Contemporary Mathematics

Unique continuation property for elliptic systems and crack determination in anisotropic elasticity

Gen Nakamura, Gunther Uhlmann, and Jenn-Nan Wang

Abstract. We give a reconstruction procedure to determine cracks embedded in an inhomogeneous anisotropic elastic body by making traction and displacement measurements at the boundary. The procedure depends on the unique continuation property for the system of anisotropic elasticity. We describe some recent results in this direction.

1. Introduction

The aim of this paper is to describe a recent result on the unique continuation property (UCP) for second order strongly elliptic systems and its applications to the inverse problem of determining cracks in an elastic material by making traction and displacement measurements at an open subset of the boundary. This information is encoded in the so-called local Neumann-to-Dirichlet map. We use the probe method to determine cracks. This method depends on the Runge approximation property with constraints (see section 2.3) which is a consequence of the UCP.

The UCP is of interest in its own right. The UCP is not valid in general for scalar equations and there are many difficulties in extending the results from scalar equations to systems. We consider in section 2.2 the UCP for second order elliptic systems of two variables with Lipschitz coefficients improving the result in [NW2] (see Theorem 2.3).

In section 3 we consider application of the Runge property with constraints to the problem of identifying cracks embedded in an inhomogeneous, anisotropic elastic media. We sketch the proof of the result of the authors [NUW1] that proposes a reconstruction procedure to determine cracks by making traction and displacement measurements at the boundary.

2. Unique continuation property

2.1. Preliminaries. Here we would like to describe some known results on the UCP for second order scalar elliptic operators or some special elliptic systems and the difficulties in treating general systems. Let Ω be an open connected set in

2000 Mathematics Subject Classification. Primary 35B60; Secondary 35R30. Key words and phrases. Uniqueness continuation, elliptic systems, crack determination, anisotropic elasticity.

© 0000 (copyright holder) 1

R^n with n ≥ 2. We denote by u(x) = (u_1(x), · · · , u_N (x))^⊤ a vector-valued function of size N ≥ 1. Assume that u(x) ∈ C^2(Ω) satisfies the differential inequality (2.1) |Lu(x)| ≤ c ∑ |ν|≤1 |D^ν u(x)| ∀ x ∈ Ω, for some c > 0, where L denotes the N × N system

(Lu)_α(x) = n∑ j,ℓ=1 N∑ β=1 C^{jℓ}_{αβ} (x)∂_j ∂_ℓu_β ∀ 1 ≤ α ≤ N. Throughout the paper we assume that (2.2) C^{jℓ}_{αβ} (x) = C^{ℓj}_{βα}(x) ∀ x ∈ Ω, ∀ α, β, j, ℓ. Unless otherwise indicated, here and below, α, β are from 1 to N and all Roman indices are set to be from 1 to n. To insure that (2.1) is a strongly elliptic system, we assume that there exists δ > 0 such that for any vectors a = (a_1, · · · , a_N )^⊤ ∈ R^N and b = (b_1, · · · , b_n)^⊤ ∈ R^n

(2.3) ∑ αβ ∑ jℓ C^{jℓ}_{αβ} (x)a_αb_j a_β b_ℓ ≥ δ|a|^2|b|^2 ∀ x ∈ Ω (strong ellipticity).

In this paper we are concerned with the UCP of (2.1), i.e., if u(x) is any solution of (2.1) and vanishes in a non-void open subset of Ω, then u(x) vanishes identically in Ω. Another similar property for (2.1) is the strong unique continuation property (SUCP) stating that if u(x) vanishes on infinity order at one point x_0 ∈ Ω, i.e. ∫ |x−x_0|<R |u|^2dx = O(R^s) for all s as R → 0,

then u ≡ 0 in Ω.

When N = 1, (2.1) is a scalar second order elliptic equation. The investigation of UCP or SUCP for scalar second elliptic equations has a long history and there is a vast literature in this field. We will not try to give a full account here of all the progress on this question. See the recent article [KT] and the references given there for developments since Carleman’s pioneer work. The UCP for differential equations is closely related to the uniqueness of the Cauchy problem. In fact, if the equation is elliptic, they are equivalent. When all the coefficients are analytic and the Cauchy problem is non-characteristic, the uniqueness for the Cauchy problem is guaranteed by Holmgren’s theorem, regardless of what type of equation we are considering. Hörmander’s uniqueness theorem is another classical result. He assumes that the coefficients of the differential equation can be C^∞ or even finitely smooth [Ho1], [Ho2] but the initial hypersurface for the Cauchy problem is required to be strongly pseudoconvex. Verifying the strong pseudoconvexity condition for systems is by no means an easy task. It is even difficult for higher order differential operators. For a comprehensive review of early developments of the uniqueness in the Cauchy problem, we refer readers to [Z]. Recently, there were several attempts to fill the gap between Holmgren’s theorem and Hörmander’s theorem, see for example [Tat1], [Tat2] and [RZ].

Another general and powerful method of proving the uniqueness of the Cauchy problem was pioneered by Calderón as an application of singular integral operator theory [Ca]. His result and method has been generalized by several authors. We refer to [Z] and references therein for more details. To get a better perspective on the problem we describe now Calderón’s uniqueness theorem. Let p(x, D) = ∑ |γ|≤m aγ (x)D γ being an m-th order differential operator with principal symbol p_m(x, ξ) = ∑ |γ|=m aγ (x)ξ γ . Assume that the leading coefficients are C^∞ and those of lower order terms are essentially bounded. Let the hypersurface S be noncharacteristic for p(x, D) at x_0 ∈ Ω, i.e., p_m(x_0, N ) ≠ 0 where N is the normal to S at x_0. The main hypotheses of Calderón’s type theorem is the following assumptions on the characteristic roots:

(i): there exist m functions {λ_ℓ(x, ξ)}^m_{ℓ=1} which are C^∞ in (x, ξ) ∈ V ×(R^n \0) with ξ ∦ N such that for every ξ ∦ N , p_m(x, ξ + τN ) is written as p_m(x, ξ + τN ) = p_m(x, N ) m∏ ℓ=1 (τ − λ_ℓ(x, ξ)) in V_0 × (R^n \ 0), where V_0 is a neighborhood of x_0;

(ii): the real roots are simple and the multiplicity of the complex roots is not more than two.

To insure that the assumptions in Calderón type theorem are essential for uniqueness of the Cauchy problem, we mention some interesting counterexamples. If one violates condition (i), Plis [Pl] constructed an example of the form

p(x, D)u = [(∂^2_t + ∂^2_x + ∂^2_y )^2 + t(∂^2_x + ∂^2_y )^2 − 1 2 ∂^4_x]u = fu_x + gu

with real-valued C^∞ functions f and g such that the uniqueness of the Cauchy problem near t = 0 fails. In this example, the characteristic roots have unbounded partial derivatives near the initial surface t = 0. A counterexample when condition (ii) is violated was constructed by Cohen [Co] of the form

p(x, D) = Δ^3 + ∑ |γ|≤5 a_γ (x)D^γ_x with continuous a_γ ’s for which the uniqueness property also fails. In this example, the multiplicity of the complex root is three. On the other hand, even though there are some extensions of Calderón’s result to the case of higher multiplicity of the characteristic roots, the multiplicity is required to be constant and some restrictions on the lower orders are needed in those generalizations.

