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Abstract

Let g be a Riemannian metric on a bounded domain in two dimensions with a
Lipschitz boundary. We show that one can determine the equivalent class of g
and B in the W!? topology, p > 2, from knowledge of the associated Dirichlet-
to-Neumann (DN) map A, g to the elliptic equation divy (8V,u) = 0. The DN
map encodes all the voltage and current measurements at the boundary.

1. Introduction

Let Q C R? be abounded domain with a Lipschitz boundary and let g = (g;;) be a Riemannian
metric on  in the W7 (Q) class with p > 2. Let 8 € W"?(Q) be a scalar function with a
positive lower bound. Consider the following elliptic differential operator associated with the
metric g:

1 & 9 -
Lg g(u) =divg(BVeu) = ﬁ Z a(v |g|,38”£>7 (1.1
J

ij=1 7%

where (g'/) is the inverse of g and |g| = det(g;;). Then for every f € W*~!/P-P(Q), the
boundary value problem

Lgp(u) =0, ulpe = f, (1.2)

has aunique solution u € W>”(2). The Dirichlet-to-Neumann (DN) map associated with (1.2)
is defined as the map f — Ay g f € W!=1/r-P(Q) where

) (1.3)
Q

2
Agpf = (BVau)]dVelog =v- (\/Eﬁvg”)}asz = Z \/@ﬂviguﬁu'
j

i,j=1

with u the unique solution of (1.2) and v the outer normal of 9<2.
Physically 8 models the electrical conductivity of the domain 2 provided with the metric g.
The DN map encodes the current and voltage measurements at the boundary.
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2 Z Sun and G Uhlmann

Clearly, both the Dirichlet boundary value problem (1.2) and the DN map (1.3) are
conformally invariant. In fact, if § = cg for a scalar function c € W'?(Q) with a positive
lower bound, then

Lip=c""Lgp, Agp = Agp. (1.4)

In addition, the DN map A, g has an invariance property when changing variables in €.
Let®:Q — Qbea WP diffeomorphism. The push forward of g under ® is given by

§=o.g=[DP) 'g(DP)"H o™, (1.5)

where AT denotes the transpose of the matrix A.
Then the pull back of g, given by

P*g = (DP)ZDP)") o0 @,

is identical to g. By writing the equation Lg gu = 0 in the integral form

2 a0
/ﬂi,jX::1 9xi

and making the change of variables y = ®(x), it is easy to show that u is a solution of
Ly gu = 0in Qif and only if i = u o ®~! is a solution of L; ju = 0in €2, where

B=Bod ! =B (1.6)
Furthermore, the DN maps A, g and A; 5 are related by the following identity:

/|g|ﬁgffa—” dx =0, Vo € C3(S),
ox;
J

/ PN p(f)ds = / PN 5(f) 5, (1.7)
Q2 Q2

where f € W>1/PP(Q), f = fo® ! and @ = Qo ®~!. Here ds and d§ denote the measures
on 9€2, 92 respectively.
Identity (1.7) implies that if the diffeomorphism above is the identity on 92, then

Agp = Ag,’f;.

This shows that the DN map A, g is also invariant under the above transformation in g and 8
defined in (1.5) and (1.6). Therefore we have

Aco.g0.8 = Ngp (1.8)

for any diffeomorphism ® € W??(Q) with ®|;q = identity and any scalar function
ce WHP(Q) with a positive lower bound.

Given (g1, B1) and (g2, B2), we define (g1, B1) ~ (g2, B2) if there is a diffeomorphism
® € WP () with ®|3q = identity and a scalar function c € W7 () with a positive lower
bound such that g, = c®,g; and ¢; = P.c;. Then from (1.8) we see that the map

A [(gv ﬂ)] — Ag,ﬁ

is well defined where [(g, B)] stands for the equivalent class under the equivalence relation ~.
In this paper, we prove that the map A is injective. In other words, we show that one can
determine [(g, B)] from knowledge of A, g.

Theorem 1.1. Let Q C R? be a bounded domain with a Lipschitz boundary. Let gi and g, be
two Riemannian metrics in WP () with 81— & € Wol’p(Q). Let By and B, be two scalar
functions in WP (Q) with positive lower bounds. If

Agl B = Agz,ﬂzv

See endnote 2



Anisotropic inverse problems in two dimensions 3

then there exists a diffeomorphism ® : Q — Q in the W>P class with ®|,q = identity such
that

g = cDyg

for some positive function c € WP (Q) and

Br = ®.Bi.

