Introduction to Iwasawa Theory for Elliptic Curves

Ralph Greenberg

Contents

Introduction to Iwasawa Theory for Elliptic Curves 1 Preface 1 Chapter 1. Mordell-Weil Groups 3 Chapter 2. Selmer groups. 17 Chapter 3. Λ-Modules. 31 Chapter 4. Mazur’s Control Theorem. 45 Bibliography 55

3

IAS/Park City Mathematics Series Volume 00, 0000

Introduction to Iwasawa Theory for Elliptic Curves

Ralph Greenberg

Preface

This article is intended to be a fairly self-contained introduction to some of the ideas encompassed in the phrase ”Iwasawa Theory for Elliptic Curves.” Starting in the late 1950s, Iwasawa proved a number of results and formulated some important conjectures concerning the behavior of ideal class groups in a certain kind of tower of number fields - the tower of subfields of a Z_p-extension. Inspired by Iwasawa’s ideas, Mazur developed an analogous theory in the late 1960s and early 1970s. Mazur’s ideas are contained in his article Rational points of abelian varieties with values in towers of number fields [Ma1]. Around the same time, Manin wrote an article entitled Cyclotomic fields and modular curves [Man] which contains a simplified account of some of Mazur’s ideas, using the language and techniques of Galois cohomology. All along, one of the motivations was to provide an approach to studying the behavior of the Mordell-Weil group of elliptic curves (and, more generally, abelian varieties) and the conjecture of Birch and Swinnerton-Dyer.

The first really general result concerning the Birch and Swinnerton-Dyer conjecture was the famous Coates-Wiles theorem for elliptic curves with complex multiplication, also proved in the 1970s (in [C-W]). If E is such an elliptic curve defined over Q, Coates and Wiles prove that the Mordell-Weil group E(Q) must be finite if the Hasse-Weil L-function L(E/Q, s) does not vanish at s=1. Their approach was also inspired by results and conjectures of Iwasawa, but involves a rather different set of ideas than in Mazur’s theory. Through the 1980s, the special case of elliptic curves with complex multiplication was pursued by a number of people culminating in theorems of Rubin, the so-called “main conjectures” of Iwasawa Theory for imaginary quadratic fields, proved in [Ru1]. Several of Mazur’s conjectures are consequences of Rubin’s theorems, including conjectures 3.2 and 3.3 (stated in Chapter 3) if F/Q is abelian and conjecture 4.16 stated in Chapter 4, all under the assumption that the elliptic curve E has complex multiplication, is defined over Q, and has ordinary reduction at p. A more complete account of

1Department of Mathematics, Box 354350, University of Washington, Seattle, Washington, USA 98195–4350.

E-mail address: greenber@math.washington.edu.

© 0000 American Mathematical Society

2 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

the history of these ideas can be found in my article Iwasawa Theory - Past and Present [Gr3].

One of the central theorems proven in Mazur’s article [Ma1] is his Control theorem, which asserts that the Selmer group for an abelian variety behaves well Galois-theoretically in a Z_p-extension for any prime p where the abelian variety has good, ordinary reduction. This is also proven in Manin’s article [Man]. The goal of the present article is to give a somewhat different, and perhaps simpler proof of this theorem and to deduce various corollaries concerning the behavior of the Mordell- Weil group and the Tate-Shafarevich group in a Z_p-extension. We will restrict attention to the case of elliptic curves, although all of the arguments do work for abelian varieties. These results will be the subject of Chapter 4. The proof of the Control theorem (theorem 4.1) presented here is based on Galois cohomology, but differs from the proofs in the articles of Mazur and of Manin in that we avoid the use of a certain result concerning the behavior of the norm map on formal groups of height 1. Instead we use the fact that if E is an elliptic curve with good, ordinary reduction at a prime p, then the p-primary subgroup of the Selmer group for E over finite extensions of Q (and certain infinite extensions) has a very simple and elegant description in terms of the Galois cohomology for the group E[p^∞] of ppower torsion points on E. This description is essentially contained in theorems 2.4, 2.6, and 2.9 from Chapter 2. A proof of the Control theorem along the same lines can be found in my article Iwasawa Theory for Elliptic Curves [Gr2], which goes much further in discussing this whole topic. One also finds a variety of interesting examples in that article. In the present article, my intention is to provide a more approachable introduction than [Gr2].

Chapter 1 is a survey of results concerning the behavior of the Mordell-Weil group of an elliptic curve in various towers of number fields, including the tower of subfields of a Z_p-extension, but also some interesting towers of nonabelian extensions. The theme is closely related to the topic of Mazur’s ICM talk [Ma2]. But we also discuss one rather puzzling example concerning the Mordell-Weil groups of an elliptic curve of conductor 37 in the tower of subfields of a certain Galois extension with Galois group P GL_2(Z_p).

This article is an expanded form of the lectures that I gave at the Park City Mathematics Institute during the summer of 1999. I would like to thank the organizers of PCMI for the invitation to give those lectures. I am also grateful to many of the participants who provided interesting questions and comments. These definitely helped me in writing this article. I also would like to express my thanks to Adam Logan for his assistance at Park City in getting notes to the participants and handling the problem sessions and to Alexandra Nichifor, Jim Mailhot and Brian Conrad for carefully reading the manuscript and pointing out many inaccuracies.

CHAPTER 1 Mordell-Weil Groups

Let E be an elliptic curve defined over Q. Suppose that K is a finite extension of Q. The famous Mordell-Weil theorem states that the abelian group E(K) of K-rational points on E is finitely generated. That is, E(K) ∼= Z^r × T (1.1)

where r = rank_Z(E(K)) is a nonnegative integer and T = E(K)_{tors} is finite. Of course, this may fail to be true if K is an infinite extension of Q. For example, let Q denote the algebraic closure of Q in the complex numbers C . Then

E(Q )_{tors} = E(C )_{tors} ∼= (Q/Z)^2

(1.2)

which is certainly not finite. Also, the quotient group E(Q )/E(Q )_{tors} has infinite rank. More precisely, E(Q ) is a divisible group and so one can consider E(Q )/E(Q )_{tors} as a vector space over Q. It turns out that its dimension is infinite. This is equivalent to the statement that rank_Z(E(L)) is unbounded as L varies over all finite extensions of Q. A proof is outlined in exercises 1.5–1.8.

But there are infinite algebraic extensions K of Q such that E(K) is finitely generated. The following simple theorem (pointed out by B. Mazur in [Ma1]) gives a sufficient (and obviously necessary) condition for Galois extensions.

Theorem 1.3. Let K be a Galois extension of Q. Assume that E(K)_{tors} is finite and that rank_Z(E(L)) is bounded as L varies over all finite extensions of Q contained in K. Then E(K) is finitely generated.

Proof. Choose a finite extension L of Q contained in K such that rank_Z(E(L)) is as large as possible. Then E(K)/E(L) must be a torsion group. Suppose that P ∈ E(K). Then there exists an integer m ≥ 1 such that mP ∈ E(L). Let σ ∈ Gal(K/L). Then m(σ(P ) − P ) = σ(mP ) − mP = O_E . Therefore, σ(P )−P ∈ E(K)_{tors}. If t = |E(K)_{tors}|, then t(σ(P )−P ) = O_E . That is, σ(tP ) = tP for all σ ∈ Gal(K/L). This implies that tP ∈ E(L) for all P ∈ E(K). Hence we can define a homomorphism φ : E(K) → E(L) by φ(P ) = tP . The image of φ is finitely generated since it is a subgroup of E(L). The kernel of φ is just E(K)_{tors}. It follows that E(K) is indeed finitely generated.

4 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

Verifying the hypotheses of the above theorem is hard, especially the hypothesis concerning the behavior of rank_Z(E(L)). Here is one interesting and rather deep result, which is a consequence of theorems of K. Kato and D. Rohrlich. Theorem 1.4. Suppose that E is a modular elliptic curve. Let Σ be a finite set of primes. Then rank_Z(E(L)) is bounded as L varies over all finite, abelian extensions of Q which are unramified outside Σ.

Suppose that Σ = {p_1, . . . , p_n}. By the Kronecker-Weber theorem, the fields L in the above theorem are just the finite extensions of Q contained in K = Q(μ_p∞_1 , . . . , μ_p∞_n ), where, for any prime p, we let μ_p∞ denote the group of p-power roots of unity in Q . This field K is just Q^{ab}_Σ , the maximal abelian extension of Q unramified outside Σ. A theorem of K. Ribet [Ri] implies that E(Q^{ab}_Σ )_{tors} is finite. (His theorem is much stronger than this. It states that A(F Q^{ab} )_{tors} is finite, where F is any number field, A is an abelian variety defined over F , and Q^{ab} is the maximal abelian extension of Q.) Thus the hypotheses in theorem 1.3 are satisfied for K = Q^{ab}_Σ and one obtains the following consequence:

Theorem 1.5. Suppose that E is modular and that Σ is any finite set of primes. Then E(Q^{ab}_Σ ) is finitely generated.

One result which we will prove completely is the following theorem of B. Mazur (from [Ma1]). We will assume that K/F is a Z_p-extension. That is, K/F is a Galois extension and Gal(K/F ) ∼= Z_p, the additive group of p-adic integers. Since Z_p = Lim_{←−} Z/p^nZ, one could equivalently require that K = ⋃ n F_n, where F_n is a cyclic extension of F of degree p^n and F_n ⊂ F_{n+1} for all n ≥ 0. If E is an elliptic curve defined over a number field F , we let �_E (F ) denote the corresponding Tate- Shafarevich group (which will be defined in chapter 2), and �_E (F )_p denotes its p-primary subgroup. Here is Mazur’s theorem.

Theorem 1.6. Suppose that E is an elliptic curve defined over a number field F . Let p be a prime such that E has good, ordinary reduction at all primes of F lying over p. Assume that both E(F ) and �_E (F )_p are finite. Let K = ⋃ n F_n be a Z_p-extension of F . Then rank_Z(E(F_n)) is bounded for n ≥ 0.

The proof of this theorem is a good illustration of the ideas of Iwasawa theory, and will be one of the main goals of this article. The theorem will be a consequence (corollary 4.9) of Mazur’s “Control Theorem” (which is the main result of chapter 4) together with basic results about the structure of modules over a certain ring Λ (which will be the subject of chapter 3). But instead of studying Mordell-Weil groups directly, we study the behavior of Selmer groups which are introduced in chapter 2. The assumption that E has good, ordinary reduction at primes over p is crucial. To briefly recall the definition, suppose that v is a prime of F where E has good reduction and let ~E_v denote the reduction of E modulo v (so that ~E_v is an elliptic curve over the residue field f_v of v). Let p = char(f_v) and let f_v denote an algebraic closure of f_v . If ~E_v (f_v) has points of order p, then we say that ~E_v is ordinary and that E has ordinary reduction at v. Otherwise, we say that ~E_v is supersingular and that E has supersingular reduction at v.

If F is any number field and p is any prime, then there is one Z_p-extension of F which can be described explicitly. It is a subfield of F (μ_p∞ ). There is a canonical homomorphism χ : Gal(F (μ_p∞ )/F ) → Z^×_p

CHAPTER 1. MORDELL-WEIL GROUPS 5

defined in the following way: Let σ ∈ Gal(F (μ_p∞ )/F ). Suppose that ζ_pn is a primitive p^n-th root of unity. Then σ(ζ_pn ) = ζ^{un}_pn , where u_n ∈ Z and (u_n, p) = 1. (Each u_n is only well-defined modulo p^n.) It is easy to see that {u_n} is a Cauchy sequence in Z_p converging to a well-defined element u ∈ Z^×_p . We define χ(σ) = u. Then σ(ζ) = ζ^{χ(σ)} for all ζ ∈ μ_p∞ . (See exercises 1.1 and 1.2.) The homomorphism χ is continuous, injective, and its image has finite index in Z^×_p . Using the p-adic log, one sees that Z^×_p ∼= (Z/pZ)^× × Z_p if p is odd (or {±1} × Z_2 if p = 2). One can then show that im(χ) ∼= Δ × Γ, where Δ is a finite group and Γ ∼= Z_p. Therefore, there is a unique subfield F_∞ of F (μ_p∞ ) such that Gal(F_∞/F ) ∼= Γ ∼= Z_p. F_∞ is called the “cyclotomic Z_p-extension” of F .

If F is totally real, then it is conjectured that the only Z_p-extension of F is the one constructed above. This is known as Leopoldt’s conjecture. But if F is not totally real, then it turns out that there are infinitely many different Z_p-extensions of F . For example, if F is an imaginary quadratic field, then, for any prime p, there exists a Galois extension ~F of F which contains all Z_p-extensions of F and such that Gal( ~F /F ) ∼= Z^2_p. Thus Gal( ~F /F ) has infinitely many (in fact uncountably many) quotients isomorphic to Z_p, and each such quotient corresponds to Gal(F_∞/F ) for some F_∞. All of this can be proved by class field theory. There are two such Z_p-extensions F_∞/F which have the property that F_∞/Q is Galois. One of them is the cyclotomic Z_p-extension F^c_∞/F , and then Gal(F^c_∞/Q) ∼= (Z/2Z) × Z_p. In fact, F^c_∞ = F Q_∞ , where Q_∞ ⊂ Q(μ_p∞ ) is the unique Z_p-extension of Q. The other is the so-called anticyclotomic Z_p-extension F^{ac}_∞ /F which is characterized by F^{ac}_∞ = ⋃ n F^{ac}_n , F^{ac}_n ⊂ F^{ac}_{n+1}, where F^{ac}_n is Galois over Q and Gal(F^{ac}_n /Q) is isomorphic to the dihedral group of order 2p^n.

We can now state two more theorems, both of which are rather deep and will not be proven. (Their proofs are a combination of results of K. Rubin, D. Rohrlich, Gross-Zagier and myself.)

Theorem 1.7. Suppose that F is an imaginary quadratic field and that E is an elliptic curve defined over Q such that End(E) ⊗_Z Q ∼= F . Suppose that p is any prime and that F_∞ = ⋃ n F_n is a Z_p-extension of F . Assume that F_∞ ≠ F^{ac}_∞ . Then rank_Z(E(F_n)) is bounded for n ≥ 0.

Theorem 1.8. Suppose that F and E are as in theorem 1.7. Let p be a prime where E has good reduction. Let F^{ac}_∞ = ⋃ n F^{ac}_n be the anticyclotomic Z_p-extension.

(i) If E has supersingular reduction at p, then rank_Z(E(F^{ac}_n )) is unbounded as n varies.

(ii) Assume that E has ordinary reduction at p. If the Hasse-Weil L-series L(E/Q, s) has an odd order zero at s = 1, then rank_Z(E(F^{ac}_n )) is unbounded as n varies. But if L(E/Q, s) has an even order zero at s = 1, then rank_Z(E(F^{ac}_n )) is bounded for n ≥ 0.

What one can prove is actually quite a bit more precise. Assume first that E has ordinary reduction at p and that L(E/Q, s) has an odd order zero at s = 1. Then the rank of E(F^{ac}_n ) grows quite regularly and is given by the formula

rank_Z(E(F^{ac}_n )) = 2p^n + c.

(1.9)

for all sufficiently large n, where c is some constant. That is, the rank increases by exactly 2φ(p^n) at the n-th layer for all n ≫ 0. (Compare this with exercise 1.9.)

6 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

On the other hand, if E has supersingular reduction, one has

rank_Z(E(F^{ac}_n )) − rank_Z(E(F^{ac}_{n−1})) = ε_nφ(p^n)

(1.10)

for all sufficiently large n, where ε_n is either 0 or 2, depending just on the parity of n. That is, new points of infinite order appear in every other layer of the anticyclotomic Z_p-extension of F . More precisely, if L(E/Q, s) has an even order zero at s = 1, then ε_n = 0 for odd n and ε_n = 2 for even n (and n ≫ 0). The reverse holds when ord_{s=1}(L(E/Q, s)) is odd. We should remark that rank_Z(E(L)) must be even if L is any finite extension of F . This is simply because E(L) is a module over the ring R = End(E), this ring is an order in F and hence rank_Z(R) = 2, and therefore rank_Z(E(L)) = 2 rank_R(E(L)).

The above theorems suggest that there are some systematic patterns influencing the behavior of rank_Z(E(L)) as L varies over finite extensions of Q. The anticyclotomic Z_p-extension of an imaginary quadratic field seems to play a special role. This turns out to be related to the following group theoretic fact. If G is a dihedral group, then g and g^{−1} are conjugate elements for all g ∈ G. The same statement is true for projective limits of dihedral groups such as Gal(F^{ac}_∞ /Q), where F^{ac}_∞ is the anticyclotomic Z_p-extension of any imaginary quadratic field F (and for any prime p). Another profinite group with the property that g and g^{−1} are always conjugate is G = PGL_2(Z_p). (See exercise 1.11.) This group can also be realized as a Galois group. For example, let E be an elliptic curve defined over Q. For any prime p, let T_p(E) denote the Tate module for E and p. Thus, T_p(E) ∼= Z^2_p and Gal(Q /Q) acts continuously and Z_p-linearly on T_p(E). This gives a homomorphism

ρ = ρ_{E,p} : Gal(Q /Q) → Aut_{Zp}(T_p(E)) ∼= GL_2(Z_p).

There is also an induced homomorphism ~ρ : Gal(Q /Q) → PGL_2(Z_p). If we let M = Q^{ker(ρ)}, then Gal(M/Q) ∼= im(ρ). If E does not have complex multiplication (i.e., if End(E) = Z), then a theorem of Serre states that im(ρ) is of finite index in GL_2(Z_p) for all p, with equality for all but finitely many p. Thus, for sufficiently large p, Gal(M/Q) ∼= GL_2(Z_p), and M contains a subfield K = Q^{ker(~ρ)} such that Gal(K/Q) ∼= PGL_2(Z_p).

The symmetric groups S_n for n ≥ 1 also have the above conjugacy property, as well as any group of exponent 2. Suppose that G is any group with this conjugacy property. Then it is easy to see that the following property holds: If χ is the character of any finite dimension representation σ : G → GL_n(C ), then χ is realvalued. Conversely, if G is a profinite group with this property, then G also has the property that g and g^{−1} are conjugate for all g ∈ G.

If K is any finite Galois extension of Q, then there is a well-known factorization of the Dedekind zeta function ζ_K (s):

ζ_K (s) = ∏ χ L(χ, s)^{dχ} where χ runs over the characters of all irreducible representations of Gal(K/Q) over C and d_χ denotes the dimension of the corresponding representation. The factor L(χ, s) is the Artin L-function associated to χ (or to the C -representation it determines), which is defined by a certain Euler product. The well-known functional equation for ζ_K (s) relates the values ζ_K (s) and ζ_K (1 − s). The functional equation for L(χ, s) relates the values L(χ, s) and L(χ, 1 − s). Here χ is the character of

CHAPTER 1. MORDELL-WEIL GROUPS 7

Gal(K/Q) obtained by complex conjugation, which is also irreducible. If E is an elliptic curve defined over Q, then the Hasse-Weil L-function L(E/K, s) is conjectured to have an analytic continuation to the entire complex plane and to satisfy a functional equation relating the values L(E/K, s) to L(E/K, 2 − s). But one can define L-functions L(E/Q, χ, s) for every irreducible character χ of Gal(K/Q), again by a certain Euler product. One then has a factorization (which is proved by a formal calculation with the Euler factors): L(E/K, s) = ∏ χ L(E/Q, χ, s)^{dχ} (1.11)

where χ runs over the characters of the irreducible C -representations of Gal(K/Q) as before. There is a conjectural functional equation which relates L(E/Q, χ, s) to L(E/Q, χ, 2 − s). Let Λ(E/Q, χ, s) = A^s_χΓ(s)^{dχ} L(E/Q, χ, s), where A_χ is a certain positive constant. Then the conjectured functional equation is Λ(E/Q, χ, s) = w(E, χ)Λ(E/Q, χ, 2 − s) (1.12)

where the so-called root number w(E, χ) is a complex number of absolute value 1. If χ is real-valued, then χ = χ, and w(E, χ) = ±1. If one considers the power series expansion of Λ(E/Q, χ, s) about s = 1 (assuming the conjectured analyticity), it is easy to see that w(E, χ) = (−1)^{ords=1(L(E/Q,χ,s)}. In particular, if w(E, χ) = −1, then L(E/Q, χ, 1) = 0, and this would contribute at least d_χ to the order of vanishing of L(E/K, s) at s = 1.

If σ is the irreducible representation with character χ, then we can regard σ as a continuous, finite-dimensional, complex representation of G_Q. Every such representation σ factors through Gal(K/Q) for some finite, Galois extension K/Q. The definition of L(E/Q, χ, s) does not depend on the choice of K/Q.

The conjectures about L-functions and their analytic continuation even provide conjectural values for the root numbers. We will mention one useful formula. Let w_E denote the root number for L(E/Q, s). Thus w_E = (−1)^{ords=1(L(E/Q,s))}. Let N_E denote the conductor of the elliptic curve E (which is a product of certain powers of the primes where E has bad reduction). If σ is the representation of G_Q with character χ, let K_χ = Q^{ker(σ)}. Thus σ can be regarded as a faithful representation of Gal(K_χ/Q). We let N_χ denote the conductor of χ, which is a certain product of the primes ramified in K_χ/Q. Assume that (N_E , N_χ) = 1. Let δ_χ = det(σ), which can be regarded as a Dirichlet character. Then it turns out that w(E, χ) = δ_χ(−N_E )w^{dχ}_E . (1.13)

For a proof that the conjectural root number turns out to be given by (1.13), see proposition 10 in [Ro4]. It follows that under the hypothesis that (N_E , N_χ) = 1, the value of w(E, χ) depends only on δ_χ, N_E , w_E , and the parity of d_χ.

Suppose for example that d_χ = 1 so that χ can be regarded as a Dirichlet character whose conductor is relatively prime to N_E . The L-function L(E/Q, χ, s)

8 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

then has a simple description in terms of L(E/Q, s). If we write L(E/Q, s) as the

Dirichlet series^∞ ∑ n=1 a_nn^{−s}, then

L(E/Q, χ, s) = ∞∑ n=1 a_nχ(n)n^{−s}. It is only when χ is real-valued that the functional equation can force the function L(E/Q, χ, s) to vanish at s = 1. According to (1.13), the sign in the functional equation is then w(E, χ) = χ(−N_E )w_E .