We now turn to the system (2.1). The characteristic polynomial is given by

det(L(x, ξ)) = det( n∑ j,ℓ=1 C^{jℓ}_{αβ} (x)ξ_j ξ_ℓ), which is homogeneous of degree 2N. Since (2.1) is elliptic, the characteristic roots appear in complex conjugate pairs. The multiplicity of the characteristic root is at most N and in general is variable. For instance, for the transversely isotropic system (even if the elastic tensor is constant) in three dimensions, the multiplicity of one of the characteristic roots is three in some directions [Tan]. Therefore one cannot apply a Calderón type uniqueness theorem directly to (2.1). It should be noted that Calderón’s multiplicity condition is satisfied for (2.1) when N = 2 but the characteristic roots are required to possess some smoothness in order for the uniqueness to hold.

On the positive side, a very important example of a strongly elliptic system satisfying the conditions (2.2)-(2.3) is anisotropic elasticity which arises in the mechanics of materials and geophysics. In this case n = N and C^{jℓ}_{αβ} is the elastic tensor. When the medium is isotropic, the UCP has been established in [AITY], [DR], [W1], and [W2]. Moreover, the SUCP for the isotropic system was proved in [AM]. Unlike the isotropic case, very little is known in the anisotropic case. In this direction, the UCP for an elasticity system with residual stress was shown in [NW1]. It is known that this system is no longer isotropic due to the existence of residual stress. The SUCP for the same residual stress system was established in [Li]. For the general anisotropic system, under some additional assumptions, similar to (2.17), the UCP was recently proved in two dimensions, under some additional conditions, in [NW2] where the elastic tensor is allowed to be Lipschitz. Besides the elasticity system, there are also some results for particular systems, for instance see [J] for the Dirac system and [FL], [R] for the Stokes system.

2.2. UCP for elliptic systems of two variables with Lipschitz coefficients. In this section we describe a UCP result for elliptic systems of two variables with Lipschitz coefficients under some assumptions. This is a generalization of [NW2].

For the problem here, we take n = 2 and we put (2.1) in a slightly different form (2.4) |Lu| ≤ c|u| in Ω with

(2.5) Lu = Λ_{11}∂^2_1 u + Λ_{12}∂_1∂_2u + Λ_{22}∂^2_2 u + Qu,

where Λ_{11} = (C^{11}_{αβ} ), Λ_{22} = (C^{22}_{αβ} ), Λ_{12} = Φ +^tΦ with Φ = (C^{21}_{αβ} ) and (Qu)_α = ∑ β,ℓ B^ℓ_{αβ} (x)∂_ℓu_β. We assume that the coefficients C^{jℓ}_{αβ} (x) are Lipschitz and B^ℓ_{αβ} (x) are essentially bounded. Since the UCP is a local property, it is enough to assume the regularity hypotheses locally near each point x ∈ Ω.

2.2.1. First order elliptic system. As in [NW2], a key step in proving the UCP for (2.4) is to transform (2.4) into a first order elliptic system. To do this, we introduce an invertible Lipschitz N × N matrix E(x) and set

W = (w_1, w_2)^⊤ = (u, ∂_1u + E∂_2u)^⊤.

Thus, we have that

(2.6) { ∂_1w_1 = ∂_1u = (∂_1u + E∂_2u) − E∂_2u = −E∂_2w_1 + w_2, ∂_1w_2 = ∂^2_1 u + E∂_1∂_2u + ∂_1E∂_2w_1.

From (2.5) we get

(2.7) ∂^2_1 u = −Λ^{−1}_{11} (Λ_{12}∂_1∂_2u + Λ_{22}∂^2_2 u + Qu) + Λ^{−1}_{11} Lu.

It follows from (2.3) that Λ_{11} and Λ_{22} are positive-definite, hence, invertible. Using the definition of w_2, we immediately see that

∂_2w_2 = ∂_1∂_2u + E∂^2_2 u + ∂_2E∂_2w_1, which implies (2.8) ∂_1∂_2u = −E∂^2_2 u − ∂_2E∂_2w_1 + ∂_2w_2. Plugging (2.8) into (2.7) yields (2.9) ∂^2_1 u = −Λ^{−1}_{11} Λ_{12}(−E∂^2_2 u−∂_2E∂_2w_1 +∂_2w_2)−Λ^{−1}_{11} Λ_{22}∂^2_2 u−Λ^{−1}_{11} Qu+Λ^{−1}_{11} Lu. Now substituting (2.8) and (2.9) into the second equation of (2.6) we have that (2.10) ∂_1w_2 = {−Λ^{−1}_{11} Λ_{12}(−E∂^2_2 u − ∂_2E∂_2w_1 + ∂_2w_2) − Λ^{−1}_{11} Λ_{22}∂^2_2 u − Λ^{−1}_{11} Qu + Λ^{−1}_{11} Lu)} +E(−E∂^2_2 u − ∂_2E∂_2w_1 + ∂_2w_2) + ∂_1E∂_2w_1 = −(E^2 − Λ^{−1}_{11} Λ_{12}E + Λ^{−1}_{11} Λ_{22})∂^2_2 u + (Λ^{−1}_{11} Λ_{12}∂_2E − E∂_2E + ∂_1E)∂_2w_1 +(E − Λ^{−1}_{11} Λ_{12})∂_2w_2 − Λ^{−1}_{11} Qu + Λ^{−1}_{11} Lu.

By the relations ∂_1u = ∂_1w_1 and ∂_2u = −E^{−1}∂_1w_1 + E^{−1}w_2, we can see that Q is a first order linear operator containing only x_1 derivative acting on w_1. More precisely, we have that (2.11)

Qu = ∂_1Λ_{11}∂_1u + ∂_1^tΦ∂_2u + ∂_2Φ∂_1u + ∂_2Λ_{22}∂_2u

= (∂_1Λ_{11} + ∂_2Φ)∂_1w_1 + (∂_2Λ_{22} + ∂_1^tΦ)(−E^{−1}∂_1w_1 + E^{−1}w_2) = (∂_1Λ_{11} + ∂_2Φ − E^{−1}∂_2Λ_{22} − E^{−1}∂_1^tΦ)∂_1w_1 + (∂_2Λ_{22} + ∂_1^tΦ)E^{−1}w_2.

Replacing Qu in (2.10) by (2.11) and choosing E such that E^2 − Λ^{−1}_{11} Λ_{12}E + Λ^{−1}_{11} Λ_{22} = 0 or equivalently (2.12) Λ_{11}(−E)^2 + Λ_{12}(−E) + Λ_{22} = 0, we conclude from (2.6) that ∂_1w_1 + E∂_2w_1 − w_2 = 0 Λ^{−1}_{11} (∂_1Λ_{11} + ∂_2Φ − E^{−1}∂_2Λ_{22} − E^{−1}∂_1^tΦ)∂_1w_1 + ∂_1w_2 −(Λ^{−1}_{11} Λ_{12}∂_2E − E∂_2E + ∂_1E)∂_2w_1 + (Λ^{−1}_{11} Λ_{12} − E)∂_2w_2 +Λ^{−1}_{11} (∂_2Λ_{22} + ∂_1^tΦ)E^{−1}w_2 = Λ^{−1}_{11} Lu.

