INVERSE SCATTERING PROBLEM IN NUCLEAR PHYSICS − OPTICAL MODEL

HIROSHI ISOZAKI, HIDEO NAKAZAWA AND GUNTHER UHLMANN

Abstract. We consider the inverse scattering problem for the Schrödinger operator with optical potential introduced in nuclear physics to study the scattering of nucleons by nuclei. We show that the corresponding spin-orbit interaction and the complex matrix potential can be uniquely reconstructed from the scattering amplitude at fixed energy.

1. Introduction The optical model is an operator phenomenologically or empirically introduced in nuclear physics to study the scattering of nucleons by nuclei. The model corresponds to the Schrödinger operator with a complex potential and it was first effectively used by Feshbach, Porter and Weisskopf [10] to reproduce with great success the experimental results on the scattering of neutrons. Since then this optical model has been improved and accepted as a fundamental tool in nuclear physics. Usually the spin-orbit interaction is included and the following form of the Hamiltonian is adopted:

(1.1) H = −Δ + V, V = W (x) + a(x)σ · (x × p) + U_c(x), p = −i∇_x, W (x) = c_1F (r; R_1, α_1) + i{c_2F (r; R_2, α_2) − c_3 d dr F (r; R_2, α_2)},

a(x) = c_4 1 r d dr F (r; R_3, α_3),

where F (r; R, α) is the so-called Woods-Saxon potential having the following form F (r; R, α) = ( 1 + exp ( r − R α ) )_{−1} , and U_c(x) is the Coulomb interaction. Here σ · x =

∑_3 i=1 σ_ix_i and σ = (σ_1, σ_2, σ_3) is the vector of Pauli spin matrices, that is, they are the 2 × 2 hermitian matrices satisfying the following commutation relations (1.2) σ_1σ_2 = iσ_3, σ_2σ_3 = iσ_1, σ_3σ_1 = iσ_2. A standard representation of the Pauli matrices is

(1.3) σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) .

G.U. was partially supported by NSF and a John Simon Guggenheim fellowship. 1

The original problem of scattering nucleons should be modelled by the N body Schrödinger operator, in which many scattering channels appear. Usually the elastic process is dominant, and in order to ignore the inelastic processes, physicists introduced a complex 2-body potential so that these inelastic scattering processes are regarded to be absorbed into the background. This is the origin of the terminology optical in analogy to the scattering and absorption of light by materials. By suitably adjusting constants c_i (which are usually energy-dependent) and R_i, α_i, the cross section calculated by this model is known to reproduce very well the experimental data (see e. g. Feshbach [9] or Roy and Nigam [23]).

Let us consider the operator (1.1) in (L^2(R^3))^2, where

(1.4) V = a(x)σ · (x × p) + W (x),

and a(x), W (x) satisfy the following assumptions :

(A.1) a(x) is a complex-valued C^∞-functions on R^3 such that for some δ_0 > 0 |∂^α_x a(x)| ≤ C_αe^{−δ0|x|} ∀α. (A.2) W (x) is a 2 × 2-matrix valued function on R^3 with complex entries such that for some δ_0 > 0 |W (x)| ≤ Ce^{−δ0|x|}. In §2, we shall show that under these assumptions, there is a discrete set E_0 in a neighborhood of (0, ∞) such that for E ∈ (0, ∞) \ E_0, there exists a solution ψ(x, E, ω), ω ∈ S^2, of the Schrödinger equation (−Δ + V )ψ(x, E, ω) = Eψ(x, E, ω) having the following asymptotic expansion ψ(x, E, ω) ∼ e^i √ Eω·x + e i √ Er r f(E; θ, ω), θ = x/r, r = |x| → ∞. The 2×2-matrix valued function f(E; θ, ω) of θ, ω ∈ S^2 is the scattering amplitude. The main theorem of this paper is the following one.

Theorem 1.1. For each fixed energy E ∈ (0, ∞) \ E_0, one can uniquely reconstruct the perturbations a(x), W (x) from the scattering amplitude f(E; θ, ω) .

The Born approximation at high energies is not valid in the case considered in this paper since the perturbation is energy dependent so that it is natural to consider the fixed energy problem.

There has been considerable work in recent years in studying inverse scattering problem at fixed energy for the case of the Schrödinger equation associated to a potential, that is the two body problem. To solve this problem one can use Faddeev’s Green function ([8] and the direction dependent Faddeev’s Green’s function (see [14]) for a review and references) or the method of constructing complex geometrical optics solutions initiated by Calderón ([3]) and the connection to the Dirichlet-to-Neumann map (see [28] for a review and references). The problem considered here is more closely related to the case of the Schrödinger equation in the presence of a magnetic field and we can use the approach in [6] or [17] to construct the Faddeev’s Green kernel or the complex geometrical optics solutions respectively. Both methods rely on a reduction to the case of a lower order perturbation of the Laplacian by exponentiating with a pseudodifferential operator to construct a parametrix of the modified direction dependent Green operator (see (3.26)) or the complex geometrical optics solutions respectively. We use a similar method to deal with the main difficulty in the optical model which is the reconstruction of the spin-orbit interaction a(x)σ · (x × p). Then by making semi-classical analysis type arguments (Lemma 5.1) and using the commutation relations of the spin matrices, we reconstruct a(x) using the complex Born approximation of the scattering amplitude. We shall also use the gauge invariance of the scattering amplitude and introduce an auxiliary magnetic field to reconstruct the complex potential W (x).

We remark that Goto [11] reconstructed the magnetic field and the electric scalar potential from the scattering amplitude at a fixed energy for the Dirac operator. Nakamura-Tsuchida [18] and Tsuchida [27] identified the perturbations from the Dirichlet-to-Neumann map in this case.

In studying the inverse scattering problem for a system of 2nd order operators, the main difficulty arises from the 1st order perturbation terms, and it is reduced to the Cauchy-Riemann type equation (see e.g. Nakamura-Uhlmann [19], Eskin [5], Eskin-Ralston [7], Nakamura-Uhlmann [20]. However the properties of the optical model studied in this paper are very close to the scalar Schrödinger operator, and the Faddeev type Green operator is constructed in essentially the same way as in the scalar case. To develop a reconstruction procedure, we make use of the commutation relation of Pauli spin matrices. For earlier results on the scattering theory for non-selfadjoint Schrödinger operators see e.g. [21], [25], [16], [4] from the mathematical side, and [2], [26] from the physical side.

Some remarks on the notations. For two Banach spaces X and Y , B(X; Y ) denotes the set of all bounded operators from X to Y . For x ∈ R^3, ⟨x⟩ = (1 + |x|^2)^{1/2}. C’s denote various constants.

2. Resolvent estimates and the scattering amplitude

We shall derive in this section the analytic continuation of the resolvent of −Δ+V and introduce the scattering amplitude.

