HEAT TRACES AND EXISTENCE OF SCATTERING
RESONANCES FOR BOUNDED POTENTIALS

HART SMITH AND MACIEJ ZWORSKI

ABSTRACT. We show that any real valued bounded potential with compact support,
V e L¥(R™;R), n odd, has some scattering resonances. For n > 3 that was known
before only for sufficiently smooth potentials. The proof is based on the following
inverse result:

V e LP(R™R), t?tr(eP7Y) —e!?) e C®([0,0)) <= V € C(R™;R).

1. INTRODUCTION AND STATEMENTS OF RESULTS

Let V € L(R™;R) be a bounded, compactly supported, real valued potential and
let n > 3 be odd. We consider the Schrodinger operator,

Py =—-A+V(x), (1.1)

and ask the question whether P, always (for V' # 0) has infinitely many scattering
resonances. Scattering resonances are defined defined as poles of the meromorphic
continuation of the resolvent

Ry(\) = (=A+V =27 nodd, (1.2)

from Im A > 0 to A € C. The multiplicity of a resonance at A # 0 is defined as

my(\) = rankj[i\RV(()d(, (1.3)

where the integral is over a circle around A enclosing no other singularities of Ry than
(possibly) A —see [DyZw, §3.2]. At A =0 we put

my(0) = %rank%Rv(C)dC + rank]{RV(C)ZCdC. (1.4)
0 0

If my (0) = m € N then Py has an eigenvalues of multiplicity m at 0. If my (0) = m+3,
m € N then in addition, Py has a zero resonance — see [DyZw, §3.3], [Je90] and
[JeKa79].

These poles have many interesting interpretations and in particular appear in expan-
sions of solutions to the wave equation — see §2 and references given there. For n even

the situation is more complicated as the meromorphic continuation has a logarithmic
1
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branch singularity at A = 0 — see [ChHil10] and references given there. Here we prove
that

Theorem 1. Suppose that V € L°(R";R) and that n is odd. Then the meromorphic
continuation of the resolvent (1.2),

Ry()\) : LA(R™) — L2 (R™), Ae€C,

loc

has at least one pole. If V € L®(R™R)NH"2 (R") then Ry has infinitely many poles.

For V € C°(R™;R) existence of infinitely many resonances was proved by Melrose
[Me95] for n = 3 and by Sa Barreto-Zworski [SaZw96] for all odd n. Soon afterwards
quantitative statements about the counting function, N(r), of resonances in {|A| < r}
were obtained by Christiansen [Ch99] and S& Barreto [Sa0l]:

N
lim sup (r)
r—00 r
For potentials generic in C°(R"™; F) or LX(R™ F), F = R or C, Christiansen and Hislop
[Ch05],[ChHi05] proved a stronger statement
log N (r)

li = 1.5
msup e = (1.5)

> 0.

This means that the upper bound N(r) < Cr™ from [Zw89] is optimal for generic
complex or real valued potentials. The only case of asymptotics ~ r™ for non-radial
potentials was provided by Dinh and Vu [DiVul3] who proved that a large class of L™
potentials supported in B(0, 1) has resonances satisfying a Weyl law.

Tanya Christiansen pointed out that our argument provides the following “inverse”
result:

Theorem 2. Suppose that V; € L°(R™;R), j = 1,2 and n is odd. If, in the notation
of (1.3) and (1.4),
my, ()\) = mvz()\), A eC, (16)

then for any m € N,
Vie H"(R") < Vo, € H™(R").

This is interesting because of the dearth of results on resonance inverse problems.
It is known that resonances alone may not determine the potential uniquely — see
Korotyav [Kor], [Zw01] and also Autin [Aull], [Ch08] where references to more general
“isopolar” problems can be found. In the positive direction Datchev—Hezari [DaHel2]
showed that in the semiclassical setting certain radial potentials are determined by the
asymptotic behaviour of resonances. That paper contains further references to inverse
problems for resonances.
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To prove Theorem 1 we proceed by contradiction, as in [BaSa95], [Me95] and
[SaZw96], and assume that there are no resonances. By a direct argument (Propo-
sition 2.1) this implies that the scattering phase is a polynomial. This in turn implies
(Proposition 2.2) that the heat trace has an asymptotic expansion. The main result
of this note, Theorem 3 below, shows that this implies that V' € C2°, and since it is
real valued we obtain a contradiction by [Me95] and [SaZw96]. (We provide a direct
argument of the contradiction in §2.) See §2.4 for why our arguments do not yield a

contradiction for a finite number of resonances if n > 5 and V € L*(R™, R).