equivalently, in the matrix notation, we have that (2.13) A∂_1W + B∂_2W = F W + (0, Λ^{−1}_{11} Lu)^⊤, where A = ( I 0 Λ^{−1}_{11} (∂_1Λ_{11} + ∂_2Φ − E^{−1}∂_2Λ_{22} − E^{−1}∂_1^tΦ) I ) , B = ( E 0 −(Λ^{−1}_{11} Λ_{12}∂_2E − E∂_2E + ∂_1E) Λ^{−1}_{11} Λ_{12} − E ) , and F = ( 0 I 0 −Λ^{−1}_{11} (∂_2Λ_{22} + ∂_1^tΦ)E^{−1} ) . The matrix A is obviously invertible. Then it immediately follows from (2.13) that W satisfies the following first elliptic system (2.14) ∂_1W + M_1∂_2W = M_0W + A^{−1}(0, Λ^{−1}_{11} Lu)^⊤ with M_1 = A^{−1}B = ( E 0 M_{21} Λ^{−1}_{11} Λ_{12} − E ) and M_0 = A^{−1}F, where M_{21} = −Λ^{−1}_{11} (∂_1Λ_{11} +∂_2Φ−E^{−1}∂_2Λ_{22} −E^{−1}∂_1^tΦ)E −(Λ^{−1}_{11} Λ_{12}∂_2E −E∂_2E +∂_1E). It should be noted that M_{12}(x) belongs to L^∞(Ω) and so does M_0. Combining (2.4) and (2.14) yields (2.15) |∂_1W + M_1∂_2W | ≤ c|W | in Ω for some c > 0.

In deriving (2.15), we rely on finding a Lipschitz invertible matrix E satisfying (2.12). The identity (2.12) is related to the matrix polynomial P (λ) = Λ_{11}λ^2 + Λ_{12}λ + Λ_{22}.

Using (2.3), we have that P (λ) is positive-definite for all λ ∈ R. We denote Spec(P ) the spectrum of P , i.e., the roots of det(P (λ)) = 0. It is readily seen that Spec(P ) is closed under complex conjugation and all elements of Spec(P ) have non-vanishing imaginary parts. We recall that a matrix E satisfies (2.12) if and only if λ − (−E) is a right spectral divisor of P (λ) (see [GLR]). In fact, the matrix polynomial P (λ) can be written as P (λ) = (λ − X^∗)Λ_{11}(λ − X) with X = ( ∮ γ_+ ζP (ζ)^{−1}dζ)( ∮ γ_+ P (ζ)^{−1}dζ)^{−1}, where γ_+ ⊂ C_+ is a closed contour enclosing all spectra of P in C_+ and Spec(X) ⊂ C_+ . Hence, we simply choose E = −X. With such choice of E, we now take a look at Λ^{−1}_{11} Λ_{12} − E. By straightforward computations, we have that

(2.16)

Λ^{−1}_{11} P (λ) = λ^2 + Λ^{−1}_{11} Λ_{12}λ + Λ^{−1}_{11} Λ_{22} = λ^2 + Λ^{−1}_{11} Λ_{12}λ + Λ^{−1}_{11} Λ_{12}E − E^2 = (λ + Λ^{−1}_{11} Λ_{12} − E)(λ + E).

It follows from (2.16) that Spec(Λ^{−1}_{11} Λ_{12} − E) = {−λ : λ ∈ Spec(P ) with λ ∈ C_− }.

Thus we obtain that Spec(E) = Spec(Λ^{−1}_{11} Λ_{12} − E) and Spec(P ) = Spec(−E) ∪ Spec(E − Λ^{−1}_{11} Λ_{12}).

For the purpose of proving the UCP for (2.4), we make the following technical assumption: (2.17) ∃ Lipschitz invertible matrices Y_{11}, Y_{22}, and Lipschitz scalar functions λ_1, · · · , λ_N such that Y_{11}EY^{−1}_{11} = diag(λ_1, · · · , λ_N ), Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} = diag(λ_1, · · · , λ_N ). For the UCP, it is enough to assume that (2.17) holds locally in Ω. The assumption clearly holds if Spec(P ) consists of distinct elements. It is also satisfied in elasticity when the medium is orthotropic with generic conditions (see [NW2]). With the assumption (2.17), we now set V = diag(Y_{11}, Y_{22})W and deduce from (2.15) that (2.18) |∂_1V + ~M∂_2V | ≤ c|V |, where

(2.19) ~M = ( Y_{11}EY^{−1}_{11} 0 M_{21} Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} ) . It should be remarked that M_{21} can not be removed by a similarity transform with a Lipschitz matrix since M_{21} is only essentially bounded. More precisely, we consider a matrix of the form ~Y = ( Y_{11} 0 Y_{21} Y_{22} ) . The inverse of ~Y is given by

~Y^{−1} = ( Y^{−1}_{11} 0 −Y^{−1}_{22} Y_{21}Y^{−1}_{11} Y^{−1}_{22} ) . Thus, we can compute

~Y M_1 ~Y^{−1} = ( Y_{11}EY^{−1}_{11} 0

~M_{21} Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} ) , where

~M_{21} = (Y_{21}E + Y_{22}M_{21})Y^{−1}_{11} − Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} Y_{21}Y^{−1}_{11} = [Y_{21}E − Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} Y_{21}]Y^{−1}_{11} + Y_{22}M_{21}Y^{−1}_{11}

So if we want ~M_{21} = 0 then we have (2.20) Y_{21}E − Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} Y_{21} = −Y_{22}M_{21}.

Since Spec(E) ∩ Spec(Y_{22}(Λ^{−1}_{11} Λ_{12} − E)Y^{−1}_{22} ) = ∅, Y_{21} is uniquely determined by (2.20). However, it can not be Lipschitz since M_{21} ∈ L^∞.

To prove the UCP for (2.4), it suffices to prove that for (2.18). For the system like (2.18), the UCP has been shown in [HP] when the matrix ~M is normal. Unfortunately, for the ~M given by (2.19), this property is not satisfied. Similarly to the arguments in [W1], we will derive two Carleman estimates to deal with M_{21} in ~M. 2.2.2. Carleman estimates and the proof of UCP. Let L_λv = ∂_1v + λ(x)∂_2v be a first order scalar elliptic operator, where λ(x) = α(x) + iβ(x) is a Lipschitz function and β(x) never vanishes in R^2 . Given 0 < r_0 < 1 and define U = {v ∈ C^∞_0 (R^2 \ {0}) : supp(v) ⊂ B_{r0} }, where B_{r0} is the disk centered at the origin with radius r_0. The following two Carleman estimates for L_λ were derived in [NW2].

Lemma 2.1. There exist a constant c > 0 and a sufficiently large number s_0 > 0 such that for all v ∈ U and s ≥ s_0 we have that

(2.21) s^2 ∫ r^{−σ−s−2}ϕ^2_s |v|^2dx ≤ c ∫ r^{−σ} ϕ^2_s |L_λv|^2dx, where r = |x|, ϕ_s = exp(r^{−s}) and σ = σ_s = σ_0 + σ_1s with σ_0, σ_1 ∈ R.

Lemma 2.2. There exist a constant c > 0 and a sufficiently large number s_0 > 0 such that for all v ∈ U and s ≥ s_0 we have the following estimate

(2.22) ∫ r^{−σ} ϕ^2_s|∂_2v|^2dx ≤ c ∫ r^{−σ} ϕ^2_s(|L_λv|^2 + s^2r^{−2s−2}|v|^2)dx.