2.1 Resolvent estimates. Let H_0 = −Δ in (L^2(R^3))^2. For a ∈ R, we define : (2.1) f ∈ H_a ⇐⇒ ‖f‖_{Ha} = ‖e^{a|x|}f(x)‖_L2_{(R}3_) < ∞. Then, by passing to the Fourier transformation and by shifting the path of |ξ|- integration, for any δ > 0 R_0(z) = (H_0 − z)^{−1} defined for Im z > 0 has an analytic continuation across (0, ∞) into the region

(2.2) Ω_δ = {z; Im z > 0} ∪ {z; Re √ z > 0, 0 ≥ Im √ z > −δ} as a B(H_δ ; H_{−δ})-valued function. We denote this operator by R^{(+)}_0 (z). This is actually the integral operator with kernel e^{i√z|x−y|}/(4π|x − y|).

For a technical reason, which will be explained in §6, we include also a magnetic field b(x). Let H = H_0 + V , where

(2.3) V = V (−i∇_x),

(2.4) V (ξ) = 2b(x) · ξ + a(x)σ · (x × ξ) − i div b(x) + |b(x)|^2 + W (x).

We shall assume that

(A.1) a(x) ∈ C^∞(R^3; C), b(x) ∈ C^∞(R^3; R^3) and for some δ_0 > 0 |∂^α_x a(x)| + |∂^α_x b(x)| ≤ C_αe^{−δ0|x|}, ∀α. (A.2) W (x) is a M_2(C)-valued function such that for some δ_0 > 0 |W (x)| ≤ Ce^{−δ0|x|}. These assumptions imply that for 0 < δ < δ_0/2, R^{(+)}_0 (z)V is a B(H_{−δ} ; H_{−δ})- valued analytic function on Ω_δ and is compact for each z. We define E_0 to be the set (2.5) E_0 = {z ∈ Ω_δ; −1 ∈ spec_p(R^{(+)}_0 (z)V )}. Here spec_p(A) denotes the point spectrum of the operator A. Lemma 2.1. (1) There exists C > 0 such that E_0 ∩ {iτ; τ > C} = ∅. (2) E_0 is discrete in Ω_δ.

Proof. Suppose iτ ∈ E_0 and let u be the associated eigenvector. Since R^{(+)}_0 (iτ) ∈ B(L^2; H^2), we have u ∈ H^2. Since (−Δ + V − iτ)u = 0, we then have ‖u‖^2_H1 = ((1 − Δ)u, u) ≤ C(‖u‖^2_{H1/2} + τ‖u‖^2_L2 ), which implies ‖u‖_H1 ≤ C √ τ ‖u‖_L2 . Using the equation u = −R^{(+)}_0 (iτ)V u, we then have ‖u‖_L2 ≤ C τ ‖u‖_H1 ≤ C √ τ ‖u‖_L2 . Therefore u = 0 for large τ > 0. This proves (1). The assertion (2) follows from the analytic Fredholm theorem ([22], p. 204). ♦

We define (2.6) R(z) = (1 + R^{(+)}_0 (z)V )^{−1}R^{(+)}_0 (z), z ∈ Ω_δ \ E_0. The following theorem is easily proved.

Theorem 2.2. (1) R(z) is a B(H_δ ; H_{−δ})-valued analytic function on Ω_δ \ E_0. (2) R(z) = (H − z)^{−1} for z ∈ {z; Im z > 0} ∩ (Ω_δ \ E_0). (3) For z ∈ Ω_δ \ E_0, (2.7) R(z) = R^{(+)}_0 (z) − R^{(+)}_0 (z)V R(z).

For s ∈ R, L^{2,s} is defined by u ∈ L^{2,s} ⇐⇒ ‖u‖_s = ‖(1 + |x|)^su(x)‖_L2_{(R}3_) < ∞.

Since R^{(+)}_0 (E) = (−Δ − E − i0)^{−1} ∈ B(L^{2,s}; L^{2,−s}) for s > 1/2 and E > 0 (see e.g. [25]), it follows from (2.6) that (2.8) R(E) ∈ B(L^{2,s}; L^{2,−s}), s > 1/2, E ∈ (0, ∞) \ E_0. In fact, let A_1 and A_2 be R^{(+)}_0 (E)V acting on H_{−δ} and L^{2,−s}, respectively. Then it is easy to see that (2.9) −1 ∈ spec_p(A_1) ⇐⇒ −1 ∈ spec_p(A_2).

2.2 Scattering amplitude.

Theorem 2.3. For E ∈ (0, ∞) \ E_0 and ω ∈ S^2, there exists a unique solution ψ of the equation (−Δ + V − E)ψ = 0 such that u = ψ − e^{i√Eω·x} satisfies the radiation condition ( ∂ ∂r − i √ E ) u ∈ L^{2,−α}, 0 < α < 1/2. Such ψ is represented as (2.10) ψ(x, E, ω) = e^i √ Eω·x − R(E)V ei √ Eω·x. Proof. To show existence, we have only to put ψ as in (2.9). To show the uniqueness, we note that the difference of two such solutions satisfies (−Δ − E)u = −V u, ( ∂ ∂r − i √ E ) u ∈ L^{2,−α}. Then u = −R_0(^{(+)}(E)V u. Hence if u ≠ 0, 1 ∈ spec_p(A_1). ♦

Using the resolvent equation (2.7), we have (2.11) ψ(x, E, ω) ∼ e^{i√Eω·x} + e^{i√Er} r f(E; θ, ω), θ = x/r as r = |x| → ∞, where f(E; θ, ω) = − 1 4π ∫ R^3 e^{−i√Eθ·x}V e^{i√Eω·x}dx + 1 4π ∫ R^3 e^{−i} √ Eθ·xV R(E)V ei √ Eω·xdx. (2.12) We introduce the following notation for 2 × 2-matrices f(x), g(x) : (2.13) ⟨f, g⟩ = ∫ R^3 f(x)^∗g(x)dx. Then f(E; θ, ω) is written as f(E; θ, ω) = − 1 4π ∫ R^3 e^{−i} √ E(θ−ω)·xV (√Eω)dx + 1 4π ⟨V^∗( √ Eθ)e^{i√Eθ·x}, R(E)V ( √ Eω)e^{i√Eω·x})⟩, (2.14) where (2.15) V^∗(ξ) = 2b(x) · ξ + a(x)σ · (x × ξ) − iσ · (x × ∇a(x)) + |b(x)|^2 + W (x)^∗. 3. Direction dependent Green operators The aim of this section is to construct Green operators for −Δ + V depending on a direction γ ∈ S^2.

3.1 Unperturbed operator. For ϵ > 0, we let (3.1) D_ϵ = {z ∈ C; Im z > 0, |Re z| < ϵ/2}. We fix an arbitrary direction γ ∈ S^2.

Theorem 3.1. (1) For any δ > 0 and E > 0, there exists an ϵ > 0 and a B(H_δ; H_{−δ} )-valued analytic function U_{γ,0}(E, z) defined on D_ϵ such that (−Δ − 2izγ · ∇ + z^2 − E)U_{γ,0}(E, z) = I. (2) When z → t ∈ (−ϵ/2, ϵ/2), U_{γ,0}(E, z) has a boundary value U_{γ,0}(E, t). Moreover U_{γ,0}(E, t) ∈ B(L^{2,s}; L^{2,−s}), s > 1/2. (3) For τ > 0 U_{γ,0}(E, iτ)f(x) = (2π)^{−3/2} ∫ R^3 e^{ix·ξ}f̂(ξ) (ξ + iτγ)^2 − E dξ, f̂ being the Fourier transform of f. If f is rapidly decreasing, the integral is absolutely convergent.