Remarks.

(a) We remark that if the metric g is C 21(Q) near the boundary and the domain €2 is C LLQ),
it seems possible to remove the assumption that the metrics coincide to order one at the
boundary. The boundary determination of the metric g and 8 and its derivatives would
follow by using the method of singular solutions of Alessandrini [A] combined with the
use of boundary normal coordinates as in [LU].

(b) The method of proof of theorem 1.1 is based on the reduction to a first-order system as
in [BU] for isotropic conductivities and isothermal coordinates [Ah]. The uniqueness
proof in [BU] was developed into a reconstruction method in [KT] for conductivities in
C'*¢. By solving the Beltrami equation (see section 2) and using [KT], it is likely that one
can also develop a reconstruction algorithm for slightly smoother 8. Stability estimates
were derived in [BBR] using the uniqueness proof of [BU] for C!*¢ conductivities. We
also expect that stability estimates can be proven under slightly smoother assumptions on
B for the case considered in this paper.

In the case where 8; = f, = 1 on Q and the Riemannian metric is smooth, theorem 1.1
was proven in [LU] and was extended to general connected, compact Riemannian manifolds
with a boundary in [LaU]. In the case where the Riemannian metric is Euclidean, this problem
is the electrical impedance tomography problem for isotropic conductivities. Uniqueness was
provenin [N] for 8 € w2r, p > 1 and extended in [BU] to conductivities in whr, p > 2. An
immediate consequence of theorem 1.1 is the extension of the [BU] result when the background
metric is not Euclidean. More precisely we have

Theorem 1.2. Let @ C R? be a bounded domain with a Lipschitz boundary. Let g a
Riemannian metric in WhP(Q). Let B, and B, be two scalar functions in WP (Q) with
positive lower bounds. If

Ag-ﬂl = Ag,ﬂz’
then
B1 = Ba.

We now discuss an application of theorem 1.1 to anisotropic conductivities. See [U2] for
arecent survey. Let y = (y'/) be a positive definite symmetric matrix on € in the W' class,
p > 2. The conductivity equation is given by

2
ad o0u
L — __ ) = 0’ =/, 1.9
r) i12=:1 ax; <)/ axj) uloa =/ (19
and the DN map is defined as before by f — A, f € W!=1/r-r(Q) where
A, f 22: ij u (1.10)
= iy o — ) .
! i,j=1 3%xj [ae




4 Z Sun and G Uhlmann

with u the unique solution of (1.9) and v the unit outer normal of 9€2.
Let ® : @ — Q be a W27 diffeomorphism. The push forward of y under ® is given by

D®)~'g((DP)™H)T
by — (LD @I
|det DD|
A direct consequence of theorem 1.1 is the following.

(1.11)

Theorem 1.3. Let Q@ C R? be a bounded domain with a Lipschitz boundary. Let y; and y, be
two anisotropic conductivities in WP (Q) with y, — y» € Wol’p(Q). Assume

A)’l = AVz;

then there exists a diffeomorphism ® : Q — Q in the W>? class with ®|yq = identity such
that

2 = Duy1.

This result follows from theorem 1.1 on taking y; = g; Vand g; = lgil,i = 1,2.

This result was previously known for C3(Q) anisotropic conductivities. It follows by
combining the result of [S], which reduces the anisotropic problem to the isotropic one by
using isothermal coordinates [Ah], and the result of Nachman [N] for isotropic conductivities.

The following theorem shows that the smoothness of the diffeomorphism ® depends only
on the smoothness of the metric g.

Theorem 1.4. Let Q C R? be a bounded domain with a C** boundary, where k is a positive
integer and 0 < o < 1. Let g and g, be two Riemannian metrics in C**(Q) with
DYg = DYgy on 09, |y| < k. Let B1 and B, be two scalar functions in WP (Q) with
positive lower bounds. If

Agl B = Agz,ﬂzv

then there exists a diffeomorphism ® : Q — Q in the C*b(Q) class with ®|yq = identity
such that

82 = cP.gi
for some scalar function ¢ € C*%(Q) with positive lower bound and
B2 = ®.p.

For a description of other results in anisotropic inverse boundary problems, we refer the
reader to the survey papers [U1] and [U2].

