On characterization of the range and inversion formulas for the geodesic X-ray transform

Leonid Pestov^∗ Institute of Computational Mathematics and Mathematical Geophysics Russian Academy of Sciences Novosibirsk 630090, Russia

Gunther Uhlmann^† Department of Mathematics University of Washington Seattle, WA 98195, USA

Abstract

We describe a relation between the scattering relation, the Hilbert transform in frequency space and the geodesic ray transform for simple, two dimensional compact Riemannian manifolds with boundary. We use this relation to give a characterization of the range of the geodesic X ray transform acting on scalar functions and vector fields in terms of the scattering relation which involves only measurements at the boundary. We also give inversion formulas for the geodesic X-ray transform acting on scalar functions and vector fields.

1 Introduction

Let (M, g) be a two dimensional compact Riemannian manifold with boundary. In this paper we describe the range of the geodesic X-ray transform for scalar functions and vector fields for simple manifolds in terms of the scattering relation which involves only measurements made at the boundary. We also give inversion formulas for the case of constant curvature and Fredholm type inversion formulas in general. Even in the constant curvature case these formulas seem to be new.

∗Part of this work was done while the author was visiting the University of Washington. †Partly supported by NSF and a John Simon Guggenheim Fellowship.

We first define the geodesic X-ray transform. This is defined for a compact Riemannian manifold (M, g) with boundary of any dimension n. We denote by Ω(M) the unit sphere bundle of M: Ω(M) = ⋃ x∈M Ω_x, Ω_x = {ξ ∈ T_x(M) : |ξ| = 1}.

It is a (2n-1)-dimensional compact manifold with boundary

∂Ω(M) = ⋃ x∈∂M Ω_x,

which can be written as the union ∂Ω(M) = ∂_+Ω(M) ∪ ∂_−Ω(M), ∂_±Ω (M) = {(x, ξ) ∈ ∂Ω (M) , ± (ν (x) , ξ) ≥ 0 }, where ν is the unit-inner normal to ∂M. The manifolds of inner vectors ∂_+Ω (M) and outer vectors ∂_−Ω (M) intersect at the set of tangent vectors

∂_0Ω (M) = {(x, ξ) ∈ ∂Ω (M) , (ν (x) , ξ) = 0 }.

We embed (M, g) into a compact Riemannian manifold (S, g) of the same dimension and with no boundary. Let φ_t be the geodesic flow on Ω(S) and H =^d_{dt} φ_t|_{t=0} be the geodesic vector field. Let u^f be the solution of the boundary value problem Hu = −f, u|_{∂−Ω(M)} = 0, which can be written as u^f (x, ξ) = τ (x,ξ)∫

0 f(φ_t(x, ξ))dt, (x, ξ) ∈ Ω(M), (1.1) where τ(x, ξ) is the length of the geodesic γ(x, ξ, t), t ≥ 0, starting at the point x in the direction ξ ∈ Ω_x. In particular Hτ = −1. The trace If = u^f |_{∂+Ω(M)} is called the geodesic X-ray transform of the function f. If the manifold (M, g) is non-trapping ( that is every geodesic has finite length) and has a strictly convex boundary the operator I : C^∞(Ω(M)) → C^∞(∂_+Ω(M)) can be extended as a bounded operator I : L^2(Ω(M)) → L^2_μ(∂_+Ω(M)), where the real Hilbert space L^2_μ(∂_+Ω(M)), is defined by the scalar product :

(u, v)_L2_{μ(∂+Ω(M))} = ∫ ∂_+Ω(M) μuvdΣ, μ(x, ξ) = (ν(x), ξ).

Here dΣ is the volume form of ∂Ω(M).

Clearly a function f is not determined by its geodesic X-ray transform alone, since it depends on more variables than does If. We consider the geodesic X-ray transform acting on symmetric tensor fields.

We denote by f_m(x, ξ) an homogeneous polynomial of degree m with respect to ξ, induced by the symmetric tensor field f on M of m degree : f_m(x, ξ) = f_{i1...im} (x) ξ^{i1} ...ξ^{im} . The operator I_m, defined by I_mf = If_m is called the geodesic X-ray transform of the symmetric tensor field. If the manifold M is non-trapping and the boundary ∂M is strictly convex I_m : C^∞(M, S_m(M)) → C^∞(∂_+Ω(M)), where S_m(M) denotes the bundle of symmetric tensors over M. It is known that any symmetric smooth enough tensor field f may be decomposed in a potential and solenoidal parts [Sh]: f = dp + h, p|_{∂M} = 0, δh = 0, where δ denotes the divergence and d = σ∇ is the symmetric part of the covariant derivative. It is easy to see that the geodesic X-ray transform of the potential part dp is zero. We denote by C^∞_{sol}(M, S_m(M)) the space of smooth solenoidal symmetric tensor fields.