Although we expect (1.5), or possible even N(r) > r™/C when r > 1, to be true for
all non-zero real valued potentials, Christiansen gave classes of examples of non-zero
V € C°(R™; C) which have no resonances.

Our argument outlined above depends on the following, which is the principal new
result of this paper.

Theorem 3. Suppose that Py is given by (1.1), and V € LZ(R™;R), where n > 1
may be even or odd. If

t2tr (e — ) € ([0, 0)) (1.7)

then V e C*(R™; R).

Theorem 3 is a direct consequence of a more precise result presented in Theorem
4 in §3. The study of heat expansions has a very long tradition going back to Kac,
Berger and McKean—Singer — see [CdV12],[Gil04],[HiPo03] for more recent accounts
and references. Theorem 3, although not surprising, seems to be new. However, closely
related inverse results are well known. They concern recovering Sobolev norms from
the coefficients of expansion of smooth potentials, and using those a priori bounds to
prove compactness of sets of isospectral potentials — see Briining [Br84] and Donnelly
[Do04], and for the origins of that approach, McKean-van Moerbeke [McMo75].

The paper is organized as follows. In §2 we review the scattering theory needed
for the proofs of Theorems 1 and 2. For detailed arguments we refer to the original
papers and to the on-line notes [DyZw]. The section on the heat trace §3 is by contrast
completely self-contained. Some aspects of the approach in §3 appear to be new, in
particular the use of Gagliardo-Nirenberg-Moser inequalities in a bootstrap regularity
scheme.

Acknowledgements. We would like to thank Gunther Uhlmann for a helpful discus-
sion, in particular for reminding us of the references [Br&4] and [McMo75], and Tanya
Christiansen for helpful comments on the first version of this note, and especially for
suggesting Theorem 2. This material is based upon work supported by the National
Science Foundation under Grants DMS-1161283(HS) and DMS-1201417(MZ).
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2. REVIEW OF SCATTERING THEORY

Here we recall various facts in scattering theory and show how Theorem 1 follows
from Theorem 3.

2.1. The scattering matrix. The continued resolvent, Ry (\), given in (1.2) does not
have any poles on R\ {0} — that is a well known consequence of the Rellich uniqueness
theorem — see [DyZw, §3.6]. This implies that, for A € R\ {0} and w € S"~!, there
exist (unique) solutions to

(Py = A)w(z, \w) =0, w(x,w)=e ) 4z, w),
u(z, \w) = |77 e (b(\, /2], w) + O(|2[ ), 2] = oo.

(2.1)

The radiation pattern b(\,0,w), is the observed field in a scattering experiment. The
scattering matriz, Sy (), can be defined using b(A,0,w). This definition is not the
most intuitive, and we refer to [DyZw, §3.7] for motivation. Here we define Sy () :

L2(S" 1) — L2(S"1) as

SUNFO) = £O)+ [ al00.0) (@)

(2.2)
a(\, 0,w) == (2m) T eFVINT B(N, 0, —w).
We also have the following useful representations of a(), 0, w):
a(\, 0, w) = anA”_Q/ e MOV (2 w(z, N, —w)dx
! (2.3)

— an)\n72 / efi)\(m,wfwv(x)(l . efi)\(m,m)RV()\)(6)\<o,w)v) (x)dx,

where a,, = (27) """ /2i.

The scattering matrix is unitary for A real, and from (2.3) we see that it continues
meromorphically to all of C. Hence we have

Sy(N) Tt =Sy (\)*, AeC. (2.4)
Another symmetry comes from changing A to —A\:
Sv(N)TH=JSv(=A)]. Tf(0) = f(=0). (2:5)

The operator Sy (A) — I is of trace class, and hence det Sy () is well defined. The
following result, see [DyZw, Theorem 3.4] or [Zw97], is important for the investigation
of scattering resonances:
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Proposition 2.1. Suppose that V € L°(R™;R), where n is odd. Then det Sy (X) is a
meromorphic function of order n. More precisely,

K

det Sy (\) = (=1)™ <H EZZ j i) P]g(—S) 7 (2.6)

where p, > 0, —pt < —pi < -+ < —p% < 0 are the eigenvalues of Py, included
according to multiplicity, P()\) is entire and non-zero for Tm A > 0, and

IP(N)| < Ce®™ . for any e > 0. (2.7)

The power m in (2.6) is the multiplicity of the zero resonance, m = 0 or 1 forn = 1,3
and m = 0 for for n > 5; see [DyZw, §3.3] and [JeKaT79].