Suppose that K is Galois over Q and G = Gal(K/Q) is dihedral of order 2n, where n is odd. The irreducible representations of G over C are all 2-dimensional except for the two which factor through G/G^′ ∼= Z/2Z. Let σ be any such 2- dimensional representation and let χ denote its character. Then χ is real-valued and δ_χ is the nontrivial character φ of Gal(F/Q), where F = K^{G′} is the unique quadratic field contained in K. Assuming that the primes dividing N_E are unramified in K/Q, the sign in the functional equation for L(E/Q, χ, s) is φ(−N_E ).

As another example, suppose that E^′ is an elliptic curve without complex multiplication whose conductor is relatively prime to the conductor of E. Let p be a prime. By Serre’s theorem, the representation ρ_E′ : G_Q → GL_2(Z_p) giving the action of G_Q on E^′[p^∞] is surjective for all but finitely many primes p. Let p be any such prime. Thus Gal(Q(E^′ [p^∞])/Q) ∼= GL_2(Z_p) and Q(E^′ [p^∞]) contains a subfield K such that G = Gal(K/Q) ∼= PGL_2(Z_p). (K is the field Q^{ker(~ρE′,p)}.) If χ is the character of an irreducible representation of G, then χ is real-valued. This follows from exercise 1.11. Also d_χ is even for all but finitely many χ’s, and δ_χ is one of the two characters of G/G^′ ∼= Z/2Z. The field F = K^{G′} is the unique quadratic

subfield of Q(μ_p∞ ) : F = Q (√ (−1)^{p−1}2 p ) . Each of these two characters occurs as

δ_χ for infinitely many χ’s. If d_χ is even, then w(E, χ) = δ_χ(−N_E). In particular, if (^{−NE}_p ) = −1 then both signs ±1 occur infinitely often in the functional equations for L(E/Q, χ, s), but if (^{−NE}_p ) = +1, then the signs are +1 (with finitely many exceptions) and so the functional equation will not force L(E/Q, χ, 1) to vanish.

All of these remarks are relevant to the behavior of the ranks of Mordell-Weil groups because of the Birch and Swinnerton-Dyer conjecture which states in part that, for any finite extension K of Q, we should have

rank_Z(E(K)) = ord_{s=1}(L(E/K, s)).

(1.14)

There is a refined version of this conjecture which is suggested by the factorization (1.11). Assume that K/Q is Galois and let G = Gal(K/Q). Then G acts on E(K) and one can consider the finite-dimensional representation space E(K) ⊗_Z C . Its dimension is rank_Z(E(K)). We have a decomposition as a direct sum of irreducible representations E(K) ⊗_ZC ∼= ⨁ χ V^{mχ(E)} χ (1.15)

where χ varies over the irreducible characters of G and V_χ denotes the underlying vector space for the corresponding representation of G. The multiplicities m_χ(E) are nonnegative integers which depend only on E and χ, and not on the choice of Galois extension K/Q. (See exercise 1.3.) If χ_0 is the character of the trivial

CHAPTER 1. MORDELL-WEIL GROUPS 9

representation of G, then m_{χ0} (E) = rank_Z(E(Q)). Also, if τ is any automorphism of the field Q(χ) generated by the values of χ, then the conjugate character χ^τ is the character of another irreducible representation of G and one can easily show that m_χτ (E) = m_χ(E) for all such τ. (This is exercise 1.4.)

If K/Q is a finite Galois extension, then it is clear that

rank_Z(E(K)) = ∑ χ d_χm_χ(E) (1.16)

where χ runs over the irreducible character of G = Gal(K/Q). Assuming analytic continuation, it is also clear from (1.11) that

ord_{s=1}(L(E/K, s)) = ∑ χ d_χ ord_{s=1}(L(E/Q, χ, s)). (1.17)

The refined version of the Birch and Swinnerton-Dyer conjecture states that m_χ(E) = ord_{s=1}(L(E/Q, χ, s)) (1.18)

for every irreducible character χ of G.

We can now say a little more about the proofs of some of the theorems stated earlier. If we use (1.16) for K = L, where L is any finite, abelian extension of Q unramified outside Σ, then theorem 1.4 amounts to the assertion that m_χ(E) = 0 for all but finitely many one-dimensional characters χ such that K_χ/Q is unramified outside Σ. Such χ’s can be identified with Dirichlet characters whose conductor is divisible only by primes in Σ. Therefore, theorem 1.4 is a consequence of the following two theorems.

Theorem 1.19 (Rohrlich [Ro1, Ro3]). Suppose that E is a modular elliptic curve and let Σ be a finite set of primes. Then L(E/Q, χ, 1) ≠ 0 for all but finitely many Dirichlet character χ whose conductors are divisible only by primes in Σ.

Theorem 1.20 (Kato [Ka]). Suppose that E is a modular elliptic curve and that χ is a one-dimensional character of Gal(K/Q) for some abelian extension K/Q. Assume that L(E/Q, χ, 1) ≠ 0. Then m_χ(E) = 0.

As a special case, let Q_∞ = ⋃ n Q_n be the cyclotomic Z_p-extension of Q, where p is any prime. Then theorem 1.4 implies that rank_Z(E(Q_n )) is bounded, which means that there is an integer n_0 = n_0(E, p) such that

rank(E(Q_n )) = rank(E(Q_{n0} ))

for all n ≥ n_0. Can n_0(E, p) be chosen independently of E and/or p? We know nothing about this question. But here are some examples.

(1) E : y^2 + xy = x^3 − 3x + 1 and p = 3. Then N_E = 34. It turns out that rank_Z(E(Q)) = 0, but rank_Z(E(Q_n )) = 2 for all n ≥ 1. For each of the two faithful characters χ of Gal(Q_1 /Q), we have m_χ(E) = 1. A point of infinite order on E(Q_1 ) is P = (β, −β) where β = ζ_9 + ζ^{−1}_9 and ζ_9 is a primitive 9-th root of unity. (Note: Q_1 is the maximal real subfield of Q(ζ_9 ) and is generated over Q by β.) It is easy to check that P ∈ E(Q_1 ). To see that it has infinite order, it is enough to verify that E(Q_1 )_{tors} = E(Q)_{tors} . Now E(Q)_{tors} also has order 2. (Cremona’s tables [Cr] give all of the needed data about this and other examples.) We must show that E(Q_1 )_{tors} also has order 2. Let η denote the unique prime of Q_1 lying above 3. The residue field of η is F_3 and one can verify that ~E(F_3 ) has order 6. But the reduction map E(Q_1 )_{tors} → ~E(F_3 ) is injective on the prime-to-3 torsion. (See proposition 3.1

10 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

in [Si1]. This standard result will also be very helpful in several exercises.) Also by exercise 1.13, one sees that the 3-primary subgroup of E(Q_1 )_{tors} is trivial and so E(Q_1 )_{tors} does indeed have order 2.

(2) E : y^2 + xy = x^3 − 115x + 392 and p = 2. Then N_E = 195. It turns out that E(Q) is finite (of order 8). Now Q_1 = Q( √ 2) and P = (0, 14 √ 2) ∈ E(Q_1 ).

But one can check that E(Q_1 )_{tors} still has order 8. (Consider the reduction of E at the primes of Q_1 lying over 2 and over 7.) Hence P must have infinite order. It turns out that rank(E(Q_1 )) = 1. Now Q_2 = Q_1 ( √ 1 + √ 2) and, with the assistance of a computer, one can explicitly find a point Q ∈ E(Q_2 ) such that T r_{Q2/Q1} (Q) = O_E . One can also verify that E(Q_2 )_{tors} = E(Q)_{tors} . (See exercise 3.11, where a proof that E(Q_∞ )_{tors} = E(Q)_{tors} is outlined.) Using these facts, it is not hard to show that Q and P are independent and that rank(E(Q_2 )) ≥ 3. For a more detailed discussion of this example, see [Gr2], pages 137-8, where it is shown that rank(E(Q_2 )) = 3 and that there is no further increase in the rank, i.e., rank(E(Q_n )) = 3 for all n ≥ 2.

Remark. According to a theorem of Rohrlich [Ro5], one can find examples of elliptic curves E such that rank(E(Q_n )) > rank(E(Q_{n−1} )) if [Q_n : Q] ≤ 9, i.e., if p = 2, n = 1, 2, or 3, p = 3, n = 1 or 2, and p = 5 or 7, n = 1.

Let Σ be a fixed finite set of primes, E a fixed elliptic curve defined over Q, and d a fixed positive integer. Theorem 1.4 suggests the following question. Let χ vary over all irreducible characters of Gal(Q_Σ /Q) such that d_χ = d. What can one say about the behavior of m_χ(E)? (Note: Q_Σ denotes the compositum of all finite extensions of Q unramified outside Σ. A continuous finite-dimensional representation σ : Gal(Q_Σ /Q) → GL_d(C ) must factor through a quotient group Gal(K/Q) for some finite Galois extension K of Q. We are letting χ vary over the characters of all such irreducible representations σ.)

Theorems 1.4, 1.19, and 1.20 concern the case where d = 1. Only finitely many χ’s will be real-valued. Thus theorem 1.19 really concerns the values L(E/Q, χ, 1) where χ ≠ χ and these values cannot be forced to vanish by the functional equations. If χ is real-valued, then theorem 1.20 is a result of Kolyvagin. In the special case where E has complex multiplication, then theorem 1.20 is a consequence of a theorem of Rubin (generalizing the Coates-Wiles Theorem proved in [C-W].

Let d = 2. There may be infinitely many χ’s such that d_χ = 2 and χ = χ. Suppose for example that Q_Σ contains an imaginary quadratic field F and let F^{ac}_∞ be the anticyclotomic Z_p-extension of F for some p ∈ Σ. Then F^{ac}_∞ ⊂ Q_Σ . (See exercise 1.14.) All the irreducible characters of Gal(F^{ac}_∞ /Q) will be real-valued and all but finitely many will be 2-dimensional. In light of theorems 1.19 and 1.20, it is natural to make the following tentative conjecture.

(1) Let χ vary over all irreducible 2-dimensional characters of Gal(Q_Σ /Q) such that χ ≠ χ. Then L(E/Q, χ, 1) ≠ 0 and m_χ(E) = 0 for all but finitely many such χ’s.

As for the real-valued characters, the following conjecture seems natural (but also very tentative.)

(2) Assume that E does not have complex multiplication. Let χ vary over all irreducible 2-dimensional characters of Gal(Q_Σ /Q) such that χ = χ. Then, for all but finitely many such χ’s, (a) L(E/Q, χ, 1) ≠ 0 and m_χ(E) = 0 if w(E, χ) = +1, and (b) L^′(E/Q, χ, 1) ≠ 0 and m_χ(E) = 1 if w(E, χ) = −1.

CHAPTER 1. MORDELL-WEIL GROUPS 11

Virtually nothing is known to support these conjectures. It may suffice to allow χ to vary over irreducible representations of any fixed dimension d, but as a later example will show, some restriction on d_χ is necessary at least for the second conjecture.

Theorem 1.7 is a consequence of the first conjecture (and is really the only supporting evidence we have). Suppose that E satisfies the hypotheses in that theorem. If F_∞ is the cyclotomic Z_p-extension of the imaginary quadratic field F , then the conclusion of theorem 1.7 follows from theorem 1.4 and is valid for any modular elliptic curve. If F_∞ is any other Z_p-extension of F (except F^{ac}_∞ ), then F_n will not be Galois over Q for n ≫ 0. Nevertheless it is possible to factor L(E/F_n, s) as a certain product of L-functions of the form L(E/Q, χ, s) for suitable irreducible characters χ of Gal(K/Q), where K is a Galois extension of Q containing F_n. Also, rank_Z(E(F_n)) can be expressed as the corresponding sum of the quantities m_χ(E). The χ’s which occur here will mostly be the characters of the irreducible 2- dimensional representations of G_Q induced form the 1-dimensional representations ρ of G_F which factor through Gal(F_n/F ). With finitely many exceptions, we will have χ ≠ χ and so the first conjecture above would imply that L(E/Q, χ, 1) is nonzero and m_χ(E) = 0 for all but finitely many such χ’s. One can actually prove these statements (assuming E has complex multiplication by F ) and deduce that rank(E(F_n)) is indeed bounded.

Theorem 1.8 is somewhat different, but is still an illustration of the same philosophy. The difference is that if χ is an irreducible character of dimension 2 for the dihedral group Gal(F^{ac}_n /Q) and if E has complex multiplication by F , then L(E/Q, χ, s) can itself be factored in a natural way as a product of two L-functions and it is the signs in the functional equations for these L-functions which explain the results stated in theorem 1.8. This is the so-called “exceptional case” in the terminology of Mazur’s ICM talk [Ma2] on this topic.

The next example was a real surprise to me. The possibility of such an example was suggested by L. Howe. Let E be the elliptic curve defined by the equation

E : y^2 + y = x^3 − x.

(1.21)

Then E has conductor 37. (There are four elliptic curves of conductor 37, falling into two isogeny classes. We could take E to be any of these curves for this example.) Let E^′ be the elliptic curve defined by the equation

E^′ : y^2 + xy + y = x^3 + x^2 − 8x + 6.

(1.22)

The conductor of E^′ is 1225. The special property that this elliptic curve has is that it admits an isogeny defined over Q of degree 37. That is, there is another elliptic curve E^{′′} defined over Q (whose equation we won’t bother to write down) and a Q-isogeny φ : E^′ → E^{′′} such that Φ = ker(φ) has order 37. The elliptic curve E^′ doesn’t have complex multiplication and so Serre’s theorem implies that Gal(Q(E^′ [p^∞])/Q) ∼= GL_2(Z_p) for all but finitely many primes p. Pick one such prime (except p = 2 or p = 37). As mentioned earlier, Q(E^′ [p^∞]) then contains a subfield K such that Gal(K/Q) ∼= PGL_2(Z_p) and every irreducible character χ of Gal(K/Q) is real-valued. Note that N_E = 37 and N_χ is a product of the primes 5, 7, and p. Hence (N_E , N_χ) = 1 and so (as discussed earlier), we have w(E, χ) = δ_χ(−37)w^{dχ}_E . (For the above choice of E, we have w_E = −1.) Assume now that (^{−37}_p ) = +1. Then w(E, χ) = +1 for all irreducible characters χ of Gal(K/Q) which have even dimension (which means all but four). Thus one might guess that L(E/Q, χ, 1) ≠ 0 and m_χ(E) = 0 for all but finitely many such χ’s and

12 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

therefore that rank(E(L)) is bounded as L varies over the finite extensions of Q contained in K. Using exercise 1.12 and theorem 1.3, one would then conclude that E(K) is finitely generated. But this turns out not to be so. One can in fact construct many points on E(K) by using the projection map π_0 : X_0(37) → E.

Suppose more generally that E is any elliptic curve defined over Q and that there is a curve X defined over Q of genus at least 2 together with a nonconstant rational map π : X → E, also defined over Q. The

following lemma is quite useful for systematically constructing points on E.

Lemma 1.23. Let K be a Galois extension of Q such that only finitely many primes of Q are ramified in K/Q. Assume that E(K)_{tors} is finite and that X(K) is infinite. Then rank(E(L)) is unbounded as L varies over the finite extensions of Q contained in K.

Proof. Assume to the contrary that E(L) has bounded rank. Then, by theorem 1.3, there is a finite extension L of Q contained in K such that E(K) = E(L). Now by a theorem of Faltings (formerly known as the Mordell Conjecture), X(L) is finite. But X(K) is infinite and so we can pick a point x ∈ X(K) such that x ∉ X(L). Then π(x) ∈ E(K) = E(L). Also, for any g ∈ Gal(K/L), we have π(g(x)) = g(π(x)) = π(x). That is, if we let P = π(x), then {g(x)}_{g∈Gal(K/L)} ⊂ π^{−1}(P ). Let n = deg(π). Then π^{−1}(P ) has at most n elements. (One can think of the map π : X(C ) → E(C ) as an n-sheeted covering of Riemann surfaces.) It follows that, for every x ∈ X(K), [L(x) : L] ≤ n. Thus [L(x) : Q] is bounded and L(x)/Q can be ramified only at primes in the fixed finite set of primes ramified in K/Q. By a well-known theorem of Hermite, there can only be finitely many possibilities for the field L(x) as x varies over X(K). Hence there must be a finite extension L^′ of L contained in K such that X(K) = X(L^′). But this contradicts the theorem of Faltings.

To apply this lemma to the example, we take X to be the curve defined by the modular equation f_{37}(x, y) = 0. For any N, the modular polynomial f_N (x, y) is an element of Z[x, y], irreducible over C , such that the solutions over C of the equation f_N (x, y) = 0 are the points of the form (j(z), j(Nz)). Recall that j(z) is defined for all z in the upper half-plane H and is just the j-invariant of the elliptic curve E^′ = C /(Z1 + Zz)Ω, where Ω is any nonzero complex number. The isomorphism class of an elliptic curve over C is determined by its j-invariant. Now E^{′′} = C /(Z1 + ZNz)Ω has j-invariant j(Nz), and the pair (E^′, E^{′′}) could be any pair of elliptic curves connected by a cyclic isogeny of degree N. Thus if X is defined by f_N (x, y) = 0, then the points on X(K) correspond to such pairs where E^′ and E^{′′} are both defined over K. The curve X is birationally equivalent over Q to the curve X_0(N) and hence has the same genus.

Let N = 37 and let E^′, E^{′′} be as specified earlier. (E^′ is defined by the equation (1.22) and E^{′′} = E^′/Φ where Φ has order 37.) Both E^′ and E^{′′} are defined over Q. Now let Π be any cyclic subgroup of E^′[p^∞] of order p^m where m ≥ 1. Let E^′_Π denote the elliptic curve E^′/Π which is defined over the field Q(E^′ [p^∞]). Let g ∈ Gal(E^′[p^∞]/K). Then g acts on E^′[p^∞] as a scalar and so g(Π) = Π. That means that the j-invariant of E^′_Π is fixed by g and so belongs to K. Since p ≠ 37, φ(Π) is a cyclic subgroup of E^{′′}[p^∞] of order p^m. Letting E^{′′}_Π = E^{′′}/φ(Π), we have that E^{′′}_Π is also defined over K. Obviously E^′_Π and E^{′′}_Π are related by an isogeny

CHAPTER 1. MORDELL-WEIL GROUPS 13

of degree 37 and so the pair (E^′_Π, E^{′′}_Π) corresponds to a point on X defined over K. These are all distinct points for different choices of Π. (Here is a sketch of the reason. Suppose that Π_1 and Π_2 are cyclic subgroups of E^′[p^∞] of order p^m. If (E^′_{Π1} , E^{′′}_{Π1} ) and (E^′_{Π2} , E^{′′}_{Π2} ) correspond to the same point of X, then E^′_{Π1} and E^′_{Π2} have the same j-invariant and so there would be an isomorphism ε : E^′_{Π1}^∼→ E^′_{Π2} defined over C . For i = 1, 2, let φ_i : E^′ → E^′_{Πi} be the natural isogeny with kernel Π_i and let ^φ_i denote the dual isogeny. Then ^φ_2 ∘ φ_2 and ^φ_2 ∘ ε ∘ φ_1 are both in End(E^′) and have the same degree (namely p^{2m}). Since End(E^′) = Z, we have ^φ_2 ∘ φ_2 = p^m and ^φ_2 ∘ ε ∘ φ_1 = ±p^m, which implies that φ_2 = ±ε ∘ φ_1 and hence Π_1 = Π_2.) Therefore, X(K) is indeed infinite.

Now only 5, 7, and p are ramified in K/Q. By exercise 1.12, E(K)_{tors} is finite. Also, as we mentioned above, X is birationally equivalent to X_0(37) over Q, which is known to have genus 2, and composing a rational map from X to X_0(37) with π_0 gives a nonconstant rational map π : X → E defined over Q. Hence lemma 1.23 implies that E(K) has infinite rank. Thus, if E, K, and p are as above (including the hypothesis that (^{−37}_p ) = +1), then as χ varies over the irreducible characters of Gal(K/Q) such that d_χ is even (all but finitely many), the root numbers w(E, χ) should all be +1, ord_{s=1}(L(E, χ, s)) should be even, m_χ(E) should be positive for infinitely many χ’s, and therefore the conjecture in (1.18) asserts that infinitely many of the functions L(E, χ, s) should have at least a double zero at s = 1. For each such χ, m_χ(E) should be at least 2 (and even).

In the case where (^{−37}_p ) = −1, L. Howe has systematically calculated the root numbers w(E, χ) in [Ho]. Interestingly, it turns out that these roots numbers are still +1 for those characters χ where m_χ(E) is positive because of the contribution of the points constructed above. But those points only contribute 1 to m_χ(E), although this multiplicity should again be even. Furthermore, assuming just that m_χ(E) ≥ 1 when w(E, χ) = −1, he finds the following lower bound for rank(E(L_m)), where L_m is the subfield of K (or of Q(E^′ [p^m])) such that Gal(L_m/Q) ∼= PGL_2(Z/p^mZ):

rank_Z(E(L_m)) ≥ p^{2m} − p^{2m−1} − p − 1.

Note for comparison that [L_m : Q] = (p^2 − 1)p^{3m−2}. The above method for constructing points on E(K) was first exploited by M. Harris (in [Ha]) who proves that those points will make a contribution to rank_Z(E(L_m)) of (p + 1)p^{m−1} + O(1) as n → ∞. All of these remarks and results show that there is a serious discrepancy between what the root number calculations might suggest for the ranks and what explicit, systematic constructions give.

Another interesting example to consider is the following. Let E be the same elliptic curve as before (defined in (1.21)), but now we take E^′ to be defined by the equation y^2 = x^3 − x. Then E^′ has conductor 32 and is an elliptic curve with complex multiplication. In fact, End(E^′) ∼= Z[i], where i corresponds to the automorphism (x, y) → (−x, iy) of E^′. Now 37 = (6 + i)(6 − i) in Z[i]. Let φ ∈ End(E^′) correspond to 6 + i. Then φ is an isogeny of E^′ to itself defined over F = Q(i) and its kernel is a subgroup of E^′(Q ) of order 37. Thus (j(E^′), j(E^′)) is a point on X(Q), where X is again the curve defined by f_{37}(x, y) = 0. If p ≠ 37, then just as before, for every cyclic subgroup Π of E^′[p^∞] of order p^m, we obtain a pair of elliptic curves E^′_Π = E^′/Π and E^{′′}_Π = E^′/φ(Π). (Note that E^′_Π and E^{′′}_Π are not necessarily isomorphic.) Then (j(E^′_Π), j(E^{′′}_Π)) is a point on X

14 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

defined over Q(E^′ [p^∞]) and, for the same reason as before, is actually defined over K = Q^{ker(~ρE′ )}, where ρ_E′ : G_Q → Aut(T_p(E^′)) gives the action of G_Q on the Tate module T_p(E^′) (and equivalently on E^′[p^∞]). As before, ~ρ_E′ is the corresponding projective representation. We have Gal(K/Q) ∼= im(~ρ_E′ ), which is isomorphic to a subgroup of P GL_2(Z_p). This time im(~ρ_E′ ) is much smaller and is not even of finite index in P GL_2(Z_p).