Here we will prove the UCP for (2.18) under a weaker assumption. Namely, we would like to show that if a solution V of (2.18) that vanishes at one point in Ω of any exponential order must vanish in Ω provided that the assumption (2.17) holds near every point in Ω. It is clear that the UCP follows from this version of the continuation property. We say that V vanishes at x_0 of any exponential order if lim |x−x_0|→0 exp(|x − x_0|^{−s})V (x) = 0 ∀ s > 0.

Theorem 2.3. Assume that the coefficients C^{jℓ}_{αβ} are Lipschitz and (2.17) is satisfied near every point of Ω. Let V vanish at some x_0 ∈ Ω of any exponential order, then V ≡ 0 in Ω.

Proof. Without loss of generality, we assume x_0 = 0. Assume that (2.17) holds in ω_0 ⊂ Ω, where ω_0 is a small neighborhood of 0. Define r_0 = min{1/2, dist(0, ∂ω_0)}. Now let χ ∈ C^∞_0 (R^2 ) be a cut-off function satisfying 0 ≤ χ ≤ 1, χ|_{Br0/2} = 1 and supp (χ) ⊂ B_{r0} . Define ~V = χV = ( ~V_1, ~V_2)^⊤, where ~V_1 = (χv_1, · · · , χv_N ) and ~V_2 = (χv_{N+1}, · · · , χv_{2N} ). Then from (2.18), we get that (2.23) |∂_1 ~V + ~M∂_2 ~V | ≤ c| ~V | + |G| where G = (G_1, G_2)^⊤ ∈ L^2(Ω) is supported in B_{r0} \ B_{r0/2}. Denote

L_1 ~V_1 = diag(L_{λ1} , · · · , L_{λN} ) ~V_1 and L_2 ~V_2 = diag(L_{λN +1} , · · · , L_{λ2N} ) ~V_2.

We set H = γ ∫ r^{−s}ϕ^2_s |L_1 ~V_1|^2dx + ∫ ϕ^2_s |L_2 ~V_2|^2dx, K = γ ∫ r^{−s}ϕ^2_s| ~V_1|^2dx + ∫ ϕ^2_s | ~V_2|^2dx, J = γ ∫ r^{−s}ϕ^2_s |G_1|^2dx + ∫ ϕ^2_s |G_2|^2dx, where γ > 0 will be chosen later. It follows from (2.23) that

(2.24) H ≤ c(K + J + ∫ ϕ^2_s |∂_2 ~V_1|^2dx).

By standard approximation arguments, we can see that ~V_1 and ~V_2 satisfy the estimates (2.21) and (2.22). Now replacing the last term of (2.24) by the estimate (2.22) for L_1 with σ = 0, we have that

(2.25) H ≤ c(K + J + ∫ ϕ^2_s|L_1 ~V_1|^2dx + s^2 ∫ r^{−2s−2}ϕ^2_s | ~V_1|^2dx). Substituting the estimate (2.21) for L_1 with σ = s into the last term of (2.25) leads to (2.26) H ≤ c(K + J + ∫ r^{−s}ϕ^2_s |L_1 ~V_1|^2dx).

In deriving (2.26), we also use the obvious inequality r^{−s} > 1 for any 0 < r < 1 and s > 0. Taking γ ≫ 1, we can absorb the last term of (2.26) and get (2.27) H ≤ c(K + J) From now on we fix the parameter γ.

Next using σ = s in (2.21) for L_1 and σ = 0 in (2.21) for L_2, we find that

(2.28) s^2 ∫ r^{−2s−2}ϕ^2_s | ~V_1|^2dx + s^2 ∫ r^{−s−2}ϕ^2_s| ~V_2|^2dx ≤ c ( ∫ r^{−s}ϕ^2_s|L_1 ~V_1|^2dx + ∫ ϕ^2_s|L_2 ~V_2|^2dx ) ≤ cH ≤ c(K + J). In view of the inequalities 1 < r^{−s} < r^{−s−2} < r^{−2s−2} for 0 < r < 1, by taking s ≫ 1, we get from (2.28) that

(2.29) s^2 ∫ r^{−s−2}ϕ^2_s | ~V |^2dx ≤ s^2 ∫ r^{−2s−2}ϕ^2_s | ~V_1|^2dx + s^2 ∫ r^{−s−2}ϕ^2_s | ~V_2|^2dx ≤ c ( ∫ r^{−s}ϕ^2_s | ~V_1|^2dx + ∫ ϕ^2_s | ~V_2|^2dx ) +c ( ∫ r^{−s}ϕ^2_s |G_1|^2dx + ∫ ϕ^2_s |G_2|^2dx ) ≤ c ∫ r^{−s−2}ϕ^2_s | ~V |^2dx + c ∫ r^{−s−2}ϕ^2_s |G|^2dx ≤ c̃ ∫ r^{−s−2}ϕ^2_s |G|^2dx, which leads to

(2.30) s^2 ∫ B_{r0/2} r^{−s−2}ϕ^2_s | ~V |^2dx ≤ c ∫ B_{r0} \B_{r0/2} r^{−s−2}ϕ^2_s |G|^2dx. Here the first term before the last inequality of (2.29) has been absorbed into the left hand side of (2.30). Since r^{−s−2}ϕ^2_s is a strictly decreasing function, (2.30) implies that

s^2 ∫ B_{r0/2} ~V dx ≤ c ∫ B_{r0} \B_{r0/2} |G|^2dx < ∞ and thus ~V = V = 0 on B_{r0/2} if we choose s sufficiently large. Now standard arguments imply that the set {x ∈ Ω : V = 0} is open and closed in Ω. Since Ω is connected, we must have V ≡ 0 in Ω. □

2.3. Runge approximation property. As an application of the UCP established previously, we state a version of Runge’s approximation property with constraints on Dirichlet boundary values. We define the elliptic operator L by

(Lu)_α(x) = 2∑ j,ℓ=1 N∑ β=1 ∂_j (C^{jℓ}_{αβ} (x)∂_ℓu_β) ∀ 1 ≤ α ≤ N, where C^{j,ℓ}_{αβ} (x) are Lipschitz and satisfy (2.2), (2.3) such that (2.17) holds. Let U be a bounded open subset in R^2 with C^1 boundary ∂U. Denote Γ_0 a non-empty open subset of ∂U.

Theorem 2.4. (Runge approximation property with constraint) Let O an open subset of U such that O ⊂ U and U \ O is connected. Assume that −ω is not a Dirichlet eigenvalue of L in U. Let u ∈ H^1 satisfy

(L + ω)u = 0

in an open neighborhood of O. Then for any ϵ > 0 there exists v ∈ H^1(U) satisfying

(L + ω)v = 0 in U, supp (v|_{∂U} ) ⊂ Γ_0

such that ‖v − u‖_H1_{(O)} < ϵ.

Using the UCP for the Schrödinger operator, a similar theorem was proved for this operator in [Ik2]. The same proof works for the elliptic operator L provided we have the UCP. We omit the proof of Theorem 2.4 here. If Γ_0 = ∂U, Theorem 2.4 is the classical Runge approximation property [La]. The first application of the Runge approximation property to inverse problems was introduced by Kohn and Vogelius [KV].

3. Identification of cracks in anisotropic elasticity

3.1. Description of the problem. We review a recent result by the authors on the determination of cracks by boundary measurements in an anisotropic elastic medium [NUW1]. We assume in this section that the Runge approximation property with constraints for the stationary elasticity system in R^n with n = 2, 3 is valid, i.e. considering ω = 0 in Theorem 2.4. Of course, we do not need this assumption for the two-dimensional elasticity system with (2.17).

