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AN INVERSE BOUNDARY VALUE PROBLEM FOR A SEMILINEAR WAVE
EQUATION ON LORENTZIAN MANIFOLDS

PETER HINTZ, GUNTHER UHLMANN, AND JIAN ZHAI

ABSTRACT. We consider an inverse boundary value problem for a semilinear wave equation on a
time-dependent Lorentzian manifold with time-like boundary. The time-dependent coefficients of
the nonlinear terms can be recovered in the interior from the knowledge of the Neumann-to-Dirichlet
map. Either distorted plane waves or Gaussian beams can be used to derive uniqueness.

1. INTRODUCTION

Let (M, g) be a (1 + 3)-dimensional Lorentzian manifold with boundary 0M, where the metric
g is of signature (—,+,+,+). We assume that M = R x N where N is a manifold with boundary
ON, and write the metric g as

g = —B(t,2)dt* + k(t, z'),

where z = (t,2') = (20, 2!, 2%, 23) are local coordinates on M; here, 3 : Rx N — (0, 00) is a smooth
function and k(t,-) is a Riemannian metric on N depending smoothly on ¢ € R. The boundary
OM = R x ON of M is then timelike. Let v denote the unit outer normal vector field to OM.
Assume that M is null-convex, which means that II(V,V) = g(Vyv,V) > 0 for all null vectors
V € T(OM); see [16] for a discussion of this condition. We consider the semilinear wave equation
on M

Ogu(x) + H(z,u(z)) =0, on M,
(1) Oyu(x) = f(x), on OM,
u(t,z’') =0, t <0,

where 0, = |det g|~'/29;(y/| det g|g’*0%) is the wave operator (d’Alembertian) on (M,g). We
assume that H(x, z) is smooth in z near 0 with Taylor expansion

H(w,2) ~ Y hp(x)2F, by € Co(M).
k=2

As Neumann data, we take f which are small in C"™*! for fixed large m. The Neumann-to-Dirichlet
(ND) map A is defined as

Af = ulom,
where u is the solution of (1). We will investigate the inverse problem of determining h;(x),
j=2,3,..., from A.

We remark that for the linear equation Lyu+ Vu = 0, the problem of recovering V' from the ND
map is still open in general. Stefanov and Yang [33] proved that the light ray transform of V' can
be recovered from boundary measurements; however, the invertibility of the light ray transform is
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still unknown on general Lorentzian manifolds. We refer to [28, 12, 37] for an overview and recent
results on the light ray transform.

In [24], the nonlinearity was exploited to solve inverse problems for a nonlinear equation where
the corresponding inverse problem is still open for linear equations. The starting point of the
approach is the higher order linearization, which we shall briefly introduce here. We take boundary
Neumann data of the form f = vazl € fi, where €;, i = 1,..., N are small parameters. Since A
is a nonlinear map, A(Zf\il €;fi) contains more information than {A(f;)}i=1,. ~: indeed, useful
information can be extracted from

oN x
-z A iJi |
O€1 -+ Oen leg==epn=0 <Z € f>

i=1
This higher order linearization technique has been extensively used in the literature [34, 18, 24, 30,
22,29, 8, 38, 7, 35, 5, 1, 4, 26, 27, 14, 20, 21, 25]

The recovery of nonlinear terms from source-to-solution map was considered in [30], where the
authors use the nonlinear interactions of distorted plane waves. The approach originated from
[24], and has been successfully used to study inverse problems for nonlinear hyperbolic equations
[30, 22, 29, 8, 38, 7, 35, 5]. For some similar problems, Gaussian beams are used instead of distorted
plane waves [23, 13, 36]. The two approaches are actually closely related; both enable a pointwise
recovery of the coefficients in the interior.

In this article, we will study the above inverse boundary value problem using both distorted
plane waves and Gaussian beams. The two approaches will be discussed and compared in the last
section.

To state our main result, recall that a smooth curve p : (a,b) — M is causal if g((s), i(s)) <0
and fi(s) # 0 for all s € (a,b). Given p,q € M, we write p < ¢ if p = g or p can be joined to ¢ by
a future directed causal curve. We say p < ¢ if p < ¢ and p # q. We denote the causal future of
p€ Mby Jt(p) ={q€ M :p<q} and the causal past of g € M by J (¢) ={p€ M : p < q}. We
shall restrict the ND map to (0,7') x ON, and correspondingly work in

v= U JwnJi (.
p,q€(0,T)xON

We assume that null geodesics in U do not have cut points.

Theorem 1. Consider the semilinear wave equations

Ogu(z) + H9 (z,u(x)) =0,  j=1,2.

Assume HY) (z, z) are smooth in z near 0 and have a Taylor expansion’

HO(z,2) ~ Y h(2)5,  n e c=(0).
k=2
If the Neumann-to-Dirichlet maps AU) acting on C8([0,T] x ON) are equal, AV = A?) | then
(@) =nP(x), zeU, k>2

The strategy of the proof is to send in distorted plane waves (or Gaussian beams) from outside
the manifold M (within a small extension M) and analyze contributions to the ND map from

IThe notation means that hgj)(x) =L 38; H9(2,0).
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nonlinear interactions in the interior of M as well as from subsequent reflections at the boundary
OM of M.