We can consider T_p(E^′) as a module over the ring R_p = End(E^′) ⊗_ZZ_p and the action of ρ_E′ (g) on T_p(E^′) is R_p-linear for every g ∈ G_F . Now rank_{Rp} (T_p(E^′)) = 1. From these facts, one can deduce that ρ_E′ (G_F ) is isomorphic to a subgroup of R^×_p and hence is abelian. That is, Gal(F (E^′[p^∞])/F ) is abelian. According to exercise 1.16, we have F ⊂ ~F ⊂ Q(E^′ [p^∞]) and F ⊂ F^{ac}_∞ ⊂ K, where ~F is the compositum of all Z_p-extensions of F (so that Gal( ~F /F ) ∼= Z^2_p) and F^{ac}_∞ is the anticyclotomic Z_p-extension of F . Furthermore, [K : F^{ac}_∞ ] < ∞. K is a union of dihedral extensions of Q and if χ is the character of an irreducible 2-dimensional representation of Gal(K/Q), then δ_χ is the nontrivial character of Gal(F/Q) and so w(E, χ) = δ_χ(−37) = −1. That is, ord_{s=1}(L(E, χ, s)) is odd and m_χ(E) should be positive for all such χ. Using lemma 1.23, we can at least say that E(K) has infinite rank. (Exercise 1.10 implies that E(K)_{tors} is finite. It is not hard to show that there are infinitely many distinct j-invariants j(E^′_Π) as Π varies (although it is possible for E^′_{Π1} and E^′_{Π2} to be isomorphic over C for distinct Π_1, Π_2). It follows that X(K) is infinite.) Therefore, m_χ(E) is positive for infinitely many χ’s.

It is interesting to apply lemma 1.23 to K = Q^{ab}_Σ , where Σ is any finite set of primes. Combined with theorem 1.5, we get the following result.

Theorem 1.24. Suppose that X is a curve defined over Q with genus at least 2. Suppose also that there is a nonconstant rational map π : X → E defined over Q, where E is a modular elliptic curve. Then X(Q^{ab}_Σ ) is finite.

The hypotheses are satisfied for example when X is defined by x^4 + y^4 = 1, which has genus three and is a two-sheeted covering of the elliptic curve E defined by y^2 = 1 − x^4.

Exercises.

In the following exercises, E denotes a fixed elliptic curve defined over Q.

1.1. Suppose that A is any p-primary, abelian group. Let z ∈ Z_p. Then z = Lim_{n→∞} z_n for some sequence {z_n} of integers. Show that if a ∈ A, then there exists an integer n_0 such that a^{zn} = a^{zn0} for all n ≥ n_0. Show that if we define a^z = a^{zn0} , then A becomes a Z_p-module. If A is given the discrete topology, show that the map Z_p × A → A defined by (z, a) → a^z is continuous. (If we use additive notation for A, then we would of course write za.)

1.2. Suppose that A ∼= (Q_p /Z_p)^r for some r ≥ 1. Prove that the automorphism group of A is isomorphic to GL_r(Z_p). (Two interesting examples are A = μ_p∞ and A = E[p^∞].)

1.3. Let K/Q be a finite Galois extension. Let H be a subgroup of G = Gal(K/Q) and let L = K^H . The inclusion E(L) ⊂ E(K) induces a C -linear map E(L) ⊗_ZC → (E(K) ⊗_ZC )^H .

CHAPTER 1. MORDELL-WEIL GROUPS 15

Prove that this map is an isomorphism.

Suppose now that H is a normal subgroup of G and that σ : G → GL_d(C ) is an irreducible representation such that H ⊂ ker(σ). Then σ can also be regarded as an irreducible representation σ^′ of G/H = Gal(L/Q). Show that the multiplicity of σ^′ in the (G/H)-representation space E(L) ⊗_ZC is the same as the multiplicity of σ in the G-representation space E(K) ⊗_ZC .

1.4. Let K/Q be a finite Galois extension. For every irreducible character χ of Gal(K/Q), define m_χ(E) as in the text. (See (1.15).) Prove that if τ is any automorphism of the field Q(χ) generated by the values of χ, then χ^τ is another irreducible character of Gal(K/Q) and m_χτ (E) = m_χ(E). (Note: It is conjectured that ord_{s=1}(L(E/Q, χ^τ , s)) = ord_{s=1}(L(E/Q, χ, s)). Even in the case that d_χ = 1, this is only known if ord_{s=1}(L(E/Q, χ, s)) ≤ 1.)

1.5. Let K denote the compositum of all quadratic extensions of Q. Prove that E(K)_{tors} is finite.

1.6. Prove that there exist infinitely many quadratic fields F with the property that rank_Z(E(F )) > rank_Z(E(Q)). (Hint: E is defined by an equation of the form y^2 = f(x), where f(x) ∈ Q[x] and has degree 3. If p is any sufficiently large prime, show that p is ramified in F/Q, where F = Q (√ f(^1_p ) ) , that E(F )_{tors} = E(Q)_{tors} , and that rank_Z(E(F )) > rank_Z(E(Q)).)

1.7. Let K be a Galois extension of Q such that Gal(K/Q) ∼= (Z/2Z)^n for some n ≥ 1. Prove that

rank_Z(E(K)) = rank_Z(E(Q)) + ∑ F rank_Z(E(F )/E(Q))

where F varies over all quadratic subfields of K.

1.8. Let K denote the composition of all quadratic extensions of Q. Show that E(K) has infinite rank.

1.9. Let F_∞ be any Z_p-extension of a number field F . Let F_n denote the n-th layer (so that Gal(F_n/F ) is cyclic of order p^n). Prove the congruence rank_Z(E(F_n)) ≡ rank_Z(E(F_{n−1})) (mod φ(p^n)).

1.10. Let F be an imaginary quadratic field. Let L be any finite extension of F and let K = F^{ac}_∞ L, where F^{ac}_∞ is the anticyclotomic Z_p-extension of F for any prime p. Prove that E(K)_{tors} is finite. (Hint: First show that any prime of F which is inert in F/Q must split completely in F^{ac}_∞ /F .)

1.11. Let G = PGL_2(Z_p) where p is any prime. Show that for all g ∈ G, g and g^{−1} are conjugate in G. This implies that the character of any finite dimensional representation of G over C is real-valued. (Hint: If A ∈ GL_2(Z_p), show that A and B = det(A)A^{−1} are conjugate in GL_2(Z_p) by considering the equation XA = BX

for X = [ x y z −x ] .) 1.12. Suppose that E^′ is an elliptic curve defined over Q. Let p be any prime. Suppose that ~ρ_E′ : G_Q → PGL_2(Z_p) is as described earlier. Let K = Q^{ker(~ρE′ )}. Show that if E^′ has good, supersingular reduction at a prime l ≠ p, then the residue field for any prime of K lying above l is finite. N. Elkies has proven that

16 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

infinitely many such primes exist. Let E be any elliptic curve/Q (or even any abelian variety). Deduce that E(K)_{tors} is finite.

1.13. Let F_∞/F be a Z_p-extension. Assume that E is an elliptic curve defined over F . Prove that if E(F )_{p-prim} = 0, then E(F_∞)_{p-prim} = 0.

1.14. Let F_∞/F be a Z_p-extension. Suppose that λ is a prime of F and λ ∤ p. Show that λ is unramified in F_∞/F . (Hint: Let L be any finite abelian extension of F in which λ is tamely ramified. Show that the ramification index for λ in L/F divides N(λ)−1. What can the corresponding inertia subgroup of Gal(F_∞/F ) be?)

1.15. Suppose that F_∞/F is a Z_p-extension. We can write E(F_∞)_{tors} = A × B, where A is the subgroup of elements whose order is relatively prime to p and B is E(F_∞)_p-_{prim}. Assume that E has good reduction at p. Prove that A is finite. Show by example that B can be infinite. (Hint: For the first assertion, show that at least one prime of F lying over p is ramified in F_∞/F . For the second assertion, try E : y^2 = x^3 − x, p ≡ 1 (mod 4), and F = Q(i)(E[p]).

1.16. Let R_p = End(E^′)⊗_ZZ_p, where E^′ is the elliptic curve y^2 = x^3 −x considered at the end of this section and p is any prime. Show that R^×_p ∼= Z^2_p × Δ, where Δ is a finite group. Show that M = F (E^′[p^∞]) cannot be just a finite extension of F (μ_p∞ ) (which is a subfield). Deduce that ~F is a subfield of M and [M : ~F ] < ∞. Deduce that Q(E^′ [p^∞]) contains F and that M = Q(E^′ [p^∞]). If K = Q^{ker(~ρE′ )}, show that K contains F^{ac}_∞ and that [K : F^{ac}_∞ ] < ∞.

CHAPTER 2 Selmer groups.

Let K be any algebraic extension of Q. Suppose that E is an elliptic curve defined over K. One of the principal ways in which one studies the Mordell-Weil group E(K) is by using Galois cohomology. Fix n ≥ 2. Then there is a natural injective homomorphism of E(K)/nE(K) into H^1(G_K , E[n]) which is called the Kummer map. If K is a finite extension of Q, then H^1(G_K , E[n]) turns out to be an infinite group. (See exercise 2.10.) But one can show that the image of E(K)/nE(K) under the Kummer map is contained in a certain finite subgroup of H^1(G_K , E[n]) (called the n-Selmer group). In that way, one proves the weak Mordell-Weil theorem which asserts that E(K)/nE(K) is finite when [K : Q] < ∞. Using the theory of heights one then proves the Mordell-Weil theorem:

E(K) ∼= Z^r × T for some r ≥ 0 and some finite group T .

So then E(K)/nE(K) ∼= (Z/nZ)^r × T/nT and, if one knows the structure of the n-Selmer group, one would be able to give an upper bound on r.

In these notes we will consider all n’s at once, replacing E(K)/nE(K) = E(K) ⊗_Z (Z/nZ) by the direct limit E(K) ⊗_Z (Q/Z) and the n-Selmer group by a certain subgroup Sel_E (K) of H^1(G_K , E(Q )_{tors}) which is called the Selmer group for E over K. It fits into an exact sequence

0 → E(K) ⊗_Z(Q/Z) → Sel_E (K) → �_E (K) → 0

where �_E (K) is the so-called Tate-Shafarevich group for E over K. (�_E (K) is a certain subgroup of H^1(G_K , E(Q )) which we will also soon define.) Now E(K) ⊗_Z(Q/Z) ∼= (Q/Z)^r and therefore knowing the structure of Sel_E (K) would give an upper bound on r.

We will give two equivalent definitions of Sel_E (K). After that, the main objective of this chapter will be to describe an alternative definition for the p-primary subgroup of Sel_E (K) which involves only the Galois module E[p^∞]. (For any prime p, E[p^∞] = ⋃ m E[p^m] is the p-primary subgroup of E(Q )_{tors}.) This alternative definition will be valid under the hypothesis that E has good, ordinary reduction at all primes of K lying over p. We will adopt the more usual notation for Galois cohomology groups, writing H^i(L, ·) in place of H^i(G_L, ·) and H^i(K/L, ·) in place of H^i(Gal(K/L), ·) if K/L is a Galois extension.

18 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

First Definition: We define the Tate-Shafarevich group �_E (K) by

�_E (K) = ker ( H^1(K, E(K)) −→ ∏ v H^1(K_v , E(K_v )) )

where v runs over all primes of K, archimedean and nonarchimedean. If K is a finite extension of Q, then K_v is the completion of K at v. If K is an infinite algebraic extension of Q, then K_v denotes the union of the completions at v of all finite extensions of Q contained in K. Thus K_v is always either R or C or an algebraic extension of Q_l (for some prime l). The map defining �_E (K) is defined by using the restriction maps H^1(K, E(K)) −→ H^1(K_v, E(K_v )) noting that E(K) ⊂ E(K_v) and G_{Kv} can be identified with a subgroup of G_K . (These identifications depend on choosing an embedding K → K_v consistent with the natural map K → K_v. But the choice doesn’t matter.) To define Sel_E (K), consider the map λ : H^1(K, E(K)_{tors}) −→ H^1(K, E(K)) arising from the inclusion E(K)_{tors} ⊂ E(K). This map is surjective. (The reason for this is that the cokernel of the map λ is isomorphic to a subgroup of H^1(K, E(K)/E(K)_{tors}). This group is trivial because E(K)/E(K)_{tors} is a uniquely divisible group.) Finally, the Selmer group is defined by Sel_E (K) = λ^{−1}(�_E (K)).

(2.1)

Second Definition: This is based on Kummer theory for E. Let L be a field of characteristic zero. Classical Kummer theory gives an isomorphism L^×/(L^×)^{n ∼}→ H^1(L, μ_n) for any n ≥ 1, where μ_n denotes the group of n-th roots of unity in L. Taking the direct limit, one obtains an isomorphism

κ : L^× ⊗_Z(Q/Z)^∼−→ H^1(L, (L^×)_{tors}).

Of course, (L^×)_{tors} is just the group of roots of unity in L^×. The map is defined as follows. Suppose that α = a⊗r ∈ L^×⊗_Z(Q/Z), where a ∈ L^× and r =^m_n +Z ∈ Q/Z. Since L^× is a divisible group, we can choose b ∈ L^× such that b^n = a^m. Define φ_α : G_L → (L^×)_{tors} by φ_α(g) = g(b)/b for all g ∈ G_L. Then the cohomology class [φ_α] in H^1(L, (L^×)_{tors}) is well-defined and one defines κ(α) = [φ_α].

The injectivity of κ is not hard to prove. The surjectivity is a consequence of Hilbert’s Theorem 90: H^1(L, L^×) = 0. If L is any finite extension of Q, then it is easy to see L^× ⊗_Z(Q/Z) is isomorphic to a countably infinite direct sum of copies of Q/Z. Thus H^1(L, (L^×)_{tors}) is quite big.

If E is an elliptic curve defined over L, then E(L) is also a divisible group. Imitating Kummer theory for the multiplicative group L^×, one defines the Kummer homomorphism κ : E(L) ⊗_Z(Q/Z) −→ H^1(L, E(L)_{tors})

CHAPTER 2. SELMER GROUPS. 19

in the same way: Let α = P ⊗ r ∈ E(L) ⊗_Z(Q/Z), where P ∈ E(L) and r =^m_n + Z. Choose Q ∈ E(L) such that nQ = mP . Define a 1-cocycle φ_α : G_L → E(L)_{tors} by φ_α(g) = g(Q) − Q for all g ∈ G_L. Then [φ_α] is well-defined and one defines κ(α) = [φ_α]. It is not hard to verify that the following sequence (which is called the Kummer sequence) is exact:

0 −→ E(L) ⊗_Z(Q/Z)^κ−→ H^1(L, E(L)_{tors})^λ−→ H^1(L, E(L)) −→ 0.

(2.2)

If K is an algebraic extension of Q, we will use the Kummer sequence for L = K and also for the completions L = K_v where v is any prime of K. In the following commutative diagram, the vertical maps are defined in obvious ways and the rows are exact.

0 � E(K) ⊗ (Q/Z)^κ � a_v � H^1(K, E(K)_{tors})^λ � b_v � H^1(K, E(K)) � c_v � 0

0 � E(Kv ) ⊗ (Q/Z)^{κv} � H^1(K_v , E(K_v )_{tors})^{λv} � H^1(K_v, E(K_v)) � 0

Suppose that [φ] ∈ H^1(K, E(K)_{tors}). According to the first definition, [φ] ∈ Sel_E (K) if and only if c_v ∘ λ([φ]) = 0 for every prime v of K. Clearly, this is equivalent to requiring that b_v([φ]) ∈ im(κ_v ) for all v. Therefore, we obtain the second definition of the Selmer group:

Sel_E (K) = ker ( H^1(K, E(K)_{tors}) → ∏ v (H^1(K_v, E(K_v)_{tors})/ im(κ_v )) ) . That is, if [φ] ∈ H^1(K, E(K)_{tors}), then

[φ] ∈ Sel_E (K) if and only if [φ|_{GKv} ] ∈ im(κ_v )

for every prime v of K.

Let p be a prime. The p-primary subgroup of Q/Z is isomorphic to Q_p /Z_p. Therefore, for any field L, the p-primary subgroup of E(L)⊗(Q/Z) can be identified with E(L)⊗(Q_p /Z_p). We will now let κ and κ_v denote the global and local Kummer maps restricted to the p-primary subgroups: If K is any algebraic extension of Q, we have

κ : E(K) ⊗ (Q_p /Z_p) → H^1(K, E[p^∞]), κ_v : E(K_v) ⊗ (Q_p /Z_p) → H^1(K_v, E[p^∞]).

The p-primary subgroup of Sel_E (K) is

Sel_E (K)_p = ker ( H^1(K, E[p^∞]) → ∏ v H^1(K_v, E[p^∞])/ im(κ_v ) ) . (2.3)

Here v runs over all primes of K. Everything in this definition, except possibly im(κ_v), depends just on the G_K -module E[p^∞]. Most of the rest of this chapter concerns describing im(κ_v ) in a way which also involves just the Galois module E[p^∞].

The first remark to be made is that im(κ_v) is divisible. This is obvious since E(K_v) ⊗ (Q_p /Z_p) is divisible. If v ∤ p, we will show that E(K_v) ⊗ (Q_p /Z_p) = 0 and so im(κ_v ) = 0. That is, if [φ] ∈ H^1(K_v, E[p^∞]), then the local condition at v defining Sel_E (K)_p is simply that [φ|_{GKv} ] is trivial in H^1(K_v, E[p^∞]).

20 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

Theorem 2.4. (i) Suppose that E is an elliptic curve defined over an algebraic extension K_v of Q_l where l is a prime, l ≠ p. Then E(K_v) ⊗ (Q_p /Z_p) = 0. (ii) Suppose that E is an elliptic curve defined over K_v = C or K_v = R. Then E(K_v) ⊗ (Q_p /Z_p) = 0.

Thus, whenever v ∤ p, we have im(κ_v ) = 0.

Proof. Part (ii) is rather easy. Since K_v = R, E(K_v) ∼= S or S × Z/2Z, where S = R/Z. Now S is divisible by p and so S ⊗ (Q_p /Z_p) = 0. Also, if T is any finite group, then T ⊗ Q_p /Z_p is easily seen to be trivial. Hence E(K_v) ⊗ (Q_p /Z_p) = 0. If K_v = C , then E(K_v) ∼= S × S and so again we have E(K_v ) ⊗ (Q_p /Z_p) = 0.

Now assume that K_v is a finite extension of Q_l , where l is a prime, l ≠ p. There is a theorem of E. Lutz (Proposition 6.3 of [Si1]) which states that E(K_v ) ∼= Z^{[Kv:Ql]}_l × T where T is a finite group. Since l ≠ p, Z_l is p-divisible, and therefore we have Z_l⊗(Q_p /Z_p) = 0. Again, T ⊗(Q_p /Z_p) = 0, and it follows that E(K_v)⊗(Q_p /Z_p) = 0. If K_v is an infinite algebraic extension of Q_l , then we have K_v = ⋃ L_v, where L_v runs over all finite extensions of Q_l contained in K_v. Since E(L_v) ⊗ (Q_p /Z_p) = 0 for each such L_v, it clearly follows that E(K_v ) ⊗ (Q_p /Z_p) = 0 too.

If K_v is an algebraic extension of Q_p , then the situation is considerably more subtle. Suppose first that K_v is a finite extension of Q_p . Then the theorem of Lutz states that E(K_v) ∼= Z^{[Kv:Qp]}_p × T, where T is a finite group. Since Z_p ⊗ (Q_p /Z_p) ∼= Q_p /Z_p, we have

im(κ_v ) ∼= E(K_v) ⊗ (Q_p /Z_p) ∼= (Q_p /Z_p)^{[Kv :Qp]}.

(2.5)

In contrast, it turns out that

H^1(K_v , E[p^∞]) ∼= (Q_p /Z_p)^{2[Kv :Qp]} × (a finite group).

Using a terminology that we define later, we would say that im(κ_v) has Z_p-corank [K_v : Q_p ] and that H^1(K_v, E[p^∞]) has Z_p-corank 2[K_v : Q_p ].

Assume that E has good, ordinary reduction at v. Thus, the reduction of E at v is an elliptic curve ~E defined over the residue field k_v for v and ~E(k_v ) has elements of order p. More precisely, it turns out that ~E[p^∞] ∼= Q_p /Z_p. There is a reduction map E(K_v ) → ~E(k_v) which is equivariant for the action of the Galois groups: G_{Kv} acts on E(K_v) in the obvious way. There is a natural homomorphism G_{Kv} → G_{kv} whose kernel is the inertia subgroup I_{Kv} of G_{Kv} , and G_{Kv} acts on ~E(k_v) through the above homomorphism together with the obvious action of G_{kv} on ~E(k_v ). In particular, there is a natural G_{Kv} -equivariant homomorphism π : E[p^∞] → ~E[p^∞]. It is known that π is surjective and ker(π) ∼= Q_p /Z_p. The action of G_{kv} on ~E[p^∞] is given by a character ψ : G_{kv} → Z^×_p . We can regard ψ as a character of G_{Kv} which is trivial on I_{Kv} . The action of G_{Kv} on ker(π) is given by a character φ : G_{Kv} → Z^×_p .

Thus the action ρ_E of G_{Kv} on E[p^∞] is “triangular”, that is ρ_E = [ φ ∗ 0 ψ ] . The

action of G_{Kv} on μ_p∞ is also given by a character χ : G_{Kv} → Z^×_p and the Weil pairing implies that det(ρ_E ) = χ. Hence φψ = χ.

CHAPTER 2. SELMER GROUPS. 21

We will denote ker(π) by F[p^∞]. The motivation for this notation is that there is a certain formal group F associated to E, the kernel of the reduction map E(K_v ) → ~E(k_v ) coincides with the group F(m_v ) of the formal group (where m_v is the maximal ideal in the ring of integers of K_v ), and ker(π) is just the p-primary subgroup of F(m_v ). In fact, for the proof of Lutz’ theorem, one uses the logarithm for the formal group F to compare F(m_v) with a compact subgroup of the additive group of K_v.