The adjoint of the operator I_m is the bounded operator I^∗_m : L^2_μ(∂_+Ω(M)) → L^2(M, S_m(M)). We give its representation in section 2. The field I^∗_mw is solenoidal in the sense of the theory of distributions.

We will consider in this paper the case of the geodesic X-ray transform acting on functions independent of ξ and the geodesic X-ray transform acting on vector fields which, following the notation above, are denoted by I_0 and I_1 respectively.

It is known that I_0 is injective on simple manifolds [Mu] and that I_1 is injective on solenoidal vector fields on simple manifolds [A], [AR]. In [SU] sharp stability estimates are proven for I_0 and I_1. We recall that a manifold is simple if all geodesics have no conjugate points and the boundary is strictly convex.

A brief summary of this paper is as follows. In section 2 we define the scattering relation. In section 3 describe a commutator between the Hilbert transform and geodesic flow for two dimensional manifolds (see Theorem 3.1). In section 4 we give a characterization of I_0 and I_1 in terms of the scattering relation (see Theorem 4.4). In section 5 we give Fredholm type inversion formulas for these transforms in the two dimensional case for simple manifolds which are exact for the case of constant curvature. For the case of constant curvature we do not need the assumption of no-conjugate points (see Theorem 5.1).

2 Scattering relation

Let (M, g) be a compact n-dimensional Riemannian manifold with boundary ∂M. Let ν be the unit inner normal to ∂M.

Let (M, g) be non-trapping and the boundary ∂M is strictly convex. Then the function of geodesic length τ(x, ξ) is smooth on Ω(M) \ ∂_0Ω(M). The function τ^0 = τ|_{∂Ω(M)} is equal zero on ∂_−Ω(M) and is smooth on ∂_+Ω(M). Its odd part with respect to ξ

τ^0_−(x, ξ) = 1 2 ( τ^0(x, ξ) − τ^0 (x, −ξ) )

is a smooth function.

Definition 2.1. Let (M, g) be non-trapping with strictly convex boundary. The scattering relation α : ∂Ω(M) → ∂Ω(M) is defined by α(x, ξ) = (γ(x, ξ, 2τ^0_−(x, ξ)), γ̇(x, ξ, 2τ^0_−(x, ξ))) or α(x, ξ) = { (γ(x, ξ, τ(x, ξ)), γ̇(x, ξ, τ(x, ξ))) (x, ξ) ∈ ∂_+Ω (M) (γ(x, ξ, −τ(x, −ξ)), γ̇(x, ξ, −τ(x, −ξ))) (x, ξ) ∈ ∂_−Ω(M). We remark that the scattering relation appears naturally as the wave front set of the scattering operator [G]. The scattering relation is a diffeomorphism ∂Ω (M) → ∂Ω (M) . Notice that α|_{∂+Ω(M)} : ∂_+Ω (M) → ∂_−Ω (M) , α|_{∂−Ω(M)} : ∂_−Ω (M) → ∂_+Ω (M) are diffeomorphisms as well. Obviously, α is an involution, α^2 = id and ∂_0Ω (M) is the hypersurface of its fixed points, α(x, ξ) = (x, ξ), (x, ξ) ∈ ∂_0Ω (M) . The Jacobian |det α^′| of scattering relation is given by |det α^′| = − μ α^∗μ , where μ = (ξ, ν).

Define the map ψ : Ω(M) → ∂_−Ω(M) by ψ(x, ξ) = φ_{τ (x,ξ)}(x, ξ), (x, ξ) ∈ Ω(M). The solution of the boundary value problem for the transport equation Hu = 0, u|_{∂+Ω(M)} = w can be written in the form u = w_ψ = w ∘ α ∘ ψ. The operator I^∗_m is given by (I^∗_mw)^{i1...im} (x) = ∫ Ω_x w_ψ(x, ξ)ξ^{i1} ...ξ^{im} dΩ_x.