The rest of this paper is organized as follows. In Section 2, we establish the well-posedness of
the initial boundary value problem (1) for small boundary data. In Section 3, we use the nonlinear
interaction of distorted plane waves to prove the main theorem. In Section 4, we give another proof
of the main theorem using Gaussian beam solutions, assuming hs is already known. Finally, the
two approaches will be compared and discussed in Section 5.

2. WELL-POSEDNESS FOR SMALL BOUNDARY DATA

We establish well-posedness of the initial boundary value problem (1) in this section with small
boundary value f. We assume f satisfies the compatibility condition f = 8t =0 at {t =0}.

Fix m > 5. We assume f € C™"([0,T] x ON) and || fllem+1(jo,r1xon) < €0 for a small number
€0 > 0. We can find a function h € C™*1([0,T] x N) such that Ovh|jo,r)xon = f and

[hllem+1(o.11x vy < Cllfllem+1(o.17xan)-
Let w = u — h. Then u satisfies the equation
Oqu = F(z,u,h) := —04h — H(xz,u+ h),

supplemented with the boundary condition d,u = 0 on (0,7') x N and initial conditions u = %;‘ =0
at {0} x N. The above equation can be written in the form

Oyu = F(x,u,h), in (0,7) x ON,

(2) Oyu = 0, on (0,7) x ON,
ﬂ:%:o, ont=0.

This equation is of the form [6, equation (5.12)]. For R > 0, define Z(R,T') as the set of all
functions w satisfying

we (YW1 1 00), - ol = sup 3 Zuak Dllim-r < B
k=0 ©

We can write F(x,u, h) = .F + G(z,u, h)u where # = —Ojh — H(x, h) and
G(x,u,h) = /0Hxh+7‘u)d

Since H(z, z) is smooth in z, we have

m—1
sup Z |0FZ (t)|| grm—r—1 < C sup Z |0F.Z (t)]| om-r—1 < C'eq.
t€[0,T] 1. —o te[0,T] 1.2

Moreover, 0, H (x, z) vanishes linearly in z, hence we have

Glw,a,h) € () Wh((0,T); H"(N)), |IG(z. 3@ h)|z < C(Ih]z + [l z) < C'(eo + ||l )
k=0

for uw € Z(poy, T) with pg small enough.
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Given w € Z(po,T), consider first the linear initial boundary value problem

Oyu — G(z,w, h)w = F(x,h), te(0,T),
(3) 8y = 0, te(0,7),

~ ou

u(0) = E(O) = 0.
By [6, Theorem 3.1], there exists a unique solution @ € (L, C*([0,T]; H™*(N)) to (3), and it
satisfies the estimate

lillz < Cleo + eoll@llz + [[@]Z)e™ ™,

where C, K are positive constants depending on the coefficients of the equation. Denote .7 to be
the map which maps w € Z(pg,T') to the solution @ of (3). Notice that we can take pg small enough

and ¢y = %po such that
C(eo + €opo + pg)eKT < po-
Then .7 maps Z(po,T) to itself.
Now assume uj, j = 1,2, solve the equation
Ogu; — G(x,w;, h)w; = F(x,h), te (0,T)
u;(0) = 8;;(0) =0.
We have u; = Jw;, j = 1,2 and

O, () — ) = — </01 O, H(z, h + @ + (@) — @))df) (@) — o).

Then
| T w1 — Tiallz = |Jur — T2z < Cleo + po)e™T||wy — wal|z.

Choosing pg small enough such that C(eq+po)e*” < 1, the map .7 is a contraction. Consequently,
the equation (2) has a unique solution u in Z(pg,T"). Using [6, Theorem 3.1] again, we have

ue ﬁ ck (o, T]; H™*(N)).
k=0

In summary, we have shown:

Theorem 2. Let T > 0 be fized. Assume that f € C™H([0,T) x ON), m > 5, and f = 0,f =0 at
t = 0. Then there exists eg > 0 such that for || f|lcm < €0, there exists a unique solution

ue ﬁ ck ([0, T); H™*(N))
k=0

of equation (1). It satisfies the estimate

sup (07" Fu(t) | grm-r () < Cll fllem1(o.110m)5
te[0,7)

where C > 0 is independent of f.
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3. RECOVERY USING DISTORTED PLANE WAVES

In this section we will show how to recover hy, k = 1,2,... by using the nonlinear interaction
of distorted plane waves. First we extend the metric g on M smoothly to a slightly larger open
manifold M = Rt x N such that N is contained in the interior of N and thus M is contained in
the interior of M.

3.1. Notations and preliminaries. For p € M , denote the set of light-like vectors at p by
L,M = {¢ € T,M\ {0} : g(¢,¢) =0},

The set of light-like covectors at p is denoted by L;M . The sets of future and past light-like vectors

(covectors) are denoted by L} M and L, M (L;’JFM and L;’JFM ). Define the future directed light-
cone emanating from p by

L (p) = {mpet) e M: ¢ e LM, t >0} C M.

Distorted plane waves have singularities conormal to a submanifold of M and can be viewed
as Lagrangian distributions. We review them briefly, closely following the notation used in [30].
Recall that T*M is a symplectic manifold with canonical 2-form, given in local coordinates by
w = Z?Zl d¢; Adz’. A submanifold A C T *M is called Lagrangian if dim A = 4 and w vanishes on

A. For K a smooth submanifold of M. , its conormal bundle
N*K ={(z,0) eT*M :z € K, ((,0) =0, § € T,K}
is a Lagrangian submanifold of T*M.