Consider the map ε_v : H^1(K_v, F[p^∞]) → H^1(K_v , E[p^∞]) which is induced by the inclusion F[p^∞] ⊂ E[p^∞]. Here is the promised description of im(κ_v ).

Theorem 2.6. Assume that K_v is a finite extension of Q_p and that E has good, ordinary reduction at v. Then im(κ_v) = im(ε_v)_{div}.

Proof. Recall that im(κ_v) is isomorphic to (Q_p /Z_p)^{[Kv :Qp]}. To prove theorem 2.6, all we have to show is that im(κ_v) ⊆ im(ε_v) and that im(ε_v) is isomorphic to (Q_p /Z_p)^{[Kv :Qp]}× (a finite group). The first statement is not hard to prove. The exact sequence 0 → F[p^∞] → E[p^∞] → ~E[p^∞] → 0 induces an exact sequence of cohomology groups H^0(K_v, E[p^∞]) −→ H^0(K_v , ~E[p^∞])

H^1(K_v, F[p^∞])^{εv}−→ H^1(K_v, E[p^∞])^{πv}−→ H^1(K_v, ~E[p^∞])

H^2(K_v, F[p^∞]).

Thus im(ε_v ) = ker(π_v ) and so the inclusion im(κ_v) ⊂ im(ε_v) would follow if we show that π_v ∘ κ_v is the zero map. Let [φ] ∈ im(κ_v ). Then there exists a Q ∈ E(K_v) so that φ(g) = g(Q) − Q for all g ∈ G_{Kv} . Denote the image of Q under the reduction map E(K_v ) → ~E(k_v) by ~Q, we have π_v ([φ]) = [ ~φ] ∈ H^1(K_v, ~E[p^∞]) where ~φ(g) = g( ~Q) − ~Q for all g ∈ G_{Kv} . That is ~φ is a 1-coboundary for ~E(k_v); its cohomology class is trivial in H^1(K_v, ~E(k_v )). But ~E(k_v ) is a torsion group and therefore its p-primary subgroup ~E[p^∞] is a direct summand. Hence it is clear that ~φ is a 1-coboundary for ~E[p^∞], and so [ ~φ] = π_v ([φ]) is indeed trivial. This proves that im(κ_v) ⊂ im(ε_v).

Since im(κ_v ) is divisible, we must just show that [im(ε_v):im(κ_v )] is finite to prove theorem 2.6. Some terminology will be helpful. Let A be any p-primary abelian group. We can regard A as a Z_p-module. (See exercise 1.1.) We put the discrete topology on A. Then its Pontryagin dual ^A = Hom_{cont}(A, Q_p /Z_p) is a compact Z_p-module. (See exercise 2.1.) We say that A is a cofinitely generated Z_p-module if ^A is finitely generated as a Z_p-module. We then define corank_{Zp}(A) to be the rank of ^A as a Z_p-module. Thus, if A is cofinitely generated as a Z_p-module, then ^A ∼= Z^r_p ×T for some r ≥ 0 and some finite group T . Therefore, A ∼= ^A must be isomorphic to (Q_p /Z_p)^r × ^T and has Z_p-corank r. Then A_{div} ∼= (Q_p /Z_p)^r (which we then say is Z_p-cofree) and [A : A_{div}] < ∞.

22 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

By (2.5), it follows that im(κ_v ) is Z_p-cofree and has Z_p-corank [K_v : Q_p ]. We must explain why im(ε_v) is Z_p-cofinitely generated and has the same Z_pcorank. Now the order of ker(ε_v) is bounded above by the order of the finite group H^0(K_v , ~E[p^∞]) = ~E(k_v )_p. Hence it suffices to show that H^1(K_v, F[p^∞]) is Z_p-cofinitely generated and has Z_p-corank [K_v : Q_p ]. We will base the proof of this on some theorems of Tate concerning Galois cohomology over local fields. However, in chapter 3 we will give a self-contained proof of what we need by using standard techniques of Iwasawa theory.

Suppose that A is a discrete G_{Kv} -module and that A ∼= (Q_p /Z_p)^r as a Z_pmodule. Here is a helpful but nontrivial result. We include also the case where K_v is a finite extension of Q_l with l ≠ p. The notation ^A(1) refers to the Tate twist: ^A(1) = Hom(A, μ_{p∞} ).

Note that ^A(1) is a free Z_p-module of rank r.

Corank Lemma. (1) Let K_v be a finite extension of Q_p . Then H^1(K_v, A) is Z_p-cofinitely generated and its corank is equal to

r[K_v : Q_p ] + corank_{Zp}(H^0(K_v, A)) + rank_{Zp}(H^0(K_v, ^A(1))).

(2) Assume that K_v is a finite extension of Q_l where l ≠ p. Then H^1(K_v , A) is Z_p-cofinitely generated and its corank is equal to

corank_{Zp}(H^0(K_v, A)) + rank_{Zp}(H^0(K_v , ^A(1))).

Applying this to A = F[p^∞] ∼= Q_p /Z_p will give the desired result. We then have r = 1, and H^0(K_v, F[p^∞]) is a subgroup of H^0(K_v, E[p^∞]) = E(K_v)_p, which is finite. Using the notation introduced earlier, the action of G_{Kv} on F[p^∞] is by a character φ : G_{Kv} → Z^×_p . Therefore ^A(1) is isomorphic to Z_p and G_{Kv} acts by χφ^{−1} = ψ : G_{Kv} → Z^×_p . The character ψ, which gives the action of G_{Kv} on ~E[p∞] is clearly nontrivial. (The inertia group I_{Kv} acts trivially, but a Frobenius automorphism acts nontrivially.) It follows that if A = F[p^∞], then H^0(K_v, ^A(1)) = 0. The first part of the Corank Lemma implies that H^1(K_v, F[p^∞]), and hence im(ε_v), has Z_p-corank [K_v : Q_p ] as needed. Theorem 2.6 follows.

Right now we will justify the Corank Lemma by using results of Tate about Galois cohomology over local fields. We let A be any G_{Kv} -module which is isomorphic to (Q_p /Z_p)^r for some r ≥ 1. First we show that H^1(K_v, A) is Z_p-cofinitely generated. The exact sequence 0 → A[p] → A^p→ A → 0 induces a surjective map H^1(K_v , A[p]) → H^1(K_v, A)[p]. Let L_v be a finite Galois extension of K_v such that G_{Lv} acts trivially on A[p]. The restriction map H^1(K_v, A[p]) → H^1(L_v , A[p]) has a finite kernel. Also,

H^1(L_v, A[p]) = Hom(Gal(M_v /L_v), A[p])

where M_v is the maximal extension of L_v such that Gal(M_v/L_v) is an elementary abelian p-group. Since L_v has only finitely many extensions of degree p, it is not hard to see that M_v/L_v is a finite extension, and hence H^1(L_v, A[p]) must be finite. So H^1(K_v, A[p]) and therefore H^1(K_v, A)[p] are finite. This implies that H^1(K_v, A) is cofinitely generated as a Z_p-module. The same statement is obviously true for

CHAPTER 2. SELMER GROUPS. 23

H^0(K_v, A). The results stated in the following paragraph imply that it is true for H^2(K_v, A).

Let M be a finite G_{Kv} -module. Assume that |M| = p^a. Let ^M(1) denote the G_{Kv} -module Hom(M, μ_p∞ ), which also has order p^a. The results of Tate are

(i)^2 ∏ j=0 |H^j (K_v, M)|^{(−1)j} = { p^{−a[Kv :Qp]} if v|p 1 if v ∤ p (ii) H^2(K_v, M) is the Pontryagin dual of H^0(K_v , ^M(1)) and hence has the same order.

The cohomology groups occurring above are all finite. One can extend these results to infinite G_{Kv} -modules such as A by writing A = ⋃ n A[p^n] and applying the above results to M = A[p^n] for all n ≥ 0, which are of course finite. One obtains

(i)^2 ∑ j=0 (−1)^j corank_{Zp}(H^j (K_v, A)) = { −[K_v : Q_p ] corank_{Zp}(A) if v|p 0 if v ∤ p (ii) H^2(K_v, A) is the Pontryagin dual of H^0(K_v , ^A(1)) and hence we have

corank_{Zp}(H^2(K_v , A)) = rank_{Zp}(H^0(K_v, ^A(1))).

The Corank Lemma follows immediately from these statements. Later (in theorem 3.11) we will give a self-contained proof for the case A ∼= Q_p /Z_p needed in the proof of theorem 2.6 by using an “Iwasawa-theoretic” approach. It is based on the fact that G_{Kv} acts on A by a character α : G_{Kv} → Z^×_p . Thus one can “trivialize” the Galois module A by taking an extension L_v/K_v such that the action of G_{Kv} on A factors through Gal(L_v/K_v) and such that L_v is a Z_p-extension of some finite extension of K_v. Then we can use the restriction map and the fact that H^1(L_v, A) = Hom(Gal(L^{ab}_v /L_v), A).

It will be important to have information about [im(ε_v) : im(κ_v )]. This is not hard to obtain. It is clear that an upper bound on this index is given by |H^1(K_v, F[p^∞])/H^1(K_v, F[p^∞])_{div}|. Now for m ≫ 0, we have H^1(K_v , F[p^∞])_{div} = p^mH^1(K_v, F[p^∞]).

Choose such an m and consider the exact sequence 0 −→ A[p^m] −→ A^{pm}−→ A −→ 0 where A = F[p^∞]. This induces an exact sequence of cohomology groups

H^1(K_v, A)^{pm}−→ H^1(K_v, A) −→ H^2(K_v, A[p^m]) and hence [im(ε_v) : im(κ_v)] is bounded above by |H^2(K_v, A[p^m])| for any sufficiently large m. The order of this group equals |H^0(K_v , ^A[p^m](1))|. The Weil pairing E[p^m] × E[p^m] → μ_pm induces another nondegenerate pairing A[p^m] × ~E[p^m] → μ_pm . That is, Hom(A[p^m], μ_pm ) ∼= ~E[p^m] as G_{Kv} -modules. It follows that

H^0(K_v, ^A[p^m](1)) ∼= ~E(k_v )_p for m ≫ 0. Therefore, im(ε_v)/ im(κ_v ) is cyclic and we have

| im(ε_v )/ im(κ_v )| ≤ | ~E(k_v )_p|.

(2.7) It turns out that equality holds and the two groups are even isomorphic, but we will not need this.

24 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

We have proved the following result.

Theorem 2.8. If K_v is a finite extension of Q_p and if E is an elliptic curve/K_v with good, ordinary reduction, then im(κ_v) has finite index in im(ε_v ) and the quotient im(ε_v )/ im(κ_v ) is a cyclic group whose order divides | ~E(k_v )_p|, where k_v is the residue field of v. In particular, if p ∤ | ~E(k_v )|, then im(κ_v ) = im(ε_v).

If v is a prime of K where E has good reduction and if the characteristic of the residue field k_v divides | ~E(k_v )|, then v is called an anomalous prime for E. For a fixed E, anomalous primes seem rather rare, although it seems likely that infinitely many such primes should exist. There is a nice discussion of this question for the curves y^2 = x^3 +D in the introduction of [Ma1]. Obviously, E has ordinary reduction at any anomalous prime v for E. See exercise 2.12 for more about this property.

We will now compare the images of κ_v and ε_v for infinite extensions of Q_p under certain restrictive hypotheses. One hypothesis concerns the so-called profinite degree of an infinite extension K/F . This is defined as the least common multiple of the degrees [L : F ], where L varies over all finite extensions of F contained in K. This should be interpreted as a formal product Πl^{al} over all primes l, where 0 ≤ a_l ≤ ∞. If l^∞ “divides” this product, then the power of l dividing [L : F ] is unbounded as L varies. The main result is the following.

Theorem 2.9. Assume that K_v is an extension of Q_p with finite residue field k_v . Assume also that the profinite degree of K_v/Q_p is divisible by p^∞. Then im(κ_v) = im(ε_v). In particular, this is true if K_v is a ramified Z_p-extension of F_v, where F_v is a finite extension of Q_p .

Proof. By the same argument as in the proof of theorem 2.6, we still have the inclusion im(κ_v ) ⊂ im(ε_v ). We will show that im(ε_v ) is a divisible group and that im(ε_v)/ im(κ_v ) is finite. This clearly implies the equality. The fact that im(ε_v)/ im(κ_v ) is finite follows from the observations in the previous paragraph. For we can write K_v as a union of finite extensions of Q_p : K_v = ⋃ n F^{(n)}_v . We let κ^{(n)}_v , ε^{(n)}_v denote the two maps to H^1(F^{(n)}_v , E[p^∞]) that we are considering, but over the ground field F^{(n)}_v . We have

H^1(K_v, E[p^∞]) = Lim_{−→} n H^1(F^{(n)}_v , E[p^∞])

where the direct limit is defined by the natural restriction maps. We then have

im(ε_v ) = Lim_{−→} im(ε^{(n)}_v ), im(κ_v) = Lim_{−→} im(κ^{(n)}_v ),

and therefore im(ε_v )/ im(κ_v) is finite because it is a direct limit of the finite groups im(ε^{(n)}_v )/ im(κ^{(n)}_v ) whose orders are uniformly bounded by | ~E(k_v )_p|.

We will show that H^1(K_v, F[p^∞]), is divisible, from which it follows that im(ε_v) is divisible too. It suffices to prove that H^1(K_v, A) is divisible whenever A is a divisible p-primary G_{Kv} -module. This follows from the fact that G_{Kv} has pcohomological dimension 1. That is, if M is any finite p-primary G_{Kv} -module, then H^n(K_v, M) = 0 for all n ≥ 2. To deduce that H^1(K_v, A) is divisible, consider the exact sequence 0 → A[p] → A → A → 0

CHAPTER 2. SELMER GROUPS. 25

which induces an exact sequence of cohomology groups

H^1(K_v, A)^p→ H^1(K_v, A) → H^2(K_v, A[p]).

Since the last group is zero, H^1(K_v, A) is p-divisible. It must then be divisible since it is a p-primary group.

It is worth reviewing why G_{Kv} has p-cohomological dimension 1. The only hypothesis needed for this is that K_v is an extension of Q_l such that [K_v : Q_l ] is divisible by p^∞ and l is any prime. This hypothesis implies that the p-primary subgroup of the Brauer group of K_v is zero. (The reason for this is that Br(K_v) = Lim_{−→} Br(F^{(n)}_v ) where as before the F^{(n)}_v ’s are finite extensions of Q_l such that

K_v = ⋃ n F^{(n)}_v . But in most treatments of local class field theory one proves that any element of Br(F^{(n)}_v ) of order p^m becomes trivial over any finite extension of degree divisible by p^m. Since the profinite degree of K_v over F^{(n)}_v is divisible by p^∞, it follows that the p-primary subgroup of the direct limit is zero.) Therefore, H^2(K_v, K^×_v )_p = 0. Of course, the same argument applies to any algebraic extension of K_v and therefore H^2(H, K^×_v ) = 0 for every closed subgroup H of G_{Kv} . Now consider the exact sequence of G_{Kv} -modules 1 → μ_p → K^×_v^p−→ K^×_v → 1. This induces an exact sequence

H^1(H, K^×_v ) → H^2(H, μ_p) → H^2(H, K^×_v )

for any closed subgroup H of G_{Kv} . The first term is zero by Hilbert’s Theorem 90 and the third term is zero by the above remark. Hence H^2(H, μ_p) = 0. Letting H be a Sylow pro-p subgroup P of G_{Kv} , it follows that H^2(P, Z/pZ) = 0. This implies that H^2(P, M) = 0 for any finite P -module M of p-power order (since the composition factors as a P -module must be isomorphic to Z/pZ). Since the restriction map H^2(K_v, M) → H^2(P, M) is injective, we have H^2(K_v, M) = 0 for any G_{Kv} -module M of p-power order, which suffices to show that G_{Kv} has p-cohomological dimension 1.

Theorems 2.6 and 2.9 can be extended to cover elliptic curves with multiplicative reduction at a prime v of K lying above p. If E is such an elliptic curve, then E/K_v is a Tate curve. Assume for simplicity that E has split, multiplicative reduction at v. Then one has Tate’s parametrization K^×_v /⟨q_E ⟩^∼→ E(K_v) where ⟨q_E ⟩ is the infinite cyclic subgroup of K^×_v generated by the Tate period q_E for E. (For a brief introduction, see appendix C in [Si1]. A more detailed treatment is given in chapter V of [Si2].) Since q_E has positive valuation, we have μ_p∞ ∩⟨q_E ⟩ = 1 and so the Tate parametrization (which is G_{Kv} -equivariant) induces a natural map μ_p∞ → E(K_v). One then obtains an exact sequence 0 → μ_p∞ → E[p^∞] → Q_p /Z_p → 0 of G_{Kv} -modules. The action of G_{Kv} on Q_p /Z_p is trivial. Thus, just as in the case of good, ordinary reduction, the action ρ_E of G_{Kv} on E[p^∞] is triangular. We have

ρ_E = [ φ ∗ 0 ψ ] , where φ = χ (the cyclotomic character) and ψ is trivial. If E has

26 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

nonsplit, multiplicative reduction at v, then the situation is similar. One just twists the above exact sequence by the unique unramified character of G_{Kv} of order 2.

In both cases, E[p^∞] contains a canonical G_{Kv} -invariant subgroup of Z_p-corank 1, which is again F[p^∞], where F is the formal group associated to E. The following result can then be proved either by adapting our earlier arguments to this case or by using classical Kummer theory for K^×_v together with the Tate parametrization.

Theorem 2.10. Suppose that E has multiplicative reduction at v and that K_v is any algebraic extension of Q_p . Then im(κ_v) = im(ϵ_v), where

ϵ_v : H^1(K_v, F[p^∞]) → H^1(K_v, E[p^∞])

is the map induced by the inclusion F[p^∞]

Thus the result is actually somewhat better than in the earlier case where E was assumed to have good, ordinary reduction: im(κ_v) and im(ϵ_v) coincide for all algebraic extensions of Q_p .

If E has good, supersingular reduction at v, it is still possible to describe im(κ_v) in a way which depends only on the G_{Kv} -module E[p^∞]. This description is considerably more subtle and it involves the ring B_{cris} introduced by Fontaine. We assume that K_v is a finite extension of Q_p . Let V_p(E) = T_p(E) ⊗_{Zp} Q_p , a twodimensional Q_p -representation space for G_{Kv} . The ring B_{cris} is also a Q_p -algebra (of infinite dimension) on which G_{Kv} acts. Define a subgroup

H^1_f (K_v, V_p(E)) = ker ( H^1 (K_v, V_p(E)) → H^1(K_v, V_p(E) ⊗_{Qp} B_{cris}) ) . Here H^1(K_v, V_p(E)) consists of the cocycle classes of continuous cocycles, where V_p(E) has the topology of a Q_p -vector space (rather than the discrete topology). Also, H^1(K_v, V_p(E)) is a Q_p -vector space of dimension 2[K_v : Q_p ]. The Q_p -subspace H^1_f (K_v, V_p(E)) has dimension [K_v : Q_p ]. (Any line in this subspace determines a three-dimensional representation space for G_{Kv} —an extension of Q_p by V_p(E). This representation space turns out to be “crystalline.”) Now V_p(E) contains T_p(E) as a G_{Kv} -invariant Z_p-lattice and V_p(E)/T_p(E) ∼= E[p^∞]. The map V_p(E) → E[p^∞] induces a homomorphism

H^1(K_v, V_p(E)) → H^1(K_v, E[p^∞]).

The image of H^1_f (K_v, V_p(E)) under this map is denoted by H^1_f (K_v , E[p^∞]) and is a divisible group of Z_p-corank [K_v : Q_p ]. According to a result of Bloch and Kato [B-K], one has the following description of the image of the Kummer map κ_v

im(κ_v ) = H^1_f (K_v, E[p^∞]).

One still can consider the map ϵ_v : H^1(K_v, F[p^∞]) → H^1(K_v, E[p^∞]) when E has good, supersingular reduction at v. Then ~E_v [p^∞] = 0, the formal group F has height 2 (rather than 1 as in the case of good, ordinary or multiplicative reduction), and F[p^∞] = E[p^∞]. Thus the map ϵ_v is an isomorphism and the equality im(κ_v ) = im(ϵ_v )_{div} is certainly impossible. But for infinite extensions K_v of Q_p which are sufficiently ramified (“deeply ramified” in the sense of [C-G]), something quite interesting happens. It then turns out that im(κ_v ) = im(ϵ_v ) (just as in theorem 2.9 for the case of good, ordinary reduction). This is true, in particular, if K_v contains a ramified Z_p-extension of a finite extension of Q_p . Thus, we then have im(κ_v ) = H^1(K_v, E[p^∞]).

CHAPTER 2. SELMER GROUPS. 27

Exercises.

2.1. Let A be a p-primary abelian group which is given the discrete topology. The Pontryagin dual of A is defined by ^A = Hom(A, Q_p /Z_p) which is topologized with the “compact-open” topology (where Q_p /Z_p is given the discrete topology). Show that ^A is a pro-p group (i.e. a projective limit of finite pgroups) and hence is compact. Similarly, if X is an abelian pro-p group, show that its Pontryagin dual ^X = Hom_{cont}(X, Q_p /Z_p) is a discrete p-primary group (again with the “compact-open” topology). Show that ^Z_p ∼= Q_p /Z_p and ( ^Q_p /Z_p) ∼= Z_p as topological groups.

2.2. Suppose that G = ⟨σ⟩ is a finite, cyclic group of order m and that A is an abelian group (written with additive notation) on which G acts. Then H^1(G, A) =

ker(N)/ im(σ − 1), where N : A → A is the norm map defined by N(a) =^{m−1} ∑ i=0 σ^i(a) and σ − 1 : A → A is defined by (σ − 1)(a) = σ(a) − a (both for all a ∈ A).

(a) Suppose that Γ ∼= Z_p and let γ ∈ Γ be chosen so that ⟨γ⟩ is a dense subgroup of Γ. (We say that γ is a topological generator of Γ.) Suppose that A is a finite, abelian p-group on which Γ acts continuously. (We put the discrete topology on A and require that the map Γ×A → A defined by (γ, a) → γ(a) be continuous.) Let Γ_n = Γ^{pn} so that Γ/Γ_n is cyclic of order p^n. Then H^1(Γ, A) can be defined as Lim_{−→} n H^1(Γ/Γ_n, A^{Γn} ). Show that H^1(Γ, A) = A/(γ − 1)A. (b) Suppose that A is a discrete, p-primary abelian group on which Γ acts continuously. Prove that A = ⋃ n A^{Γn} . Defining H^1(Γ, A) as above, show that H^1(Γ, A) = A/(γ − 1)A.