2. Lemmas

Lemma 2.1. Let g1 and g, be two Riemannian metrics in Wl'p(Q) with g1 — g2 € Wol'p(Q).
Let By and B, be two positive scalar functions in WP (). If

Agipr = Dy
then on 0%2,
pr = pa.
Proof. Since g — g € W()]‘p(Q), we can extend g; and g; outside €2 so that
) =g,  xew,
and 2.1

g1(x) = g(x) =e, for |x| large enough,
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and the extended metrics, which we still denote by g;, i = 1,2, are in WHP(R?). Let
® € W>P(Q) be a conformal diffeomorphism: Q2 — Q (see (2.4) below) so that ®,g; is
the Euclidean metric on Q. Then ®,g> is also the Euclidean metric on 9. From the proof
in [A] we see that on 8f2,

Cb*ﬁl = CD*ﬂZ
This, together with g; — g2 € W()]‘p(Q), implies the result. O

According to lemma 2.1, we can extend 8; and S, outside €2 so that

Bi1(x) = Ba(x), x € QF,
and (2.2)
Bi(x) = Br(x) =1, for | x| large enough,

and the extended function, which we still denote by 8, i = 1,2, is in W7 (R?), where e
stands for the Euclidean metric. We shall assume (2.1) and (2.2) throughout the rest of the

paper.
Let g, B € WIP(R?) with

gix)=e, B(x) =1, for |x| large enough. (2.3)
We use the notation
1y = g1 — g»n +2ign -
g+ 82 +2/1gl
and consider as in [Ah] the Beltrami equation
0D, = 11,0 P,. 2.4)

Then any diffeomorphism solution of (2.4) corresponds to an isothermal coordinate for the
metric g. More precisely,

(DPg)eg = age
for some a, > 0, and the equation L, gu = 0 is transformed to
L(q;g)*g'(q;g)*,gv =V-(Bo q);le) =0,
where v =u o CD;'. In the next lemma, we construct a diffeomorphism @, that behaves like

Z = x1+ix; as |z| — oo in an appropriate sense. We denote by L°(R?) the space of functions
satisfying | f(z)| < C|z|™" for some constant C, or equivalently,

LYE(R?) = {f € L®(R*) : 2f (2) € LY (R?)}.
Lemma 2.2. Let g € WP (R?) satisfying equation (2.3). Then there exists a diffeomorphism
P, € Wli’cp (R?), a diffeomorphism of R, which solves (2.4) and satisfies

b, — z € L(R?). (2.5)
Moreover, CD;', D®, — I and Dd>;1 — I are all bounded in the LS°(R?) norm.
Proof. We use the method of isothermal coordinates [Ah] although we need the solvability of
the Beltrami equation in different spaces to the ones used in [Ah]. We will use the solvability
of the Beltrami equation in weighted L? spaces as was done in [S].

Since g € WIL’C”(RZ) C L (R?), we can construct &, = z + F with F solving the
equation

OF — wdF = g (2.6)
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in the weighted space L} (R?) for some y and 8, which satisfy (2.18) in [S] (with y = p).
Clearly, since u, is in the WP class, we have that F and thus d, isin Wli’cp (R?). From the
argument following (2.6) in [S], we see that ®, is a diffeomorphism from R? to itself. We shall
show that this diffeomorphism carries the property of (2.5). We recall that if 4 is a function in
L (R?), y > 1, with compact support, then

1 1 h(w)

h=— dw A dw € L& (R?). (2.7)
271 Jpe 2 —w

(o5

Since j1, has compact support (note that g = e for |z| large enough) and (3 F+1) € L? (R?),
it follows from (2.7) that
F=0"(ug(dF + 1)) € L (R?),

which leads to (2.5). To see that ®, with (2.5) is unique, let &Dg be another diffeomorphism
satisfying (2.4) and (2.5). Then h = &, — d~>g is in L?"(Rz) and solves dh = gdh. Since
h is uniformly bounded in R?, it follows from Liouville’s theorem (see for instance [BU],
section 3) that 1 = 0.

From (2.5) it is easy to see that CD;1 —Z € L‘I’O(Rz). To show that D®, — I € L‘I’O(Rz),
let H be one of the derivatives of F = ®, — z, say, H = 9 F, then, by differentiating (2.6),
we have

OH — j1gdH = dug(1+9F).

Again, since p, and therefore 91, has compact support and g0 H +dug(1+0F) € LP (R?),
it follows from (2.7) that

H=0"(ugd0H +du,(3F + 1)) € LY (R?).
It remains to show that DCD;1 —1le L‘I’O(Rz). We note that
—1 —1 -1
Do, = (Dd,)" oD, .