We make the following observation based on the second representation in (2.3):
A is a pole of det Sy == A is a pole of Sy = A\ is a pole of Ry. (2.8)

A more precise statement is possible (see [DyZw, Theorem 3.42]) but we do not need
it for Theorem 1. To show existence of poles of Ry we only need to show existence of
poles of det Sy .

2.2. A trace formula. The tool connecting the scattering matrix to the heat trace
is the Birman—Krein trace formula. In §3 we will recall the argument showing that
e v — 7t is of trace class.

Proposition 2.2. Suppose that V € L°(R™;R). Then, in the notation of Proposition
2.1,

K
1 o 2 2
tr(e TV — et = —/ tr (Sy(A)7'oSv(N)) e dA + E e +1im. (2.9)
0 k=1

211

If Ve C, this is proved for n = 3 in [CdV81], and for n > 5 in [Gu81] and
references given there. The proofs for V' € L2 can be found in [DyZw, §3.8, §4.6].

Since |det Sy (A)| = 1 for A € R (which follows from (2.4), the unitarity of the
scattering matrix) we can define the winding number of the scattering phase:

1 1
o(N) = 5. log det Sy(N), o'\ = el (Sy(N)7'0NSv(N), AeR.

In the case of V € CX(R™ R), n odd, () admits a full asymptotic expansion for
A — oo, with only odd powers of A\ except for the constant term. When n = 3,

B(+00) —6(0) = K + Im, 6(\) = o(A) + A (% /R V(x)da:) |
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and for n > 5,

O(+00) —0(0) = K, 0N\ :=0(N) =Y (V)N

o

1
where ¢, (V) are the coefficients in the expansion of o(X). For proofs see [CdV8&1],
[Gu8l], [DyZw, §3.7], and for less regular potentials but fewer expansion terms [Je90].

2.3. Proof of Theorem 1. If V' has no resonances then Proposition 2.1 shows that
P(=N)
P(A)
where P()\) is an entire function with no zeros and of order m. This implies that
P(\) = %™ where G()) is a polynomial of degree at most n; see for instance [Ti64,
8.24]. Defining the odd polynomial g(A) = (G(—=X) — G()N))/(27i), we obtain
det Sy (A) = ™9 5'(\) = ¢g'(N).

The unitarity of Sy (\) for A real shows that g(\) has real coefficients, g(\) = ag\" +
A" 4 a1 A Hence,

det Sv(>\) =

n—1

o0 2
/ SO e AN = 5 i, (2.10)
where a, ;== a,I'(n/2 —j +1).

We now insert (2.10) into the trace formula (2.9) to see that /2 tr(e=*V — ¢7t/b)
has a full asymptotic expansion Z;io ¢;t’ as t — 0+. That means that the assumption
of Theorem 3 is satisfied, and hence V' € C(R™;R). But the result of [SaZw96] (see
also [DyZw, §3.7]) then contradicts our assumption that V' has no resonances: every
nonzero potential in C°(R™, R) has to have infinitely many resonances.

Christiansen’s argument [Ch99] that there must be at least one resonance for nonzero
V € C°(R™; R) is simple and elegant, and we reproduce it here. As above, absence of
resonances would imply that o/(\) = apA" ™! + @/ A"3 + - - a/,. Comparison with the
heat expansion shows that a, = ¢, [ V? # 0. That immediately provides a contradic-
tion in the case of n = 3. When n > 5 we use the representation (2.3):

O'/(/\) = tr Sv()\)*a)\SV()\)
= oha(A,0,0)do + / a(\, w, 8)0ra(\, w, 0)dwds.
Sn—1 S§n—1 S§n—1
Under the assumption that Ry is holomorphic, that is no poles, (2.3) then shows that

o’'(A) = O(A\"73) as A — 0. But this contradicts a), # 0, since that would imply a lower
order of vanishing at A = 0.
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We now use Theorem 4 to show that if V € L®(R",R) N H"z (R"), then Ry has
infinitely many poles. This is again seen by contradiction, by assuming that det Sy (\)
has only finitely many resonances. In that case, let —pf < —p3 < -+ < —p2, <0,
pr > 0, denote the negative eigenvalues of Py, and let ip;, p; < 0, j = 1,...,J;,
Aj # —5\]-, j=1,...,Js the remaining finite set of resonances. Proposition 2.1 gives

det Sy (\) = (=1)mesW

KN i >\+2ij)\ A=\
kzl)\—iukj ip; ; A )\J)\+)\]

Hence for A € R,

Lo gy 1< p
/ _ / - _ ¥l - 7
N =gW =7 Z_ kT Z_ 2t p?