(c) Suppose that A ∼= (Q_p /Z_p)^r as a group and that Γ acts continuously on A. Prove that H^0(Γ, A) and H^1(Γ, A) have the same Z_p-corank and that if H^0(Γ, A) is finite, then H^1(Γ, A) = 0.

2.3. Let K_v be a finite extension of Q_l for some prime l. Let A = Q_p /Z_p with a trivial action of G_{Kv} . Calculate corank_{Zp}(H^1(K_v , A)) by using local class field theory. Verify the corank lemma in this case.

More generally, verify the corank lemma if A ∼= Q_p /Z_p as a Z_p-module and G_{Kv} acts on A by a character ψ : G_{Kv} → Z^×_p of finite order. (If ψ is nontrivial, the inflation-restriction sequence will help.)

2.4. Now take A = μ_p∞ . Calculate corank_{Zp}(H^1(K_v, A)) by using Kummer theory. Verify the corank lemma in this case.

2.5. Let K_v be a finite extension of Q_l , where l is a prime and l ≠ p. Suppose that E is an elliptic curve defined over K_v which has good reduction. Then it is known that K_v(E[p^∞])/K_v is an unramified extension. Prove that H^1(K^{unr}_v /K_v, E[p^∞]) = 0, where K^{unr}_v denotes the maximal unramified extension of K_v. (Note that

Gal(K^{unr}_v /K_v) ∼= ^Z = ∏ q Z_q

28 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

where q varies over all primes. Use an argument involving the inflation-restriction sequence. Exercise 2.2 will be helpful.) Using the inflation-restriction sequence, deduce that if L_v is any unramified extension of K_v, then H^1(L_v /K_v, E(L_v)_p) = 0. Is this necessarily true if L_v/K_v is allowed to be a ramified extension?

2.6. With the same assumptions as in exercise 2.5, show that H^1(K_v, E[p^∞]) is finite, as predicted by the corank lemma. (Hint: Use the inflation-restriction sequence. It will be useful to know the structure of Gal(K^{tame}_v /K_v), where K^{tame}_v is the maximal tamely ramified extension of K_v. This can be described precisely by local class field theory.)

2.7. Using the corank lemma, determine corank_{Zp}(H^1(K_v , E[p^∞])) if E is an elliptic curve defined over a finite extension K_v of Q_p .

2.8. Suppose that E is an elliptic curve defined over Q and that rank_Z(E(Q)) ≥ 3. Prove that ker(H^1(Q, E[p^∞ ]) → ∏ l H^1(Q_l , E[p^∞])) is infinite for every prime p.

(Hint: H^1(Q, E[p^∞ ]) contains a subgroup isomorphic to E(Q) ⊗ (Q_p /Z_p). Study its image under the above global-to-local map. For l ≠ p, H^1(Q_l , E[p^∞]) is finite by the corank lemma or by exercise 2.6. Note: It turns out that rank_Z(E(Q)) ≥ 2 suffices to give the same conclusion.)

2.9. Let E be an elliptic curve defined over a number field F . Let Σ be a finite set of primes of F containing all the archimedean primes, the primes dividing p, and the primes where E has bad reduction. Let F_Σ denote the maximal algebraic extension of F which is unramified outside Σ. Let K be any intermediate field: F ⊂ K ⊂ F_Σ. Let Σ_K denote the primes of K lying above those in Σ. Prove that

Sel_E (K)_p = ker(H^1(F_Σ/K, E[p^∞]) → ∏ η∈Σ_K H^1(K_η , E[p^∞])/ im(κ_η)).

The maps come from restriction maps when one chooses an embedding F_Σ → K_η for each η. (Hint: Exercise 2.5 is relevant.)

Assume that K is a finite extension of F . Prove that H^1(F_Σ/K, E[p^∞]) and hence Sel_E (K)_p are cofinitely generated Z_p-modules.

2.10. Let E be an elliptic curve defined over a finite extension K of Q. Suppose that n ≥ 2 and that p is any prime dividing n. Prove that H^1(K, E[n]) has infinitely many elements of order p. (Hint: Let M = K(E[n]), so that G_M acts trivially on E[n]. Use the inflation-restriction sequence to compare H^1(K, E[n]) with H^1(M, E[n])^{Gal(M/K)}.)

2.11. Let Σ be a finite set of primes of K containing all the primes where E has bad reduction and all the prime divisors of n, where n ≥ 2. Let K_Σ be the maximal extension of K unramified outside the set Σ. Prove that H^1(K_Σ/K, E[n]) is finite.

2.12. Let ~E be an elliptic curve defined over a finite field k_v of characteristic p. Define a_v = 1 + |k_v | − | ~E(k_v )|. A theorem of Hasse (the Riemann hypothesis for the zeta function of ~E over k_v ) states that |a_v| ≤ 2 √ |k_v|. This means that the two roots α_v and β_v of the quadratic polynomial X^2 − a_v X + |k_v| have absolute value √ |k_v|. It is known that if k^{(n)}_v denotes the extension of k_v of degree n, then | ~E(k^{(n)}v )| = 1 + |k^{(n)}v | − (α^n_v + β^n_v ). (If n = 1, this is true by definition.)

(a) Prove that ~E is ordinary if and only if p ∤ a_v .

CHAPTER 2. SELMER GROUPS. 29

(b) Prove that if ~E is supersingular, k_v = Z/pZ, and p ≥ 5, then a_v = 0. (c) Prove that ~E(k_v ) has an element of order p if and only if a_v ≡ 1 (mod p).

If k_v = Z/pZ and p ≥ 7, show that a_v ≡ 1 (mod p) ⇐⇒ a_v = 1.

2.13. Fill in the details for the proof of theorem 2.10.

2.14. Suppose that K_v is a finite extension of Q_p and that E/K_v has either potentially good, ordinary reduction or potentially multiplicative reduction. Show that E[p^∞] contains a unique G_{Kv} -invariant subgroup C_v of Z_p-corank 1 which is characterized as follows: There is a subgroup of finite index in the inertia group I_{Kv} = G_Kunr_v whose action on C_v is given by the cyclotomic character χ.

Show that im(κ_v ) = im(ϵ_v)_{div}, where ϵ_v : H^1(K_v, C_v ) → H^1(K_v , E[p^∞]) is the map induced by the inclusion C_v ⊂ E[p^∞].

CHAPTER 3 Λ-Modules.

Let Λ = Z_p[[T ]], the ring of formal power series over Z_p in one variable. Λ is

a Noetherian ring. If g(T ) =^∞ ∑ i=0 b_iT^i ∈ Λ, then g(T ) is invertible in Λ if and only

if b_0 ∈ Z^×_p . This implies that Λ is a local ring with maximal ideal m = (p, T ). We have Λ/m ∼= Z/pZ. In fact, Λ/m^k is finite for every k ≥ 1. We consider Λ as a topological ring by giving it the m-adic topology. (A base of neighborhoods of 0 is {m^k}_{k≥1}.) Then Λ ∼= Lim_← Λ/m^k which makes Λ a compact topological ring. Λ is obviously not a PID, but nevertheless there is the following theorem reminiscent of the structure theory of modules over a PID.

Theorem 3.1. Suppose that X is a finitely generated Λ-module. Then there exists a Λ-module homomorphism

φ : X → Λ^r × t∏ i=1 Λ/(f_i(T )^{ei} )

with a finite kernel and cokernel, where r ≥ 0, f_1(T ), . . . , f_t(T ) are irreducible elements of Λ, and e_1, . . . , e_t are positive integers. The value of r, the prime ideals (f_i(T )), and the corresponding exponents e_i are uniquely determined by X.

Some of the Λ-modules that we will be interested in arise in the following way. Let F_∞/F be a Z_p-extension, so that Γ = Gal(F_∞/F ) is isomorphic to Z_p. Choose γ_0 ∈ Γ such that γ_0|_{F1} is nontrivial. Then γ_0 generates a dense subgroup of Γ. Suppose that A is a p-primary, abelian group with the discrete topology and that Γ acts continuously on A. That is, there is a homomorphism Γ → Aut(A) and the map Γ × A → A defined by (γ, a) → γ(a) for all γ ∈ Γ, a ∈ A is continuous. Then we can make both A and ^A = Hom(A, Q_p /Z_p) into Λ-modules. We already know how to make A and ^A into Z_p-modules. (See exercise 1.1.) We make them into Z_p[T ]-modules by defining T a = γ_0(a) − a for all a ∈ A. T is an endomorphism of A. In exercise 3.3, it is shown that T is “topologically nilpotent”’ and so both A and ^A can be made into Λ-modules.

Let E be an elliptic curve defined over a field F . Then A = H^1(F_∞, E[p^∞]) is a p-primary abelian group and has a natural action of Γ. We can then regard A as a Λ-module (with the discrete topology). If F is a finite extension of Q_l for any prime l, then ^A is a finitely generated Λ-module. If F is a number field, then let Σ 31

32 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

be a finite set of primes of F containing all archimedean primes, all primes dividing p, and all primes where E has bad reduction. Then E[p^∞] is a Gal(F_Σ/F )-module, and A = H^1(F_Σ/F_∞, E[p^∞]) also has a natural action of Γ and can be regarded as a Λ-module. Again, ^A turns out to be a finitely generated Λ-module. Also, Sel_E (F_∞)_p is a Λ-submodule of H^1(F_Σ/F_∞, E[p^∞]) (just because it is Γ-invariant). There are many difficult, unsolved questions concerning the structure of these Λmodules. We will state a few of them, using the following convenient terminology. If A is a discrete Λ-module as above, then we say that A is Λ-cotorsion if ^A is Λ-torsion, A is Λ-cofinitely generated if ^A is Λ-finitely generated, and we define corank_Λ(A) to be rank_Λ( ^A).

Conjecture 3.2. Suppose that F is a finite extension of Q and that E is any elliptic curve defined over F . Let Σ be chosen as above. Then corank_Λ(H^1(F_Σ/F_∞, E[p^∞]) = [F : Q].

In general, all that is known about this is that corank_Λ(H^1(F_Σ/F_∞, E[p^∞]) ≥ [F : Q]

and that the equality is equivalent to the assertion that H^2(F_Σ/F_∞, E[p^∞]), which can also be considered as a Λ-module, is Λ-cotorsion.

Conjecture 3.3. Suppose that F is a finite extension of Q and that E is an elliptic curve defined over F which has good, ordinary reduction at all primes of F lying over p. Suppose that F_∞/F is the cyclotomic Z_p-extension. Then Sel_E (F_∞)_p is Λ-cotorsion.

This was conjectured by Mazur in [Ma1]. One case in which it is known to be true is when F is an abelian extension of Q and E is a modular elliptic curve defined over Q. In this case, both conjectures 3.2 and 3.3 have been proven by Kato (and earlier by Rubin if E has complex multiplication). Conjecture 3.3 should be true under the weaker hypothesis that E has either potentially ordinary or potentially multiplicative reduction at all primes of F (lying over p.) In general, the following conjecture (due to P. Schneider) gives the Λ-corank of Sel_E (F_∞)_p.

Conjecture 3.4. Let F_∞/F be the cyclotomic Z_p-extension of a number field F . Assume that E is an elliptic curve defined over F . Then

corank_Λ(Sel_E (F_∞)_p) = ∑ v pss [F_v : Q_p ]

where the sum is over all primes of F lying over p where E has potentially supersingular reduction.

This conjecture turns out to imply conjecture 3.2 (for the cyclotomic Z_p-extension F_∞/F ). One can prove that ∑ v pss [F_v : Q_p ] is a lower bound on corank_Λ(Sel_E (F_∞)_p),

and therefore Sel_E (F_∞)_p cannot be Λ-cotorsion if there is at least one prime of F lying over p where E has potentially supersingular reduction.

We will return now to various basic theorems concerning Λ and its module theory, partially proving theorem 3.1. We start with the following result.

Theorem 3.5. Suppose that g(T ) ∈ Λ, but g(T ) ∉ pΛ. If g(T ) =^∞ ∑ i=0 b_iT^i, let

d be the smallest integer such that b_d ∈ Z^×_p . Let f(T ) ∈ Λ. Then there exists a

CHAPTER 3. Λ-MODULES. 33

polynomial r(T ) ∈ Z_p[T ] of degree < d, and an element h(T ) ∈ Λ such that f(T ) = g(T )h(T ) + r(T ). Furthermore, h(T ) and r(T ) are uniquely determined by f(T ) and g(T ).

Proof. The uniqueness is easy. If g(T )h(T ) + r(T ) = g(T )h^′(T ) + r^′(T ), then r^′(T ) − r(T ) = s(T ) is divisible by g(T ) in Λ. Let ~Λ = Λ/pΛ which can be thought of as F_p [[T ]], where F_p = Z/pZ is the field with p elements. We will denote the image of an element f(T ) ∈ Λ under the canonical homomorphism Λ → ~Λ by ~f(T ). Assume that s(T ) ≠ 0. Then we can write s(T ) = p^ms_0(T ), where s_0(T ) ∉ pΛ and m ≥ 0. Now p is a prime element of Λ because ~Λ is an integral domain. Since g(T ) divides s(T ), it then follows that g(T ) divides s_0(T ). But ~s_0(T ) is a nonzero polynomial in ~Λ of degree < d which is divisible by ~g(T ) and therefore by T^d in ~Λ. This is clearly impossible. Hence s(T ) = 0 and so r(T ) = r^′(T ). This implies that h(T ) = h^′(T ) too.

We prove the existence by using the fact that ~Λ is a discrete valuation ring and has a simple division algorithm. If ~f(T ) =^∞ ∑ i=0 ~a_iT^i (where ~a_i ∈ F_p for all i), then

we can write ~f(T ) = T^d(^∞ ∑ i=d ~a_iT^{i−d}) +^{d−1} ∑ i=0 ~a_iT^i. Since ~g(T ) and T^d generate the

same ideal in ~Λ, we can write ~f(T ) = ~g(T )~h(T ) + ~r(T ), where ~h(T ) ∈ ~Λ and ~r(T ) is a polynomial in ~Λ of degree < d. Lifting back to Λ, we get a division algorithm modulo pΛ. That is, we can write

f(T ) = g(T )h_1(T ) + r_1(T ) + pf_1(T )

where h_1(T ), f_1(T ) ∈ Λ and r_1(T ) is a polynomial of degree < d. Applying this to f_1(T ) instead of f(T ), we then obtain

f(T ) = g(T )h_2(T ) + r_2(T ) + p^2f_2(T )

where again h_2(T ), f_2(T ) ∈ Λ, r_2(T ) is a polynomial of degree < d, and h_2(T ) ≡ h_1(T ) (mod pΛ), r_2(T ) ≡ r_1(T ) (mod pZ_p[T ]). Continuing, we obtain an equation for each n ≥ 1:

f(T ) = g(T )h_n(T ) + r_n(T ) + p^nf_n(T )

where h_n(T ) ∈ Λ and h_{n+1}(T ) ≡ h_n(T ) (mod p^nΛ), r_n(T ) ∈ Z_p[T ] with degree < d and r_{n+1}(T ) ≡ r_n(T ) (mod p^nZ_p[T ]). Clearly, the limits exist in Λ and we can write f(T ) = g(T )h(T ) + r(T ) where h(T ) = Lim_{n→∞} h_n(T ), r(T ) = Lim_{n→∞} r_n(T ). Here h(T ) ∈ Λ and r(T ) is a polynomial of degree < d. This proves the existence.

Corollary 3.6. Let g(T ) be as in theorem 3.5. Then Λ/(g(T )) is isomorphic to Z^d_p as a Z_p-module.

Proof. This is clear because the map f(T ) + (g(T )) → r(T ) defines a Z_p-module isomorphism of Λ/(g(T )) to {r(T )|r(T ) ∈ Z_p[T ], deg(r(T )) < d}.

A polynomial^d ∑ i=0 c_iT^i ∈ Z_p[T ] is called a “distinguished polynomial” if c_d = 1

and c_i ∈ pZ_p for all i < d. (An equivalent condition is that the polynomial be monic and that all of its roots in Q_p have positive valuation.)

34 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

Corollary 3.7. Let g(T ) be as in theorem 3.5. Then there exists a unique distinguished polynomial g_0(T ) such that g(T ) = u(T )g_0(T ), where u(T ) ∈ Λ^×. The degree of g_0(T ) is d.

Proof. Multiplication by T defines an endomorphism of the Z_p-module Λ/(g(T )). Since this is free with Z_p-rank d, there is a monic polynomial g_0(T ) of degree d such that g_0(T ) annihilates Λ/(g(T )). Namely, take g_0(T ) to be the characteristic polynomial of T acting on this Z_p-module. Thus, (g_0(T )) ⊂ (g(T )). Applying corollary 3.6 to g_0(T ), we see that Λ/(g_0(T )) is isomorphic to Z^{d0}_p where d_0 ≤ d. But there is a natural surjective homomorphism Λ/(g_0(T )) → Λ/(g(T )) of Z_p-modules. Hence d_0 = d and this homomorphism must be an isomorphism. That is, g_0(T ) is distinguished of degree d and (g_0(T )) = (g(T )). Thus, g(T ) = u(T )g_0(T ) as stated. It is clear that Λ/(g(T )) can be identified with Z_p[T ]/(g_0(T )) and that g_0(T ) as defined above is the minimal polynomial of the endomorphism T of Λ/(g(T )). This implies uniqueness because if g(T ) = u^′(T )g^′_0(T ) where g^′_0(T ) is a distinguished polynomial, then g^′_0(T ) annihilates Λ/(g(T )) and hence g_0(T )|g^′_0(T ) in Z_p[T ]. It is also clear from the above that deg(g_0(T )) = deg(g^′_0(T )) and so g_0(T ) = g^′_0(T ). (Alternatively, one could see that g_0(T ) and g^′_0(T ) have the same degree by reducing modulo pΛ.)

Theorem 3.8. Let g(T ) be a nonzero element of Λ. Then we can write g(T ) uniquely in the form

g(T ) = p^mu(T )g_0(T )

where m ≥ 0, u(T ) ∈ Λ^×, and g_0(T ) is a distinguished polynomial. Also, g(T ) is an irreducible element of Λ if and only if either m = 1 and g_0(T ) = 1 or m = 0 and g_0(T ) is irreducible as an element of Q_p [T ].

Proof. We can obviously write g(T ) as g(T ) = p^mg_1(T ) where g_1(T ) ∈ Λ, but ∉ pΛ. Here m is unique. We can then apply corollary 3.7 to g_1(T ), obtaining the first assertion. Now obviously p is irreducible in Λ. On the other hand, if g_0(T ) is reducible in Λ, then by applying corollary 3.7, one would find that g_0(T ) can be factored as a product of distinguished polynomials of degree < deg(g_0(T )). Hence g_0(T ) would be reducible in Q_p [T ]. Conversely, if g_0(T ) is reducible in Q_p [T ], then it is reducible in Z_p[T ] and its monic, irreducible factors are also distinguished. One can see this by reducing modulo pΛ. It is then clear that g(T ) is reducible in Λ. Thus, up to multiplication by elements of Λ^×, the irreducible elements of Λ are either p or any distinguished polynomial in Z_p[T ] which is irreducible over Z_p or, equivalently, over Q_p . Since Z_p[T ] is a UFD, it is easy to deduce that Λ is also a UFD.

Now let X be any finitely generated, torsion Λ-module. We will give a partial proof of theorem 3.1. We let Y = X_{Zp}-_{tors}. It is easy to see that Y is a Λsubmodule of X, and therefore is also finitely generated. This implies that Y has finite exponent, i.e., p^mY = 0 for some m ≥ 0. Also, X/Y is torsion-free as a Z_p-module. Assume first that Y = 0. Let g(T ) be a nonzero annihilator of X. If we write g(T ) = p^mg^′(T ) where m ≥ 1, then it is clear that g^′(T ) annihilates X. Hence we can assume that g(T ) ∉ pΛ. Now if X has n generators, X will be a homomorphic image of (Λ/(g(T )))^n. It follows from corollary 3.6 that X is finitely

CHAPTER 3. Λ-MODULES. 35

generated as a Z_p-module and, since Y = 0, X must be a free Z_p-module: X ∼= Z^λ_p for some λ ≥ 0.

Consider the Q_p -vector space V = X ⊗_{Zp} Q_p of dimension λ together with the endomorphism T . We can consider V as a module over Q_p [T ], and since this ring is a PID, we have V ∼= t∏ i=1 Q_p [T ]/(f_i(T )^{ei} )

where the f_i(T )’s are uniquely determined, monic irreducible polynomials over Q_p and the e_i’s are uniquely determined nonnegative integers (everything up to order, of course). However, if we write g(T ) = u(T )g_0(T ) where g_0(T ) is a distinguished polynomial, then g_0(T ) annihilates V and it follows that f_i(T )|g_0(T ) in Q_p [T ] for each i. But this implies that each f_i(T ) is a distinguished polynomial in Z_p[T ].

Now X is a Z_p-lattice in V and so is X^′ =^t ∏ i=1 Z_p[T ]/(f_i(T )^{ei} ). It follows that for

some k ≥ 0, p^kX ⊂ X^′. Clearly p^kX is isomorphic to X. The index [X^′ : p^kX] is obviously finite. Identifying Z_p[T ]/(f_i(T )^{ei} ) with Λ/(f_i(T )^{ei} ), we then obtain an injective Λ-module homomorphism φ : X → t∏ i=1 Λ/(f_i(T )^{ei} )

where the f_i(T )’s are irreducible distinguished polynomials, and hence irreducible elements of Λ. The cokernel of φ is finite. This proves theorem 3.1 in the important special case where X is assumed to be Z_p-torsion free. Note that

rank_{Zp}(X) = t∑ i=1 e_i deg(f_i(T ))

since, as we have seen, f(T ) = f_i(T )^{ei} is a distinguished polynomial and Λ/(f(T )) is isomorphic to Z^{deg(f )}_p as a Z_p-module.