Since @' —z € L{°(R?), @, behaves like z + O(z™") as |z| — oo, we only have to show
that

(DD, — 1T € LY RY). (2.8)

For |z| large enough, we have

D) '~ I =D, —I+1)"' — 1 =D, — 1) Z(—l)"”(Dcpg -,

n=0

and

o0 o0

D= DO, — | <Y C T =+ (C/lz )

n=0 n=0
So

|(DP) ™" — I < Clz|7' (1 +(C/lzD™) 7" < 2Cz| ™!
for |z| large enough. This proves (2.8). O

Lemma 2.3. Let g, 8 € WIL‘CP (R?) satisfying (2.3). Then for each k € C there exists a pair of
solutions ug g(z, k) and vg (2, k) of (1.1) in R* such that

Ougp Jvgp e 0 _ 9 (TR2
<8ug,/3 Gug s 0 itk I € L1(R?), Vg > 2. (2.9

Moreover, this pair of solutions is unique modulo constants.

See endnote 3



Anisotropic inverse problems in two dimensions 7

Proof. Let @, be the diffeomorphism constructed in lemma 2.2. Under ®,, the equation
Ly gu = 01is transformed to V - (B8 o CD;IVu)) = 0. Asin [BU], this equation can be reduced
to the first-order elliptic system

[(8 g)_<g g)}(ﬁ)zo (2.10)

where
— _1 -1 wy | _ —151/2 ow
Q_—Ealog(ﬂocbg ), (wz)_(ﬁocbg ) <5w)' (2.11)
For each k € C, this system carries a unique matrix solution in the form
eizk 0
W(z, k) =m(z, k) < 0 eizk> (2.12)
with
m(-, k) — I € L1(R?), Vg > 2. (2.13)

Here, m is a matrix function of z and k [BU].
By using @;1 , we can transform W (z, k) to obtain a unique pair of solutions u, g and v, g
(modulo constants) and, according to (2.10) and (2.11),

ou v el Pk 0
12 ( Ogp Olgp ) _ =
B (E)ug,ﬁ avg,ﬂ) Hg, (m o @) < 0 e"“’g") . (2.14)
Here Hg, is the gradient transformation matrix associated with the diffeomorphism ®:
D, 0P
Ho =<_ & *’) (2.15)
¢ b, 09,

From (2.14) we get

nggﬁ E_)Ug”g e—izk 0 -l el Pk—izk _O ~
<8ug,5 v 0 eitk I =pB""/"Hy, (mo®dy) 0 R I.
(2.16)

Since B~!/2 = 1 for |z| large enough, it is enough to show that
i k—izk 0

€
HQD‘Q (m o Cl)g) < 0 ei<1>gk+izk> —lel? (Rz), Vq > 2.

We rewrite this as
i k—izk 0

. Qi k—ick 0
Hg,(m o @) < 0 id>gk+izk> — I =Ho,(mod, — 1) < 0 ei<bgk+izk>

el®ok—izk 0 ei®ek—izk _ 1 0
+(Ho, — 1) < 0 o—ibkeizk | T 0 e—i®ok+izk _ ) -

€

(2.17)
From (2.5) it is clear that
eiPek—izk _ | 0 s
0 o—ibekrizk _ 1 | € L (R7), (2.18)
i Pek—izk 0
< 0 eid>gk+izk> € L*(R?) (2.19)

and

Ho, — I € LT (RY), Ho, € L¥(R?). (2.20)
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So, the second and the third terms on the right-hand side of (2.17) are in LY (R?) C L4 (R?),
Vg > 2. From (2.13) and (2.5), it is easy to show that

mod, — I € L1(R?), Vg > 2.
This, together with (2.19) and (2.20), implies that the first term on the right-hand side of (2.17)
is also in L7(R?), Vg > 2. This proves that the solution pair constructed above satisfies the
property (2.9).
To prove the uniqueness (modulo constants), let u, g and v, g be a pair of solutions
satisfying Lg gw = 0 and (2.9). Then
ou av -1
(Bo®, 1)1/2H < ER g,ﬁ)oq)
3L£g B 81}8’5 8
is a matrix solution to the system (2.10). Using the properties of D®, and D@;l and the
argument above that leads to (2.9), one can show that this matrix solution takes the form (2.12)
with (2.13), which is unique. This completes the proof. |

3. Proof of theorems

Weextend g1, g2, B1 and B as wedidin (2.1) and (2.2). Let ®,, and ®,, be the diffeomorphisms
in lemma 2.2 associated with g; and g;, respectively.
We shall first prove that