(4) For 0 < s < 1, U_{γ,0}(E, iτ) ∈ B(L^{2,s}; L^{2,s−1}), and ‖U_{γ,0}(E, iτ)‖_{B(L}2,s_{;L}2,s−1_) ≤ C_s/τ, τ > 1. Proof. For the proof see [15], Theorem 2.10. The last assertion (4) is proved in the same way as in Sylvester-Uhlmann [24], Lemma 3.1. ♦

We next observe a relation between this direction dependent Green operator and the ∂-operator. For ζ ∈ C^3, Im ζ ≠ 0, let

(3.2) ~G(ζ)f(x) = (2π)^{−3/2} ∫ R^3 e^{ix·ξ}f̂(ξ) ξ^2 + 2ζ · ξ dξ. For η ∈ S^2 such that η · γ = 0, let p(τ) = √ E + τ^2η and ζ(τ) = p(τ) + iτγ. Then (3.3) e^{−ip(τ )·x}U_{γ,0}(E, iτ)e^{ip(τ )·x} = ~G(ζ(τ)). We also define (3.4) M_γ (τ) = τ ~G(ζ(τ)),

(3.5) N_γ f = (2π)^{−3/2} ∫ R^3 e^{ix·ξ}f̂(ξ) 2ξ · (η + iγ) dξ. Lemma 3.2. (1) For 0 < s < 1 and τ > 0, M_γ (τ) ∈ B(L^{2,s}; L^{2,s−1}).

(2) For f ∈ L^{2,s}, 0 < s < 1 M_γ (τ)f → N_γ f in L^{2,s−1} as τ → ∞.

The proof is the same as the one in [24], Proposition 3.6 and [15], Theorem 4.6. 3.2 Perturbed operator. Let p = −i∇_x. For ζ ∈ C^3, we let (3.6) H_0(ζ) = (p + ζ)^2, and H(ζ) = (p + b(x) + ζ)^2 + a(x)σ · (x × (p + ζ)) + W (x) = H_0(ζ) + V (p + ζ),

(3.7) where V is defined by (2.4).

Our aim is to construct a direction dependent Green operator for H(zγ)−E. The main difficulty comes from the term 2b(x)·(p+zγ)+a(x)σ ·(x×(p+zγ)), which we are going to eliminate by introducing a suitable pseudodifferential operator (ΨDO) By using the identity (H(zγ) − E)SU_{γ,0}(E, z)S^{−1} = 1 + ([H_0(zγ), S] + V (p + zγ)S)U_{γ,0}(E, z)S^{−1}, we seek S in such a way that the right-hand side is invertible.

For a sufficiently small ϵ > 0, let χ_0(t) ∈ C^∞(R) be such that χ_0(t) = 1 if |t| < ϵ/2, χ_0(t) = 0 if |t| > ϵ and let (3.8) χ(ξ + iτγ) = χ_0 (|(ξ + iτγ)2 − E|2 E + τ^2 + |ξ|^2 ) . Note that on the support of χ(ξ + iτγ) (3.9) |ξ^2 + 2iτγ · ξ − τ^2 − E| ≤ ϵ(E + τ^2 + |ξ|^2). Let us put (3.10) φ(x, ξ + iτγ) = −(2π)^{−3/2}χ(ξ + iτγ) ∫ R^3 e^{ix·k} b̂(k) · (ξ + iτγ) k · (ξ + iτγ) dk,

(3.11) ψ(x, ξ + iτγ) = −(2π)^{−3/2}χ(ξ + iτγ) ∫ R^3 e^{ix·k} â(k) 2k · (ξ + iτγ) dk. For m ∈ R, let S^m be the class of ΨDO’s with symbol p(x, ξ; τ) satisfying |∂^α_x ∂^β_ξ p(x, ξ; τ)| ≤ C_{αβ} ⟨x⟩^{−1}(τ + |ξ|)^{m−|β|} ∀α, β, τ > 1. We use the same notation S^m to denote the associated class of symbols. Lemma 3.3. (1) φ(x, ξ + iτγ) ∈ S^0, ψ(x, ξ + iτγ) ∈ S^{−1}. (2) We have 2i(ξ + iτγ) · ∇_xφ(x, ξ + iτγ) = 2χ(ξ + iτγ)b(x) · (ξ + iτγ), 2i(ξ + iτγ) · ∇_x[ψ(x, ξ + iτγ)σ · (x × (ξ + iτγ))] = χ(ξ + iτγ)a(x) σ · (x × (ξ + iτγ)). The assertion (2) follows from a direct computation. The assertion (1) is proved in the Appendix.

Let φ_0(τ), ψ_0(τ) be ΨDO’s with symbol φ(x, ξ + iτγ), ψ(x, ξ + iτγ) and let (3.12) A(τ) = φ_0(τ) + ψ_0(τ)σ · (x × (p + iτγ)), S(τ) = e^{A(τ )}. Lemma 3.4. Let (3.13) K(τ) = ( [H_0(iτγ), S(τ)] + V (p + iτγ)S(τ) ) U_{γ,0}(E, iτ)S(τ)^{−1}. Then for 1/2 < s < 1 and large τ > 0 ‖K(τ)‖_{B(L}2,s_{;L}2,s_) ≤ C_s/τ.

Proof. For two operators P_1(τ) and P_2(τ) we write (3.14) P_1(τ) ∼ P_2(τ), if they satisfy for large τ > 0 (3.15) ‖P_1(τ) − P_2(τ)‖_{B(L}2,s_{;L}2,s_) ≤ C_s/τ.

Let L > sup_{−1/2<s<1,1<τ} ‖A(τ)‖_{B(L}2,s_{;L}2,s_). Then we have

(3.16) e^{A(τ )} = 1 2πi ∫ |z|=L e^z(z − A(τ))^{−1}dz. Therefore we have (3.17) [H_0(iτγ), e^{A(τ )}] = 1 2πi ∫ |z|=L e^z(z −A(τ))^{−1}[H_0(iτγ), A(τ)](z −A(τ))^{−1} dz. Since A(τ) ∈ S^0 by Lemma 3.1 (1), by the symbolic calculus we have (3.18) [H_0(iτγ), A(τ)] = P_1(τ) + P_2(τ), where ‖P_2(τ)‖_{B(L}2,s−1_{;L}2,s_) ≤ C_s, and P_1(τ) is the ΨDO with symbol (3.19) −2χ(ξ + iτγ)b(x) · (ξ + iτγ) − χ(ξ + iτγ)a(x)σ · (x × (ξ + iτγ)). Let Q(τ) be the ΨDO with symbol χ(ξ + iτγ). By (3.18) and (3.19), we have (3.20) [H_0(iτγ), A(τ)] = −Q(τ)R(τ) + P_3(τ), where ‖P_3(τ)‖_{B(L}2,s−1_{;L}2,s_) ≤ C_s, and (3.21) R(τ) = 2b(x) · (p + iτγ) + a(x)σ · (x × (p + iτγ)). Let us note that (3.22) [Q(τ), A(τ)] ∈ S^{−1}, (3.23) [R(τ), A(τ)] ∈ S^0, (3.24) ‖(1 − Q(τ))U_{γ,0}(E, iτ)‖_{B(L}2,s_{;L}2,s_) ≤ C_s/τ^2. The estimate (3.24) follows from Theorem 3.1 (3). Then in view of Theorem 3.1 (4), we have [H_0(iτγ), S(τ)]U_{γ,0}(E, iτ) ∼ − 1 2πi ∫ |z|=L e^z(z − A(τ))^{−1}R(τ)Q(τ)(z − A(τ))^{−1}dzU_{γ,0}(E, iτ) ∼ −R(τ) 1 2πi ∫ |z|=L e^z(z − A(τ))^{−2}dzU_{γ,0}(E, iτ) = −R(τ)e^{A(τ )}U_{γ,0}(E, iτ). It then follows that (3.25) K(τ) ∼ (−R(τ) + V (p + iτγ))S(τ)U_{γ,0}(E, iτ)S(τ)^{−1} ∼ 0. This proves the lemma. ♦