Let A be a smooth conic Lagrangian submanifold of T* M \ 0. We denote by Z#(A) the space of

Lagrangian distributions of order p associated with A. Let Ag, A1 C T*M \ 0 be two Lagrangian
submanifolds intersecting cleanly, i.e.,

Tp,Ao N TpA1 = Tp(AO NA) VpeAgNA;.

We denote the space of paired Lagrangian distributions associated with (Ag, A1) by ZP!(Ag, Ay).
For more details, we refer to [31, 15].

Fix a Riemannian metric g+ on M. Given zg € M \ M, ¢ € L;OM, and sp > 0, put
on,(o,So = {77 € L;_OM : H?? - <0Hg+ < 30}7
K (20,0, 50) = {Vzo.n(s) € M : 7 € Wag ¢o,505 5 € (0,00)},
A0, €0, 50) = { (Voo (8), "0, (8)") € T*M; 17 € Wag o508 € (0,00),7 > 0}
Notice that K (zg, o, so) is a subset of codimension 1 of the light cone £*(z(), and
N*K (o, Co, 50) = Ao, Co, 50)-

By [24, Lemma 3.1], one can construct distributions ug € TH(M, A(zo, o, 50)) which on M satisfy
Ogup € C>*(M), and whose principal symbol is nonzero on (vz,.¢(5), Yzo.¢o (s)°). Thus, ug is a
nontrivial distorted plane wave propagating on the surface K (zg, (o, So)-

We consider four distorted plane waves

u; € TM(M, Mzj, &, 50)), 5 =1,2,3,4,
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which are approximate solutions of the linearized wave equation in M, that is, Oju; € C>°(M). Let
(4) Kj = K(zj,&,50),  Aj=Az;,&,80) = N'K;.
Assume that

(1) K;, Kj, i # j, intersect transversally at a co-dimension 2 submanifold K;; C M ;

2) K;, K;, Kg, t, j, k distinct, intersect at a co-dimension 3 submanifold K;;, C M;
J J
(3) K1, Ko, K3, K4 intersect at a point gy € M.

We use the notations

Aijj = N*Kyj, Ay = N*Kiju, Ago = To M\ 05

which are all Lagrangian submanifolds in 7M. For any I' C T*M, we denote by I'Y the flow-out
of ' N L*" M under the null-geodesic flow of g lifted to T*M.

We assume x; € (0,T) x N; we can take sg small enough so that u; is smooth near ¢ = 0. Denote
fi = Oyui|anr; then the solutions v; of the linear equations

Ogvi(x) = 0, on M,
oyvi(z) = fi(z), on OM,
vi(t’ y) = 0’ t < 07

are equal to u; modulo C*°(M). For N = 3 or 4, consider then
N

(5) f=> et
i=1

and denote v = Zfi 1 €vi. We write w = Q4(F) if w solves the linear wave equation
Oyw(xz) =F, on M,
dyw(zr) =0, on JdM,
w=0, t<O0.
The solution w to (1) is then given by the asymptotic expansion [30, (2.9)]

u =0 — Qg(hav?) + 2Qy (h2vQy (hav?) — 4Qy (h2vQy (havQqg(hav?)))
(6) - Qg(hQQg(h2U2)Qg(h2U2)) + 2Qg(h2UQg(h3U3)) - Qg(h?)“s) + 3Qg(h3U2Qg(h2U2))
- Qg(h4v4) + higher order terms in €1,...,€pn.
We will use the singularities from the terms in (6) to recover the coefficients of (1). Notice that
those terms involve nonlinear interactions of distorted plane waves vj, j = 1,..., N, and thus new
singularities can be created. Recovery of a Lorentzian metric from the source-to-solution map using

those newly generated singularities was first carried out in [24]. For recovery of the coefficients of
nonlinear terms, we refer to [30, 8].

3.2. Nonlinear interactions of three waves and recovery of h3 and hj. First, we will first
use three distorted plane waves, i.e. taking N = 3 in (5) and using Neumann data

3
=Y el
i=1
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with ¢; > 0, ¢ = 1, 2,3, small parameters. We will construct suitable sources f;, i = 1,2,3, and
denote by v; the corresponding distorted plane wave.

For any p € M and £ € Ly M define y(s) = y,¢(s) to be the geodesic such that (0) = p and
4(0) = &F. Define

sT(p, &) =inf{s > 0:7(s) € OM}, s (p,&) =sup{s<0:v(s) € OM}.
Fix a point gy € U. There exist £©, ¢ ¢ L;;ng such that
(7) 27 =7em (s (90, €M) € (0,T) x ON, 0 =7, ¢0) (s (q0,£V)) € (0,T) x ON.

Put vU) = Ygo.£+ J = 0,1 and denote z1 = 7D (57 (g, €M) — €) for € > 0 small; thus, z; € M\ M
lies just barely outside of M.