Let B be an anisotropic elastic body and the reference configuration of B be Ω, a bounded connected domain in R^n , n = 2, 3, with C^1 boundary Γ. Denote C(x) = (C^{jℓ}_{αβ} (x)) ∈ C^1(Ω) the elastic tensor. With the notation used before, we set N = n(= 2, 3). Assume that the elastic tensor C satisfies the full symmetry properties (3.1) C^{jℓ}_{αβ} = C^{αℓ}_{jβ} = C^{ℓj}_{βα} ∀ α, β, j, ℓ and the strong convexity condition, i.e. there exists a constant δ > 0 such that (3.2) C(x)E · E ≥ δ|E|^2 for any symmetric matrix E and all x ∈ Ω. Here we have used the conventions (CG)_{αj} = ∑ βℓ C^{jℓ}_{αβ} g_{βℓ} and G · H = ∑ αj g_{αj} h_{αj} , where G = (g_{αj} ) and H = (h_{αj} ) are real matrices. It is clear that the strong convexity condition (3.2) implies the strong ellipticity condition (2.3). Let u = (u_1, · · · , u_n)^⊤ be the displacement vector, then the equation of equilibrium, when there are no exterior forces acting on the domain, is given by

(3.3) L_C u = ∇ · σ_C (u) = 0 in Ω,

where (∇ · G)_α = ∑ j ∂_j g_{αj} for any matrix function G = (g_{αj} ) and σ_C (u) = C∇u.

It is evident that σ_C (u) = Cε(u) with ε(u) = Sym∇u =^1_2 (^t∇u + ∇u) if C satisfies (3.1).

Throughout the paper we use the following notations and assumptions. Let X be an open submanifold of a manifold Y . If F is a space of distributions in Y , we set F̄ (X) := {f|_X : f ∈ F }, Ḟ (X̄) := {f ∈ F : supp (f) ⊂ X̄}, where f|_X is the restriction of f to X. These notations will be used for some Sobolev spaces defined in X and when X, Y and the boundary ∂X have sufficient regularities. Assume that S ⊂ Ω is a C^2 closed Jordan curve (n = 2) or closed connected surface (n = 3) and Σ ⊂ S is an open curve or surface. When n = 3 we suppose that the boundary ∂Σ of Σ is C^2. Here Σ will be considered as a crack. We can have several number of cracks. For this case our theory also works without any essential change. Let Ω_− be the open subset of Ω with boundary S and Ω_+ := Ω \ Ω̄_−. The trace operator to Γ is denoted by γ and those from Ω_± to

S is denoted by γ_±. The directions of the unit normal ν to Γ and S are directed into R^n \ Ω̄ and Ω_+, respectively.

In our problem, we take X = Σ, k ∈ R (with |k| ≤ 1) and define the Sobolev spaces H̄^k(Σ) and Ḣ^k(Σ̄), which are subspaces of H^k(S). Also, we denote H̄^k(Σ)^∗ the dual space of H̄^k(Σ). For 1/2 < s, we define H^s(Ω \ Σ) by

H^s(Ω\Σ) := {u ∈ D^′(Ω) : u_± := u|_{Ω±} ∈ H̄^s(Ω_±); [u] := γ_+u_+ −γ_−u_− = 0 on S\Σ̄}

with the norm ‖u‖_Hs_{(Ω\Σ)} := ‖u_+‖¯_Hs_{(Ω+)} + ‖u_−‖¯_Hs_{(Ω− )}.

To study different types of boundary measurements, we divide Γ into two parts:

Γ = Γ̄_D ∪ Γ̄_N , Γ_D ∩ Γ_N = ∅

where Γ_D, Γ_N ⊂ Γ are open subsets with C^1 boundaries ∂Γ_D, ∂Γ_N . Either Γ_D and Γ_N will be taken as the place where we perform the boundary measurements.

From the practical point of view, we consider a mixed-type boundary value problem. Assume Γ_D ≠ ∅ and Γ_N ≠ ∅. For any given f ∈ H̄^{12} (Γ_D) and g ∈ H̄ −^1_2 (Γ_N ), find a solution u ∈ H 1(Ω \ Σ) to

(3.4)

L_C u = 0 in Ω \ Σ̄ σ_C (u)ν = 0 on Σ u = f on Γ_D, σ_C (u)ν = g on Γ_N .

It is not hard to show that the boundary value problem (3.4) is well-posed [NUW1]. We define the local Neumann-to-Dirichlet map Λ_Σ : H̄^{− 12} (Γ_N ) → H̄^{12} (Γ_N ) by

Λ_Σg = u|_{ΓN} ,

where u ∈ H^1(Ω \ Σ) is the solution to (3.4) with g ∈ H̄^{− 12} (Γ_N ). Now the inverse problem is to reconstruct Σ by Λ_Σ. We will present a reconstruction algorithm along the lines of the probe method [Ik1]. This method has similarities with the point source method [Po].

In the paper we only consider a single crack. Nevertheless, the same method works without any change for multiple cracks. A similar problem is considered in [IN] of determination of crack embedded in an inhomogeneous isotropic conductive medium. In addition to the recent paper [IN], there are several related results on crack determination in different contexts. We mention Bryan and Vogelius [BV], Kress [Kr], Ben Abda et al [ABB], [BBJ], [BB], Brühl et al [BHP]. Ben Abda et al assumed the non-vanishing of the stress intensity factor for a surface breaking crack in a two dimensional medium and the non-vanishing of the displacement gap across a two dimensional crack in a plane and used the reciprocity gap principle to reconstruct the crack. Kang et al [KLN] analyzed a condition for the Cauchy data which guarantees the non-vanishing of the stress intensity factor and extracted more information about the crack. Brühl et al used Kirsch’s linear sampling method [KR]. Cakoni and Colton also used the linear sampling method for determining cracks [CC]. Others’ results reduce the problems to some optimization problems and use a Newton type algorithm to solve these.

3.2. Outline of the reconstruction method. To begin, let r := {r(t) ∈ Ω̄; 0 ≤ t ≤ 1} be a non-selfintersecting continuous curve joining r(0), r(1) ∈ Γ with r(t) ∈ Ω for 0 < t < 1. This curve r is called a needle. Define T (r, Σ) := sup{t : 0 < t < 1, r(s) /∈ Σ̄ for 0 < s < t}.

Physically, T (r, Σ) can be interpreted as the first hitting time of the needle r to Σ. It is clear that if T (r, Σ) = 1 then the needle r does not touch the crack Σ. For any given needle r, we would like to find a characterization of T (r, Σ). To do this, as indicated in the introduction, we define the indicator function I(t, r) by (3.5) I(t, r) := lim_{j→∞} < g_j , (Λ_Σ − Λ_∅)g_j >,

where here < ·, · > is the pairing between H̄^{− 12} (Γ_N ) and Ḣ^{12} (Γ̄_N ). The Neumann data g_j requires further explanations. Let v^′, v^{′′}_j ∈ H^1(Ω) (j ∈ N) be defined as follows. v^′ is the solution to

(3.6) { L_C v^′ = 0 in Ω v^′ = f on Γ_D, σ_C (v^′)ν = 0 on Γ_N and v^{′′}_j satisfy

(3.7)

L_C v^{′′}_j = 0 in Ω supp (v^{′′}_j ) ⊂ Γ_0 v^{′′}_j → G(·, r(t)) (j → ∞) in H^1_{loc}(Ω \ r_t), where Γ_0 is a fixed open subset of Γ_N and r_t := {r(s) : 0 < s ≤ t}. Here the distribution G(·, x^0) in x^0 ∈ Ω satisfies L_C G(·, x^0) + δ(x − x^0)b = 0 and (3.8) (G(·, x^0) − E(·, x^0)b)_x0_{∈Ω} is bounded in H^1(Ω), where 0 ≠ b ∈ C and the distribution E(x, x^0) in x^0 ∈ R^n satisfies (3.9) L_{C(x}0_)E(x, x^0) + δ(x − x^0)I_n = 0.