Two finitely generated, torsion Λ-modules X_1 and X_2 are said to be pseudoisomorphic if there is a Λ-module homomorphism ψ : X_1 → X_2 such that ker(ψ) and coker(ψ) are both finite. We then write X_1 ∼ X_2. It turns out that this is an equivalence relation. Also, if X is any finitely generated, torsion Λ-module, then it is not hard to show that X ∼ Y ×X/Y , where Y = X_{Zp}-_{tors} as before. Thus, to prove theorem 3.1 for X, it would suffice to show that Y is pseudo-isomorphic to a direct sum of finitely many Λ-modules of the form Λ/(p^{μj} ), where μ_j ≥ 1. For a complete proof of theorem 3.1, including the cases where Y ≠ 0 or where rank_Λ(X) > 0, we refer the reader to [Wa] or to [Bo], Chapter VII, §4. The proofs found in those references are quite different—one involving a matrix reduction argument, the other a much more conceptual and general module-theoretic approach. A more succinct argument (along the lines of the more general theory given in [Bo]) can be found in [Se]. This is based on the module theory of complete local rings of Krull dimension 2. Λ is such a ring.

Suppose now that X is an arbitrary finitely generated, torsion Λ-module. In theorem 3.1, we would have r = 0 and we can assume that each f_i(T ) is taken to be either p or an irreducible, distinguished polynomial. Then the characteristic ideal

of X is defined to be the ideal generated by the polynomial f_X (T ) =^t ∏ i=1 f_i(T )^{ei} .

36 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

Letting Y = X_{Zp}-_{tors} as before, we can apply our previous observations to the Λ-module X/Y . If we let λ_X = deg(f_X (T )), then the invariant λ_X also has the following interpretations:

λ_X = rank_{Zp}(X/Y ) = dim_{Qp} (X ⊗_{Zp} Q_p ).

We also define an invariant μ = μ_X by f_X (T ) ∈ p^μΛ, but ∉ p^{μ+1}Λ. That is, μ_X is the sum of the e_i’s over all i’s such that f_i(T ) = p. In fact, μ_X = μ_Y depends only on the structure of Y = X_{Zp}-_{tors} as a Λ-module. Assume that p^mY = 0. For each

j, 0 ≤ j ≤ m,, let Y [p^j ] denote the kernel of the map Y^{pj}−→ Y , multiplication by p^j . Then for 1 ≤ j ≤ m, Y [p^j ]/Y [p^{j−1}] can be considered as a ~Λ-module, where recall that ~Λ = Λ/pΛ is the ring F_p [[T ]]. The above ~Λ-modules are finitely generated. Then μ_X has the following interpretation:

μ_X = m∑ j=1 rank_{~Λ}(Y [p^j ]/Y [p^{j−1}]).

Since a finitely generated, torsion ~Λ-module is finite, it is clear that μ_X > 0 if and only if X_{Zp}-_{tors} is infinite. Other equivalent statements are that X[p] is infinite or that X/pX is infinite. If μ_X = 0, then X is a finitely generated Z_p-module.

Our last general theorem concerning Λ-modules is the following very useful result which allows us to obtain information about X from certain quotients.

Theorem 3.9. Let X be an abelian pro-p group on which Γ acts continuously. We regard X as a Λ-module. Then (1) X = 0 ⇐⇒ X/T X = 0 ⇐⇒ X/mX = 0. (2) X is finitely generated as a Λ-module if and only if X/mX is finite dimensional as an F_p -vector space. The minimal number of generators of X as a Λ-module is dim_{Fp} (X/mX).

(3) If X/T X is finite, then X is a torsion Λ-module.

Proof. Part (1) is the subject of exercise 3.2. For part (2), it is obvious that if X is finitely generated, then dim_{Fp} (X/mX) is finite. To prove the converse, let d = dim_{Fp} (X/mX) and pick x_1, . . . , x_d ∈ X so that their images in X/mX form a basis over F_p . Let Y = Λx_1 + · · · + Λx_d, the Λ-submodule generated by x_1, . . . , x_d. Since Λ is compact, Y is a closed subgroup of X. Hence X/Y is a pro-p group. But one can easily verify that m(X/Y ) = X/Y . By part (1), this implies that X/Y = 0 and so X = Y . That is, X is generated as a Λ-module by the d elements x_1, . . . , x_d.

Now assume that X/T X is finite. Then X/mX is finite and so X is finitely generated as a Λ-module. Let x_1, . . . , x_d be a set of generators. Suppose that X/T X has exponent p^k. Then p^kx_i ∈ T X for 1 ≤ i ≤ d. Therefore we can write

p^kx_i = d∑ j=1 T a_{ij} (T )x_j for 1 ≤ i ≤ d, where the a_{ij} (T )’s are elements of Λ. That is, d∑ j=1 (p^kδ_{ij} − T a_{ij} (T ))x_j = 0

for each i. Let A be the d × d matrix [p^kδ_{ij} − T a_{ij} (T )]. Let A^∗ be its adjoint matrix so that A^∗A = det(A)I_d. Let g(T ) = det(A), which must be a nonzero element of Λ

CHAPTER 3. Λ-MODULES. 37

because g(0) = p^{dk}. We have g(T )x_i = 0 for each i and therefore g(T ) annihilates X. This proves (3).

Suppose now that G is any profinite group. That is, G = lim_{←−} G_n, where the G_n’s are finite groups. For simplicity, we will take the indexing set to be the set of nonnegative integers, although this is not essential. We also may assume that the homomorphisms φ_{m,n} : G_m → G_n for m ≥ n ≥ 0 which define the inverse limit are surjective. Then one obtains induced Z_p-algebra homomorphisms

ψ_{m,n} : Z_p[G_m] → Z_p[G_n].

Here, if G is any group, then Z_p[G] denotes the group ring for G over Z_p. The maps ψ_{m,n} are surjective. One then defines the completed group ring for G over Z_p as

Z_p[[G]] = Lim_{←−} Z_p[G_n],

where the inverse limit is defined by the maps ψ_{m,n}. Now Z_p[G_n] is a compact topological ring, a Z_p-algebra isomorphic to Z^{|Gn|}_p as a Z_p-module. It follows that Z_p[[G]] is also a compact topological ring. Alternatively, one can define Z_p[[G]] as an inverse limit of the finite rings (Z/p^kZ)[G_n], each with the discrete topology, where k ≥ 1, n ≥ 0. For each n, there is a continuous, surjective, Z_p-algebra homomorphism ψ_n : Z_p[[G]] → Z_p[G_n]. Also, the ordinary group algebra Z_p[G] for G over Z_p can be identified with a subring of Z_p[[G]] in a natural way and turns out to be dense. This and other elementary properties of Z_p[[G]] are the subject of exercise 3.12.

We are interested in the special case G = Γ ∼= Z_p. Then we can take G_n = Γ/Γ^{pn} , which is cyclic of order p^n. If γ_0 is a topological generator of Γ, then γ^{(n)}_0 = γ_0Γ^{pn} generates G_n for each n ≥ 0. The next result shows that the rings Z_p[[Γ]] and Λ = Z_p[[T ]] can be identified. The identification is not canonical, but depends on the choice of γ_0.

Theorem 3.10. There is a unique isomorphism

ε : Λ → Z_p[[Γ]]

of topological Z_p-algebras such that ε(T ) = γ_0 − 1.

Proof. Λ = Z_p[[T ]] is a compact Z_p-algebra. For each n ≥ 0, let ω_n = (1+T )^{pn} −1, which is easily seen to be a distinguished polynomial of degree p^n. By corollary 3.6, Λ/(ω_n) is isomorphic to Z^{pn}_p as a Z_p-module. More precisely, by theorem 3.5, it is clear that {(1 + T )^i + (ω_n)}_{0≤i<p}n is a Z_p-module basis for Λ/(ω_n). Also (1 + T )^{pn} ≡ 1 (mod (ω_n)). Hence we can define an isomorphism

Λ/(ω_n) → Z_p[Γ/Γ^{pn} ]

of Z_p-algebras by mapping 1 + T + (ω_n) to γ^{(n)}_0 . Thus we obtain continuous, surjective, Z_p-algebra homomorphisms Λ → Z_p[Γ/Γ^{pn} ] for all n ≥ 0 which map T to γ^{(n)}_0 − 1. This induces a continuous, Z_p-algebra homomorphism

ε : Λ → Z_p[[Γ]].

The image of ε is dense, but since Λ is compact, this image is also closed. Hence ε is surjective. It is clear that ε(T ) = γ_0 −1 and that this uniquely determines the map ε (assuming it is a continuous, Z_p-algebra homomorphism). Also, ker(ε) ⊂ ⋂ n(ω_n),

38 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

which is trivial. Hence ε is injective. The compactness of Λ implies that ε is a homeomorphism too.

The final topic of this section is to study the structure of certain specific Λmodules in order to prove the following special case of the corank lemma of chapter 2. The argument is somewhat long, but is a good illustration of standard techniques of Iwasawa theory.

Theorem 3.11. Let K_v be a finite extension of Q_p . Suppose that A is a G_{Kv} - module and that A ∼= Q_p /Z_p as a group. Then H^1(K_v, A) is a cofinitely generated Z_p-module and corank_{Zp}(H^1(K_v , A)) = [K_v : Q_p ] + δ_A(K_v), where δ_A(K_v) = 1 if A ∼= Q_p /Z_p or A ∼= μ_p∞ as G_{Kv} -modules and δ_A(K_v ) = 0 otherwise.

Note that H^0(K_v , A) is either finite or all of A. The latter occurs only when A ∼= Q_p /Z_p as G_{Kv} -modules (i.e., the action of G_{Kv} on A is trivial). Also, ^A(1) ∼= Hom(A, μ_p∞ ) and H^0(K_v, ^A(1)) is either trivial or all of ^A(1), which is isomorphic to Z_p as a group. The latter occurs only when A ∼= μ_p∞ as G_{Kv} -modules. Thus

δ_A(K_v) = corank_{Zp}(H^0(K_v, A)) + rank_{Zp}(H^0(K_v, ^A(1)))

and so the above theorem is just the content of the corank lemma when r = 1 and v|p. The two cases where δ_A(K_v) = 1 are rather straightforward and are the subject of exercises 2.3 and 2.4. Therefore, we will assume that δ_A(K_v ) = 0 in the following proof.

Proof. The action of G_{Kv} on A is given by a homomorphism ψ : G_{Kv} → Z^×_p . If ψ has finite order, then it factors through Δ = Gal(F/K_v) where F is a finite extension of K_v. The corank lemma in this case is the subject of exercise 2.3. The argument just depends on local class field theory over F and studying the action of Δ on F^×. It is straightforward and so we will now assume that im(ψ) is infinite. Let F_∞ = K^{ker(ψ)}_v so that G = Gal(F_∞/K_v) acts faithfully on A. Also, G ∼= im(ψ), which is a subgroup of Z^×_p . Hence G ∼= Δ × Γ, where Γ ∼= Z_p and Δ is a finite group of order dividing p − 1 if p is odd and of order 1 or 2 if p = 2. Let F_0 = F^Γ_∞ so that Δ = Gal(F_0/K_v) and Γ = Gal(F_∞/F_0). That is, F_∞/F_0 is a Z_p-extension. For n ≥ 0, we let F_n = F^{Γpn}_∞ . Then F_∞ = ⋃ n F_n and F_n/F_0 is cyclic of degree p^n.

The inflation-restriction sequence

0 → H^1(G, A)^i−→ H^1(K_v, A)^r−→ H^1(F_∞, A)^G −→ H^2(G, A)

is exact and will allow us to study H^1(K_v, A) by studying H^1(F_∞, A)^G instead.

If p is odd, then H^2(G, A) = 0 and so r is surjective. This follows easily from the facts that |Δ| is not divisible by p and Γ is a free pro-p group and hence has p-cohomological dimension 1. If p = 2 and |Δ| = 1, then, for the same reason, H^2(G, A) = 0 and so r is surjective in this case too. But if |Δ| = 2, then it is not hard to verify that H^2(G, A) ∼= Z/2Z. Thus, coker(r) is finite of order ≤ 2 and is usually trivial. Now ker(r) = im(i) also turns out to be finite of order ≤ 2 and is usually trivial. If |Δ| = 1, then G = Γ and, since we are assuming that H^0(K_v, A) is finite, one can apply exercise 2.2(c) to see that H^1(G, A) = 0. If p is odd and |Δ| > 1, then A^Δ = 0. It is then even easier to see that H^1(G, A) = 0 (using a simple inflation-restriction argument). But if p = 2 and |Δ| = 2, then A^Δ has order 2 and one finds that H^1(G, A) ∼= Z/2Z. The above remarks show that

corank_{Zp}(H^1(K_v , A)) = corank_{Zp}(H^1(F_∞, A)^G).

CHAPTER 3. Λ-MODULES. 39

But H^1(F_∞, A) = Hom_{cont}(G_{F∞} , A) since G_{F∞} acts trivially on A. Let M_∞ denote the maximal, abelian pro-p extension of F_∞. That is, M_∞ is the compositum of all finite, abelian p-extensions of F_∞. Let X = Gal(M_∞/F_∞). Then we have H^1(F_∞, A) = Hom_{cont}(X, A). From here on, we will omit the subscript cont, taking the requirement of continuity as understood.

Note that M_∞ is a Galois extension of K_v and that Gal(M_∞/K_v) can be regarded as a group extension of the quotient group Gal(F_∞/K_v) = G by the closed, normal subgroup X = Gal(M_∞/F_∞). Hence there is a natural action of G on X (by inner automorphisms). Then we have H^1(F_∞, A)^G = Hom_G(X, A). Now X is a Z_p-module on which G acts Z_p-linearly and continuously. Let X^ψ denote the maximal quotient of X on which G acts by ψ. Then we have

corank_{Zp}(H^1(K_v, A)) = corank_{Zp}(Hom(X^ψ, A)) = rank_{Zp}(X^ψ)

since A ∼= Q_p /Z_p as a group. The rest of the argument involves studying X as a G-module.

All of the characters of Δ have values in Z^×_p . If p is odd, so that p ∤ |Δ|, then one has a decomposition of X by the characters of Δ (often referred to as the Δ-decomposition): X = ⨁ χ∈ ^Δ X^χ. Here X^χ = {x ∈ X|δ(x) = χ(δ)x for all δ ∈ Δ} = e_χX, where e_χ is the idempotent for χ in Z_p[Δ]. If p = 2 and |Δ| = 2, which is the only case where |Δ| is divisible by p, then we define X^χ as the maximal quotient of X on which Δ acts by χ. Now Δ acts on A by the character χ = ψ|_Δ, which we denote by ψ_Δ. Then

Hom_Δ(X, A) = Hom(X^{ψΔ} , A).

Furthermore, Γ acts on A by the character ψ_Γ : Γ → 1 + pZ_p, where ψ_Γ = ψ|_Γ. If Y is any Z_p-module on which Γ acts and if κ : Γ → 1 + pZ_p is a continuous homomorphism, then we let Y^κ denote Y/(γ_0 − κ(γ_0))Y , which is the maximal quotient of Y on which Γ acts by the character κ. Here γ_0 is a fixed topological generator of Γ. In fact, we have X^ψ = (X^{ψΔ} )^{ψΓ} and so it follows that

corank_{Zp}(H^1(K_v, A)) = rank_{Zp}(X^{ψΔ} /(γ_0 − ψ_Γ(γ_0))X^{ψΔ} ).

We determine this rank by considering X^{ψΔ} as a Λ-module.

The Galois group X is an abelian, pro-p group. Applying exercise 3.3 to the discrete, p-primary Γ-module Hom(X, Q_p /Z_p), one can regard X as a Λ-module. We will prove the following statements about X which were proved by Iwasawa in [Iw].

(a) X is a finitely generated Λ-module.

(b) X has Λ-rank equal to [K_v : Q_p ]|Δ|. More precisely, for each character χ of Δ, X^χ has Λ-rank equal to [K_v : Q_p ].

(c) If F_∞ contains the group μ_p∞ of p-power roots of unity, then the Λ-torsion submodule X_Λ-_{tors} is isomorphic to T_p(μ_p∞ ), the Tate module of μ_p∞ . Otherwise, X_Λ-_{tors} = 0.

The key ingredient in proving these statements is local class field theory which gives the structure of Gal(M_n/F_n), where M_n denotes the maximal abelian pro-p extension of F_n. We have

Gal(M_n/F_n) ∼= Z^{[Fn:Qp]+1} p × μ_{Fn}

40 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

where μ_{Fn} denotes the group of p-power roots of unity in F_n. This comes from the reciprocity map F^×_n → Gal(F^{ab}_n /F_n), which is injective and has dense image, together with the well-understood structure of F^×_n (which can be studied by using the p-adic log map). Note that [F_n : Q_p ] = [K_v : Q_p ]|Δ|p^n for n ≥ 0. Furthermore, Δ can be identified with a subgroup of Gal(F_n/K_v) and so acts on Gal(M_n/F_n). We can consider the Δ-decomposition

Gal(M_n/F_n) = ⨁ χ∈ ^Δ Gal(M_n/F_n)^χ

and, since the reciprocity map is Δ-equivariant, one finds that

rank_{Zp}(Gal(M_n/F_n)^χ) = { [K_v : Q_p ]p^n if χ is nontrivial. [K_v : Q_p ]p^n + 1 if χ is trivial.

The extra 1 if χ is trivial could be thought of as corresponding to Gal(F_∞/F_n) ∼= Z_p since F_∞ ⊂ M_n and Δ acts trivially on Gal(F_∞/F_n). Thus, we actually have that rank_{Zp}(Gal(M_n/F_∞)^χ) = [K_v : Q_p ]p^n for all n ≥ 0 and all characters χ of Δ.

The field M_n is just the maximal abelian extension of F_n contained in M_∞ and therefore Gal(M_∞/M_n) is the closure of the commutator subgroup Gal(M_∞/F_n)^′ of Gal(M_∞/F_n). Consider the exact sequence

1 → X → Gal(M_∞/F_n) → Gal(F_∞/F_n) → 1.

If g ∈ Gal(F_∞/F_n) and x ∈ X, recall that the action of g on x is defined by g(x) = ~gx~g^{−1}, where ~g ∈ Gal(M_∞/F_n) is chosen so that ~g|_{F∞} = g. Thus, g(x)x^{−1} = ~gx~g^{−1}x^{−1} is a commutator in Gal(M_∞/F_n). We will leave it to the reader (in exercise 3.13) to prove the useful fact that

Gal(M_∞/F_n)^′ = {γ^{pn}_0 (x)x^{−1}|x ∈ X}

and that this is a closed subgroup of Gal(M_∞/F_n). Switching to the usual additive notation for the Λ-module X, we therefore have

Gal(M_∞/M_n) = (γ^{pn}_0 − 1)X = ω_nX and Gal(M_n/F_∞) = X/ω_nX

for all n ≥ 0, where, as previously, ω_n = (1 + T )^{pn} − 1.

Statement (a) is now an immediate consequence of theorem 3.9, part 2 because ω_0 = T and X/T X is isomorphic to the finitely generated Z_p-module Gal(M_0/F_∞). This implies that X/mX is finite. Statement (b) is a consequence of exercise 3.6. For the first part, we note that the above remarks imply that rank_{Zp}(X/ω_nX) = [F_n : Q_p ] = rp^n, where r = [K_v : Q_p ]|Δ|. To obtain the second part, note that the isomorphism X/ω_nX ∼= Gal(M_n/F_∞) is Δ-equivariant. It follows that (X/ω_nX)^χ ∼= X^χ/ω_nX^χ is isomorphic to Gal(M_n/F_∞)^χ and so, for each χ ∈ ^Δ and n ≥ 0, we have

rank_{Zp}(X^χ/ω_nX^χ) = [K_v : Q_p ]p^n.

Using exercise 3.6 again, we have rank_Λ(X^χ) = [K_v : Q_p ] as stated.

The Λ-torsion submodule of X is a little more subtle to study. First we recall that G_{F∞} has p-cohomological dimension 1, as was explained at the end of chapter 2. Consequently, as also explained at the end of chapter 2, it follows that H^1(F_∞, Q_p /Z_p) is a divisible group. That is, ^X = Hom(X, Q_p /Z_p) is divisible and so X is torsion-free as a Z_p-module. In particular, it follows that X has no nonzero,

CHAPTER 3. Λ-MODULES. 41

finite Λ-submodules. Let Y = X_Λ-_{tors} and let W = X/Y . Then W is a torsion-free Λ-module. This easily implies that we have an exact sequence 0 → Y/ω_nY → X/ω_nX → W/ω_nW → 0 for all n ≥ 0. Now rank_Λ(W ) = [K_v : Q_p ]|Δ| and so it follows that W/ω_nW has Z_p-rank [K_v : Q_p ]|Δ|p^n, which is the same as the Z_p-rank of X/ω_nX. This implies that Y/ω_nY must be finite and isomorphic to a subgroup of (X/ω_nX)_{Zp}-_{tors} = μ_{Fn} . If μ_{Fn} has bounded order as n → ∞ (i.e., if μ_p∞ is not contained in F_∞), then so does Y/ω_nY . It follows that Y = Lim_{←−} Y/ω_nY is itself finite and therefore we must have Y = 0. This proves the second part of statement (c).

For the first part of (c), note again that Y = Lim_{←−} Y/ω_nY . Since Y/ω_nY is cyclic for all n, it is clear that if Y is infinite, then Y ∼= Z_p as a Z_p-module. Now, by exercise 3.5, it follows that the Z_p-torsion subgroup of W/ω_nW has bounded order as n → ∞. Hence if μ_{Fn} has unbounded order (i.e., if μ_p∞ ⊂ F_∞), then Y/ω_nY must have unbounded order too. Since Y/ω_nY is isomorphic to a subgroup of μ_{Fn} , it follows that Y ∼= Lim_{←−} μ_{Fn} = T_p(μ_p∞ ) as stated.

It is now easy to complete the proof of theorem 3.11. We proved before that corank_{Zp}(H^1(K_v, A)) = rank_{Zp}(X^{ψΔ} /g(T )X^{ψΔ} ), where g(T ) = T − b with b = ψ_Γ(γ_0) − 1 ∈ pZ_p. Thus g(T ) is a distinguished polynomial of degree 1. Statements (a), (b), (c) imply that X^{ψΔ} is pseudo-isomorphic to Λ^{[Kv :Qp]} or to Y × Λ^{[Kv :Qp]}, where Y = T_p(μ_p∞ ). The latter occurs if μ_p∞ ⊂ F_∞ and ψ_Δ is the character giving the action of Δ on μ_p∞ . Now Λ/g(T )Λ has Z_p-rank 1 by corollary 3.6 (which is rather obvious in this case). If μ_p∞ ⊄ F_∞, it then follows that H^1(K_v, A) indeed has Z_p-corank equal to [K_v : Q_p ]. If μ_p∞ ⊂ F_∞, then G = Gal(F_∞/K_v) acts on T_p(μ_p∞ ) by a character χ. We are assuming ψ ≠ χ. If ψ_Δ ≠ χ_Δ, then Y = 0. If ψ_Δ = χ_Δ, then Y = T_p(μ_p∞ ), but ψ_Γ ≠ χ_Γ and so it follows that Y/g(T )Y is finite. In either case, we again find that X^{ψΔ} /g(T )X^{ψΔ} has Z_p-rank [K_v : Q_p ].