J2 (2.11)
Z ( Im A Im \; )
= \A— N REAR)
That implies that
/ (d'N) —g' (N)d\ = —%K’ + %Jl + Jo. (2.12)
0

where K’ < K is the number of negative eigenvalues. We compare this with Proposi-
tion 2.2 and the expansion in Theorem 4: if V € L®(R",R) N H"z (R"), then (3.1)
shows that

n—1
tr(e v — 7)) = Zcﬁct_%*k +O(t2).
k=1
In particular,
tr(e v — e7t1h) th 2R 50, t—=04 . (2.13)

Since the terms on the right hand side of (2.11) make bounded contributions, compar-
ison with (2.9) shows that

n—1
R n ]_ & 2
/o —2+k / —tA
cht 2 —%/0 g'(Ne " dt.
k=1
Using (2.9) and (2.12) we obtain
n—1
T n 1 o 2
t —tPy _ _—tPyy /t_f"rk =t —tPy _ —tPy\ __ _/ / )\ —tA d)\
r(e e ) g;% r(e ) =5 Og(k
1 [ K
o / / -2t 2¢ 1
=51 ), (TN =g N)e dA+;e“k +3m.
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Taking the limit as ¢ — 04 we obtain
/(deﬂﬂMMA+K+§n:Aﬁ@KW@m+%L+A>O.
0
But this contradicts (2.13).

2.4. Why not infinitely many? A frustrating aspect of the argument in §2.3 is that
for Ve LX(R™,R), n > 5, it only shows existence of one resonance. The reason
for that is the strong assumption in Theorem 3. If we allowed, for example, a unique
(non-zero) resonance \g = ipy (it has to be purely imaginary, as the symmetry A — —\
would otherwise imply that there are two) then the factorization argument above would

imply

_ amigny BP0 + A oy 1 po
det Sy (\) = e N a'(A) =g(\) TNt

We now note that
2

1 0o —sr i~ )
—/ ‘ drw%es—l—s%ijs], 5= 0+. (2.14)
0 :
7=0

T 1+17r2

To see (2.14), let I(s) := (1/7) [ e+ /(1 + 7?)dr. Then the right hand side of

(2.14) is e*I(s), while 8,I(s) = —(1/m) [;° e dr = e~ /52, o = 1/2y/7. Hence

I(s) =1(0) +a [T e ™5 ~ L 457 > 2o s’ Multiplying by e® gives (2.14).
Inserting (2.14) into the trace formula (2.9), and noting that if py > 0 we have an

eigenvalue, gives
o

tr(e7tv — ety = /2 Z a;t + %epgt,
j=1
and we cannot use Theorem 3 to conclude that V' is smooth. The same problem arises
if we assume that we have two (or more) resonances, \g, —Ao.

The following simple example does not fit into our hypotheses, but it suggests a
possible complication. Consider n =1 and V' = §y. Then there is only one resonance,
at A = —2¢, and the heat trace has an expansion with both integers and half-integers.

2.5. Proof of Theorem 2. We again use the Birman—Krein formula (2.9) to see that,
under the assumption that the eigenvalue and zero resonance contributions cancel,

tr (et — etP2) =:§%gj€ O det (Sya(N) 1S () e dA.

The assumption (1.6) and [DyZw, Theorem 3.42] show that det Sy, (A), j = 1,2, have
the same poles and zeros (with the agreement of multiplicities). Arguing as in §2.3 we
then see that

da@@ﬂﬂ%anémW,MM:%W+MW4+~M%X
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Then as in (2.10) we see that

n—1
2
, b
tr (e7t — e thve) = /2 g b, b = - .
( ) s J " T(n/2—j5+1)

That means that (3.1) holds for V; if and only if it holds for V5, and the Theorem
follows from Theorem 4.

3. HEAT TRACE EXPANSIONS

For Py given by (1.1) with V € L*(R™; C), it is well known that e v — 7t/ ig
trace class for t > 0, and if V € C2° it is known that tr(e "V — ¢7*) admits a full

asymptotic expansion — see for instance [vdB91] and references given there.

Theorem 3 is a consequence of a converse result which gives a sharp relation be-
tween existence of a finite expansion for the trace, and a given finite order of Sobolev
regularity for V| assuming that V' is real-valued.

Theorem 4. Suppose that V € L¥(R",R), and that for some m € N one can write
tr(e ™V — e ) = (4rt) "2 (clt +cot? 4 eprt™ T+ rm+2(t)tm+2> . (3.1)

where |rmi2(t)| < C for 0 <t < 1. Then V€ H™(R"™). Conversely, if V € H™(R")
then (3.1) holds with such an rp1o(t), and limy_ o+ 7pi2(t) = Cppo exists.