Choose local coordinates so that g coincides with the Minkowski metric at ¢g. Without loss of
generality, one can assume

g(o) = (—1’ —m, 7"'(),0), f(l) = (_17 17O7O>7

for some 7o € [—1,1]. Take a small parameter ¢ > 0 and introduce two perturbations of &)
5(2) = (_17 1_§27§30)) 5(3) = (_]-a 1_§2a_g70)'
Notice £3) ¢6) ¢ LZ’JFM. One can then write £(0) as a linear combination of £, ¢(2) £B)

€0 = a1 6™ + ase® + aze®),
with

VI3 /175 1112 LT 1+/1-12 1o

, Qo= , Q3= .
1-VI-& 2Tl VI—) 2% TP o1 -vI—) 2%
Denote b(rg) = 1+ /1 — r3. By direct calculation, and using the asymptotics v1 —¢2 =1— %gQ +
O(s*), we obtain

aq

|a1§(1) + a2£(2)|3 — 2b(T0)2§_2 + O(g_l),
1€ + aze® 2 = 20(r0)% 2 + OV,
|02€@ + B2 = —Ab(rg)’c 2 + O(c7H).

Therefore,

_ 3)|— _ 3
&M 4 a2§(2)’g 24 jone® 4 a3§(5)|g 2 4 opt® 4 0435(3)\9 2 — Wgz +0(?).

By taking ¢ small enough, the quantity

S ’aa(z)ga(z)) + (3£
c€eX(3)

-2

g*(qo0)

is nonvanishing; here, ¥(3) denotes the permutation group of {1,2,3}.

For j = 2,3, let 7) = 7, (;), and denote

2; =79 (s (q0,€W) —¢), j=2,3,
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for e > 0 small. Here, if we took € = 0, then we could choose ¢ small enough so that z; € (0,7)xIN;

fixing ¢ in this manner, we can then take € > 0 small enough so that z; € M\ M and t > 0 at x;
still. Now for 7 = 1,2, 3 denote

& = Ygoc (5 (00,€9)) =€) € Lyt M.
Use these (z,&;), 7 = 1,2,3, in (4) and denote associated distorted plane waves by
wj € TM(A,), j=1,2,3.
We note that 5(0) € N;Klgg.
Let u denote the solution of (1) with f = Zle € fi, and put

u(3) = 861 862 853 U‘61=€2 =e3=0-

We can then decompose

U =u +ul UP = —6Qe(hsvivavs), U =2 " Qulhave)Qhave(zyvees).
oc€eX(3)

Denote by @g = D;l causal (retarded) inverse of [, on M (no boundary!). Then

UG = YL YO = 6Q, (havrvavs) +2 Y Qylhave(1y@(have(ayvas))
oeX(3)

is the incident wave before reflection on the boundary. By [30, Proposition 2.1, 3.7], we know that
YBine ¢ I?’M%’f%(Am& Ady3),

away from U?:lA(i). Its principal symbol is as follows: given ¢ = af®) for some o € R, there exists
a unique decomposition ¢ = 2?21 ¢j with ¢; € NyKj (in fact, (; = aa ;€9 if (y,n) lies along the
forward null-bicharacteristic of [, starting at (qo,(), we have

(8)
3
oD U ) (y, ) = P UF) (5, m) = ~6(2m) 20 (Qg) (Y, 7, 40, Ohs(a0) [ ] o (v7) (a0, G5).

7j=1
We are particularly interested in this expression for y = xg.

Now, the solution U®) of the initial-boundary value problem can be written as the sum of the

incident wave U3¢ and wave U3 arising from reflection at M

Z/{(B) _ u(3),inc + u(3),ref.

The reflected wave vanishes prior to the intersection of supp U™ with the boundary M, and
in a small neighborhood of ¥, satisfies [, (3)ref — (0 with Neumann data 9,U®)ref = —g,4(3).inc,
Since, near y, U310 is a conormal distribution relative to the conormal bundle of a submanifold
transversal to M (due to the null-convexity assumption), so is U (3)ref "and the principal symbols
of their restrictions to M agree due to the Neumann boundary condition. (Indeed, following [33],
we have, microlocally near y,n, U3 = (27r)_3fei¢’°(z’9)a’(x,9) df for e = inc,ref and suitable
symbols a®, where the phase functions ¢°® solve the eikonal equation ]dgb'\g* = 0 with boundary
conditions ¢*(x,0) = -0, v € OM, and 9,¢*' = —9,¢™. The Neumann boundary condition

DU | 50r = 0 implies (9,¢™¢)a™ + (9,0 a™ = 0, thus o™ = o™ at M, as claimed.)
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Denote R(UB)) to be the trace of UGB on AM; this is an FIO of order 1 with canonical
relation

I'r ={(y,n,y,m) € (T*(OM) x T*M) \ 0;y, = y,n = nlr,om)}
For any (y,m) € T*(0M), there exists at most one outward pointing n € Ly M such that n =
nlr,@ar)- For such (y,m,y,n), the principal symbol o) (R)(y),my,y,m) is nonzero (cf. [10]). Then

1

50-(}0) (851862863A (elfl +eafo+ €3f3) |61Z€2:€3:0) (y|7 77|) = U(p) (R) (y\ T Y n)a(p) (uéi’)),inc)(y, 77)‘

We now show how to use this to recover hs from the principal symbol of Z/{(g e for j=1,2, let
ul) solve the equation (1) with H = HY) and d,ul) = f. Set

Z/[(g)vincvj — u(g ) IHC,] + Z/{( ) 11107]
By assumption, we have

861862863A ( )‘61 =€eg=€3= 0_861852863‘/\( )( )|61=62=63=0;

the above expression shows that this implies
oD U™ ) = 0P ™) (y,m)
(in particular for y = z0). By the explicit formula for o) (Ué3)’inc’j )(y,n) given by (8), we get
hs? (o) = b (qo).