We also remark that by the fundamental theorem of calculus we have that IHf = (f ∘ α − f)|_{∂+Ω(M)}. Denote by A_+, A_− the even and odd continuations with respect to the involution α: A_±w(x, ξ) = { w(x, ξ) (x, ξ) ∈ ∂_+Ω (M) ± (α^∗w) (x, ξ) (x, ξ) ∈ ∂_−Ω (M) . Introduce the real Hilbert space L^2_{|μ|}(∂Ω(M)), defined by scalar product (u, v)_L2_{|μ|(∂Ω(M))} = ∫ ∂Ω(M) |μ| uvdΣ,

Then A_± are bounded operators from L^2_μ(∂_+Ω(M)) into L^2_{|μ|} (∂Ω (M)). The adjoint of A_± is a bounded operator A^∗_± : L^2_{|μ|} (∂Ω (M)) → L^2_μ(∂_+Ω(M)) given by A^∗_±u = (u ± u ∘ α)|_{∂+Ω(M)}. The space C^∞_α (∂_+Ω (M)) is defined by C^∞_α (∂_+Ω (M)) = {w ∈ C^∞ (∂_+Ω (M)) : w_ψ ∈ C^∞ (Ω (M))}.

We have the following characterization of the space of smooth solutions of the transport equation (see [PU]) Lemma 2.1.

C^∞_α (∂_+Ω(M)) = {w ∈ C^∞(∂_+Ω(M)) : A_+w ∈ C^∞(∂Ω(M))}.

3 Hilbert transform and geodesic flow

Now we define the Hilbert transform: Hu(x, ξ) = 1 2π ∫ Ω_x

1 + (ξ, η) (ξ_⊥, η) u(x, η)dΩ_x(η), ξ ∈ Ω_x, where the integral is understood as a principle value integral. Here ⊥ means a 90 degree rotation. In coordinates (ξ_⊥)_i = ε_{ij}ξ^j, where ε = √ det g

(_{0 1}

−1 0 ) .

The Hilbert transform H transforms even (respectively odd) functions with respect to ξ to even (respectively odd) ones. If H_+ (respectively H_−) is the even (respectively odd) part of the operator H: H_+u(x, ξ) = 1 2π ∫ Ω_x (ξ, η) (ξ_⊥, η) u(x, η)dΩ_x(η), H_−u(x, ξ) = 1 2π ∫ Ω_x 1 (ξ_⊥, η) u(x, η)dΩ_x(η) and u_+, u_− are the even and odd parts of the function u, then H_+u = Hu_+, H_−u = Hu_−.

We introduce the notation H_⊥ = (ξ_⊥, ∇) = −(ξ, ∇_⊥), where ∇_⊥ = ε∇ and ∇ is the so-called horizontal derivative (see for details [Sh]). In local coordinates on the manifold Ω(M) it is given by ∇_iu(x, ξ) = ∂u ∂x^i − Γ^k_{ij}ξ^j∂_ku, where Γ^k_{ij} are the Christoffel symbols of the metric g and ∂_ku(x, ξ) = ∂u(x, ξ/|ξ|) ∂ξ^k | |_{|ξ|=1}. The following commutator formula for the geodesic vector field and the Hilbert transform, which is crucial to our approach, was proven in [PU].

Theorem 3.1. Let (M, g) be a compact two dimensional Riemannian manifold with boundary. For any smooth function u on Ω(M) the following identity holds:

[H, H]u = H_⊥u_0 + (H_⊥u)_0 (3.1)

where u_0(x) = 1 2π ∫ Ω_x u(x, ξ)dΩ_x is the average value.

4 The range of the geodesic X-ray transform

In was shown in [PU] that in the scalar case I^∗_0 is surjective between appropriate spaces. More precisely we have.

Theorem 4.1. Let (M, g) be a simple, compact Riemannian manifold with boundary. Then the operator I^∗_0 : C^∞_α (∂_+Ω(M)) → C^∞(M) is onto.

We need a weaker version of this result for I^∗_1 . The result was proven in [Pe] and follows the proof of [PU]. We include it for completeness.

Theorem 4.2. Let (M, g) be a simple, compact Riemannian manifold with boundary. Then for any field v ∈ C^∞_{sol}(M, T (M)) there exists a function w ∈ C^∞_α (∂_+Ω(M)) and harmonic function h ∈ C^∞(M), such that v = I^∗_1 w + ∇h.