The proof of Therem 4 begins by using iteration to expand the heat kernel for
Py = —A + V. The formula is

e tPv _ o—tR _ Z Wi(t)
k=1

Wi(t) = / e tmsP 7 o=k Py Ly e (s2msDRo y pmsiPogg L gy
0<s1 <+ <8<t

Convergence of the expansion in the L? operator norm follows from ||[Wy(¢)| 22 <
|V ||% «t* /K!, which holds since for all s; and ¢ the integrand is L? bounded by ||V},
and the volume of integration is ¥ /k!.

We also have a bound on the trace class norm:
W) || < CF k2 th72 /R, (3.2)

where n is the dimension. For this we use that the trace class is an ideal, so it suffices to
show that one pair of successive terms in the product has £' bound less than C k2 ¢t =.
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We then observe that at least one of ¢ — sy, s;41 — s; or s1 is greater than ¢/k, and for
that term we use the trace bound

le™* x|l < C 5772, (3.3)

where y € C2 is chosen to be 1 on the support of V. To prove (3.3) we choose
X1 € CX equal to 1 on suppy. Then the explicit Schwartz kernel, Ki(x,y) of
(1 — xa)e oy satisfies |07K;| < Cons™ (1 + |z| + |y|)™, for any o and N. Hence
(1 = x1)e*x|lzr = O(s>). On the other hand, if Ky(x,y) is the Schwartz kernel of
e~*P/2x then [[|Ks(z,y)*dvdy < Cs™/% which provides an estimate O(s™/*) on
the Hilbert—Schmidt norm. These two bounds give (3.3):

le P xller < Cllxie*xaller + 11— xa)e x| o
< Ollxare P22, + Cns™ < C 572

Using (3.2), we see that e '™V — e~ is of trace class for t > 0. The trace can be
brought into the sum, and we write

tr(e Py tPO) Ztr (Wi(t

It is well known, and we include the proof, that

(W) = (4mt) Ft [ Vi) dy.

which shows that ¢; = [V, and the expansion (3.1) is equivalent to

Z tr Wk = (4mt)" 2 <02t +o e ™ rm+2(t)) )

Theorem 4 will then follow as a result of the following two propositions that concern
the asymptotics of the individual terms tr(W(t)).

Proposition 3.1. IfV € LX(R",R) N H™(R™), then one can write
tr(Wa(t)) = (4nt) "2 (cth + ot ot + e(t)t2+m> , (3.4)

with limy o+ €(t) = 0 and can4j = a;|||DPV |12 for 0 < j < m, for constants a; # 0.
Conversely, assuming V € L*(R™, R) N H™ Y(R"), if one can write

tr(Wa(t)) = (4mt) =3 (@ o2+ e Co gt r2,2+m(t)t2+m) . (35)
where |rooim(t)] < C for 0 <t <1, then V€ H™(R"), and hence (3.4) holds.
Proposition 3.2. IfV € L (R",R) N H™(R™), then for k > 3 one can write

tr(Wi(t)) = (4rt) " (ckkt +- +ck,k+m,1tk+m’1+rk,k+m(t)tk+m>, (3.6)
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where, for a constant C' depending on k and m, for 0 < j < m,

[erpsil < CIVIZZINV I | SUp [riem ()] < CIVIEZIV -

The fact that V' € L*(R™, R) N H™(R") implies existence of the asymptotic expan-
sion (3.1) of order m + 2 is an easy consequence of the above propositions. By the

bound ||[Wy(t)||z1 < C*¥ k3 t*=2 /k! we have that

tr Y Wi(t) <Ct™TE 0<t<1. (3.7)

k=m+3
On the other hand, Propositions 3.1 and 3.2 show that

m-+2
tr Z Wi(t) = (47t)~2 <01t +eot? 4 et t™ T A Copgat™ T 4 5(t)tm+2> ,
k=1

where for 7 > 2 we have ¢; = Zi:g Ch.j-

The other direction of Theorem 4, that existence of an asymptotic expansion implies
regularity, is carried out by induction. Assume m > 1and V € LN H™ *(R"), which
trivially holds if m = 1 since L C L?*(R™). Assume (3.1) holds. By (3.7) this implies

m—+2
o> Wi(t) = (4nt) (m bt 4t Cpnt™ !+ rerg(t)tm“) ,
k=2

where |r,,42(t)| < C.

By Proposition 3.2, since V' € LN H™ }(R") the same relation holds, with different
coefficients that can be bounded from L* and H’ norm bounds for V with j < m —1,
for tr 312 W (t) . Hence the relation (3.5) holds, and we conclude V' € H™(R™).