Note that C(x^0) is a homogeneous elastic tensor with C(x) = C(x^0) for all x ∈ Ω and I_n the identity matrix. The existence of G(x, x^0) can be easily verified, while the existence of v^{′′}_j is guaranteed by the Runge approximation property with constraints (see Theorem 2.4). Now we define v_j = v^′ + v^{′′}_j and g_j = σ_C (v_j )ν|_{ΓN} .

To relate the indicator function I(t, r) to T (r, Σ), we define the quantity t(r, Σ) := sup{0 < t < 1 : sup_{0<s<t} |I(s, r)| < ∞}. Our aim now is to show that (3.10) t(r, Σ) = T (r, Σ) if r ∩ Σ ≠ ∅, namely, the indicator function I(t, r) will become unbounded once the tip of the needle touches the crack. Proving (3.10) requires some delicate analysis. It is the main technical part of the proof.

First of all, we would like to rewrite the indicator function I(t, r) which involves the so-called reflected solution defined as follows. Let u_j ∈ H^1(Ω\Σ) be the solution of L_C u_j = 0 in Ω \ Σ̄ σ_C (u_j )ν = 0 on Σ u_j = f on Γ_D, σ_C (u_j )ν = g_j on Γ_N and w_j = u_j − v_j ∈ H^1(Ω \ Σ), then we can show that

Lemma 3.1. (reflected solution) If r_t ∩ Σ̄ = ∅, then w_j → w^′ in H^1(Ω \ Σ) and w^′ ∈ H^1(Ω \ Σ) satisfies

(3.11)

L_C w^′ = 0 in Ω \ Σ̄ σ_C (w^′)ν = −σ_C (v^′ + G(·, r(t)))ν on Σ w^′ = 0 on Γ_D, σ_C (w^′)ν = 0 on Γ_N .

With the reflected solution w, we can give another form of the indicator I(t, r). Lemma 3.2. Assume r_t ∩ Σ̄ = ∅. Then we have

(3.12) I(t, r) = ∫ Ω\Σ σ_C (w^′) · ε(w^′)dx + ∫ Γ_D fσ_C (w^′)νds. See [NUW1] for the proofs of Lemma 3.1 and 3.2. By virtue of Lemma 3.2, we can show a distinct feature of I(t, r) when r ∩ Σ ≠ ∅.

Theorem 3.3. If r(T (r, Σ)) ∈ Σ, then |I(t, r)| → ∞ as t ↑ T (r, Σ). By Theorem 3.3, we can prove (3.10) in the same way as [INT]. The proof of Theorem 3.3 relies on the analysis of behavior of the reflected solution w^′ = w^′(x, r(t)). We will sketch its proof in the next section. The reconstruction algorithm of our method is summarized as follows.

Reconstruction Algorithm.

Step 1. Given a needle r = {r(t) : 0 ≤ t ≤ 1} we consider the domain Ω \ r_t. Step 2. Solve (3.6) for v^′ and find a sequence of functions v^{′′}_j satisfying (3.7). Step 3. Compute g_j = σ_C (v^′ + v^{′′}_j )ν|_{ΓN} and evaluate the indicator function I(t, r) := lim_j < g_j , (Λ_Σ − Λ_∅)g_j >.

Step 4. Increase t and search for t where |I(r, t)| becomes very large. Denote this t by t_a(r, Σ).

Step 5. Choose many needles r and repeat all previous steps. Draw a surface Σ_a which is close enough to the points t_a(r, Σ) for these r. Σ_a is gives an approximation of Σ.

3.3. Proof of Theorem 3.3. We now sketch the proof of Theorem 3.3. The main step in proving Theorem 3.3 is to analyze the behavior of the reflected solution w^′(x, r(t)) near r(t) which is sufficiently close to the crack. It turns out the behavior of |I(t, r)| as t ↑ T (r, Σ) is determined by the local property of w^′(x, r(t)) near r(t). So the underlying idea is to find a replacement of w^′ which ”captures” the singularity of w^′(x, r(t)) and solves the homogeneous system. To proceed with the analysis, let x^0 = r(t) ∈ Ω \ Σ̄ and a = x(T (r, Σ)). Assume that x^0 is sufficiently close to a, denoted by x^0 ∼ a. Let y = (y_1, · · · , y_n) = (y_1(x, x^0), · · · , y_n(x, x^0)) be the boundary normal coordinates near a such that y(a) = 0, ∂y(x, x^0) ∂x |_{x=x}0 = I_n, and Ω_− = {y_1 < 0} near a.

Let J(x) =^{∂y(x,x0)}_{∂x} = (q_{ij} (x)) and x = x(y(x, x^0)). Denote C̃^{j̃ℓ̃}_{αβ} = |J(x)|^{−1}C^{jℓ}_{αβ} q_{j̃j} q_{ℓℓ̃}, C̃ = (C̃^{j̃ℓ̃}_{αβ} ) for 1 ≤ α, j̃, β, ℓ̃ ≤ n, and ũ(y) = u(x(y, x^0)), y^0 = y(x^0, x^0) with y^0_1 > 0.

Then we can see that

(i): C̃(y) ∈ C^1 near y = 0; (ii): |J|^{−1}L_C u = L_{C̃}ũ near y = 0; (iii): ν|_Σ = e_1 = (1, 0, · · · , 0) near y = 0; (iv): δ(x(y, x^0) − x^0) = δ(y − y^0).

In view of this choice of the coordinates {y_1, · · · , y_n}, we have that (3.13) C̃^{j̃ℓ̃}_{αβ} (y^0) = C^{j̃ℓ̃}_{αβ} (x^0) and C̃^{j̃ℓ̃}_{αβ} (y) = C̃^{ℓ̃j̃}_{βα}(y) ∀ α, β, j̃, ℓ̃.

In what follows, to simplify the notation, the homogeneous tensor C̃(y^0) is denoted by C̃. Also, we denote y^′ = (y_2, · · · , y_n) and y^{0′} = (y^0_2 , · · · , y^0_n). Assume that E_±(y, y^0) ∈ C^∞({±(y_1 − y^0_1 ) ≥ 0}, D^′(R^{n−1}_y′ )) satisfies

(3.14)

L_{C̃} E_± = 0 in ± (y_1 − y^0_1 ) > 0 E_+|_{y1=y}0_{1 +0} − E_−|_{y1=y}0_{1 −0} = 0 σ_{C̃} (E_+)e_1|_{y1=y}0_{1 +0} − σ_{C̃} (E_−)e_1|_{y1=y}0_{1 −0} = −δ(y^′ − y^{0′})I_n.

Let E be defined by

E(y, y^0) = { E_+(y, y^0) in y_1 − y^0_1 ≥ 0 E_−(y, y^0) in y_1 − y^0_1 ≤ 0, then we can see that L_{C̃} E + δ(y − y^0)I_n = 0 in R^n .