Recall that (M, g) is embedded in a compact manifold (S, g) without boundary. Let r_M denotes the restriction from S onto M. Theorem 4.2 is a corollary of the following result. Theorem 4.3. Let (U, g) be a simple neighborhood of the simple manifold (M, g). Then any solenoidal vector field v ∈ H^{s+1}(M, T (M)), s ≥ 0 can be represented in the form

v = r_M I^∗_1 I_1f + ∇h,

where f ∈ H^s(U); h ∈ C^∞(M) is a harmonic function, I_1 is the geodesic X-ray transform acting on vector fields defined on U.

Proof. Choose a finite atlas of S, which consists of simple open sets U_k with coordinate maps κ_k : U_k → R^n. Let {φ_k} be a subordinated partition of unity: φ_k ≥ 0, suppφ_k ⊂ U_k, ∑ φ_k = 1. We assume without loss of generality that M ⊂ U_1 and φ_1|_M = 1. We consider the operators I_{1(k)}, I^∗_{1(k)} for the domain U_k, and the pseudodifferential operator on (S, g) P_1(f) = ∑ k φ_kI^∗_{1(k)}I_{1(k)}(f|_{Uk} ), f ∈ D^′(S, T (S)). We have that I^∗_{1(k)}I_{1(k)} : C^∞_0 (U_k, T (U_k)) → C^∞_{sol}(U_k, T (U_k)) is a pseudodifferential operator of order −1 with principal symbol

c_n( δ^j_i |ξ| − ξ^jξ_i |ξ|^3 ), where c_n is a constant. The operator P_1 has the same principal symbol and therefore is a bounded operator from H^s(S, T (S)) into H^{s+1}(S, T (S)) for all s ∈ R. We will construct an operator Λ so that the sum P_1 + Λ is an elliptic pseudodifferential operator of order −1.

Consider the operators ∇ : C^∞(S) → C^∞(S, T (S)), δ : C^∞(S, T (S)) → C^∞(S). In local coordinates ∇_ju = ∂u ∂x^j , δu = ∂u^j ∂x^j + Γ^k_ju^j. Their principal symbols σ(∇), σ(δ) are respectively given by σ (∇) (x, ξ)u = iξu, σ (δ) (x, ξ)u = i (ξ, u) . The Laplace-Beltrami operator Δ = δ∇ : H^s(S) → H^{s−2}(S) is an elliptic differential operator of order 2 with principal symbol

σ(Δ) = − |ξ|^2 .

Its kernel and cokernel consist of constant functions. The operator Δ is invertible on the subspace H^{s−2}_0 (S) ⊂ H^{s−2}(S), which consists of the functions orthogonal to 1,

H^s_0 (S) = {u ∈ H^s(S) : ⟨u, 1⟩ = 0}.

We have that the divergence δ(H^s(S)) ⊂ H^{s−1}_0 (S). We define then the pseudodifferential operator Λ : H^s(S, T (S)) → H^{s+1}(S, T (S)) by Λ = −c_n∇(−Δ)^{−3/2}δ. Its principal symbol is given by

σ(Λ)^j_i (x, ξ) = c_n ξ^jξ_i |ξ|^3 . Then principal symbol of the operator P_1 + Λ is given by

σ (P_1 + Λ) = c_n g |ξ| and therefore P_1 + Λ is an elliptic pseudodifferential operator of order -1. Its range is closed and has finite codimension.

The same arguments as in the scalar case (see [PU]) lead to the conclusion, that the range of the operator r_M (P_1 + Λ) : H^s(U_1, T (U_1)) → H^{s+1}(M, T (M)) also has finite codimension and is closed. Now to prove the solvability of

r_M (P_1 + Λ)f = v ∈ H^{s+1} (M, T (M)) (4.1)

is sufficient to show that the adjoint (r_M (P_1 + Λ))^∗ : H^{−s−1} (M, T (M)) → H^{−s} (U_1, T (U_1)) is injective.

Using elliptic regularity we have

Ker((r_M (P_1 + Λ))^∗) ⊂ C^∞_0 (U_1).

Furthermore it is not difficult to see that the following equality holds

(r_M (P_1 + Λ))^∗ = I^∗_{1(1)}I_{1(1)} + r_{U1} Λ.