With the aid of Lemma 3.4, we define the modified direction dependent Green operator for large τ > 0 (3.26) L_γ (τ) = S(τ)U_{γ,0}(E, iτ)S(τ)^{−1}(1 + K(τ))^{−1}.

By definition it satisfies (3.27) (H(iτγ) − E)L_γ (τ) = I.

We define E_γ (E) to be the set of z ∈ D_ϵ such that −1 ∈ spec_p(U_{γ,0}(E, z)V (p + zγ)). Lemma 3.5. (1) E_γ (E) ∩ {z; Im z > 0} is discrete. (2) E_γ (E) ∩ R is a closed set of measure zero. (3) There exists a constant C > 0 such that iτ ∉ E_γ (E) if τ > C. Proof. We have only to show the last assertion. The assertions (1) and (2) follow from the analytic Fredholm theorem and the well-known Riesz’ theorem on boundary values of analytic functions (see e.g. [13], p. 52). Let K_1(τ) = U_{γ,0}(E, iτ)V (p + iτγ). Since K_1(τ) is compact, we have only to show that Ran(1 + K_1(τ)) is dense in L^{2,−s}, 1/2 < s < 1 for large τ > 0. For f ∈ C^∞_0 (R^3), let u = L_γ (τ)(H_0(iτγ) − E)f. Then we have (H_0(iτγ) − E)(u − f + K_1(τ)u) = 0. Since u − f + K_1(τ)u ∈ L^{2,−s}, 1/2 < s < 1, we have u − f + K_1(τ)u = 0 by virtue of Theorem 2.2 of Agmon-Hörmander [1]. ♦

Let us define for z ∉ E_γ (E) (3.28) U_γ (E, z) = (1 + U_{γ,0}(E, z)V (p + zγ))^{−1}U_{γ,0}(E, z). Theorem 3.6. (1) As a B(H_δ ; H_{−δ} )-valued function, U_γ (E, z) is meromorphic on D_ϵ.

(2) When z → t ∈ (−ϵ/2, ϵ/2) \ E_γ (E), U_γ (E, z) converges to U_γ (E, t) and U_γ (E, t) ∈ B(L^{2,s}; L^{2,−s}) s > 1/2. (3) For large τ > 0, U_γ (E, iτ) = L_γ (τ). Proof. We show the last assertion. We have only to show that the equation (H(iτγ) − E)u = 0, u ∈ L^{2,−s}, has only a trivial solution for large τ > 0. Since (H_0(iτγ) − E)u = −V (p + iτγ)u ∈ L^{2,s}, we have by the uniqueness theorem of Agmon-Hörmander, u = −U_{γ,0}(E, iτ)V (p + iτγ)u. Therefore u = 0 by using Lemma 3.5 (3). ♦ 4. Faddeev scattering amplitude The Faddeev theory, which we have rewritten in [14], is transferred without any essential change to the non-selfadjoint case. For E > 0, let (4.1) F_0(E)f(ω) = (2π)^{−3/2}(E/4)^{1/4} ∫ R^3 e^{−i√Eω·x}f(x)dx. As is well-known F_0(E) ∈ B(L^{2,s}; L^2(S^2)) if s > 1/2. Then for E ∉ E_0, the scattering amplitude is written as, up to a constant depending only on E, (4.2) A(E) = F_0(E)(V − V R(E)V )F_0(E)^∗.

The scattering amplitude f(E; θ, ω) from (2.12) is the integral kernel of A(E). Let for t ∈ (−ϵ/2, ϵ/2) \ E_γ (E) (4.3) R_γ (E, t) = e^{itγ·x}U_γ (E, t)e^{−itγ·x}.

Then the Faddeev scattering amplitude is defined by (4.4) A_γ (E, t) = F_0(E)(V − V R_γ (E, t)V )F_0(E)^∗. The following two theorems are proved in the same way as in Theorems 7.1 and 7.3 of [14].

Theorem 4.1. Let F_γ (E, t) be the operator of multiplication by the the characteristic function of the set {ω ∈ S^2; γ · ω ≥ t/ √ E}. Then A_γ (E, t) = A(E) + 2πiA(E)F_γ (E, t)A_γ (E, t). Theorem 4.2. Let K = 2πiA(E)F_γ (E, t). Then t ∈ E_γ (E) ⇐⇒ 1 ∈ spec_p(K).

Let us give a brief sketch of the proof of the above theorems. Let (4.5) T_γ = 2πiF_0(E)^∗F_γ (E, t)F_0(E). Then we have ([14] Lemma 6.4) (4.6) R_γ = R − (1 − RV )T_γ (1 − V R_γ ), where R_γ = R_γ (E, t), R = R(E). The eigenoperator F(E) and the Faddeev eigenoperator F_γ (E, t) are defined by (4.7) F(E) = F_0(E)(1 − V^∗R(E)^∗), (4.8) F_γ (E, t) = F_0(E)(1 − V^∗R_γ (E, t)^∗). Then by the resolvent equation (4.6) we have F_γ (E, t)^∗ = F(E)^∗ + (1 − RV )T_γ V F_γ (E, t)^∗.

Using (4.5) we get F_γ (E, t)^∗ = F(E)^∗ + 2πiF(E)^∗F_γ (E, t)A_γ (E, t). Multiplying this by F_0(E)V , we obtain Theorem 4.1.

To prove Theorem 4.2 we note the following operator equation (4.9) 1 + R_{γ,0}(E, t)V = (1 + R_0(E + i0)V )(1 − K̃),

(4.10) K̃ = (1 − R(E)V )T_γ V, where R_0(z) = (−Δ−z)^{−1}, R_{γ,0}(E, t) = e^{itγ·x}U_{γ,0}(E, t)e^{−itγ·x}. In fact, this follows from the formula R_{γ,0}(E, t) = R_0(E + i0) − T_γ ([14] Lemma 6.3) and the resolvent equation.

Since E ∉ E_0, 1 + R_0(E + i0)V is invertible. Therefore (4.11) t ∈ E_γ (E) ⇐⇒ 1 ∈ spec_p(K̃). Letting S_1 = 2πi(1 − R(E)V )F_0(E)^∗F_γ (E, t), S_2 = F_0(E)V, we have K̃ = S_1S_2, K = S_2S_1.