3.1. Calculating tr(W1 (t)) We calculate the trace of Wi(t) by integrating over the
diagonal

t —92 y—:c2
tr(Wi(t)) = (4%)"/ / / (t — 8)7%87%67‘4“*; V(y) e T ds drdy .
n n O

The integral dz is carried out

_ lz— ‘2 _t n n
/ e 4y (tjs)s dxr = (47T)§t_§(t — 3)

|3
w3

S

leading to
tr(Wi(t)) = (drt) "2 ¢t /V(y) dy .

(From now on the integrals without integration limits will denote integrals over R™.)
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3.2. Calculating tr(W>(t)). Again we integrate over the diagonal to write tr(Ws(t))
as

ey Jy—z® _ |z—az|?

(47r)_3;/ (t—s)"2(s—7r) 2r 2e¢ d@o i i V(y)V(2)drdsdrdydz.
0<r<s<t

We let u =t — s and 2y = ( - )y + ( u )z and carry out the integral over z by

r+u r+u
writing
2 2
r—y z—x r+u 1
Gk T et i L N R S (33)
U r rU T+ u

which expresses tr(Ws(t)) as

(4m) ™" / (=)

0<r,u

|3

(utr)"2e” = (k) V(y)V(z)drdudydz.

Let r = tv — u, so drdu = tdvdu, the integrand is then independent of u, the new
limits are 0 < u < tv, 0 < v < 1, and we get

1 2
2 (47rt)_”/// (1—v) 20 2*! B V(y)V(z)dvdydz.
0

Since V is real we can use the Plancherel theorem to write this as

£ (4mt)~3 /0 Y ((2#)" / el |x7(g)\2dg> dv.

By symmetry under v — 1 — v we can also write this as

s [ (n [ [Pof ) an

The term in parentheses is continuous in ¢, and at ¢t = 0 equals ||V[|2,, so

_1p -z 2 - _
tr(Wa(t)) = 5! (47t) <||V||L2 +5(t)> : tl_1>rg1+ e(t) =0. (3.9)
This settles the case m = 0 of Theorem 4 which, since L® C H°(R") = L*(R"), is
nontrivial only for the existence of the expansion (3.1) for m = 0. It also shows that
we can recover ||V||zz from lim,_,q+ ro(t).

Remark. If we were to assume V is Holder-a, then to get van den Berg’s bounds
[vdB91] we would write

Ve = 5 (VP + Ve - (Vi) - V())

and writing |V (y) — V(2)]* < |y — 2|** would lead to a gain of t* for the last term on
the right; the other two terms would lead to the desired leading term, so we would get
e(t) <t
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3.3. Proof of Proposition 3.1. First consider the case m = 1, and suppose that we
have an expansion

tr(Wa(t)) = (4nt) 2 (e + O(#%)), t<1.

From (3.9) we must have ¢; = 5||V/||2.. This leads to the estimate

1 — e~ tA-v)vlg?
//( >\V Wdedv<o, 0<t<1.

The integrand is positive, so by Fatou’s lemma we get

(/01(1 - ”)“d“) /\512 Vel de <,

implying that V' € H'(R"). Conversely, if V € H'(R")N LE(R™, R) we would get such
an expansion by dominated convergence.

To consider higher values of m, write

e’ = Z_ (;Djsj + r(s) (=" s™, (3.10)

=

where 7,,(s) is a smooth function, and by the Lagrange form for the remainder,
-1
0<rn(s) <1 if s>0, m(0) =1, Osrm(0) = ——. 3.11
Sra() <1 5200 1) ) = —. @1

Now suppose that V'€ H™(R") for some m > 1. Then we can expand

/01(/€_t(1—v)v|§|2|‘7(§)‘2d§> mzo( / (1—v zﬂdv> (/|§!2J\V | d§)
m; (// 1‘”“|§|)(1_U)mvm|€|gm“7(f)|2d€dv>tm.

The coefficient of ¢™ is continuous in ¢, and converges to a,, |||D|™V |3, as t — 0, where

apy 7 0. Thus, if we can write
tr(Wa(t)) = (4nt) "2 ( Z o t! + O™ ) . t<1,
7=0

then ¢; = a;|||DPV2; for 0 < j < m, and in addition we have uniform bounds for
0<t<1

/01 /(1 - rm(t(lt— v)v\f!z)) (1= o)™ (g[>|V (€)|* de dv < C.

Then by Fatou’s lemma and (3.11) we get

([ amormeta) (feepore) <o
0
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so necessarily V€ H™(R™), completing the proof of Proposition 3.1.