Then using that (r_M (P_1 + Λ))^∗u = 0, u ∈ C^∞_0 (U_1) we obtain

(u, (I^∗_{1(1)}I_{1(1)} + Λ)u) = ‖ ‖I_{1(1)}u ‖ ‖^2_{L2μ(∂+Ω(U 1))} + c_n ‖ ‖ ‖(−Δ)^{− 34} δu ‖ ‖ ‖^2_{L2(S)} = 0.

The fact that (−Δ)^{− 3}4 δu = 0 for smooth compactly supported vector fields u implies δu = 0, and then I_{1(1)}u = 0 implies u = 0, since solenoidal smooth vector fields on a simple manifold are determined uniquely by its geodesic X-ray transform [An].

Thus equation (4.1) is solvable for any right hand side. Then any vector field v ∈ H^{s+1}_{sol} (M, S(M)) may be represented in the form

v = r_M I^∗_{1(1)}I_{1(1)}f + ∇h,

where h = c_n(−Δ)^{−3/2}δf|_M . Since the vector field r_M I^∗_{1(1)}I_{1(1)}f is solenoidal, we have that δ∇h = 0, i.e. the function h is harmonic.

Let T (M) be the tangent bundle of M. We define the operator δ_⊥ : C^∞ (M, T (M)) → C^∞ (M) by δ_⊥u = −δu_⊥. Proposition 4.1. The maps δ_⊥ : C^∞_{sol} (M, T (M)) → C^∞ (M) and ∇_⊥ : C^∞(M) → C^∞_{sol}(M, T (M)) are surjective.

Proof. We first prove the first statement. Let f ∈ C^∞ (M) . Then the solution u of the Dirichlet problem Δu = δ∇u = f, u|_{∂M} = 0 belongs to C^∞ (M) and defines the smooth solenoidal field ∇_⊥u, so that δ_⊥∇_⊥u = δ∇u = f.

Now we prove the second statement. Any smooth solenoidal vector field u has a potential, u = ∇_⊥f, f ∈ C^∞ (M) . This follows since u_⊥ satisfies the equation δ_⊥u_⊥ = 0. This means that the 1-form (u_⊥)_i dx^i is closed. By Poincaré’s Lemma this form is exact, i.e. u_⊥ = −∇f, f ∈ C^∞ (M) . Therefore u = ∇_⊥f concluding the proof that ∇_⊥ is onto.

We now give the characterization of the range of I_0 and I_1 in terms of the scattering relation only. Notice again that the scattering relation can be determined by performing measurements at the boundary. We introduce the notations

P_− = A^∗_−H_−A_+, P_+ = A^∗_−H_+A_+

The Theorem states that P_−, P_+ are respectively the projections of I_0, I_1 in appropriate spaces.

Theorem 4.4. Let (M, g) be simple two dimensional compact Riemannian manifold with boundary. Then i) The maps

δ_⊥I^∗_1 : C^∞_α (∂_+Ω (M)) → C^∞ (M) , ∇_⊥I^∗_0 : C^∞_α (∂_+Ω (M)) → C^∞_{sol} (M, T (M))

are onto.

ii) A function u ∈ C^∞ (∂_+Ω (M)) belongs to Range I_0 iff u = P_−w, w ∈ C^∞_α (∂_+Ω (M)) . iii) A function u ∈ C^∞ (∂_+Ω (M)) belongs to Range I_1 iff u = P_+w, w ∈ C^∞_α (∂_+Ω (M)) .

Proof. We have that δ_⊥∇_⊥f = δ∇f = Δf, δ_⊥∇f = −δ∇_⊥f = 0. The identity (3.1) applied to a function w_ψ, w ∈ C^∞_α (∂_+Ω (M)) gives HHw_ψ = 1 2π δ_⊥I^∗_1 w + 1 2π (ξ, ∇_⊥I^∗_0 w) . (4.2)

Notice, that the operator H transforms even (with respect to ξ) functions to odd ones and the other way around. Therefore (4.2) gives the following two identities HH_−w_ψ = 1 2π δ_⊥I^∗_1 w,

HH_+w_ψ = 1 2π (ξ, ∇_⊥I^∗_0 w) .