Therefore

(4.12) 1 ∈ spec_p(K̃) ⇐⇒ 1 ∈ spec_p(K). This proves Theorem 4.2.

It follows from Theorems 4.1 and 4.2 that for t ∈ (−ϵ/2, ϵ/2) \ E_γ (E)

(4.13) A_γ (E, t) = (1 − K)^{−1}A(E).

We have thus constructed the Faddeev scattering amplitude A_γ (E, t) from the scattering amplitude A(E). The kernel of A_γ (E, t) is written as, up to a constant depending only on E, A_γ (E, t; θ^′, θ) = ∫ R^3 e^{−i√E(θ′−θ)·x}V ( √ Eθ)dx − ⟨V^∗( √ Eθ^′)e^{i√Eθ′·x}, R_γ (E, t)V ( √ Eθ)e^{i√Eθ·x}⟩, (4.14) where V^∗(ξ) is defined by (2.15). We now put

(4.15) √ Eθ = √ E − t^2ω + tγ, √ Eθ^′ = √ E − t^2ω^′ + tγ, where ω, ω^′ ∈ S^2, ω · γ = ω^′ · γ = 0. Then the above kernel is rewritten as ∫ R^3 e^{−i√E−t2(ω′ −ω)·x}V ( √ Eθ)dx − ⟨V^∗( √ Eθ^′)e^{i√E−t2ω′·x}, U_γ (E, t)V ( √ Eθ)e^{i√E−t2 ω·x}⟩, (4.16) which we denote by B_γ (ω^′, ω; t). Since U_γ (E, t) is a boundary value of a meromorphic function, B_γ (ω^′, ω; t) is uniquely extended to a meromorphic function on D_ϵ.

5. Reconstruction of the spin-orbit interaction

In this section we reconstruct the spin-orbit term from B_γ (ω^′, ω; t) defined by (4.16). Our intention is to consider the case without magnetic field b(x). However, since we shall use an auxiliary magnetic field in the next section, we include b(x) until Lemma 5.5.

As has been noted above, B_γ (ω^′, ω; t) is meromorphically extended to D_ϵ. By Theorem 3.6 (3), for large τ > 0, B_γ (ω^′, ω; iτ) has the following expression : B_γ (ω^′, ω; iτ) = ∫ e^{−i√E+τ 2(ω′−ω)·x}V ( √ Eθ)dx − ⟨V^∗( √ Eθ^′)e^{i√E+τ 2ω′·x}, L_γ (τ)V ( √ Eθ)e^{i√E+τ 2ω·x}⟩ (5.1) where √ Eθ = √ E + τ^2ω + iτγ, √ Eθ^′ = √ E + τ^2ω^′ + iτγ. For ξ ∈ R^3, we take γ, η ∈ S^2 such that ξ · γ = ξ · η = η · γ = 0, and put

ω = ω(τ) = ( 1 − |ξ|^2 4τ^2 )_{1/2} η − ξ 2τ , ω^′ = ω(τ)^′ = ( 1 − |ξ|^2 4τ^2 )_{1/2} η + ξ 2τ p(τ) = √ E + τ^2ω(τ), p(τ)^′ = √ E + τ^2ω(τ)^′ ζ(τ) = p(τ) + iτγ, ζ(τ)^′ = p(τ)^′ + iτγ We split B_γ (ω(τ)^′, ω(τ); iτ) into two parts :

(5.2) B_γ (ω(τ)^′, ω(τ); iτ) = B^{(1)}_γ (τ) + B^{(2)}_γ (τ),

(5.3) B^{(1)}_γ (τ) = ∫ e^{−i(p(τ )′−p(τ ))·x}V (ζ(τ))dx, (5.4) B^{(2)}_γ (τ) = −⟨V^∗(ζ(τ)^′)e^{ip(τ )′ ·x}, L_γ (τ)V (ζ(τ))e^{ip(τ )·x}⟩. Noting that p(τ)^′ − p(τ) = ξ + O(τ^{−1}), ζ(τ)/τ = η + iγ + O(τ^{−1}), we have by (2.4) (5.5) lim_{τ →∞} B^{(1)}_γ (τ)/τ = ∫ e^{−ix·ξ}{2b(x) · (η + iγ) + a(x)σ · (x × (η + iγ))}dx.

To compute B^{(2)}_γ (τ), we rewrite it as follows : (5.6) B^{(2)}_γ (τ) = −⟨V^∗(ζ(τ)^′)e^{i(p(τ )′−p(τ ))·x}, U(τ)^{−1}L_γ (τ)U(τ)V (ζ(τ))⟩, where (5.7) U(τ) = e^{ip(τ )·x}. By (3.3) and (3.26), the term U(τ)^{−1}L_γ (τ)U(τ) is rewritten as U(τ)^{−1}L_γ (τ)U(τ) = U(τ)^{−1}S(τ)U(τ) · ~G(ζ(τ)) · U(τ)^{−1}S(τ)^{−1}(1 + K(τ))^{−1}U(τ). Let A(τ) be from (3.12) and put (5.8) B(τ) = U(τ)^{−1}A(τ)U(τ). Then we have by virtue of (3.12) (5.9) U(τ)^{−1}S(τ)^{−1}U(τ) = e^{−B(τ )}. Lemma 5.1. Let Ψ(x, ξ + ζ(τ)) = φ(x, ξ + ζ(τ)) + ψ(x, ξ + ζ(τ))σ · ( x × (ξ + ζ(τ)) ) , and let P (τ) be the ΨDO with symbol

e^{−Ψ(x,ξ+ζ(τ ))}. Then e^{−B(τ )} − P (τ) ∈ S^{−1}. Proof. Modulo S^{−1}, B(τ) is a ΨDO with symbol Ψ(x, ξ + ζ(τ)). Therefore for large |z|, (z − B(τ))^{−1} is a ΨDO with symbol ( z − Ψ(x, ξ + ζ(τ)) )_{−1} modulo S^{−1}.

Since for large M, e^{−B(τ )} = 1 2πi ∫ |z|=M e^{−z}(z − B(τ))^{−1}dz, e^{−B(τ )} is a ΨDO with symbol e^{−Ψ(x,ξ+ζ(τ ))}, modulo S^{−1}. ♦ We put (5.10) η = e_1, γ = e_2, η × γ = e_3, (5.11) Ψ_∞(x) = f + gσ · (x × (e_1 + ie_2)),

(5.12) f = −(2π)^{−3/2} ∫ R^3 e^{ix·k} b̂(k) · (e_1 + ie_2)

k_1 + ik_2 dk,

(5.13) g = −(2π)^{−3/2} ∫ R^3 e^{ix·k} â(k) 2(k_1 + ik_2) dk, where k_j = k · e_j , x_j = x · e_j and ã(ξ_1, ξ_2, x_3) is the partial Fourier transform with respect to x_1, x_2 of a(x). We also let (5.14) f_0(x) = 2b(x) · (e_1 + ie_2) + a(x)σ · (x × (e_1 + ie_2)). Lemma 5.2. lim_{τ →∞} 1 τ B^{(2)}_γ (τ) = − ∫ R^3 e^{−ix·ξ}f_0e^{Ψ∞} N_γ (e^{−Ψ∞} f_0)dx. Proof. First we note (5.15) U(τ)^{−1}(1 + K(τ))^{−1}U(τ)V (ζ(τ))/τ → f_0(x). Let χ_1(ξ + iτγ) = χ_0 ( 2|(ξ + iτγ)2 − E| E + τ^2 + |ξ|^2 ) , χ_2(ξ + iτγ) = 1 − χ_1(ξ + iτγ), χ_0(t) being as in (3.8), and let Q_j be the ΨDO with symbol χ_j (ξ + iτγ). On the support of χ_2(ξ + iτγ), we have |(ξ + iτγ)^2 − E| ≥ ϵ 4 (E + τ^2 + |ξ|^2).

