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Abstract. This paper shows that properties of projective modules over a group ring Z,[A],
where A is a finite Galois group, can be used to study the behavior of certain invariants
which occur naturally in Iwasawa theory for an elliptic curve E. Modular representation
theory for the group A plays a crucial role in this study. It is necessary to make a certain
assumption about the vanishing of a p-invariant. We then study A-invariants Ag (o), where o
varies over the absolutely irreducible representations of A. We show that there are non-trivial
relationships between these invariants under certain hypotheses.
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1 Introduction

Let F' be a finite extension of Q. Fix a prime p and let F,, denote the unique subfield of
F(pipee) such that I' = Gal(F.,/F) is isomorphic to Z,, the additive group of p-adic integers.
One refers to F as the cyclotomic Z,-extension of F'. Suppose that K is a finite Galois
extension of F' such that K N F, = F. Let Ko, = KF, the cyclotomic Z,-extension
of K. Then K is Galois over F' and G = Gal(K/F) is isomorphic to A x I'; where
A = Gal(K/Q). Iwasawa theory is often concerned with a compact Z,-module X which has
a natural action of such a Galois group G. The questions that we will consider in this paper
concern the structure of X just as a Z,[A]-module. The structure of X as a module over
the Iwasawa algebra A = Z,[[I']] will not play a significant role.

Assume that X is a finitely generated, torsion-free Z,-module and hence a free Z,-module.
This turns out to be so in many interesting cases. Let A\(X) denote its Z,-rank. One can
study the action of A on X by considering V' = X ®z,Q,, a vector space over Q,, of dimension
A(X) and a representation space for the group A. The module X will be a A-invariant Z,-
lattice in V. If the order of A is not divisible by p, then one sees easily that X is determined
up to isomorphism as a Z,[A]-module by V. Furthermore, X will be projective as a Z,[A]-
module. However, if p}|A|, then V' can have non-isomorphic A-invariant Z,-lattices and it
is possible that none will be projective. If X happens to be a projective Z,[A]-module, then
its isomorphism class is again determined by V.

Let Irr£(A) denote the set of irreducible representations of A (up to isomorphism) over a
field F. We choose F to be a finite extension of Q, containing all m-th roots of unity where
m > 1 is divisible by the order of all elements of A. Then all o € Irrz(A) are absolutely
irreducible. For each such o, let W, denote the corresponding F-representation space for A
and let n(c) = dimyz(W,). One can decompose Vr =V ®q, F as a direct sum of the W,’s,
each occurring with a certain multiplicity. We denote this multiplicity by A(X, o). We then
have the obvious formula

(1.0.a) A(X) = dimz(Vr) = ) n(0)AX,0)

(e

where o runs over Irrx(A). The representation space V' is determined by the A(X, ¢)’s. One
simple relationship that they satisfy is that A(X,0) = A(X,0’) for 0,0’ € Irrz(A) if their
characters x, and X, are conjugate over Q,. We refer to these equalities as the conjugacy
relations.

Our primary objective in this paper is to study another more subtle type of relationship
involving the A\(X, 0)’s which arises when the order of A is divisible by p and X is projective
as a Z,[A]-module. These new relationships, which we refer to as congruence relations,
owe their existence to the fact that there are more irreducible representations for A in
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characteristic 0 than in characteristic p when p||A|. To be precise, the cardinality of Irrz(A)
is equal to the number of conjugacy classes in the group A, which we denote by s. Let O
denote the ring of integers of F, m denote the maximal ideal of O, and f denote the residue
field O/m, a finite extension of the prime field F,,. Let Irrj(A) denote the set of irreducible
representations of A over f. These representations are absolutely irreducible because of the
choice of F. The cardinality of Irr¢{(A), which we denote by t, is equal to the number of
conjugacy classes in A of elements whose order is not divisible by p. And so, obviously,
t < s. This inequality is strict if p‘ |A.

We will use the notation Irrz(G) and Irrj(G) throughout this paper, where G is a finite
group. Irreducible representations are always assumed to be absolutely irreducible, unless
otherwise mentioned, and it is implicit in the above notation that F is a finite extension of
Q, and is sufficiently large so that all irreducible representations of G' in characteristic 0 are
realizable over F and all irreducible representations in characteristic p are realizable over its
residue field f. As mentioned earlier, it suffices to have the roots of unity of a certain order
in F. We prefer F to be a finite extension because sometimes it is useful for the ring O to
be compact and Noetherian. This notation is also a simple way of indicating whether the
representations being considered are over a field of characteristic 0 or of characteristic p.