D, (2) = Dy, (2). 7 e Q. 3.1)

To this end we consider the solution pairs constructed in lemma 2.3: (ug, , vg,) and (ug,, v, ).
From (2.14), we have

Ooug g OV elPak 0
12 [ OUg.pi 9Vgp; | _ . e

’6 (aué’i,ﬁi avgnﬂ, ) H(Dgl (ml ° CDg’) ( 0 el(bg'k) , (32)
fori = 1, 2, where m; corresponds to the matrix function m in (2.12) under the diffeomorphism
®,,. Notice that m; satisfies (2.13). We claim that

Ug, i (z) = Ugy.B (2), Vgi.81 (z) = ng ﬁz(Z) z € Q. (3.3)
To see this, we construct a new solution pair (ugI B /3 ) as follows For z € Q, u®*
solves (1.2) with g = g1, B = By and f = ug, /32|()Q Similarly, v g i solves (1.2) w1th

g =81, B =pB1and [ =g, glsq. Forz € QF, ;‘ﬂl = Ug, g, and vglﬁl = Vg, g,- Since
Ag,.p = Ag, p,, a well known argument shows that (uy, 4 . Vg, 4) is a solution pair of (1.1)

with g = g; and B = B; in W7 (R?). Since
(g, 50 Vorp) = (Ugnpy Ve ) (3.4)

for z € Q°, it is clear that (”;,ﬂw v;’ﬂl) satisfies the condition in (2.9). Thus it is the unique
solution pair claimed by lemma 2.3 with g = g; and § = B;. Therefore,

(e, g Vg p) = (g p1s Vg 50)- (3.5)
Combining (3.4) with (3.5) yields (3.3).
Fix z € Q°¢. From (3.2) and (3.3) we conclude that
1<I> k 0

eiq>1~'2k 0
Ho, (m o ) ik ) = Ho o @) (€7 g, ) (3.6)

From theorem 2.3 in [BU] we know that m; (z, k) satisfies

sup |lm;(z, ) = Illpemey < C

Z
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for some constant C and ¢ > 2. Then it is easy to show that there exist a sequence {k,} C C
with lim,,_, o |k,| = o0 such that

lim (m;(z,k,) — I) =0, i=1,2. (3.7
n—00
Let us use the notation
@) @) (@) @)
He — (hn h12> — <m11 m12>
Py T\ 0 L0 ) =\, 0 o)
’ hyy hy My My
fori =1, 2. Then, by setting the (1, 1) entries on either side of (3.6) equal, we get
(hgll)mgll) +h§]2)m§]1))ei¢g'k — (hgzl)mgzl) +h§22)m§21))ei¢g2k. (38)

Replacing k by k, in (3.8) and letting n be large enough, we conclude from (3.7) and the fact
that ") = 0 (if ) = 0, then by (2.15), the definition of the matrix and (2.4), we would have

that h(l’z) = 0, implying that the matrix H is not invertible) that
ROm )z, k) + hOm$) (2, ky) # 0, i=1,2
Thus we can take the logarithm of both sides of (3.8) (restricted on {k,} with large n) to get
log(h\Vm') 2, kn) + B mY (2, k) +id, &,
= 1og(h'Pm'D (2, ky) + KIm3 (2. ky)) +iD k. (3.9)
Dividing by k,, on both sides of (3.9) and then letting n — oo yields
D, (2) = Py, (2).

This gives (3.1).
Equation (3.1) implies that both ®,, g and ®,, 4, send €2 to the same open set *. Then
by (1.7),

A (@)1, = D(@y).82.(Dy). 0

for the equation V - (8 o CD;IVw) = 0 withi = 1, 2. Thus, by the uniqueness result in [BU],
Brod,! =prod,.

If we define ® = CD;Z' @, , then @[y = identity and
Bo=PBiod .

But (®,,).gi = ag,e for some scalar function a,, € WP(R?), i = 1,2, with a positive lower
bound, so we have

(aglag_z])g2 = (@82);' o (Dg)xg1 = Dugi-
In other words,
g = (a;lagz)GD*g].

This completes the proof of theorem 1.1.

To prove theorem 1.3, we only need to show that ® € Ck+le (S_Z). Since ®,,,i = 1,2,
solves (2.4) with u,, € C**(R?) (we can extend the g; smoothly in C** outside Q so
that they satisfy (2.1)), we have, by elliptic regularity, that ®,, € C*!*(R?). Therefore
® =D, € CH(Q).
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