After integration, using that IH = −A^∗_−f^0 where f^0 = f|_{∂Ω(M)}, and the fact that w_ψ|_{∂Ω(M)} = A_+w, we obtain the following identities

A^∗_−H_−A_+w = − 1 2π I_0δ_⊥I^∗_1 w,

A^∗_−H_+A_+w = − 1 2π I_1∇_⊥I^∗_0 w.

Therefore, the following factorizations holds :

P_− = − 1 2π I_0δ_⊥I^∗_1 , P_+ = − 1 2π I_1∇_⊥I^∗_0 . (4.3)

We would like to emphasize that the operators P_± are defined in terms of the scattering relation only. Clearly P_± : C^∞_α (∂_+Ω (M)) → C^∞ (∂_+Ω (M)) .

By Theorem 4.3, any smooth vector field v can be written in the form

v = I^∗_1 w + ∇h, w ∈ C^∞_α (∂_+Ω (M)) , h ∈ C^∞ (M) .

Since δ_⊥∇h ≡ 0, the surjectivity of the map δ_⊥I^∗_1 : C^∞_α (∂_+Ω (M)) → C^∞ (M) follows from the surjectivity of the operator δ_⊥ proven in Proposition 4.1.

Now since I^∗_0 : C^∞_α (∂_+Ω (M)) → C^∞ (M) is onto we get that the map ∇_⊥I^∗_0 : C^∞_α (∂_+Ω (M)) → C^∞_{sol} (M, T (M)) is also surjective since the map ∇_⊥ : C^∞ (M) → C^∞_{sol} (M, T (M)) is onto as stated in Proposition 4.1.

The other statements in the Theorem are obvious corollaries of the first statement and the identities (4.3).

5 Inversion formulas

In this section we use the identity (3.1) to give an inversion formula for the geodesic X-ray transforms I_0, I_1 for two dimensional manifolds of constant curvature, which we believe is new since we are considering the case of manifolds with boundary. For the case of I_0 for compactly supported functions see [H] for inversion formulas on the plane (Radon transform), two sphere (Funk transform) and hyperbolic plane. For the general case we give an inversion formula of Fredholm type. We remark that for the constant curvature case we don’t need the assumption of no-conjugate points along geodesics.

If we know a solution of the equation P_−w = −I_0f the function f is determined by the formula f = 1 2π δ_⊥I^∗_1 w.

In a similar way if we know a solution of the equation P_+w = −I_1f the solenoidal vector field f is determined by the formula f = 1 2π ∇_⊥I^∗_0 w.

In this section we describe a procedure that leads to Fredholm type inversion formulas.

We assume that (M, g) is simple and f ∈ C^∞_0 (M). Then u^f ∈ C^∞(Ω(M)) as in (1.1). Its odd part with respect to ξ, u^f_−, satisfies Hu^f_− = −f. Applying the Hilbert transform we obtain HHu^f_− = −(H_⊥u^f )_0.

Proposition 5.1. The operator W : C^∞_0 (M) → C^∞(M), defined by

W f = (H_⊥u^f )_0

can be extended to a smoothing operator W : L^2(M) → C^∞(M).

Proof. We define two Jacobi vector fields along the geodesic γ(x, ξ, t): X(x, ξ, t) = H_⊥γ(x, ξ, t), Y (x, ξ, t) = ∂_θγ(x, ξ, t), where ∂_θ = (ξ_⊥, ∂) and ∂ is defined in section 3.

These Jacobi fields have initial data X(x, ξ, 0) = ξ_⊥, D_tX(x, ξ, 0) = 0, Y (x, ξ, 0) = 0, D_tY (x, ξ, 0) = ξ_⊥, where D_t is covariant derivative along the geodesic and is orthogonal to the geodesic : ⟨X, γ̇⟩ = ⟨Y, γ̇⟩ = 0. We denote by γ̇_⊥(x, ξ, t) the unit vector field on the geodesic γ(x, ξ, t), parallel translated along the geodesic, i.e. D_tγ̇_⊥ = 0 with initial data γ̇_⊥(x, ξ, 0) = ξ_⊥. This field is orthogonal to the geodesic. The fields X and Y are proportional to γ̇_⊥, X = aγ̇_⊥, Y = bγ̇_⊥ and it follows from the Jacobi equation that the coefficients a and b satisfy the scalar Jacobi equations ä + Ka = 0, b̈ + Kb = 0, where K is the Gaussian curvature. The initial data is given by a(x, ξ, 0) = 1, ȧ(x, ξ, 0) = 0, b(x, ξ, 0) = 0, ḃ(x, ξ, 0) = 1. Note that if K = const then the functions a and b do not depend on (x, ξ).