1.1 Congruence Relations.

Let Xpo = X ®z, O. We can view X as an O[A]-module. If we assume that |A[ is not
divisible by p, then formula (1.0.a) is reflected in the following decomposition of Xp:

(1.1.a) Xo = Ly

where L, is a A-invariant O-lattice in W,. Note that X and each of the L,’s are projective
O[A]-modules. The isomorphism class of L, is uniquely determined by o.

The situation is not as simple if p divides |A|. However, under the assumption that X is
projective, there is a decomposition of Xy which can be viewed as a natural generalization
of (1.1.a). For each 7 € Irrg(A), let U, denote the underlying f-representation space for 7
and let n(7) = dim{(U,). We can view U, as a simple O[A]-module. There is a projective
O[A]-module P, which is characterized (up to isomorphism) as follows: P, has a unique
maximal O[A]-submodule and the corresponding quotient module is isomorphic to U,. One
often refers to P, as the projective hull of U, as an O[A]-module. The P,’s are precisely
the indecomposable, projective O[A]-modules. Now suppose that X is a projective Z,[A]-
module. Then Xy will be a projective O[A]-module and we will have a decomposition

(1.1.b) Xo = P pren
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where 7 varies over Irr¢(A) and w(X,7) > 0. This decomposition coincides with that in
(1.1.a) if we assume that |A| is not divisible by p. Under that assumption, we have s = t and,
for every 7 € Irrj(A), there is a unique o € Irrz(A) such that L,/mL, = U,. Furthermore,
P.= L, and w(X,7) = A\(X, 0).

The values of the w(X,7)’s can be determined from the representation space Xo/mXop
for A over the field f. The action of A on this vector space may be non-semisimple, but
there is a unique, maximal semisimple quotient space. The characterization of P, implies
that w(X,7) is equal to the multiplicity of 7 in that semisimple quotient. We will refer
to w(X,7) as the weight of 7 in X. The structure of X as a Z,[A]-module is completely
determined by the w(X, 7)’s.

As an illustration, suppose that X is a free Z,[A]-module of rank 1. Of course, X is
then projective and one can show that w(X, 1) = n(r) for each 7 € Irrj(A). Thus, the P;’s
are direct summands in Xp, which is a free O[A]-module of rank 1. Each P, occurs with
multiplicity n(7). Note that if ¢ > 1, then P, itself will not be free. If ¢t = 1, then A is a
p-group, and projective modules must be free. We will return to this very special case below.

Now consider P, ®¢ F, a representation space for A over F. Each o € Irrz(A) occurs
with a certain multiplicity in P, ® F. We denote this multiplicity by d(o, 7). We have
Ve =2 Xo ®p F and the multiplicity A(X,0) of o in the A-representation space Vr is
obviously given by

(1.1.c) AX,0) =Y d(o,T)w(X,T)

where 7 runs over Irrj(A). Thus, assuming that one can determine the d(o,7)’s, formula
(1.1.c) shows that the w(X,7)’s determine the A\(X,c)’s. The converse is also true, as we
will explain below.

Note that the quantities d(o, 7) are purely group-theoretic in nature and do not depend
on X. For each o € Irrz(A), let L, denote any A-invariant O-lattice in W,. Then L,/mL,
is a representation space for A over f. We denote the corresponding representation by o. It
depends on the choice of L, but its semisimplification ¢*° is determined up to isomorphism
by o. One of the basic results in modular representation theory is that d(o,7), as defined
above, coincides with the multiplicity of 7 in . That is, in a composition series for the
O[A]-module L,/mL,, the number of composition factors isomorphic to U, is d(o, 7). Later
in this paper we will use the notation (7%, 7) instead of d(c, 7) to denote this multiplicity.

Suppose that p is any representation of A. We may assume that p is defined over F.
Just as above, we can realize p on a free O-module L, of rank n(p). The reduction of p
modulo m, which we denote by p, gives the action of A on L,/mL,. Its semisimplification

3



p°% is uniquely determined by p and will be isomorphic to a direct sum of the 7’s with certain
multiplicities. Now suppose that we have two representations p;, © = 1,2. For each i, p; is
isomorphic to a direct sum:

pi = @ o™i

for certain multiplicities m;(o), where o varies over Irrz(A). Assuming that X is a pro-
jective Z,[A]-module, a congruence relation arises whenever we have p;”® = p,*°. Such an
isomorphism amounts to the set of equalities: Y m4(o)d(o,7) = > _ma(o)d(o, ) for all

7 € Irrg(A). Formula (1.1.c) then has the following consequence:
(1.1.d) > mi(e)AX,0) =D ma(0)A(X, 0)

This is a nontrivial equation if p; 2 ps.