In fact, E_± of (3.14) can be expressed as oscillatory integrals. To do this, we first introduce several notations: Q(ξ^′) = ( ∑_n j,ℓ=2 C̃ jℓ αβ ξ_j ξ_ℓ;^{α↓1,··· ,n} β→1,··· ,n ), ξ^′ = (ξ_2, · · · , ξ_n), R(ξ^′) = ( ∑_n j=2 C̃^{j1}_{αβ} ξ_j ; α↓1,··· ,n β→1,··· ,n ), A(ξ^′) = R(ξ^′) + R^⊤(ξ^′), T = (C̃^{11}_{αβ} ;^{α↓1,··· ,n} β→1,··· ,n ). It is clear that L_{C̃} = T ∂^2_1 + A(∂^′)∂_1 + Q(∂^′).

Now let M(ξ) := T ξ^2_1 + A(ξ^′)ξ_1 + Q(ξ^′), i.e. the symbol of L_{C̃} . As before (see [GLR]), M admits the factorization M(ξ) = (ξ_1 − B_±(ξ^′)^∗)T (ξ_1 − B_±(ξ^′)), where B_±(ξ^′) = ( ∮ γ_± ζM(ζ, ξ^′)^{−1}dζ )( ∮ γ_± M(ζ, ξ^′)^{−1}dζ )_{−1} γ_+ ⊂ C_+ (or γ_− ⊂ C_− ) is a C^1 Jordan closed curves enclosing all roots of detM = 0 in ξ_1 with positive (or negative) imaginary parts. As defined in [BL],

Z_±(ξ^′) := ∓i(T B_±(ξ^′) + R^⊤(ξ^′)) is called the surface impedance tensor for the half space R^n_± . Also, it is known that Z_±(ξ^′) are positive Hermitian matrices. Thus, ReZ_+ is invertible. We can show that E_±(y, y^0) are written as (3.15) E_±(y, y^0) = Os − ∫ e^{i(y′−y0′ )·ξ′} e^{i(y1−y01 )B± (ξ′)}( 1 2 )(ReZ_+)^{−1} d̄ξ^′ (±(y_1 − y^0_1 ) > 0),

where d̄ξ^′ = (2π)^{−(n−1)}dξ^′ (see [NUW1, Lemma 4.3]).

For a constant vector b ∈ R^n \ {0}, we define ~w^0_± satisfying { L_{C̃} ~w^0_± = 0 in R^n_± σ_{C̃} ( ~w^0_±)e_1 = −σ_{C̃} (E_−(y, y^0)b)e_1 on {y_1 = 0}.

Likewise, ~w^0_± can be written as oscillatory integrals (3.16) ~w^0_±(y, y^0) = ±Os− ∫ e^{i(y′−y0 ′)·η′} e^{iy1B±(η′ )}e^{−iy01 B−(η′ )}( 1 2 )Z_±(η^′)^{−1}Z_−(η^′)(ReZ_+(η^′))^{−1}bd̄η^′.

After tedious computations, we can show that proving |I(t, r)| → ∞ as x^0 → a is equivalent to proving that

(3.17) ∫ R^n_± χ(x(y, x^0))|σ_{C̃} ( ~w^0_±)|^2dy → ∞ as y^0_1 → 0,

where 0 ≤ χ ∈ C^∞_0 (Ω) satisfies χ = 1 in a sufficiently small neighborhood of a and be supported near a such that supp (χ) ∩ S ⊂ Σ. In view of (3.16), we can prove (3.17) with the help of the Plancherel formula. To get (3.17), it is enough to prove

Lemma 3.4. ∫ R^n_±∩V_δ |σ_{C̃} ( ~w^0_±)|^2dy → ∞ as y^0_1 → 0,

where V_δ := {y ∈ R^n : |y_1| ≤ δ} such that supp (χ(x(y, x^0)))∩V_δ ⫋ supp (χ(x(y, x^0))).

Proof. Clearly, ∫ R^n_±∩V_δ |σC̃ ( ~w 0 ±)|^2dy ≥ ∫ R^n_±∩V_δ |σC̃ ( ~w 0 ±)e_1|^2dy. We note that

σ_{C̃} ( ~w^0_±)e_1 = Os − ∫ e^{i(y′−y0′ )·η′} e^{iy1 B±(η′ )}e^{−iy01 B−(η′ )}(±)(^1_2 )(∓)Z_±(η^′)Z_±(η^′)^{−1} ×Z_−(η^′)(ReZ_+(η^′))^{−1}b d̄η^′ = Os − ∫ e^{i(y′−y0′ )·η′} e^{iy1 B±(η′ )}e^{−iy01 B−(η′ )}(−^1_2 )Z_−(η^′)(ReZ_+(η^′))^{−1}b d̄η^′. Since Z_−(η^′) and ReZ_+(η^′) are homogeneous of degree one in η^′ and nonsingular for all η^′ ≠ 0, we obtain that |Z_−(η^′)(ReZ_+(η^′))^{−1}b| ≥ c|b| with c > 0, ∀ η^′ ≠ 0.

On the other hand, let β := sup{Imζ; ζ ∈ Spec(B_+(η^′)|η^′|^{−1})} (= − inf{Imζ; ζ ∈ Spec(B_−(η^′)|η^′|^{−1})}) then we can get that ∫ R^n_±∩V_δ |σ_{C̃} ( ~w^0_±)e_1|^2dy ≥ ±c ∫ R^{n−1} ∫_{±δ} 0 e^{∓2βy1|η′|}e^{−2βy01 |η′|}dy_1dη^′.

It is enough to compute ∫ R^{n−1} ∫_δ 0 e^{−2βy1|η′|}e^{−2βy01 |η′ |}dy_1dη^′ = ∫ R^{n−1}(1 − e −2βδ|η^′|)(2β|η′|)−1e−2βy^0_1 |η^′ |dη′ ≥ c ∫_∞ 0 (1 − e^{−2βδρ})e^{−2βy01 ρ}ρ^{n−3}dρ. Thus, when n = 3, we have ∫_∞ 0 (1 − e^{−2βδρ})e^{−2βy01 ρ}dρ = 1 2βy^0_1 − 1 2β(y^0_1 + δ)

→ ∞ as y^0_1 → 0.

On the other hand, for n = 2, we have that ∫_∞ 0 ρ^{−1}(1 − e^{−2βδρ})e^{−2βy01 ρ}dρ = ∫_ϵ 0 ρ^{−1}(1 − e^{−2βδρ})e^{−2βy01 ρ}dρ + ∫_∞ ϵ ρ^{−1}(1 − e^{−2βδρ})e^{−2βy01 ρ}dρ = c^′ + ∫_∞ ϵ ρ^{−1}(1 − e^{−2βδρ})e^{−2βy01 ρ}dρ = c^′ + ∫_∞ 2βy^0_1 ϵ ρ −1(1 − e^{−(δ/y01 )ρ})e^{−ρ}dρ → ∞ as y^0_1 → 0. Therefore we conclude that ∫ R^{n−1} ∫_δ 0 e^{−2βy1|η′ |}e^{−2βy01 |η′ |}dy_1dη^′ → ∞ as y^0_1 → 0 and the proof of the lemma is complete. □

Acknowledgments GN is supported in part by Grant-in-Aid for Scientific Research (B)(2)(No.