Exercises

3.1. Let A be a finite, abelian p-group on which Γ acts continuously. Prove that T^nA = 0 for n ≫ 0. Prove that m^nA = 0 when n ≫ 0, where m denotes the maximal ideal of Λ.

3.2. Let A be a discrete p-primary, abelian group on which Γ acts continuously. Prove that A = ⋃ n A^{Γn} (where Γ_n = Γ^{pn} for all n ≥ 0). Prove that

A = 0 ⇐⇒ A^Γ = 0 ⇐⇒ A[p]^Γ = 0.

Use this to prove part (1) of theorem 3.9 by taking A = Hom_{cont}(X, Q_p /Z_p).

3.3. Let A be as in exercise 3.2. We know how to make A into a Z_p-module. Prove that if a ∈ A, then T^na = 0 for n ≫ 0. Using this, show that A can be made into a Λ-module. Let X = ^A. Show that if x ∈ X, then T^nx → 0 in X. Using this, make X into a Λ-module.

3.4. Let Z be a finitely generated Λ-module. Show that Z is finite if and only if m^nZ = 0 for some n ≥ 0. Prove that every finitely generated Λ-module X contains a Λ-submodule Z which is finite and contains all other finite Λ-submodules of X. Prove that if f(T ) ∈ Λ, then Λ/(f(T )) contains no nonzero, finite Λ-submodules.

42 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

Deduce that the kernel of the map occurring in theorem 3.1 must be the maximal finite Λ-submodule Z of X.

3.5. Suppose that X is a Λ-submodule of Λ^r and that H = Λ^r/X is finite. For n ≥ 1, let ω_n = (1 + T )^{pn} − 1. Prove that H ∼= (X/ω_nX)_{Zp}-_{tors} as a Λ-module if n ≫ 0. It follows that the finite Λ-module H is uniquely determined by the isomorphism class of X.

3.6. Suppose that X is a finitely generated Λ-module and that rank_{Zp}(X/ω_nX) = rp^n + O(1) as n → ∞. Prove that rank_Λ(X) = r. Now assume in addition that X/T X ∼= Z^r_p. Prove that X ∼= Λ^r as a Λ-module.

3.7. In this problem, let X = Λ/(f(T )), where f(T ) is a nonzero element of Λ.

(a) Suppose that X/ω_nX is finite for all n ≥ 0. Prove that |X/ω_nX| = u ∏ ζ^{pn} =1 f(ζ − 1). where u ∈ Z^×_p . (Hint: Multiplication by f(T ) defines a Z_p-linear map Λ/(ω_n) → Λ/(ω_n). The cokernel of this map is X/ω_nX and its order is the determinant, up to a p-adic unit.)

(b) If f(T ) = p^m, then part (a) implies that (X/ω_nX) = p^{mpn} for all n ≥ 0.

Assume that f(T ) is a distinguished polynomial of degree d. Assume that X/ω_nX is finite for all n ≥ 0. Prove that |X/ω_nX| = p^{dn+c} for all n ≫ 0, where c is some constant.

3.8. (a) Assume that X is a finitely generated torsion Λ-module and that X/ω_nX is finite for all n. Let μ = μ_X , λ = λ_X as defined in this chapter. Using theorem 3.1, prove that |X/ω_nX| = p^{μpn+λn+O(1)} as n → ∞.

(b) Assume that X is a finitely generated, torsion Λ-module. Let t_n denote the number of zeros of f_X (t) of the form T = ζ − 1, where ζ^{pn} = 1 (counting multiplicities). Prove that X/ω_nX is infinite if and only if t_n ≥ 1. Prove that rank_{Zp}(X/ω_nX) ≤ t_n.

3.9. Assume that A is a discrete, p-primary abelian group on which Γ acts continuously. Assume also that A^Γ has order p. Prove that either A is finite or that ^A ∼= Λ/(f(T )), where f(T ) is an irreducible element of Λ. Deduce that if A is infinite, then either A has exponent p or A is Z_p-cofree of finite Z_p-corank.

3.10. Assume that A is a discrete, p-primary abelian group on which Γ acts continuously. Assume that A^Γ is finite and that A^{Γn+1} = A^{Γn} for some n ≥ 0. Prove that A = A^{Γn} .

3.11. (a) Let F_∞/F be a Z_p-extension. Suppose that E is an elliptic curve defined over F and that E(F_1)_p = E(F )_p. Prove that E(F_∞)_p = E(F )_p.

(b) Let E be an elliptic curve defined over Q with the following properties: E has good reduction at 2 and ~E(F_2 ) has order 4, E has good reduction at 7, and E(Q)_{tors} has order 8. Let Q_∞ be the cyclotomic Z_2-extension of Q. Show that E(Q_∞ )_{tors} = E(Q)_{tors} . (Note: The hypotheses are satisfied by the elliptic curve y^2 + xy = y^3 − 115x + 392 considered in chapter 1.)

3.12. (a) Let G be a profinite group. Consider the natural map Z_p[G] → Z_p[[G]]. Prove that this map is injective and that its image is dense.

CHAPTER 3. Λ-MODULES. 43

(b) Suppose that G and H are profinite groups and that there is a continuous, surjective homomorphism φ : G → H. Prove that the induced homomorphism Z_p[[G]] → Z_p[[H]] is also surjective.

(c) Assume that G is a pro-p group (i.e., an inverse limit of finite p-groups).

Prove that Z_p[[G]] is a local ring.

3.13. In the notation of the proof of theorem 3.11, show that

Gal(M_∞/F_n)^′ = {γ^{pn}_0 (x)x^{−1}|x ∈ X}

and that this is a closed subgroup of Gal(M_∞/F_n).

CHAPTER 4 Mazur’s Control Theorem.

The main result of this section is the following theorem of Mazur concerning the Galois theoretic behavior of Selmer groups. We suppose that F is a finite extension of Q and that E is an elliptic curve defined over F .

Theorem 4.1. Assume that p is a prime and that E has good, ordinary reduction at all primes of F lying over p. Assume that F_∞ = ⋃ n F_n is a Z_p-extension of F .

Then the natural maps

Sel_E (F_n)_p → Sel_E (F_∞)^{Gal(F∞/Fn)} p have finite kernels and cokernels. Their orders are bounded as n → ∞.

Of course, as before, F_n denotes the unique subfield of F_∞ containing F such that [F_n : F ] = p^n. After proving this theorem, we will derive various corollaries, including theorem 1.6.

Our proof of theorem 4.1 is based on the description of the images of the local Kummer homomorphisms presented in chapter 2, specifically theorems 2.4, 2.6, 2.8, and 2.9. We will also prove a special case of conjecture 3.3. Let E be any elliptic curve defined over F . Let K be an algebraic extension of F . For every prime η of K, we let

H_E (K_η ) = H^1(K_η, E[p^∞])/ im(κ_η).

Let P_E (K) = ∏ η H_E (K_η ), where η runs over all primes of K. Thus,

Sel_E (K)_p = ker ( H^1(K, E[p^∞]) → P_E(K) ) , where the map is induced by restricting cocycles to decomposition groups. Also, we put

G_E (K) = im ( H^1(K, E[p^∞]) → P_E(K) ) . Let F_∞ = ⋃ n F_n be an arbitrary Z_p-extension of F . Consider the following commutative diagram with exact rows.

0 � SelE (Fn)p � s_n � H^1(F_n, E[p^∞]) � h_n � G_E (F_n) � g_n � 0

0 � SelE (F∞)^{Γn}_p � H^1(F_∞, E[p^∞])^{Γn} � G_E (F_∞)^{Γn} .

46 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

Here Γ_n = Gal(F_∞/F_n) = Γ^{pn} . The maps s_n, h_n, and g_n are the natural restriction maps. The snake lemma then gives the exact sequence

0 → ker(s_n) → ker(h_n) → ker(g_n) → coker(s_n) → coker(h_n).

Therefore, we must study ker(h_n), coker(h_n), and ker(g_n), which we do in a sequence of lemmas.

Lemma 4.2. Ker(h_n) is finite and has bounded order as n varies.

Proof. By the inflation-restriction sequence, ker(h_n) ∼= H^1(Γ_n, B), where B is the p-primary subgroup of E(F_∞). If B is finite, which is usually the case, then we will have H^1(Γ_n, B) = Hom(Γ_n, B) for n ≫ 0. Lemma 4.2 follows immediately. But it is not necessary to assume the finiteness of B. If γ denotes a topological generator of Γ, then H^1(Γ_n, B) = B/(γ^{pn} − 1)B. (See exercise 2.2.) Since E(F_n) is finitely generated, the kernel of γ^{pn} − 1 acting on B is finite. Now B_{div} has finite Z_p-corank. Hence (by exercise 2.2(c)), it follows that (γ^{pn} − 1)B_{div} = B_{div} and so it is clear that B_{div} ⊆ (γ^{pn} − 1)B ⊆ B. Since B is a cofinitely generated Z_p-module, B_{div} has finite index in B. Obviously, H^1(Γ_n, B) has order bounded by [B:B_{div}], a bound which is independent of n. If B is finite, then ker(h_n) has the same order as H^0(Γ_n, B), namely |E(F_n)_p|.

Lemma 4.3. Coker(h_n) = 0.

Proof. By the inflation-restriction exact sequence, the sequence

H^1(F_n, E[p^∞]) → H^1(F_∞, E[p^∞])^{Γn} → H^2(Γ_n, B)

is exact, where B = H^0(F_∞, E[p^∞]) again. But Γ_n ∼= Z_p is a free pro-p group. Therefore Γ_n has p-cohomological dimension 1. Hence H^2(Γ_n, B) = 0 and so h_n is surjective as claimed.

Let v be any prime of F . We will let v_n denote any prime of F_n lying over v. To study ker(g_n), we focus on each factor in P_E (F_n) by considering

r_{vn} : H_E ((F_n)_{vn} ) → H_E ((F_∞)_η )

where η is any prime of F_∞ lying above v_n. (P_E (F_∞) has a factor for all such η’s, but the kernels will be the same.) If v is archimedean, then v splits completely in F_∞/F , i.e., F_v = (F_∞)_η for all η|v. Thus, ker(r_{vn} ) = 0. For nonarchimedean v, we consider separately v ∤ p and v|p.

Lemma 4.4. Suppose that v is a nonarchimedean prime not dividing p. Then ker(r_{vn} ) is finite and has bounded order as n varies. If E has good reduction at v or if v splits completely in F_∞/F , then ker(r_{vn} ) = 0 for all n.

Proof. Let Γ_v denote the decomposition subgroup of Γ for any nonarchimedean prime v. If Γ_v is trivial, then v splits completely in F_∞/F and hence the lemma is obvious because F_v = (F_∞)_η and ker(r_{vn} ) = 0 for all n. Otherwise, Γ_v has finite index in Γ and so v is finitely decomposed in F_∞/F . We now assume this. By theorem 2.4, H_E (M_η) = H^1(M_η, E[p^∞]) for every algebraic extension M_η of F_v. Let B_v = H^0(K, E[p^∞]), where K = (F_∞)_η . Since v is unramified and finitely decomposed in F_∞/F , K is the unramified Z_p-extension of F_v (in fact, the only Z_pextension of F_v ). The group B_v is isomorphic to (Q_p /Z_p)^e × (a finite group), where

CHAPTER 4. MAZUR’S CONTROL THEOREM. 47

0 ≤ e ≤ 2. Let Γ_{vn} = Gal(K/(F_n)_{vn} ), which is isomorphic to Z_p, topologically generated by γ_{vn} , say. Then, using exercise 2.2 again, we have ker(r_{vn} ) ∼= H^1(Γ_{vn} , B_v ) ∼= B_v/(γ_{vn} − 1)B_v .

Since E((F_n)_{vn} ) has a finite p-primary subgroup, it is clear that (γ_{vn} −1)B_v contains (B_v)_{div} (just as in the proof of lemma 4.2) and hence | ker(r_{vn} )| ≤ |B_v /(B_v)_{div}|.

(4.5) This bound is independent of n and v_n. We have equality if n ≫ 0. Now assume that E has good reduction at v. Then, since v ∤ p, F_v (E[p^∞])/F_v is unramified. It is clear that K ⊆ F_v (E[p^∞]) and that Δ = Gal(F_v (E[p^∞])/K) is a finite, cyclic group of order prime to p. One can then prove that B_v = E[p^∞]^Δ is divisible. Therefore, ker(r_{vn} ) = 0 as stated.

Now assume that v|p. For each n, we let f_{vn} denote the residue field for (F_n)_{vn} . It doesn’t depend on the choice of v_n. Now either v splits completely in F_∞/F , v is ramified in F_∞/F , or v is unramified but finitely decomposed in F_∞/F . In the first two cases, the finite field f_{vn} stabilizes and so f_η is finite, where η is any prime of F_∞ lying over v and f_η is the corresponding residue field. Let ~E denote the reduction of E at v. Then we have Lemma 4.6. Suppose that v is a prime dividing p. Assume that E has good, ordinary reduction at v. Then ker(r_{vn} ) is finite and has bounded order as n varies. Proof. If v splits completely in F_∞/F , then ker(r_{vn} ) = 0 for all n. Assume that v is ramified in F_∞/F . In this case, theorem 2.9 is applicable. Then r_{vn} can be viewed as the composition of the following two maps:

a_{vn} : H^1((F_n)_{vn} , E[p^∞])/ im(κ_{vn} ) −→ H^1((F_n)_{vn} , E[p^∞])/ im(ε_{vn} ) b_{vn} : H^1((F_n)_{vn} , E[p^∞])/ im(ε_{vn} ) −→ H^1((F_∞)_η , E[p^∞])/ im(ε_η).

Here we are using the notation of chapter 2. Now a_{vn} is clearly surjective. Hence | ker(r_{vn} )| = | ker(a_{vn} )| · | ker(b_{vn} )|.

But ker(a_{vn} ) = im(ε_{vn} )/ im(κ_{vn} ) and, by theorem 2.8, the order of this group is bounded by | ~E(f_η)_p|, which is finite. On the other hand, the exact sequence 0 → F[p^∞] → E[p^∞] → ~E[p^∞] → 0 of Galois modules gives us the following commutative diagram:

0 � H^1((Fn)v_n , E[p^∞])/ im(εv_n ) b_{vn} �

π_{vn} � H^1((F_n)_{vn} , ~E[p^∞]) c_{vn} � 0 � H^1((F∞)η , E[p^∞])/ im(εη )^{πη} � H^1((F_∞)_η , ~E[p^∞]).

Therefore, | ker(b_{vn} )| ≤ | ker(c_{vn} )|. Now

ker(c_{vn} ) ∼= H^1((F_∞)_η /(F_n)_{vn} , ~E(f_η )_p) ∼= ~E(f_η )_p/(γ_{vn} − 1) ~E(f_η)_p where γ_{vn} is a topological generator of Gal((F_∞)_η /(F_n)_{vn} ). Thus | ker(c_{vn} )| is bounded above by | ~E(f_η )_p| and so we obtain | ker(r_{vn} )| ≤ | ~E(f_η )_p|^2

(4.7)

48 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

if v is ramified in F_∞/F .

Finally, assume that v is unramified but finitely decomposed in F_∞/F . Then (F_∞)_η is the unramified Z_p-extension of F_v. In this case, ker(r_{vn} ) = 0 for all n. We will sketch the argument. (Since f_η is infinite, we can’t apply theorem 2.9.) The Kummer sequence (2.2) reduces this to showing that H^1(L/M, E(L)) is trivial whenever M is a finite extension of F_v and L/M is a finite, unramified p-extension. Let l and m denote the residue fields of L and M, respectively. Then we have an exact sequence 0 → F(m_L) → E(L) → ~E(l) → 0, where m_L denotes the maximal ideal of L and F(m_L) the group of points on the formal group F. It is enough to verify that H^1(L/M, F(m_L)) and H^1(L/M, ~E(l)) are both trivial. Now Gal(L/M) = Gal(l/m). The vanishing of H^1(L/M, F(m_L)) can be proved by using the fact that F(m_L) has a filtration where the successive quotients are isomorphic as Galois modules to those for the formal additive group. There the filtration is defined by powers of the maximal ideal of L. Multiplication by a uniformizing parameter for M induces isomorphisms (as Galois modules) to the additive group l. One then uses the fact that H^1(l/m, l) = 0. The vanishing of H^1(L/M, ~E(l)) = H^1(l/m, ~E(l)) follows from that of H^1(m, ~E(m)), where m denotes the algebraic closure of m, and this can be shown just as in exercise 2.5.

Let v be any prime of F . If v splits completely in F_∞/F , then ker(r_{vn} ) = 0 and so these primes contribute nothing to ker(g_n). For all other primes v of F , the number of primes v_n of F_n lying above v is bounded as n → ∞. If E has good reduction at v and v ∤ p, then ker(r_{vn} ) = 0, and so these primes contribute nothing to ker(g_n). Thus there are only finitely many v’s that need to be considered and, for each such v, there are only a bounded number of v_n’s. For those v_n’s, lemmas 4.4 and 4.6 imply that | ker(r_{vn} )| is bounded. Combining these observations, we have proved the following lemma.

Lemma 4.8. The order of ker(g_n) is bounded as n varies.

Lemma 4.2 implies that ker(s_n) is finite and has bounded order no matter what type of reduction E has at v|p. Lemmas 4.3 and 4.8 show that coker(s_n) is finite and of bounded order, assuming that E has good, ordinary reduction at all v|p. Thus, the proof of theorem 4.1 is now complete.

Here is one corollary of theorem 4.1. It implies theorem 1.6 since the finiteness of Sel_E (F )_p is equivalent to that of E(F ) and �_E (F )_p.

Corollary 4.9. Suppose that E is an elliptic curve defined over F and that p is a prime such that E has good, ordinary reduction at all primes of F lying above p. Assume also that Sel_E (F )_p is finite. Then Sel_E (F_∞)_p is Λ-cotorsion. Consequently, rank_Z(E(F_n)) is bounded as n varies.

Proof. Under the above hypotheses, theorem 4.1 implies that Sel_E (F_∞)^Γ_p is finite. Let X = Hom(Sel_E (F_∞)_p, Q_p /Z_p). Then X is a Λ-module and X/T X is finite. (Note that X/T X is the maximal quotient of X on which Γ acts trivially. Hence X/T X is the Pontryagin dual of Sel_E (F_∞)^Γ_p .) By theorem 3.9, it follows that X is a finitely generated, torsion Λ-module. Hence Sel_E (F_∞)_p is indeed Λ-cotorsion. As we saw in chapter 3, X/X_{Zp}-_{tors} ∼= Z^λ_p for some λ ≥ 0. This implies that

(Sel_E (F_∞)_p)_{div} ∼= (Q_p /Z_p)^λ.

CHAPTER 4. MAZUR’S CONTROL THEOREM. 49

Using theorem 4.1 again, it follows that (Sel_E (F_n)_p)_{div} ∼= (Q_p /Z_p)^{tn} where t_n ≤ λ. (One just needs the finiteness of the kernels for this.) Now

E(F_n) ⊗ (Q_p /Z_p) ∼= (Q_p /Z_p)^{rankZ(E(Fn))}

is a subgroup of (Sel_E (F_n)_p)_{div} and therefore we obtain the inequality rank_Z(E(F_n)) ≤ λ for all n ≥ 0.

The next result gives sufficient conditions for Sel_E (F_∞)_p to be trivial.

Corollary 4.10. Suppose that E is an elliptic curve defined over F and that p is a prime such that E has good, ordinary reduction at all primes of F lying over p. Assume that Sel_E (F )_p = 0, that none of the primes of F over p are anomalous for E, and that E(F_v )_p = 0 for all primes v of F where E has bad reduction. Then Sel_E (F_∞)_p = 0.

Proof. By lemma 4.3, coker(h_0) = 0. Assume that v|p. If v is unramified in F_∞/F , then ker(r_v ) = 0. If v is ramified in F_∞/F , then the residue field f_η for a prime η of F_∞ above v is a finite p-extension of f_v, the residue field for v. Since ~E(f_η)^{Gal(fη /fv )} p = ~E(f_v )_p = 0, it follows that ~E(f_η )_p = 0. Hence, by (4.7), ker(r_v ) = 0. Assume now that v is a prime of F where E has bad reduction (and so v ∤ p). If η is a prime of F_∞ lying above v, then Gal((F_∞)_η /F_v ) is either trivial or isomorphic to Z_p. Since E((F_∞)_η )^{Gal((F∞)η /Fv )} p = E(F_v )_p = 0, it follows that E((F_∞)_η )_p = 0. Thus the group B_v occurring in the proof of lemma 4.4 is trivial. Therefore, it is clear that ker(r_v ) = 0. Combining these remarks, we see that ker(g_0) = 0. Therefore, coker(s_0) = 0. That is, the map Sel_E (F )_p → Sel_E (F_∞)^Γ_p is surjective. The hypothesis that Sel_E (F )_p = 0 implies that Sel_E (F_∞)^Γ_p = 0. Therefore X/T X = 0, where X = Hom(Sel_E (F_∞)_p, Q_p /Z_p). By theorem 3.9, X = 0 and so Sel_E (F_∞)_p = 0 too.

Remark. The hypothesis for the primes v where E has bad reduction can be weakened. It suffices to assume that B_v = H^0((F_∞)_η, E[p^∞]) is divisible. This is equivalent to assuming that the Tamagawa factor c_v for E/F_v is not divisible by p. (See exercise 4.6).

The next result concerns the growth of the order of �_E (F_n)_p, assuming that this group is finite for all n. The hypothesis that E(F_n) is finite for all n is not necessary, but it simplifies the argument. For a more general result (not assuming the finiteness of E(F_n)), see theorem 1.10 in [Gr2], which is proved at the end of section 3 of that article.