So we have ‖U_{γ,0}(E, iτ)Q_2‖_{B(L}2_{;L}2_) ≤ C/τ^2.

Therefore as an operator in B(L^{2,s}; L^{2,s−1}), 0 < s < 1, (5.16) U_{γ,0}(E, iτ) = U_{γ,0}(E, iτ)Q_1 + O(τ^{−2}).

On the other hand, by Lemma 5.1, we have (5.17) Q̃_1U(τ)^{−1}S(τ)^{−1}U(τ) = Q̃_1e^{−B(τ )} ∼ Q̃_1P (τ), and Q̃_1P (τ) converges strongly to e^{−Φ∞(x)} .

Similarly U(τ)^{−1}S(τ)U(τ) converges strongly to e^{Ψ∞(x)}. Furthermore by lemma 3.2, τ ~G(ζ(τ)) → N_γ . These facts prove Lemma 5.2. ♦

Our next aim is to compute N_γ (e^{−Ψ∞} f_0). Let us note that putting ∂ =^1_2 (e_1 + ie_2) · ∇_x, we have (5.18) 4i∂Ψ_∞ = f_0 Since ∂Ψ_∞ and Ψ_∞ commute, we also have (5.19) ∂e^{Ψ∞} = (∂Ψ_∞)e^{Ψ∞} . Lemma 5.3. ∫ R^3 e^{−ix·ξ}f_0e^{Ψ∞} N_γ e^{−Ψ∞} f_0dx = 4i ∫ R^3 e^{−ix·ξ}(∂e^{Ψ∞} )(e^{−Ψ∞} − 1)dx.

Proof. The left-hand side is equal to ∫ R^3 e^{−ix·ξ}4i(∂Ψ_∞)e^{Ψ∞} N_γ e^{−Ψ∞} 4i(∂Ψ_∞)dx = 16 ∫ R^3 e^{−ix·ξ}(∂e^{Ψ∞} )N_γ (∂e^{−Ψ∞} )dx. Using N_γ ∂e^{−Ψ∞} = i 4 (e^{−Ψ∞} − 1), which follows from Liouville’s theorem, we get the lemma. ♦ Lemma 5.4. ∫

R^3 e^{−ix·ξ}f_0e^{Ψ∞} N_γ e^{−Ψ∞} f_0dx = 0. Proof. . By integration by parts, we have ∫ x^2_1+x^2<r^2 e^{−ix·ξ}(∂e^{Ψ∞} )(e^{−Ψ∞} − 1)dx_1dx_2 = 1 2 ∫ x^2_1+x^2=r^2

e^{−ix·ξ}(x_1 + ix_2)(1 − e^{Ψ∞} )dθ − ∫ x^2_1+x^2<r^2 e^{−ix·ξ}e^{Ψ∞} ∂e^{−Ψ∞} dx_1dx_2 ≡ (I) − (II). The second term is written as (II) = − ∫ x^2_1+x^2<r^2 e^{−ix·ξ}∂Ψ_∞dx_1dx_2 = − 1 2 ∫ x^2_1+x^2=r^2 e^{−ix·ξ}(x_1 + ix_2)Ψ_∞dθ. On the other hand, e^{Ψ∞} = 1 + Ψ_∞ + O(|x|^{−2}). Therefore (I) ∼ − 1 2 ∫ x^2_1+x^2=r^2 e^{−ix·ξ}(x_1 + ix_2)Ψ_∞dθ. ♦ Using (5.5) and Lemmas 5.2, 5.4, one can compute (5.20) ∫ R^3 e^{−ix·ξ}{2b(x) · (η + iγ) + a(x)σ · (x × (η + iγ))}dx. form the scattering amplitude.

Here let us recall the following formulas for spin matrices, which are proved by using the commutation relations : (5.21) (σ · ξ)(σ · η) = ξ · η + iσ · (ξ × η), (5.22) [σ · (x × (e_1 + ie_2)), σ · e_3] = 2ix_3σ · (e_1 + ie_2), We now reconstruct a(x). We take b(x) ≡ 0. Then by (5.20) and (5.22), one can recover ∫ e^{−ix·ξ}a(x)x_3dx. Since ξ = (0, 0, ξ_3), one can recover ∫ R^3

a(x_1, x_2, x_3)dx_1dx_2.

Choosing the direction of ξ arbitrarily, one can reconstruct a(x) by the inversion formula of the Radon transform (see e.g. [12]). 6. Reconstruction of the complex potential 6.1 Gauge invariance. In the previous section we constructed the spin-orbit term a(x)σ · (x × p) from the scattering amplitude of the operator −Δ + V, V = a(x)σ · (x × p) + W (x). To reconstruct W (x) we shall make use of the gauge invariance.

Let ψ(x) be the solution of the equation (6.1) (−Δ + V − E)ψ = 0 having the asymptotic expansion (6.2) ψ ∼ e^{i√Eω·x} + e^{i√Er} r f(E; θ, ω), θ = x/r, r = |x| → ∞. Let c(x) = exp(−|x|^2) and ψ_λ(x) = e^{iλc(x)}ψ(x), λ being a large parameter. Then ψ_λ satisfies (6.3) ((p − b_λ)^2 + V − E)ψ_λ = 0 with b_λ(x) = λ∇c(x). Since c(x) is exponentially decreasing, ψ_λ has the same asymptotic expansion as in (6.2). This means that the family of operators {(p − b_λ)^2 + V ; λ > 0} has the same scattering amplitude. One should also note that due to the unitary equivalence, the sets of exceptional points E_0 and E_γ (E) are independent of λ > 0.

6.2 Reconstruction of the complex potential. We use the same notation as in §5 with b replaced by b_λ = λ∇c(x). Let V_1(ξ) = 2b_λ · ξ + aσ · (x × ξ), V_2 = −idiv b_λ + |b_λ|^2 + W.

Then V (ζ(τ)) ≃ τV_1(η + iγ) − V_1(ξ/2) + V_2, V^∗(ζ(τ)^′ ) ≃ τV^∗_1 (η − iγ) + V^∗_1 (ξ/2) + V^∗_2 .

Recall that we already know a(x) and b_λ(x).

We first show that up to known terms

B^{(1)}_γ (τ) + B^{(2)}_γ (τ) ≃ ∫ R^3 e^{−ix·ξ}W (x) − ⟨e^{−ix·ξ}V^∗_1 (η − iγ), e^{Ψ∞} N_γ e^{−Ψ∞} (−V_1(ξ/2) + V_2)⟩ − ⟨e^{−ix·ξ}(V^∗_1 (ξ/2) + V_2), e^{Ψ∞} N_γ e^{−Ψ∞} V_1(η + iγ)⟩.