Now we analyze

U1(3) =2 Z Qg(h2v5(1)Qg(h2vy(2)V0(3)))-
ceX(3)

Since hs has already been recovered, we can subtract its contribution to 4®); we can thus determine
Z/{l( )\aM Similarly to before, we write L{(?’) = L{( )sine + Z/l(3) ref where

),inc =9 Z Qg h21) Qg(hg’l)g(g)vg(g)))

ceX(3
is the incident wave and Z/{l( )7 s the reflected wave. By [30, Lemma 3.3, 3.4], we have
Qq(havivy) € TV ( Ay, Ay) + TH 1 (A, A).
Then by [30, Lemma 3.6 and Proposition 2.1]
UPHC € T3 (Aras, Adyy),

away from U3_; A;. By the calculation in [30], we have

oD U™ (y,n) = 2(21) 20D ( Q) (v, 110, Oh2(00)? | Y [Gora) + Coe)
o€eX(3)

p)

3
x [T (i) (0. ).

=1
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Therefore A = A®) implies o?) (Z/{l(?’)’inc’l)(y, n) =oc® (L{l(g)’inc’2)(y, 7). As shown above, the sum
-2
UGZ ‘CO’ + CO'(3) g*(p)

appearing here is nonvanishing; therefore,

(n8" (9)? = (h5” (p))2.

3.3. Nonlinear interactions of four waves and recovery of hy and hy. In this section, we
use nonlinear interaction of four distorted plane waves. Thus, we take N = 4 in (5) and consider

Neumann data
4
f=> cfi
i=1

Take x1, 29,3, 24 € M\ M in a neighborhood of z_, where x_ is as in (7) for some point gy € U;
suppose 7z, ¢; joins x; to qo. Take u; € TH(A(z;, &, 0)) and let f; = Oyuilons for i =1,2,3,4. One
can ensure that A; = Az, &, 80), i = 1,2, 3,4 satisfy the assumptions in Section 3.1.

In this section, we will use the notations
oW =uULiA; 0P =l Ay 0% = Ul A
KW =ulK; K®=u}_Kj; K®=uU!,_ K,
2=0WuetIyAa,.
Write
V) =0, 0y 0cy Ocytl ey —ez=eg=ea=0
= =4 Qq(h2vy(1)Qq(h2vs(2)Qq(h2vs(3) V(1))

oEeY
=) Qu(h2Qq(havy(1)vs(2)) Qa(h2vy(3)Vs(4))
oEX
+2)  Qq(havy1yQy(h3vs(2)Ve3) Vo)) + 3 Y Qa(havs(1)Ve(2)Qq(h2Vs(3)Vs()))
cEX cEN
— 24Qg(h41)11)21)31}4).

Assume YW = pine 4 pM)ref yhere PAine ig the incident wave, and V¥ is the reflected
wave. By [30, Proposition 3.11,3.12], we have

in 3 —_
V(4)’1 = I4“+2(A-go \ H)
with principal symbol

4
(9) o0 (V@) () = —24(2m) 35 (@) (9, 1, 40, Ol H )(07) (0, ),

for (y,m) € AJ, \ E and y € M. Here (y,n) is joined with (g, () by a null—blcharacteristic of Og,
and ¢ € LZ[fM has the unique decomposition { = 2?14 ¢; with (; € N*K;. Assume h(l) h 7& 0 at
qo. Denote K©®) = 7(©6)9) ¢ M. By taking so — 0, the set KN UK®) tends to a set of Hausdorff

dimension 2. Thus we can choose so small enough such that there exists ¢ € A, \ (01 UO®))
such that y € (0,7) x ON. But then

8618628638€4A(1)(f)’61:62263264:0 - 851862863(964/\(2) (f)’61:€2:63:64:0
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implies
AP VI, ) = o (V) )
By the explicit expression for o® (V®*):n¢:i)(y 1) given in (9), we obtain
1
hiY (ao) = 157 (ao).
With A4 thus recovered in U, we can determine
V{ZL) = V(4) + 24Qg(h4'l}11]21)3’l)4).

at the boundary (0,7) x ON. Here we use the fact that, by the finite speed of propagation,
Qg(hav1v203v4)|(0,7)xon depends only on the value of hyvivavzvs in J~((0,T) x ON) and v; vanishes
on M\ JT((0,T) x ON). Similar as the previous section, we can write V1(4) = V( pine 4 V( yref,

which is the sum of the incident wave and reflected wave. The microlocal property of V}4) e is

analyzed carefully in the proofs of [30, Proposition 3.11, 3.12]. We summarize the results that we
need in the following proposition.