14340038) of Japan Society for Promotion of Science. GU is partially supported by NSF and a John Simon Guggenheim fellowship. JW is partially supported by the National Science Council of Taiwan.

References

[AM] G. Alessandrini and A. Morassi, Strong unique continuation for the Lamé system of elasticity, Comm. in PDE, 26 (2001), 1787-1810.

[ABB] S. Andrieux, A. Ben Abda, and H.D. Bui, Reciprocity principle and crack identification, Inverse Problems, 15 (1999), 59-65.

[AITY] D.D. Ang, M. Ikehata, D.D. Trong, and M. Yamamoto, Unique continuation for a stationary isotropic Lamé system with variable coefficients, Comm. in PDE, 23 (1998), 371-385.

[BL] D.M. Barnett and J. Lothe, Free surface (Rayleigh) waves in anisotropic elastic half spaces: the surface impedance method, Proc. R. Soc. Lond. A, 402 (1985), 135-152.

[BBJ] A. Ben Abda, H. Ben Ameur, and M. Jaoua, Identification of 2D cracks by elastic boundary measurements, Inverse Problems, 15 (1999), 67-77.

[BB] A. Ben Abda and H.D. Bui, Reciprocity principle and crack identification in transient thermal problems, J. Inverse Ill-Posed Prob., 9 (2001), 1-6.

[BHP] M. Brühl, M. Hanke, and M. Pidcock, Crack detection using electrostatic measurements, M2AN Math. Model. Numer. Anal., 35 (2001), 595-605.

[BV] K. Bryan and M. Vogelius, A computational algorithm to determine crack locations from electrostatic boundary measurements. The case of multiple cracks, Int. J. Eng. Sci., 32 (1994), 579-603.

[Ca] A. Calderón, Uniqueness in the Cauchy problem for partial differential equations, Amer.

J. Math., 80 (1958), 16-36.

[Co] P. Cohen, The non-uniqueness of the Cauchy problem, O.N.R. Tech. Rep. No. 93 (1960), Stanford University.

[CC] F. Cakoni and D. Colton, The linear sampling method for cracks, Inverse Problems, 19 (2003), 279-295.

[DR] B. Dehman and L. Robbiano, La propriété du prolongement unique pour un système elliptique: le système de Lamé, J. Math. Pures Appl., 72 (1993), 475-492.

[FL] C. Favre and G. Lebeau, Prolongement unique des solutions de l’equation de Stokes, Comm. in PDE, 21 (1996), 573-596.

[GLR] I. Gohberg, P. Lancaster and L. Rodman, Matrix Polynomials, Academic Press, New Yok, 1982.

[HP] G. Hile and M. Protter, Unique continuation and the Cauchy problem for first order systems of partial differential equations, Comm. in PDE, 1 (1976), 437-465.

[Ho1] L. Hörmander, Linear Partial Differential Operators, Springer-Verlag, Berlin, 1966. [Ho2] L. Hörmander, The Analysis of Linear Partial Differential Operators, IV, Springer- Verlag, Berlin, 1983.

[Ik1] M. Ikehata, Reconstruction of the shape of the inclusion by boundary measurements, Comm. PDE., 23 (1998), 1459-1474.

[Ik2] M. Ikehata, Reconstruction of obstacle from boundary measurements, Wave Motion, 30 (1999), 205-223.

[IN] M. Ikehata and G. Nakamura, Reconstruction procedure for identifying cracks, Journal of Elasticity, 71 (2003), 59-72.

[INT] M. Ikehata, G. Nakamura, and K. Tanuma, Identification of the shape of the inclusion in the anisotropic elastic body, Appl. Anal., 72 (1999), 17-26.

[J] D. Jerison, Carleman inequalities for the Dirac and Laplace operators and unique continuation, Adv. in Math, 62 (1986), 118-134.

[KLN] H. Kang, M. Lim, and G. Nakamura, Detection of surface breaking cracks in two dimensions, Inverse Problems, 19 (2003), 909-918.

[KR] A. Kirsch and S. Ritter, The linear sampling method for inverse scattering from an open arc, Inverse Problems, 16 (2000), 89-105.

[KT] H. Koch and D. Tataru, Carleman estimates and unique continuation for second- order elliptic equations with non-smooth coefficients, Comm. Pure Appl. Math., 54 (2001), 339-360.

[Kr] R. Kress, Inverse elastic scattering from a crack, Inverse Problems, 12 (1996), 667-684. [KV] R. Kohn and M. Vogelius, Determining conductivity by boundary measurements II, interior results, Comm. Pure Appl. Math., 38 (1985), 643-667.

[La] P. Lax, A stability theorem for solutions of abstract differential equations and its application to the study of local behavior of solutions of elliptic equations, Comm. Pure Appl. Math., 9 (1956), 747-766.

[Li] C.-L. Lin, Strong unique continuation for an elasticity system with residual stress, Indiana Univ. J. Math., to appear.

[NUW1] G. Nakamura, G. Uhlmann, and J.-N. Wang, Reconstruction of cracks in an inhomogeneous anisotropic elastic medium, J. Math. Pures Appl., 82 (2003), 1251-1276.

[NW1] G. Nakamura and J.-N. Wang, Unique continuation for an elasticity system with residual stress and its applications, SIAM J. Math. Anal., 35 (2003), 304-317.

[NW2] G. Namakura and J.-N. Wang, Unique continuation for the two-dimensional anisotropic elasticity system and its application to inverse problems, submitted.

[Pl] A. Plis, A smooth linear elliptic differential equation wiithout any solution in a sphere, Comm. Pure Appl. Math., 14 (1961), 599-617.

[Po] R. Potthast, Point sources and multipoles in inverse scattering theory. Chapman& Hall/CRC Research Notes in Mathematics, 427. Chapman& Hall/CRC, Boca Raton, FL, 2001.

[R] R. Regbaoui, Strong unique continuation for Stokes equations, Comm. in PDE, 24 (1999), 1891-1902.

[RZ] L. Robbiano and C. Zuily, Uniqueness in the Cauchy problem for operators with partially holomorphic coefficients, Invent. Math., 131 (1998), 493-539.

[Tan] K. Tanuma, Surface-impedance tensors of transversely isotropic elastic materials, Quart. J. Mech. Appl. Math., 49 (1996), 29-48.

[Tat1] D. Tataru, Unique continuation for solutions to PDE’s; between Hörmander’s and Holmgren’s theorem, Comm. PDE., 20 (1995), 855-884.

[Tat2] D. Tataru, Unique continuation for operators with partially analytic coefficients, J.

Math. Pures Appl., 78 (1999), 505-521.

[W1] N. Weck, Außenraumaufgaben in der Theorie stationärer Schwingungen inhomogener elastischer Körper, Math. Z., 111 (1969), 387-398.

[W2] N. Weck, Unique continuation for systems with Lamé principal part, Math. Methods Appl. Sci., 24 (2001), 595-605.

[Z] C. Zuily, Uniqueness and Non-uniqueness in the Cauchy Problem, Progress in Mathematics, Vol. 33, Birkhäuser, Boston, 1983.

Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan. E-mail address: gnaka@math.sci.hokudai.ac.jp

Department of Mathematics, University of Washington, Seattle, WA 98195-4350, USA.

E-mail address: gunther@math.washington.edu

Department of Mathematics, National Taiwan University, Taipei 106, Taiwan. E-mail address: jnwang@math.ntu.edu.tw