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Definition

For f ¢ L}

loc

(R"), we define

i) = sup s Q) /\f ~foldy

Remark: we showed earlier that

1fti(x)<sup (Q <|nf/|f —c|dy> < fi(x).

xeQ ceC

o |IfllBmo = ||| -

e f¥(x) < 2Mf(x) (M = off center cube maximal function) so

| lip@ny < Cop Ifllipeny, 1< p<oo. ]




dyadic cube = cube of sidelength 2/, vertices € 212", j € Z.

Definition: given f € LP(R"), some 1 <p < oo, and a >0
Let Q. (f) = collection of dyadic cubes Q such that

1 1
g Ll >a and o [ jiy)ldy <o

for all dyadic @ that contain Q. (So cubes in Q,(f) are disjoint.)

v

1 n
e For Qe Qu(f) : a<m(Q)/Q\f(y)]dy§2 o

e [f(x)| < ae.onR"\Ug, (r) Q, since the dyadic cubes
containing a point x shrink nicely to x.

e Ug,nQ C {x : Mf(x) > a}, where M is off-center maximal.

e There is an upper bound on the diameter of cubes in Q,(f).



With ¢y = 146", we have Mf(x) < cia for x ¢ Ug, (n Q.
Therefore: m({x : Mf(x) > cia}) <3" 35 5y M(Q).

Proof. Suppose x ¢ Ug,(nQ" and Q > x, Q any cube.

[ 1oy - )+ | 1(y)] o
Q le(UQa(f)Q) Q’ﬂ(UQa(f)Q)C

e Second term < am(Q'), since |f(y)| < a for y ¢ Ug, (nQ.

e Q@ ¢ Q when Q € 9,(f), since x is not, so for Q € Q,(f):
QANQ#0 = diam(Q)>diam(Q) = Qc Q"

First term < / ()| dy
QeQau(f): OCQ’*

< Z 2"am(Q) < 6"am(Q’)
QeQ.(f):QcQ™*



Let u(a) =>"qeg.n M(Q). Thenforall o, ¢ >0:

() < m({x: ff(x) > cal) + 2cpu(27 " a).

Proof. If Q € Q,(f), then Q C Qy forsome Q € Qp-n-1,(f).
So it suffices to show that, for any Qy € Q,-n-1,(f),

> m(Q) < m({x e Q:fA(x)>ca}) + 2cm(Qo).
Qe Q. (f):QCQy

1
Case 1: /f —fo ldy > ca.
(@) Jo, V)~ Tl > ca

Then f4(x) > ca on Qp, SO

m({x € Qo : f(x) > ca}) = m(Qp) > m(Q).



"
Case 2: / fly) — fo.|l dy < ca. We will show
m(QO) QO| (y) Qo‘ y

> m(Q) < 2cm(Qy).
QeQ.(f):QCc @y

e Since Qp € Qy n-1,(f), we have |fg| < 2"-27"a

IA
N[ —

e For Qe Q,(f), we have/ lf(y)|dy > am(Q), so
Q

/O|f(}’)—foo|d}’> Jam(Q).

o Y ma) < /|f ~foldy

QEQa(f)ZOCOo OEQa(f :QC @

/ 1(y) — fo,| dy
Qo

< cam(Qp)

=

IN




Theorem: assume that 1 < py < p < 0.

If f € LPO(R™), then ||f]|e < Cp [|F*|Le -

Proof. Lemma 1 says that Apy(cia) < 3"u(r), hence
Iflee < IMFllio < Con / 0P~ u(a) da.
0

Lemma 2 says pu(a) < Ag(ca) +2cu(27""'a), sofor N < oo

N N 2-n-1N
/ P~ () da < / P~ N (ca) da+ 021+("_1)p/ P~ u(a) da
0 0 0

felP(R") = pla) < Ca P (recallthat p(a) < Ayr(e)) J

so integrals with u(«a) are finite, and taking ¢ small this implies

N N
/ P~ () da < Cn’p/ P~ Ny (ca) da
0 0

Let N — oo to get ||f|le < Cnp|If¥]|1e - O



Theorem: assume 1 < py < oo, and T is linear operator on LPo.
If for all f € LPo(R") N L>°(IR") the following hold

[THleo < Cllflleo,  [[TFllBMO < Clf[|1

then for all py < p < co we have || Tf||p < Cp ||f]|1r -

Proof. Consider the operator f — (Tf)* :
e (Tf)* is sub-additive, since (Tf+ Tg)* < (Tf)! + (Tg)*.
o (T < Clifliro.  I(TF i < Cllfllio -

e By previous Theorem and Marcienkiewicz interpolation:

ITflee < Coll(TFYlle < Collflie,  Po<p<oco.