Corollary 4.11. Assume that E is an elliptic curve defined over F and that E has good, ordinary reduction at all primes of F lying above p. Let F_∞/F be a Z_pextension. Assume that both E(F_n) and �_E (F_n)_p are finite for all n. Then there exist integers λ, μ ≥ 0 depending only on E and F_∞/F such that

|�_E (F_n)_p| = p^{λn+μpn +O(1)} as n → ∞.

Proof. Let X = Hom(Sel_E (F_∞)_p, Q_p /Z_p). Then Sel_E (F_n)_p is finite for all n ≥ 0 and therefore so is Sel_E (F_∞)^{Γn}_p . Now | Sel_E (F_∞)^{Γn}_p | = |X/ω_nX|, where, as in chapter 3, ω_n = (1 + T )^{pn} − 1. This is because X/ω_nX is the maximal quotient of X on which Γ_n acts trivially. Hence X/ω_nX ∼= Hom(Sel_E (F_∞)^{Γn}_p , Q_p /Z_p) is just the Pontryagin dual of Sel_E (F_∞)^{Γn}_p and so has the same order. By theorem

50 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

4.1, | Sel_E (F_n)_p|/|X/ω_nX| = p^{en} , where |e_n| is bounded as n varies. Corollary 4.9 implies that X is a finitely generated, torsion Λ-module. The stated result then follows from exercise 3.8(a). The integers λ and μ are just the Iwasawa invariants of the Λ-module X: λ = λ_X , μ = μ_X .

Remark. Under the hypotheses of corollary 4.11, the integers λ and/or μ can be positive. Examples where μ > 0 were found by Mazur and are discussed in his paper [Ma1]. One such example is outlined in exercises 4.1–4.5. Other examples and results about λ and μ can be found in section 5 of [Gr2], e.g. corollary 5.6, propositions 5.7, 5.10, and various examples where λ and μ can be calculated precisely.

Theorem 1.8 shows that it is possible for rank(E(F_n)) to be unbounded in a Z_pextension F_∞ = ⋃ n F_n even if E has good, ordinary reduction at the primes over p. But, as suggested by the comment after that theorem, there is some regularity to the growth of the rank. This is explained by the following result.

Corollary 4.12. Suppose again that E is an elliptic curve defined over F which has good, ordinary reduction at all primes of F lying over p. Let F_∞/F be a Z_pextension. Let r = corank_Λ(Sel_E (F_∞)_p). Then corank_{Zp}(Sel_E (F_n)_p) = rp^n + O(1)

as n → ∞. In particular, if �_E (F_n)_p is finite for all n, then rank(E(F_n)) = rp^n + O(1) as n → ∞.

Proof. Let X = Hom(Sel_E (F_∞)_p, Q_p /Z_p). We know that X is a finitely generated Λ-module. According to theorem 3.1 and corollary 3.6, X is pseudo-isomorphic to Λ^r × Y × Z, where Y is a free Z_p-module of finite rank and Z is a torsion group of bounded exponent. As in the proof of corollary 4.11, X/ω_nX is the Pontryagin dual of Sel_E (F_∞)^{Γn}_p and so

rank_{Zp}(X/ω_nX) = corank_{Zp}(Sel_E (F_∞)^{Γn}_p ).

By theorem 4.1, corank_{Zp}(Sel_E (F_∞)^{Γn}_p ) = corank_{Zp}(Sel_E (F_n)_p). Now Λ/ω_nΛ has Z_p-rank p^n. (It can be identified with the group ring Z_p[Γ/Γ_n].) Also, Y/ω_nY has bounded Z_p-rank and Z/ω_nZ is finite. It is then clear that rank_{Zp}(X/ω_nX) = rp^n + O(1) as n → ∞ and this implies the first statement. Under the assumption that �_E (F_n)_p is finite, E(F_n) ⊗ (Q_p /Z_p) has finite index in Sel_E (F_n)_p and so has the same Z_p-corank. The Z_p-corank of E(F_n) ⊗ (Q_p /Z_p) is equal to rank(E(F_n)), giving the second statement.

What happens if E doesn’t have good, ordinary reduction at the primes of F lying over p? If E has potentially ordinary reduction at all primes of F over p (i.e., good, ordinary reduction at those primes over some finite extension of F ), then theorem 4.1 is still valid. The proof requires only some small modifications. The situation is more interesting if E is only assumed to have (potentially) ordinary or multiplicative reduction at the primes of F above p. The conclusion of theorem 4.1 should conjecturally still hold if F_∞ is the cyclotomic Z_p-extension of F . This can be proved if F = Q, but the proof needs the rather deep result that the Tate period q_E for E (assuming that E has multiplicative reduction at p) is not of the form q_E = ζp^a, where ζ is a root of unity. This was only established recently by Barré- Sirieix, Diaz, Gramain and Philibert who proved that q_E is actually transcendental if E has an algebraic j-invariant. (See section 3 of [Gr2] for a more thorough

CHAPTER 4. MAZUR’S CONTROL THEOREM. 51

discussion.) For arbitrary Z_p-extensions, theorem 4.1 would not in general be true under the above assumption.

Now let’s assume that E has supersingular (or potentially supersingular) reduction for at least one prime of F lying over p. If F_∞/F is a Z_p-extension which is ramified at such a prime, then one can show that Sel_E (F_∞)_p has positive Λcorank. If r = corank_Λ(Sel_E (F_∞)_p), then, as shown in the proof of corollary 4.12, corank_{Zp}(Sel_E (F_∞)^{Γn}_p ) = rp^n + O(1) as n → ∞. Assume that rank(E(F_n)) is bounded and that �_E (F_n)_p is finite for all n. (Theorems 1.7 and 1.20 provide many cases where this assumption is known to hold.) Then Sel_E (F_n)_p would have bounded Z_p-corank as n → ∞ and so the conclusion in theorem 4.1 would fail to be true. In fact, the cokernel of the map Sel_E (F_n)_p → Sel_E (F_∞)^{Γn}_p would have unbounded Z_p-corank. (The kernel would still be finite and of bounded order by lemma 4.2.)

It is lemma 4.6 which is not valid if E has supersingular reduction at a prime v of F lying over p. For any n ≥ 0, consider the map r_{vn} : H_E ((F_n)_{vn} ) → H_E ((F_∞)_η ).

As discussed in chapter 2, if d_n = [(F_n)_{vn} : Q_p ], then H^1((F_n)_{vn} , E[p^∞]) has Z_pcorank 2d_n and im(κ_{vn} ) has Z_p-corank d_n. Therefore, H_E ((F_n)_{vn} ) has Z_p-corank equal to d_n. This is true no matter what reduction type E has at the prime v. Assume that E has supersingular (or potentially supersingular) reduction at v. Assume also that (F_∞)_η /F_v is a ramified Z_p-extension (i.e., the inertia subgroup of Γ = Gal(F_∞/F ) for v is nontrivial). Under these assumptions, it turns out surprisingly that im(κ_η ) = H^1((F_∞)_η , E[p^∞]). That is, H_E ((F_∞)_η ) = 0. Thus, even though the Z_p-corank of H_E ((F_n)_{vn} ) is unbounded, the direct limit of these groups under the restriction maps is zero. Hence ker(r_{vn} ) = H_E ((F_n)_{vn} ) for all n ≥ 0. The difference between the ordinary and supersingular cases shows up rather clearly in theorem 1.8, especially in the more precise statements (1.9) and (1.10). According to (1.10), under the assumption that F is an imaginary quadratic field and that End(E) ⊗ Q ∼= F , we have

rank(E(F^{ac}_n )) = 2 n∑ j=1 ′ φ(p^j ) + O(1).

if E has supersingular reduction at p. Here ∑_′ denotes the sum over those j’s with a fixed parity (depending on the parity of ord_{s=1}(L(E/Q, s)). Compare this with corollary 4.12. Another interesting result is the following recent theorem of Kurihara which should be compared with corollary 4.11.

Theorem 4.13. Suppose that E is an elliptic curve defined over Q which has good, supersingular reduction at a prime p ≥ 5. Assume that L(E, 1)/Ω_E and the Tamagawa factors for all primes where E has bad reduction are not divisible by p. Assume also that Gal(Q(E[p])/Q ) ∼= GL_2(Z/pZ). Let Q_∞ = ⋃ n Q_n be the cyclotomic Z_p-extension of Q. Then �_E (Q_n )_p is finite and its order is p^{tn} where

t_n = n−1∑ j=1 ′ p^j − [ n 2 ]

for n > 0. Here ∑_′ denotes the sum over integers j ≡ n − 1 (mod 2). Also, the Mordell-Weil group E(Q_n ) is finite for all n ≥ 0.

52 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

We will close this article with a brief discussion of the so-called “Main Conjecture.” This conjecture has its roots in a conjecture of Iwasawa which gives an interpretation of the p-adic L-functions constructed by Kubota and Leopoldt in terms of the structure of certain Galois groups as Λ-modules. Iwasawa’s conjecture was proved by Mazur and Wiles in 1983. But in the early 1970s, Mazur formulated a similar conjecture for a p-adic analogue of the Hasse-Weil L-function of an elliptic curve E/Q under the assumption that E has good, ordinary reduction at p. We refer the reader to [Gr3] for a more thorough account of the history of these ideas.

Let Γ = Gal(Q_∞ /Q), where Q_∞ denotes the cyclotomic Z_p-extension of Q. Let X = Hom(Sel_E (Q_∞ )_p, Q_p /Z_p) which is known to be a finitely generated, torsion (due to Kato) Λ-module. This is just the Pontryagin dual of the discrete, abelian group Sel_E (Q_∞ )_p and so we denote it by Sel_E (Q_∞ )^^_p. Let f_E (T ) denote a generator of the characteristic ideal of X. It should be clear that the behavior of Sel_E (Q_n )_p as n varies is somehow closely related to the valuation of the numbers f_E (ζ − 1), where ζ varies over the p^n-th roots of unity. (See exercises 3.7, 3.8, and corollary 4.11, for example.) In turn, the Birch and Swinnerton-Dyer conjecture suggests that there should be a close link with the numbers L(E/Q, χ, 1), where χ varies over the characters of Gal(Q_n /Q), n ≥ 0.

If E is an elliptic curve/Q, then it is now known that E is modular. One consequence is that the L-function L(E/Q, χ, s) can be analytically continued to the entire complex plane, where χ is any Dirichlet character. In particular, L(E/Q, χ, 1) is defined. A theorem of Shimura implies that L(E/Q, χ, 1)/Ω_E is algebraic, where Ω_E = ∫ E(R) dx y is the so-called “real period” for E. Also, let α_p, β_p ∈ Q be defined by α_p + β_p = a_p, α_pβ_p = p, where a_p = 1 + p − ~E(F_p ). Assume that E has good, ordinary reduction at p. Then p ∤ a_p (exercise 2.12). This means that p splits in the imaginary quadratic field Q(α_p , β_p). Let τ(χ) ∈ Q be the Gauss sum for the Dirichlet character χ. As in chapter 1, we will regard a Dirichlet character χ as a 1-dimensional representation of a Galois group Gal(K_χ/Q). The p-adic Lfunction L_p(E/Q, s) is a Q_p -valued analytic function of a p-adic variable s which is completely determined by the collection of numbers L(E/Q, χ, 1)/Ω_E , where χ varies over all Dirichlet characters such that K_χ ⊂ Q_∞ . That is, χ varies over ^Γ, the Pontryagin dual of Γ.

Here is the precise definition. Fix an embedding of Q into Q_p. Then we can consider χ as having values in Q_p. The numbers α_p, β_p, τ(χ), and L(E/Q, χ, 1)/Ω_E can be regarded as elements of Q_p. It is clear that α_p, β_p ∈ Q_p and that one of these numbers (say α_p) is a p-adic unit. Fix a topological generator γ_0 of Γ as in chapter 3. Then χ ∈ ^Γ is determined by ζ = χ(γ_0), which is a p^n-th root of unity. If T = γ_0 − 1, then we define χ(T ) = χ(γ_0) − 1 = ζ − 1. Note that if

g(T ) =^∞ ∑ i=0 b_iT^i ∈ Λ, then it makes sense to write g(χ(T )) since the infinite series

g(ζ − 1) = ∑ b_i(ζ − 1)^i converges in Q_p. This also makes sense if g(T ) ∈ Λ ⊗_{Zp} Q_p , the ring of power series with bounded denominators. The existence of L_p(E/Q, s) is a consequence of a theorem of Mazur and Swinnerton-Dyer which states that there exists a power series g_E (T ) ∈ Λ ⊗_{Zp} Q_p satisfying the following interpolation

CHAPTER 4. MAZUR’S CONTROL THEOREM. 53

property.

(1) g_E(0) = (1 − β_pp^{−1})^2L(E/Q, 1)/Ω_E

(2) g_E(χ(T )) = (β_p)^mL(E/Q, χ, 1)/Ω_E τ(χ)

if χ has conductor p^m > 1.

(4.14)

Here, if χ is a faithful character of Gal(Q_n /Q), where n ≥ 1, then the conductor of χ is p^m where m = n + 1 if p is odd, m = n + 2 if p = 2. Since a nonzero element of Λ ⊗_{Zp} Q_p can have only finitely many zeros, g_E (T ) is clearly uniquely determined by the above interpolation property. It also does not depend on the choice of embedding Q → Q_p. The proof of the existence of g_E (T ) can be found in [M-T-T]. There, p-adic L-functions are associated to modular forms under very general hypotheses.

Finally, here is the definition of L_p(E/Q, s). One can identify Γ = Gal(Q_∞ /Q) with Gal(Q(μ_p∞ )/Q) if p is odd (or with Gal(Q(μ_2∞ )/Q(μ_4 )) if p = 2). Thus, we can regard γ_0 as an element of Gal(Q(μ_p∞ )/Q). Define κ_0 by γ_0(ζ) = ζ^{κ0} for all ζ ∈ μ_p∞ . (We have κ_0 ∈ 1 + pZ_p if p is odd, κ_0 ∈ 1 + 4Z_2 if p = 2.) Then, by definition,

L_p(E/Q, s) = g_E (κ^{s−1}_0 − 1)

(4.15)

for all s ∈ Z_p. This function is actually independent of the choice of γ_0. Note also that L_p(E/Q, 1) = g_E (0) = (1 − β_pp^{−1})^2L(E/Q, 1)/Ω_E and hence we have L_p(E/Q, 1) ≠ 0 ⇐⇒ L(E/Q, 1) ≠ 0. Here then is the statement of the Main Conjecture which was formulated by Mazur.

Conjecture 4.16. The characteristic ideal of the Λ-module X = Sel_E (Q_∞ )^^_p is generated by g_E (T ).

Implicit in this statement is the assertion that g_E (T ) ∈ Λ. This is known to be true in most cases, e.g. if the G_Q-module E[p] is irreducible where p is an odd prime. The most general result concerning conjecture 4.16 is the theorem of Rubin [Ru1] establishing it when E is an elliptic curve/Q with complex multiplication and p is any odd prime where E has good, ordinary reduction. Some simple consequences of conjecture 4.16 are given in exercises 4.7, 4.8.

Exercises

In exercises 4.1–4.5, we consider the elliptic curve E = X_0(11), which is defined by y^2 + y = x^3 − x^2 − 10x − 20. In Cremona’s tables, one finds that E has two Q-isogenies of degree 5 and that E(Q) ∼= Z/5Z. Also it can be shown that �_E (Q) is trivial.

4.1. Deduce that E[5] ∼= μ_5 × Z/5Z as a G_Q-module.

4.2. Let Σ = {∞, 5, 11}. One can consider H^1(Q_Σ /Q_∞ , μ_5) as a discrete Λ-module, where Q_∞ denotes the cyclotomic Z_5-extension of Q. Show that the compact Λmodule H^1(Q_Σ /Q_∞ , μ_5)^^ has μ-invariant equal to 1. (Hint: Use Kummer theory and consider the units of the fields Q_n . The fact that the class number of Q_n is not divisible by 5 is helpful)

54 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

4.3. Show that E has good, ordinary reduction at p = 5. Show that μ_5 ⊂ ker(E[5^∞] → ~E[5^∞]).

(Note: To define the reduction map, one must choose an embedding Q → Q_5.) 4.4. There is a natural map ε : H^1(Q_Σ /Q_∞ , μ_5) → H^1(Q_Σ /Q_∞ , E[5^∞]).

Show that ker(ε) is finite and that im(ε) ⊂ Sel_E (Q_∞ )_5. The Λ-module Sel_E (Q_∞ )^^_5 is Λ-torsion by corollary 4.9. Show that its μ-invariant is positive. 4.5. Prove that dim_{Z/pZ}(�_E (Q_n )[p]) ≥ p^n − c for all n, where c is some constant. (Theorem 1.6 is helpful here.)

4.6. Let E be an elliptic curve defined over a finite extension F_v of Q_l , where l ≠ p. Let K_η denote the unramified Z_p-extension of F_v (which is the only Z_p-extension of F_v ). Let B_v = H^0(K_η , E[p^∞]). Prove that H^1(K_η /F_v, B_v) has order c^{(p)}_v , where c^{(p)}_v is the largest power of p dividing c_v = [E(F_v ) : E_0(F_v )]. Deduce that B_v is divisible if and only if p ∤ c_v. (Here E_0(F_v ) denotes the subgroup of E(F_v ) consisting of the points with nonsingular reduction. See [Si1], Chapter 7, §6 for a discussion of the group E(F_v )/E_0(F_v ).)

4.7. Assume that E is an elliptic curve/Q with good, ordinary reduction at p. Kato has proved that the characteristic ideal of Sel_E (Q_∞ )^^_p contains p^ag_E (T ) for some a ≥ 0. Using this, prove that rank_Z(E(Q)) ≤ ord_{s=1}(L_p(E/Q, s)). 4.8. Assume that E is an elliptic curve/Q. Kolyvagin has proved that if L(E/Q, 1) ≠ 0, then both E(Q) and �_E (Q) are finite. Assuming conjecture 4.16, prove the following partial converse: If L(E/Q, 1) = 0, then either E(Q) is infinite or �_E (Q)_p is infinite for every prime p where E has good, ordinary reduction.

BIBLIOGRAPHY

[B-D] M. Bertolini, H. Darmon, Nontriviality of families of Heegner points and ranks of Selmer groups over anticyclotomic towers, Jour. Ramanujan Math. Soc. 13 (1998), 15–24.

[B-K] S. Bloch, K. Kato, L-functions and Tamagawa numbers of motives. In:

Grothendieck Festschrift 1, Progress in Math., Birkhäuser 86 (1990), 333– 400.

[Bo] Bourbaki, Commutative Algebra, Addison-Wesley, 1972. [C-G] J. Coates, R. Greenberg, Kummer theory for abelian varieties over local fields, Invent. Math. 124 (1996), 129–174.

[C-W] J. Coates, A. Wiles, On the conjecture of Birch and Swinnerton-Dyer, Invent. Math. 39 (1977), 223–251.

[Cr] J. E. Cremona, Algorithms for Modular Elliptic Curves, Cambridge University Press (1992).

[Gr1] R. Greenberg, On the Birch and Swinnerton-Dyer Conjecture, Invent. Math.

72 (1983), 241–265.

[Gr2] R. Greenberg, Iwasawa theory for elliptic curves, in Lecture Notes in Math., 1716 (1999), 51–144.

[Gr3] R. Greenberg, Iwasawa Theory — Past and Present, to appear in Advanced Studies in Pure Mathematics.

[Ha] M. Harris, Systemic growth of Mordell-Weil groups of abelian varieties in towers of number fields, Invent. Math. 51 (1979), 123–141.

[Ho] L. Howe, Twisted Hasse-Weil L-functions and the result of Mordell-Weil groups, Canadian J. Math. 49 (1997), 749–771.

[Iw] K. Iwasawa, On Z_l-extensions of algebraic number fields, Ann. of Math. 98 (1973), 246–326.

[Ka] K. Kato, p-adic Hodge theory and values of zeta functions of modular curves.

Preprint. (See also [Ru2] and [Sc].)

[Ku] P. F. Kurcanov, Elliptic curves of infinite rank over Γ-extensions, Mat.

Sbornik 90 (1973), 320–329.

[Man] Y. I. Manin, Cyclotomic fields and modular curves, Russian Math. Surveys 26, no. 6 (1971), 7–78.

[Ma1] B. Mazur, Rational points of abelian varieties with values in towers of number fields, Invent. Math. 18 (1972), 183–266.

56 RALPH GREENBERG, IWASAWA THEORY FOR ELLIPTIC CURVES

[Ma2] B. Mazur, Modular curves and arithmetic, Proceedings of the International Congress of Mathematicians, Warsaw, 1983, 185–211.

[M-T-T] B. Mazur, J. Tate, J. Teitelbaum, On p-adic analogues of the conjectures of Birch and Swinnerton-Dyer, Invent. Math. 84 (1986), 1–48.

[Ri] K. Ribet, Torsion points of abelian varieties in cyclotomic extensions, Enseign. Math. 27 (1981), 315–319.

[Ro1] D. Rohrlich, On L-functions of elliptic curves and cyclotomic towers, Invent.

Math. 75 (1984), 404–423.

[Ro2] D. Rohrlich, On L-functions of elliptic curves and anticyclotomic towers, Invent. Math. 75 (1984), 383–408.

[Ro3] D. Rohrlich, L-functions and division towers, Math. Ann. 281 (1988), 611– 632.

[Ro4] D. Rohrlich, Galois theory, elliptic curves, and root numbers, Comp. Math.

100 (1996), 311–349.

[Ro5] D. Rohrlich, Realization of some Galois representations of low degree in Mordell-Weil groups, Math. Research Letters 4 (1997), 123–30.

[Ru1] K. Rubin, The “main conjectures” of Iwasawa theory for imaginary quadratic fields, Invent. Math. 103 (1991), 25–68.

[Ru2] K. Rubin, Euler systems and modular elliptic curves, London Math. Soc.

Lecture Note Series 259 (1998), 351–368.

[Sc] A. Scholl, An introduction to Kato’s Euler systems, London Math. Soc.

Lecture Note Series 259 (1998), 379–460.

[Se] J-P. Serre, Classes des corps cyclotomiques (d’après K. Iwasawa), Sém.

Bourbaki 1958/59, no. 174.

[Si1] J. Silverman, The Arithmetic of Elliptic Curves, Graduate Texts in Math.

106, Springer-Verlag 1986.

[Si2] J. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, Graduate Texts in Math. 151, Springer-Verlag 1994.

[Wa] L. Washington, Introduction to Cyclotomic Fields, Graduate Texts in Math.

83, Springer-Verlag 1982.