Denote by G ⊂ Ω(S) × R the submanifold G = {(x, ξ, t) : (x, ξ) ∈ Ω (M) , t ∈ [−τ (x, −ξ) , τ (x, ξ)]}. The functions a and b are smooth on G. Consider on G\{t = 0} the function q = ∂_θ a b . The simplicity of (M, g) implies that b ≠ 0 if t ≠ 0. Considering the initial data we have that (b∂_θa − a∂_θb)|_{t=0} = 0. Since t = 0 is a simple zero of b then q can be extended smoothly to the manifold G. More precisely it is easy to see that q (x, ξ, t) = tQ(x, tξ), Q ∈ C^∞ (T (M)) .

We have 2π ( H_⊥u^f ) 0 (x) = ∫ Ω_x dΩ_xH_⊥ τ (x,ξ)∫

0 f (γ(x, ξt)) dt =

= ∫ Ω_x dΩ_x τ (x,ξ)∫

0 a (x, ξ, t) b (x, ξ, t) ⟨∇f, Y ⟩ (x, ξ, t)dt =

= ∫ Ω_x dΩ_x τ (x,ξ)∫

0 a (x, ξ, t) b (x, ξ, t) ∂_θ[f (γ (x, ξt))]dt =

= − ∫ Ω_x dΩ_x τ (x,ξ)∫

0 q (x, ξ, t) f (γ (x, ξt)) dt =

= − ∫ D_x Q (x, η) f (γ (x, η)) dT_x,

where D_x = Exp^{−1}_x (M) and dT_x denotes the volume form on T_x(M). After the change of variables η → y = γ (x, η) we obtain integral operator with smooth kernel ( H_⊥u^f ) 0 (x) = (W f)(x) = ∫ M f (y) W (x, y) dM_y, where W (x, y) = −Q ( x, Exp^{−1}_x y ) det (Exp^{−1}_x )^′ (x, y) √ det g (x) √ det g (y) .

Notice, that in the case of constant Gaussian curvature W = 0, since q = 0 (and this does not depend on whether there are conjugate points).

We need the following Lemma in order to compute the adjoint of the operator W . We mean evenness and oddness with respect to the ξ variable.

Lemma 5.1. For any even function f ∈ L^2 (Ω (M)) and odd function h ∈ L^2 (Ω (M))

(If, Ih)_L2_{μ(∂+Ω(M))} = 0.

Proof. It is enough to prove this for smooth f, h. We have (If, Ih)_{Lμ(∂+Ω(M))} = ∫ ∂_+Ω(M) μIfIhdΣ.

The integral of a function over ∂Ω (M) is equal to the integral of its even part:

(If, Ih)_L2_{μ(∂+Ω(M))} = 2 ∫ ∂Ω(M) μu^f_+u^h_−dΣ.

Clearly Hu^f_+ = 0, Hu^h_− = 0.

Integrating the equality 0 = H(u^f_+u^h_−), we obtain 0 = ∫ ∂Ω(M) μu^f_+u^h_−dΣ = 1 2 (If, Ih)_L2_{μ(∂+Ω(M))} .

Proposition 5.2. W^∗h := (u^{H⊥h})_0.

is the adjoint of W in L^2(M).

Proof. For f, h ∈ C^∞_0 (M) we have (f, W^∗h) = 1 2π ( f, u^{H⊥h} ) = − 1 2π ( Hu^f , u^{H⊥h} ) = − 1 2π (If, IH_⊥h)_L2_{μ(∂+Ω(M))}+ 1 2π ( u^f , Hu^{H⊥h} ) . By Lemma 5.1 the first term of the last equation is zero. We obtain (f, W^∗h) = − 1 2π ( u^f , H_⊥h ) = 1 2π ( H_⊥u^f , h ) = ( (H_⊥u^f )_0, h ) = (W f, h) .

Clearly also W^∗ : L^2 (M) → C^∞ (M) is smoothing.

We denote below by (I_mf)^+, (I_mf)^−, m = 0, 1 the even and odd continuations of I_mf with respect to ξ.

Now we are in position to state our inversion results.