3.4. Trace of Wj(t) for k > 3. To estimate products of derivatives, we will use the
following particular case of the Gagliardo—Nirenberg—Moser inequalities.

Lemma 3.3. Suppose {o;}5_, are multi-indices, with |o;| < m, and >oilajl =2m. If
u € L®(R™) N H™(R™), then for a constant C' depending only on n and m,

k k ok
LT ) <€ (X o) (1072
j=1 j=1 j=1

Proof. We use the following bound [Tay11, (3.17) in §13.3]. Assuming u € L>* N H™,
oy | o

10| 2 < C gl 11D 5

The result follows by Holder’s mequahty after taking the product over j. U

We now write tr(Wy(t)) for ¢ > 0 as an integral

2
lo—ygl?  lvp—vp_1l® |y —=|?

/‘ 6_ 4(t—sk) _4(Sk_sk71) 4s1 V(yk) V<y )
Ocsicm<spct (AM)2ZED(E— g)5 - (55— 51)2(s1)2

After integrating over z, and letting s; = tr;, then letting ¥ C R* denote the set
{freRF: 0<r <- - <1 <1}, we obtain

dyy -+ - dyi dsy - - - dsy dx .

lve=ve—1>  Jyp—u112 ly1 —vgl?

4t(rk TR 1) T 4t(rg—r1) 4t(l+ri— rk)v
R ) V) o
n 2

)2k (ry —rp_)z - (g — )2 (1 + 1y —rk)

To analyse this, we introduce variables u; = y1, and u; = y; —y; for 2 < j < k.
Then dujy A -+ Adug = dy; A - -+ A dyy, so the formula for tr(Wk(t)) becomes

/ / " Gre(u) V(ug +ug) - V(ug + ug)V(uy) dudr, (3.12)

n
47rt 2
where G,.;(u') is the Gaussian function of v’ = (ug, ..., uz) € (R")*!
L lugl® ) lug—ugq lug—ug|? | |ug|?
_E(1+7‘f—rk Te—Tk—1 -t 7‘33 'r22 +r22r1>
Gnt(UQ, e ,uk) =

(47Tt)%(k71)(1 +r — rk)%(rk — Tk—l)§ <. (7"2 — 7“1)% '
Applying successively the following equality, which is a special case of (3.8),

\Uj+1—uj\2 4 \Uj|2
Tj—i-l —7"]' Tj — T

Fj+1 — T ri—n 2 1 2
e U; — ——— U 1 _I_ U
(rper =)y =) U7 = 7T Tj+1 —T1 4541
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we can write the quadratic term in the exponent of G, ; as

|ug|?
(L+7r —rg)(re — 1)

1
(rjs1 —11) T —T1 2

o Ujqq 3.13

— (rjr =)y —r) U = a (3.13)

k—
+

J
In particular we see that, for all t > 0 and r € X,

/ ) Gri(u')du' =1,
(Rr)F=1

For ¢t > 0 consider the k-linear form
B(Wi,...,Vk) = / / ) Gri(u') Vi(ug +ug) - - Va(ug + u2)Vi(uy) dudr .

By Holder’s inequality applied to the integral over u;, we have
k
1B:(Va, - V)l < [T IVilleeny

and thus B is uniformly continuous on bounded sets in L*(R")*. The quadratic form
(3.13) is bounded below by ¢ |v/|?, for ¢ > 0 independent of r € . An approximation
to the identity argument then shows that B; is continuous over ¢ € [0, 00), for fixed
elements of L*(R")* where we set

1
Bo(‘/l, .. ,Vk> = H/ Vk('LL1> .. Vl(ul)dul .
. Rn

Consequently, we can write

(W) = (dnt) 3 5 BAV),  ByV) € C([0,00)), Bo(V) = H/V(y)kdy.

Here we set B,(V) = By(V,...,V), which, by the above, is for each ¢ a continuous
function of V € LF(R™).

We start by demonstrating an m-th order expansion of By(V') when V € C°(R"™, R),
after which we will show it applies to V' € L(R",R) N H™(R™) by taking limits.

For 2 < j < k we write
WW+w=@ﬂ”/”“”WW>

and plug this into (3.12) to express

Bi(V) = (2n) n(kl//R)kl ROV () V() Vg 4 -+ 1i) dngy - - dig dr

where Q, (1) is the quadratic form inverse to (3.13), and where V(—¢) = V(¢) since
V' is real valued.
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We expand exp(—tQ, (1)) as in (3.10). The first m — 1 terms give contributions to
By(V) of the form

“)Z Qn ‘7%) ‘7(772)‘7(772+---+77k)d772---dnk,

where Q(n) is the quadratic form obtained by integrating @,(n') over r. The key
observation we need is that we can write

WY = Copon e - 052 (02 4+ 4 i)™

where Zle la;| = 27, and |oy| < j for every 1.