Proposition 1. Assume (y,n) € AJ \ E is joined from (qo, () € Ay, by a null-bicharacteristic.
(1) If h3(qo) # 0, we have V{4)’inc € 14“7%(1&20 \ E) with principal symbol
o@D W) (y,m) = (27) " ha(g0)hs(00)G2() e (Qg) (w1, 1. 0, H o (v;)(q0, ),

7=1
where

3 2
20= 2 (ICU + @5+ (q0) €0(2)+€‘7(3)+€‘7(4)‘§*(l10)>'

cexX(4)

(2) If hs = 0 in a neighborhood of qo, we have V@’im € I4“_%(Ago \ 2) with principal symbol

4
@V ) = (27) P ha(00)° G5 (0P (Qe) (w1, 40, ) T 0@ (1) (40, G1).
j=1
where

4 1 1
G3(¢) = '
3(¢) 24 (!CJ(Q) +Co(3) + Co (@) o) \Ca(l) + CU(Q)‘Z*((IO)> 1Co(3) + o) 2 (g0

c€EX(4)

Now A®) = A@ implies
o@D VI (g, ) = @ (VIO (g, ).

Using Proposition 1, and the (generic) nonvanishing of G and Gs ([30, Proposition 3.12]), we now
have

1Y (qo)hS (q0) = RS (q0)hS” (o)
if hgj)(qo) # 0 or
(10) 8 (g0)® = 1S (qo)?.

if hgj ) vanishes near qo- For either case, we can obtain

h$Y (o) = B (q0),
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invoking the facts hgl)(qo)2 = hg)(qo)2 and hgl)(qo) = h:(f)(qo). If h:())j) vanishes at ¢y but not
nearby, then we are in case (10) at a sequence of points tending to ¢p, hence obtaining the equality

h;(;l)(QO) = hg(:,z) (go) = 0 by continuity.

3.4. Recovery of hy, k > 5. Finally, we recover hy for K = 5,6,..., using the interaction of three
waves. The coefficients hsg, h3, hy have already been determined above. Inductively, assume that all
hi, k < N —1 (N > 5), have already be recovered; we proceed to recover hy. Denote

M(N) - 8517_2852853“‘51:52:53:07
where w is the solution to (1) with f = Zg’:l € fi. We observe that
UN) = —N1Qg(hnvy "2vavs) + Ry (v1,v2,v3; ha, . . ., hv—1),

where Ry (v1,v2,vs;he,...,hy_1) depends on v1,v9,v3 and ha,...,hxy_1 only. We note here that
the singularities in Ry are very complicated. The Sobolev regularity of Ry was analyzed in [30,
Section 5] on boundaryless Lorentzian manifolds. We avoid the complication by using the inductive
procedure.

Now, hg,...,hny—_1 have already been recovered in U; moreoever, vy, vy, v3 (which vanish on
M\ J*((0,T)x ON)) are known; hence, Ry is known on (0,7) x N by finite speed of propagation.
Thus we can recover

Z/{éN) = —N!Qg(th{V_%gvg)

on the boundary (0,7") x ON from A. Assume L{éN) = Z/IéN) ne 4 UéN)’ref, where

UO(N)’inC = —N!@g(th{V_Qvgvg).
By [30, Lemma 5.1], we have vN =2 € Z#t(V=3)+3) (), with
oc® () —?) = (277)_§ o (vy) % P (v1) 5 -+ % 0P () = (271')_%14%]\[72).
N—2 factors, J\?r—?) convolutions

By [30, Lemma 3.3], vavg € ZHH* 1 (Ag3, Ag) + THHF1(Ags, A3), and then by [30, Lemma 3.6]

v "2ugu3 € I3“+(N_3)(“+%)(A123) away from U, A;.
By [30, Proposition 2.1], we have
U(SN)JHC € I3“+(N_3)(”+g)+%’_%(A123,Agzg) away from U_; A;,
with principal symbol
DU ()

11 Ne3 )~ _ ’
( ) = _N!(27T)_2_Ta(p)(Qg)(yan,QOaC)hN(QO)AgN 2)(QOaC1) H O'(p)(U])(qO’C])
=2

Similarly to before (and using the same notation),
66]\1[_2862863/\(1)(f)|61:62:63:0 = 8£Y_20€2863A(2)(f)|61:62:63:0

thus implies
oD UMM (y,m) = oD U (y, ).
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By the explicit formula for o) (Z/léN)’inC’j )(y,n) given by (11), we get
1 2
WY ) = B ().
This completes the proof of Theorem 1.

4. RECOVERY USING (GAUSSIAN BEAMS

13

In this section, we give an alternative approach to recover H, assuming ho is a priori known,
using Gaussian beam solutions to the linear wave equation. Such approach for nonlinear wave
equations have been undertaken in [23, 14, 32]. We note here that Gaussian beams have also been

used for various inverse problems [2, 3, 9, 19].

We still use higher order linearization of the Neumann-to-Dirichlet map A, but will obtain an
integral identity and use it to recover the parameters. Gaussian beams will be used in the integral
identity. A similar technique was applied to a nonlinear elastic wave equation in [36]. Higher order
linearizations of the Dirichlet-to-Neumann map and the resulting integral identities for semilinear

and quasilinear elliptic equations have been used in [34, 18, 1, 4, 26, 27, 14, 21, 20].
Let vj, 7 =1,2,..., solve
Ogv; =0 in (0,T) x N,
(12) Oyvj=f; on (0,T) x ON,
vj =0w; =0  on {t=0}.
Let vy be the solution to the backward wave equation
Ovp=0 in (0,7) x N,
(13) Oyvo = fo on (0,T) x ON,
vo=0wy=0 on{t=T}.

