|pe(0,777,52) < Clluollm2. Theorem
1.2 and (59) yield

T’ 2
el go g wrty S oo + / |F(u(s))llzs/2 ds)

T/
S llwoll e luol a2 +/0 IE(u(s)a [|1F(u(s))| a2 ds

and we can also use (59) to bound ||u||L703H2 < Jluol|lg2 + ||F(u)||L1T,H2. By the
bounds (70), we combine these estimates, assuming T/ < T < 1, to yield

1 1
ull Lo w2 + 1F (w22, g2 < Clluolla> + CT? ||ullLeg 5> + CT2 | F(u)llz2, a2,
where C' < |lugl|g:- Taking T small yields the desired result. O

We conclude by noting that the above argument shows that u € C([0,T], H?)
for all finite T if ug € H?, but possibly with exponential growth of the H? norm,
with the growth constant depending on ||ug]| g -
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