In fact,

B^{(1)}_γ (τ) ≃ τ ∫ R^3 e^{−ix·ξ}V_1(η + iγ)dx − ∫ R^3 e^{−ix·ξ}V_1(ξ/2)dx + ∫ R^3 e^{−ix·ξ}V_2dx. Up to a known term, this is equal to ∫ e^{−ix·ξ}W (x)dx.

Next we note that B^{(2)}_γ (τ) ∼ −τ^2⟨V^∗_1 (η − iγ)e^{ip(τ )′x}, L_γ (τ)V_1(η + iγ)e^{ip(τ )x}⟩ −τ⟨V^∗_1 (η − iγ)e^{ip(τ )′x}, L_γ (τ)(−V_1(ξ/2) + V_2)e^{ip(τ )x}⟩ −τ⟨(V^∗_1 (ξ/2) + V^∗_2 )e^{ip(τ )′x}, L_γ (τ)V_1(η + iγ)e^{ip(τ )x}⟩. Since L_γ (τ) = S(τ)U_{γ,0}(E, iτ)S(τ)^{−1}(1 − K(τ)) + O(τ^{−3}), the first term is a known term. Applying L_γ (τ) = S(τ)U_{γ,0}(E, iτ)S(τ)^{−1} + O(τ^{−2}), and arguing in the same way as in the proof of Lemma 5.2, we get

B^{(2)}_γ (τ) ≃ −⟨e^{−ix·ξ}V^∗_1 (η − iγ), e^{Ψ∞} N_γ e^{−Ψ∞} (−V_1(ξ/) + V_2)⟩ −⟨e^{−ix·ξ}(V^∗_1 (ξ/2) + V^∗_2 ), e^{Ψ∞} N_γ e^{−Ψ∞} V_1(η + iγ)⟩.

The right-hand side is equal to − ∫ e^{ix·ξ} ( ∂e^{Ψ∞} ) N_γ e^{−Ψ∞} ( − V_1(ξ/2) + V_2 ) dx + ∫ e^{ix·ξ} ( V_1(ξ/2) + V_2 ) e^{Ψ∞} N_γ ( ∂e^{−Ψ∞} ) dx = ∫ e^{ix·ξ} ( N_γ ∂e^{Ψ∞} ) e^{−Ψ∞} ( − V_1(ξ/2) + V_2 ) dx + ∫ e^{ix·ξ} ( V_1(ξ/2) + V_2 ) e^{Ψ∞} ( N_γ ∂e^{−Ψ∞} ) dx, where we have used (7.6). Since N_γ e^{±iΨ∞} = i 4 ( e^{±iΨ∞} − 1 ) , this is equal to i 4 ∫ e^{ix·ξ} ( 1 − e^{Ψ−∞} )( − V_1(ξ/2) + V_2 ) dx + i 4 ∫ e^{ix·ξ} ( V_1(ξ/2) + V_2 )( 1 − e^{Ψ∞} ) dx. Since Ψ_∞ = −iλc(x) + g, by the stationary phase method, the term containing e^{±iΨ∞} vanishes as λ → ∞. Here one must note that b_λ(0) = 0. What remains is i 2 ∫ e^{ix·ξ}V_2dx. Up to a known term this equal to^i_2 ∫ e^{ix·ξ}W dx. We have thus reconstructed Ŵ (ξ).

7. Appendix We summarize here basic properties of the ∂-operator used in this paper. Note that we define ∂ = (∂/∂x_1 + i∂/∂x_2)/2.

Theorem 7.1. If |f(z)| ≤ C(1 + |z|)^{−1−ϵ} for some C, ϵ > 0, the solution of the equation ∂u = f satisfying u(z) → 0 as |z| → ∞ is unique and is given by u(z) = 1 2πi ∫ C f(ζ) ζ − z dζ ∧ dζ = 1 π ∫ R^2

f(x_1 − y_1, x_2 − y_2) y_1 + iy_2 dy_1dy_2. Using the identity 1 ζ − z = − 1 z n∑ k=0 (ζ z )_k + 1 ζ − z (ζ z )_{n+1}

we have if (1 + |z|)^nf(z) ∈ L^1(C) u(z) = − 1 2πi n∑ k=0 z^{−k−1} ∫ C ζ^k f(ζ)dζ ∧ dζ + 1 2πi z^{−n−1} ∫ C ζ^{n+1}f(ζ) ζ − z dζ ∧ dζ. In particular we have Theorem 7.2. If |f(z)| ≤ C(1 + |z|)^{−3−ϵ}, the above solution satisfies

(x_1 + ix_2)u(z) = 1 π ∫ R^2

f(y_1, y_2)dy_1dy_2 + O(|x|^{−1}).

From this theorem it follows that

(7.1) u(x) = (2π)^{−1} ∫ R^2 e^{ix·k}f̂(k) k_1 + ik_2 dk satisfies

(7.2) (x_1 + ix_2)u(x) = i 2π ∫ R^2 f(y)dy + O(|x|^{−1}), if |f(y)| ≤ C(1 + |y|)^{−3−ϵ}. For f ∈ S(R^3), let

(7.3) Nf(x) = (2π)^{−3/2} ∫ R^3 e^{ix·ξ}f̂(ξ) 2(ξ_1 + iξ_2) dξ. Then we have

(7.4) 1 2 ( ∂ ∂x_1 + ∂ ∂x_2 ) Nf = i 4 f,

(7.5) Nf(x) = i 4π ∫ R^2

f(y_1, y_2, x_3) x_1 − y_1 + i(x_2 − y_2) dy,

(7.6) ∫ R^3 (Nf(x))g(x)dx = − ∫ R^3 f(x)(Ng(x))dx. Let us prove Lemma 3.3 (1). We first note that |ξ^2 + 2iτγ · ξ − τ^2 − E| ≤ ϵ(E + τ^2 + |ξ|^2) implies there exists a constant C > 0 such that C^{−1}τ ≤ |ξ| ≤ Cτ, |γ · ξ |ξ| | ≤ Cϵ, (7.7) for large τ > 0. Therefore we have only to show the following lemma. Lemma 7.3. Let m ∈ R. Suppose f(x, ξ; τ) satisfies |∂^α_x ∂^β_ξ f(x, ξ; τ)| ≤ C_{αβ} ⟨x⟩^{−3−|α|}(τ + |ξ|)^{m−|β|} ∀α, β for ξ, τ satisfying the condition (7.7). Then g(x, ξ; τ) = (2π)^{−3/2} ∫ R^3 e^{ix·k} f̂(k, ξ; τ) k · (ξ + iτγ) dk satisfies |∂^α_x ∂^β_ξ g(x, ξ; τ)| ≤ C_{αβ} ⟨x⟩^{−1}(τ + |ξ|)^{m−1−|β|} ∀α, β, for ξ, τ satisfying the condition (7.7).

