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Rouche’s Theorem
If f,g are analytic on E, v a simple path in E with int(y) C E,

f,g have no zeroes on ~, and ‘% — 1‘ <1 forall z € {~},

then: #{zeroes of fin~y} = #{zeroesof gin~}.

Another way to state criterion on f and g:

f(z) —g(2)] < [g(2)] forall ze{y}.



Assume f(zy) = wp, and f'(zy) # 0. Then there exists f~1(w):

o f(f~'(w)) =w for w € Ds(wp), some § > 0.
o ' (wp) = z; f~T(w) is analytic on Ds(wp).

o 1 (w) =1/F(F1(w)).

Existence of f~'(w):

The function f(z) — wp has a zero of order 1 at z = Zz.

Zeroes are isolated: f(z) — wy has unique zero in D,(z)
forsomer >0, so

min |f(z) — wp| =0 > 0.
|z2—20|=r

If |[w — wp| < 4, then
|(f(2) = w) — (f(2) — wo)| < [f(2) — wo| for z € OD,(20)

so f(z) — w has a unique zero in D,(Zp), which gives f~'(w).



Pictorial illustration behind existence of f~1(w)

Let f(z) =tanz, zo =0, wy = 0. Then tan’(z) = 1.
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oD;1(0) = {e : t € [0,2x]} Image of dD;(0) under tan z:
{tan(e") : t € [0,27]}



Analyticity of f~1(w) for |w — wp| < ¢

Key fact: 1~ (w) is unique zero of f(z) — w for z € Dy(z),

Res< f(z) ,f‘1(w)) = 1

f(z)—w
f(z) 1 .
Q) —w  z—fF7(w) + analytic

!
Explicit formula:  ~'(w) = % / f(ZZ'; (Z)W 4
oD,(z0) 1(2) =~

This is analytic on |w — wy| < §, and equals the power series

1 zf(2)

~ 2ni 9D (zo) (f(2) — wp)k+1 o

W) = adw—wo)k,  a
k=0



Let f(z) = sinz. Then f/(z) =cosz #0 if z # (k+ })r.
Note: sinz = +£1 = sin’z = 0; no analytic inverse at wy = +1.

For a local inverse, two values are possible for (sin™")’(w):

(sin™")'(w) = L _ ’

cos(sin”'(w)) V1 -w?

Take zp = 0, wp =sin(0) = 0. Then for |w| < ¢:
there is a choice of sin~' (w) with sin=1(0) = 0, and

(sin~")'(0) = cos(sin~'(0)) = cos(0) = 1. J

Take zy = m, wp = sin(w) = 0. Then for |w| < ¢:
there is a choice of sin~' (w) with sin=1(0) = 7, and

(sin~")'(0) = cos(sin~"(0)) = cos(r) = —1. J