First let us recover hs. Take f = e1fi + eafo + e3f3, and let u solve (1). Denote U(123) =

ﬁ;aegukl:@:ﬁs:g, Ui = ae‘?;eju|ei:ej:0. Notice %u!eizo = v; and U solves
OUD 4 hy(z)vw; =0 i (0,T) x N
U =0 on (0,T) x ON,
U = gu =0 on {t =0}.
Applying ﬁ;aeg to (1) evaluated at at €; = €2 = €3 = 0, we get
U2 4 ha( Z yleal Vg (3) + 6h3(x)v1vev3 = 0

ceX(3

Integration by parts gives

63
De10e00en A av,
OM 861862863 e1=€e2=e3=0 (Glfl + 62f2 + 63f3)f0 9
(14) = / hzvivavzvg dVy + / ha(x) Z U(U(I)U(Q))Ua(g)vo dvy.
M M

o€eX(3)

we note here that by finite speed of propagation for solutions of the wave equation, the functions
v;,v; and thus also U9 vanish in M \ J*((0,T) x ON), i,5 = 1,2,3, and likewise vy vanishes
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in M\ J((0,T) x ON); therefore, our knowledge of hy in U is sufficient to compute the second
summand in (14). Therefore, we can recover

(15) / hzvivavzvg dVy.
M

We will use special solutions v, va, v3, vg in the above identity and thereby recover the coefficient
hs. Concretely, we shall use Gaussian beam solutions for the wave equation Lyv = 0 on M of the
form

o(x) = €7* @, (2) + Ry(a),

with a large parameter p. The phase function ¢ is complex-valued. The principal term e##(®)q(x)
is concentrated near a null geodesic v in the manifold R x N. The remainder term R, will vanish
rapidly as p — +o0.

Fermi coordinates on M. Assume « passes through a point p € M and joins two points v(7_)

and y(7+) on the boundary R x 9N. We will use the Fermi coordinates ® on M in a neighborhood
of y([r_,74]), denoted by (2" := 7,2%,22,23), such that ®(y(7)) = (7,0) (cf. [13, Lemma 1]). In
the Fermi coordinates the metric g has the form

3
gly = 2drdz! + Z dz® ® dz“,
a=2
and 0;g;i|y =0 for 4,7,k =0,1,2,3.
Construction of Gaussian beams. We will construct asymptotic solutions of the form u, =

a,e'”? on M with

N N\ N N

@ = Z or(r,2'),  a,(r,2) =x (‘?) Zp_kak(T, 2, ag(r,2) = Zakvj(T, 2')
k=0 k=0 j=0

in a neighborhood of ~,
(16) v={(r,/)eM:7¢ [T,—%,T++%],|Z/|<5}.

Here for each j, ¢; and ay ; are a complex valued homogeneous polynomials of degree j with respect
to the variables 2,7 = 1,2,3, and § > 0 is a small parameter. The smooth function x : R — [0, +0c0)
satisfies x(¢) = 1 for |t| < 1 and x(t) = 0 for [t| > 3. The parameter § is small enough to ensure
that a, = 0 near {t = 0}.
We have
Og(ape'??) = €% (p*(Sp)a, —ipTa, +Ogay),
(17) S = (dp,dp)y,
Ta = 2(dy,da)y — (Hgp)a.

We need to construct ¢ and a, such that

o° o° [C]
(18) 827@(8()0)(7-7 0) =0, 8,276(7-&0)(7-7 0) =0, (92’7@
for © = (0,01,02,03) with |©| < N. For more details we refer to [13]. Following [11], we take

Yo = 07 Y1 = Zla @2(7-7 Z) = Z H@J(T)ZZZJ
1<4,j<3

(—iTar + Ogap—1)(7,0) =0
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Here H is a symmetric matrix with SH(7) > 0; the matrix H satisfies a Riccati ODE,

d
(19) EH +HCH+D=0, 7€ (r-—57+5), H(0)= Hy, with SHg > 0,

where C', D are matrices with C11 =0, Cj;; =2,i=2,3, C;; =0,4 # j and D;; = %(ﬁfjgll).
Lemma 1 ([11, Lemma 3.2]). The Ricatti equation (19) has a unique solution. Moreover the

solution H is symmetric and S(H (1)) > 0 for all T € (17— — g, T+ + %) For solving the above Ricatti
equation, one has H(t) = Z(1)Y (7)™, where Y (7) and Z(7) solve the ODEs

%y(ﬂ —CZ(r), Y(0)="Yo,
% Z(r) = —D(N)Y(r), Z(0)=Yi = HoYo.

In addition, Y () is nondegenerate.
Lemma 2 ([11, Lemma 3.3]). The following identity holds:
det(S(H (7))| det(Y ())|* = co

with co independent of T.