Thus, the coefficient of #/ is such a linear combination of terms of the form
2m) D [ @V - @V ) @Vt -+ ) -+ i
This integral is equal to
J@)@)- @) @) dy.

which by Lemma 3.3 is bounded by C ||V/||¥22||D?V||2, . This establishes the bounds
of Proposition 3.2 on the coefficients ¢, j1+, provided V' € C2°(R").

The m-th order remainder is a constant times
1
o [amst [ e gy V) V) Vi + ) dif dr ds,
0 v J(Rrn)E-1

which by a similar argument can be written as an integral over r and s of various

polynomials in r, s times

P——

o [ GV ) GV 1) GV ) d i
with |a;| < m, and ), |a;| = 2m. We now show that, uniformly over » € 3, and ¢ > 0,

1
(27 )n(k=1)

k
QG (1) - B3(me) T O T £ )l ' <TTllosllses s (3.14)

j=1

whenever 2 < p; < oo and Zj pj’1 = 1. Here we note that the proof of Lemma 3.3
bounds the right hand side, with p; = 2m/|a;| and v; = 0%V, by |V[|522||V||%m. The
bounds on 7y j1.,(t) in Proposition 3.2 will follow for V' e C°(R™).

The left hand side of (3.14) equals

\/Gmuﬁ—x,...,yk—x)m(yk)---z»z(yz)vl(a:)dxdyg---dyk

The kernel G, is positive and has total integral 1, so for proving the bound we may

assume each v; is nonnegative. By interpolation, we may restrict to the case that two
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of the p;’s are equal to 2, and the rest equal co. There are then two distinct cases to
consider: p; = py = 2, or ps = p3 = 2. In the first case, we dominate the integral by

vk oo - - - [|vs]| oo /K(y2 — ) v2(y2) v1(x) dys dx (3.15)
where
KG) = [ Guolonpsr v s

Since [ K = 1, by Young’s inequality the integral in (3.15) is bounded by ||va]|z2[|v1]| 2.
In case p; = p3 = 2, we bound the integral by

vkl zoo - - - [[val| oo |01 ]| Los /K(yzyya) v3(ys — ) v2(y2 — @) dyo dys dx (3.16)

where now

K (y2,ys) =/Gr,t(yz,ys,y4,-..,yk)dy4---dyk-

Thus [A((ng,ng) = ¢~ tQr(1213,0,--,0) Writing v and v3 in terms of their Fourier trans-
forms, and integrating out y» and ys, expresses the integral in (3.16) as

(2m) 7" / e )00 (1)) Gy 1) i gy

= (27T)_n/e_th(_%m’o’""O)@(—n2)@(nz)d7727

which is bounded by ||vz||z2]|v2||zz by the Schwarz inequality, as @), > 0.

It remains to show the expansion holds for general V € L>*(R", R) N H™(R"™). We
set ¢. x V = V. € CX(R"), where ¢. = e "¢(¢~ 1) is a family of smooth compactly
supported mollifiers.

Recall that tr(W(t)) = (4mt)"/*t*B,(V). Since for each ¢, B,(V) is continuous in
V in the L¥(R™) topology, then B;(V) = lim._,o B;(V.). Furthermore, since ||V, ||z~ <
Vs s |Vellzgm < ||V||gm , we have the following bounds, uniform for ¢ > 0 and £ > 0,

i (VL < CUVIEZV [ -

It thus remains to show that lim. o ¢ p45(Vz) = cprr; (V) if 5 < m — 1, for appropri-
ately defined ¢ j4;(V') satisfying the bounds of Proposition 3.2.

Recall that ¢ x1;(Vz) can be written as a linear combination of terms of the form

/ (O"V)(y) - (0 Vo) () dy (3.17)

where |a;| < j for all i, and Zle || = 275 . We define ¢ 41;(V) by the same formula,
which by Lemma 3.3 is well defined, and absolutely dominated by ||V[|522|/D7V2, .
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To see that (3.17) converges, as € — 0, to the same expression with V. replaced by V,
2m
we note that, by the proof of Lemma 3.3, 0%V € Ll«l  so for |a;| > 0,

lim |0V, — 0%V 2w =0,
e—0 L

Joy;

Thus, the product over the terms in (3.17) with |a;| # 0 converges in L7 to the same
product with V- replace by V. Since % > 1, the integral in (3.17) converges as € — 0
by the fact that V. — V in LP for all p < oo.
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