Theorem 5.1. Let (M, g) be a two-dimensional simple manifold. Then

f + W^2f = 1 2π δ_⊥I^∗_1 w, w = 1 2 α^∗H(I_0f)^−|_{∂+Ω(M)}, f ∈ L^2 (M) ,

h + (W^∗)^2 h = 1 2π I^∗_0 w, w = 1 2 α^∗H(I_1H_⊥h)^+|_{∂+Ω(M)}, h ∈ H^1_0 (M) ,

where W, W^∗ : L^2 (M) → C^∞ (M) . In the case of a manifold of constant curvature W = 0, W^∗ = 0.

Proof. Applying the Hilbert transform to the equality Hu^f_− = −f we conclude HH_−u^f = −W f. (5.1) The solution of the boundary value problem for the transport equation Hu = −f, u|_{∂+Ω(M)} = w is written in the form u = u^f + w_ψ.

Then H_−u^f = u^{W f} + w_ψ, (5.2) where w =^1_2 H(I_0f)^−|_{∂+Ω(M)}.

Applying the Hilbert transform to (5.1) we get HH^2u^f_− = − ( H_⊥Hu^f_− ) 0 . Since (u^f_−)_0 = 0, then H^2u^f_− = −u^f_− and we obtain (H_⊥Hu^f_−)_0 = f.

Applying the operator (H_⊥)_0 to (5.2) gives f + W^2f = (H_⊥w_ψ)_0 = 1 2π δ_⊥I^∗_1 w, w = 1 2 H(I_0f)^−|_{∂+Ω(M)}.

Since C^∞_0 (M) is dense in L^2 (M) then the equality above holds for all f ∈ L^2 (M). proving the first statement of Theorem 5.1.

Now we obtain an analogous identity for the case of vector fields. Assume for simplicity f = ∇_⊥h, h ∈ C^∞_0 (M) . We have Hu^{f1}_+ = −f_1, HHu^{f1}_+ = −Hh − H_⊥u^{f1}_0 . (5.3) From (5.3) it follows that h + Hu^{H⊥h}_+ = −u^{H⊥W ∗h} + w_ψ, where w = HI^+_1 (H_⊥h)|_{∂+Ω(M)}. Since (Hu)_0 ≡ 0, integration over Ω_x gives that h + (W^∗)^2 h = 1 2π I^∗_0 w, w = 1 2 H(I_1H_⊥h)^+|_{∂+Ω(M)}, Since C^∞_0 (M) is dense in H^1_0 (M) = {f ∈ H^1(M) : f|_{∂M} = 0} then this holds for all h ∈ H^1_0 (M) concluding the proof of the theorem.

References

[A] Yu. E. Anikonov, Some Methods for the Study of Multidimensional Inverse Problems for Differential Equations, Nauka, Sibirsk Otdel., Novosibirsk (1978), (Russian).

[AR] Yu. Anikonov and V. Romanov, On uniqueness of determination of a form of first degree by its integrals along geodesics, J. Inv. Ill-Posed Problems, 5(1997), no. 6, 487–480.

[G] V. Guillemin, Sojourn times and asymptotic properties of the scattering matrix. Proceedings of the Oji Seminar on Algebraic Analysis and the RIMS Symposium on Algebraic Analysis (Kyoto Univ., Kyoto, 1976). Publ. Res. Inst. Math. Sci. 12(1976/77), supplement, 69–88.

[H] S. Helgason, Groups and Geometric Analysis, Academic Press, 1984.

[Mu] R. G. Mukhometov, The reconstruction problem of a two-dimensional Riemannian metric, and integral geometry (Russian), Dokl. Akad. Nauk SSSR 232(1977), no. 1, 32–35.

[Pe] L. Pestov, Questions of well-posedness of the ray tomography problems, Sib.

Nauch. Izd., Novosibirsk (2003), (Russian).

[PU] L. Pestov and G. Uhlmann, Two dimensional compact simple Riemannian manifolds with boundary are boundary distance rigid, preprint (http://arkiv.org/math.AP/0305280), to appear Annals of Math.

[Sh] V. A. Sharafutdinov, Integral geometry of tensor fields, VSP, Utrech, the Netherlands (1994).

[SU] P. Stefanov and G. Uhlmann, Stability estimates for the X-ray transform of tensor fields and boundary rigidity, Duke Math. J., 123(2004), 445-467.