Proof. We make the linear change of variables p = Ak, where p_1 = ξ τ · k, p_2 = γ · k, p_3 = ( ξ τ × γ) · k. Then letting f_A(x, ξ; τ) = f(^tAx, ξ; τ), we have g(^tAx, ξ; τ) = i 2πτ ∫ R^2

f_A(x_1 − y_1, x_2 − y_2, x_3, ξ; τ) y_1 + iy_2 dy, whose derivative is estimated as follows : |∂^α_x ∂^β_ξ g(^tAx, ξ; τ)| ≤ C_{αβ} (τ + |ξ|)^{m−1−|β|} ∫ R^2

(1 + |x^′ − y| + |x_3|)^{−3} |y| dy, where x^′ = (x_1, x_2). The integral over the region {|y| < |x^′|/2} is estimated as : ∫ |y|<|x^′|/2 (1 + |x^′ − y| + |x_3|)^{−3} |y| dy ≤ C(1 + |x|)^{−2}. The integral over the region {|y| > |x^′|/2} is estimated as : ∫ |y|>|x^′|/2 (1 + |x^′ − y| + |x_3|)^{−3} |y| dy ≤ C |x^′| ∫ R^2

(1 + |y| + |x_3|)^{−3}dy ≤ C |x^′|(1 + |x^3|) . If |x^′| > 1, this is dominated from above by C(1 + |x|)^{−1}. If |x^′| ≤ 1, we estimate in the following manner : ∫ |x′ | 2 <|y|<1 (1 + |x^′ − y| + |x_3|)^{−3} |y| dy ≤ C(1 + |x_3|)^{−3} ∫ |y|<1 dy |y| ≤ C(1 + |x_3|)^{−3} ≤ C(1 + |x|)^{−3}, ∫ |y|>1 (1 + |x^′ − y| + |x_3|)^{−3} |y| dy ≤ C ∫ |y|<1 (1 + |x^′ − y| + |x_3|)^{−3}dy

≤ C(1 + |x_3|)^{−1} ≤ C(1 + |x|)^{−1}. We have thus proven |∂^α_x ∂^β_ξ g(^tAx, ξ; τ)| ≤ C_{αβ} ⟨x⟩^{−1}(τ + |ξ|)^{m−1−|β|}. From this we can conclude the lemma. ♦

References

[1] S.Agmon and L.Hörmander, Asymptotic properties of solutions of differential equations with simple characteristics, J. d’Analy. Math., 30 (1976), 1-38.

[2] G.Breit, Aspects of nucleon-nucleon scattering theory, Rev. Mod. Phys. 34 (1962), 766-812. [3] A.P. Calderón, On an inverse boundary value problem, Seminar on Numerical Analysis and its Applications to Continuum Physics, Soc. Brasileira de Matemática, Río de Janeiro, (1980), 65–73.

[4] E.B.Davies, Non-unitary scattering and capture I, Commun. Math. Phys. 71 (1980), 277-288. [5] G.Eskin, Global uniqueness in the scattering problem for the Schrödinger operator with external Yang-Mills potentials, Commun. Math. Phys. 222 (2001), 503-531.

[6] G.Eskin and J.Ralston, Inverse scattering problem for the Schrödinger equation with magnetic potential at a fixed energy, Commun. Math. Phys 173 (1995), 199-224.

[7] G.Eskin and J.Ralston, On the inverse boundary value problem for linear isotropic elasticity, Inverse Problems 18 (2002), 907-921.

[8] L.D.Faddeev, Inverse problem of quantum scattering theory, J. Sov. Math. 5 (1976), 334-396. [9] H.Feshbach, Theoretical Nuclear Physics, Nuclear Reactions, John Willey & Sons, INC. 1992. [10] H.Feshbach, C.Porter and V.Weisskopf, Model for nuclear reactions with neutrons, Phys.

Rev. Ser. II, 96 (1954), 448-464.

[11] M.Goto, Inverse scattering for Dirac operators with electro-magnetic potentials at a fixed energy, to appear in Integ. equ. ope. theory.

[12] S. Helgason, The Radon Transform, Second edition, Birkhäuser, Boston-Basel-Brelin (1999). [13] K. Hofmann, Banach Spaces of Analytic Functions, Prentice-Hall, INC. Engelwood Cliffs, N.J. (1962).

[14] H.Isozaki, Multi-dimensional inverse scattering theory for Schrödinger operators, Reviews in Math. Phys. 8 (1996), 591-622.

[15] H.Isozaki, Inverse scattering theory for Dirac operators, Ann. l’I. H. P. Physique théorique 66 (1997), 237-270.

[16] T.Kako and K.Yajima, Spectral and scattering theory for a class of non-selfadjoint operators, Sci. Papers. Coll. Gen. Ed. Univ. Tokyo 26 (1976), 73-89.

[17] G. Nakamura, G. Uhlmann and Z. Sun, Global identifiability for an inverse problem for the Schrödinger equation in a magnetic field, Math. Annalen 303 (1995), 377–388.

[18] G. Nakamura and T. Tsuchida, Uniqueness for an inverse boundary value problem for Dirac operators, Commun. in P. D. E. 25 (2000), 1327-1369.

[19] G.Nakamura and G.Uhlmann, Global uniqueness for an inverse boundary value problem arising in elasticity, Invent. Math. 118 (1994), 457–474. Erratum in Invent. Math. 152 (2003), 205–207.

[20] G. Nakamura and G. Uhlmann, Asymptotic methods in inverse problems-complex geometrical optics solutions. In S.I. Kabanikhin and V. G. Romanov (editors), Ill-Posed and Inverse Problems, (2002) 297-320. VSP, the Netherlands.

[21] K.Mochizuki, Eigenfunction expansions associated with the Schrödinger operator with a complex potential and the scattering theory, Publ. RIMS. Ser. A 4 (1968), 419-466.

[22] M.Reed and B.Simon, Methods of Modern Mathematical Physics, Vol 1, Academic Press, New York and London (1972).

[23] R.R.Roy and B.P.Nigam, Nuclear Physics — Theory and Experiment, John Willey & Sons, INC, 1967.

[24] J.Sylvester and G.Uhlmann, A global uniqueness theorem for an inverse boundary value problem Ann. Math. 125 (1987), 153-169.

[25] Y.Saito, The principle of limiting absorption for the non-selfadjoint Schrödinger operator in R^N , N ≠ 2, Publ. RIMS. Kyoto Univ. 9 (1974), 397-428.

[26] K.E.Thylwe and N.Fröman, On the theory of scattering by complex potentials, Ann. Phys.

150 (1983), 413-431.

[27] T. Tsuchida, Uniqueness at the boundary for an inverse problem for Dirac operators, Funkcialaj Ekvacroj, 44 (2001), 139-149.

[28] G. Uhlmann, Inverse boundary value problems and applications, Astérisque 207 (1992), 153– 211.

Department of Mathematics, Graduate School of Science, Tokyo Metropolitan University, Minami-Osawa, Hachioji, 192-0397, Japan

Department of Mathematics, University of Washington, Seattle, Washington, 98195, USA Department of Mathematics, Graduate School of Science, Tokyo Metropolitan University, Minami-Osawa, Hachioji, 192-0397, Japan E-mail address: isozakih@comp.metro-u.ac.jp E-mail address: gunther@math.washington.edu E-mail address: hideo-n@muc.biglobe.ne.jp