We see that the matrix Y (7) satisfies

d? d
(20) S Y4+ODY =0, Y(0)=Yy, ~—Y(0)=CY.
dr? dr
As in [13], we have the following estimate by the construction of u, (cf. (18))
_ N+1—-k
1) Oyullean < Co. K =NEIER

Consider a point p € U, let z;, j = 0,1,2,3 be the points on (0,7") x N chosen in Section 3.2,
and v9) the null-geodesics passing through xj and go. Also § U) e LZ(’)JFM is the cotangent vector
to fy(j) at go. By the discussions in Section 3.2, there exits constant ;, j = 0, 1,2, 3 such that

(22) liof(o) + Hlf(l) + /izf(Q) + K3§(3) =0.
We construct Gaussian beams ugj ), 7 =0,1,2,3 as above of the form

() — Jikipe (5)
ul) =e al,

which is compactly supported in the neighborhood V of the null-geodeisc 49 (cf. (16)). The
parameter § can be taken small enough such that ugj ) = 8tu§;j ) —0att=0 for j =1,23 and
u,(oo) = 8tu§0) =0att="1T.

For j =1,2,3, we can construct a solution v; for the initial boundary value problem (12) of the

form v; = ugj ) + R,(Dj ), where the remainder term RE,I) is a solution of

O,RY = —Ogul)  on ON x (0,7),
d,RY) =0 on ON x (0,7T),

RE,j) :athﬂ =0 on {t = 0}.
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We note here that v; = (]) + R( 7 is the solution to (12) with boundary value f; = 8,,u£)j)|aM.
Invoking (21), the solution R;J ) satisfies the estimate

”R,S)j) | zer1any < Cp X

Using Sobolev embedding, we can choose K large enough such that
ntl_o

(23) IR lcan < Cp "2

(0)

Similarly, we can construct a solution to (13) of the form vy = u(o) + R,’. We only need to take

0)

the remainder term R,() to be the solution to the initial value problem

O, R = —Ogul)
8,RY) =0 on ON x (0,7),

R,(OO) = 8tR,()O) =0on {t =0}.

Now vy is the solution to (13) with g = 8,,u£,0)]3M.
Then by the estimate (23), the Neumann-to-Dirichlet map determines

z ,OniJrl h3'1}11)21)3’l)0 dVg
(24) s
n+1 0 1 2 3
=p 2 hs (k0O +r1oM +r203) gl ))ag?))pa,‘(ﬂ)p I(%)pa’(ﬁa)p AV, + O(p~ )

M
Lemma 3 ([13, Lemma 5]). The function

S = ko + K1oW + ko + k30

1s well-defined in a neighborhood of qy and

(1) S(qo0) = 0;
(2) VS(q0) =0;
(3) 3S(q) > cd(q,qo)? for q in a neighborhood of qo, where ¢ > 0 is a constant.
The product a,({%)pu,(ﬁll)pa,%)pa,(ﬁ?p is supported in a neighborhood of p. By the above lemma, and
applying stationary phase (cf., for example, [17, Theorem 7.7.5]) to (24), we have

o = ha(pay” (D)ag (P)ay” (P)ag” (p) + O(p™"),
for some explicit constant ¢ # 0. Hence the Neumann-to-Dirichlet map A determines hs(p).

Next we recover the higher order coefficients hg, k = 4,5,.... Recurswely, assume we have

already recovered hg,...,hx_1, N > 4, in U. To recover hN, take f = Zk 1 €k fr and apply

% to (1) evaluated at at e; = --- = ey = 0, we get the equation for /(12 N) = aqa gy U

N
U™ 4 Ry (vr, . ows b, hvoa) + Ny [ [ ok = 0 in N x (0, T),
k=1
AU N) =0 on ON x (0,7).
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By the recursive assumption, Ry (v1,...,vn,h1,...,hn—1) is already known. By integration by
parts, we have

aN
oM O€1 -+ Oen

N
A d
1= = =0 (; 6kfk> gdS,

:/ N!thl-"UNvodVg+/ RN(U1,...,1)N;h1,...,hN_l)vodVg.
M M

Thus, we can recover

(25) / hN’Uo’Ul"-’UN dVg
M

Take

0 i © (0
ué) — elRopy af(m)p7

ul) = (3i"””j”‘"(j)Cl,%)p7 j=12,

p
. . K (3) .
uff) = V2 a(i)3 o J= 3,...,N.
N-—-2
Take f; = o, |op, j=1,...,N, g= 8,,1),(00)|3M this time. Then we can recover

ntl i 3 — -
p | e el el el @ YRV, + 06,

Again applying stationary phase, we can recover hy(p).

5. DISCUSSION

We can see that ho is more difficult to recover than hy, k = 3,4, .... Indeed, we need to exploit
the interaction of four waves (associated with four future light-like vectors) in Section 3; three
light-like vectors are not sufficient. (And certainly not two: as pointed out in [30], the interaction
of two conormal waves does not produce new propagating singularities.)

The use of Gaussian beams avoids some involved microlocal analysis and simplifies the proof
substantially. In our problem, we are however unable to recover ho using Gaussian beams. This
suggests that the usage of distorted plane waves might be more powerful for certain types of
problems. Despite their difference, the two approaches recover hi for k > 3 in a very similar way.
They both choose solutions vy, ..., v such that vivs--- v is supported in a neighborhood of a
single point ¢o € U at which one wishes to determine h(qo).

Distorted plane waves and Gaussian beams can be constructed even when conjugate points exist.
In this paper, we assume that conjugate points do not exist for the sake of simplicity of exposition.
Since we prove that local recovery is possible, a layer stripping strategy can be applied if there are
conjugate points.
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