We call (1.1.d) a congruence relation because it arises from an isomorphism p;** = po**
which we think of as a kind of congruence modulo m between the two representations p; and
p2. Just as the conjugacy relation mentioned previously arises whenever two representations
are conjugate over Q, and something which we call a duality relation (mentioned in section
1.3) arises whenever two representations are dual to each other, a congruence relation arises
whenever two representations are congruent to each other in the above sense.

Such nontrivial congruence relations will obviously occur if ¢ < s. Indeed, let us denote
the Grothendieck group of finite-dimensional representations of A over F by Rz(A), which
can be defined to be the free Z-module on Irrz(A). We define R¢(A) in the same way. One
defines a homomorphism d : Rz(A) — R;(A) by sending the class [p] to the class [p*].
An isomorphism p1*° = py** simply means that [p1] — [p2] € ker(d). It is obvious that the
Z-rank of ker(d) is at least s —t. The congruence relations that are described by (1.1.d) state
that the homomorphism Ax : Rz(A) — Z defined by Ax(0) = A(X, 0) for all o € Irrg(A)
factors through the map d. To be precise, define a homomorphism wx : R¢(A) — Z by
wx(7) = w(X,7) for all 7 € Irrf(A). Then, A\x = wx od. In essence, this is just formula
(1.1.c).

A theorem of Brauer asserts that d is surjective. (See [Se77], theorem 33.) It follows that
ker(d) has Z-rank equal to s —¢t. Now Rz(A) and Rj(A) are free Z-modules with bases
Irrz(A) and Irr(A), respectively. Let D,(A) denote the matrix for d with respect to those
bases, which we refer to as the decomposition matriz for A and p. Indexing the rows of
D,(A) by Irrg(A) and the columns by Irrz(A), it is a ¢ X s matrix and d(o, 7) is the entry
on row 7, column o. Since d is surjective, it follows that D,(A) has rank ¢. Hence one can
use (1.1.c) for a certain set of o’s (of cardinality ¢) to determine, in principle, the values of
the w(X,7)’s. Thus, all of the A\(X,0)’s are then determined. A similar remark concerns
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the parity of these invariants. Since the reduction of D,(A) modulo 2 also has rank ¢, one
can determine the parity of A(X, o) for all ¢’s if one knows that parity for a suitable subset
consisting of t of the o’s.

The form of congruence relations depends on the group A. We will always denote the
trivial representations for A over F by o,, and the trivial representation over f by 7,, re-
spectively. Of course, 0, = 7,. As the first and simplest example, suppose that A is a
p-group. One can take F = Q,(ppa), where p® is the maximal order of elements in A. Then
f=F, t =1, and Irrj(A) = {r}. If 0 € Iirr(A), then 7°° = 7 and d(o, 1) = n(o).
If we assume that X is a projective Z,[A]-module, then we have the congruence relation
AMX,0) =n(0)\(X,0,) for each o € Irrr(A). However, in this case, it is not hard to show
that Z,[A] is a local ring and hence that any projective module X must be free. The above
congruence relation is then obvious.

Another relatively simple situation occurs if A is a p-solvable group, i.e., if A has a
composition series in which each simple subquotient is either of order p or of order prime to
p. According to the Fong-Swan theorem (theorem 38 in [Se77]), every 7 € Irrj(A) is then of
the form 7 = & for some ¢ € Irrz(A). That ¢ may not be uniquely determined by 7, but
we will let o, denote one such lifting. Formula (1.1.c) becomes (X, 0,) = w(X, 7). For an
arbitrary o € Irrz(A), we then have

555 @O':;d(aﬁ) and /\()(7 0') = Zd(o‘, 7')/\()(7 0'7—),

assuming that X is a projective Z,[A]-module. The above equation for A\(X, o) is precisely
the congruence relation (1.1.d) which results from the above isomorphism for o*°. Thus, the
A(X, 0,)’s determine all of the A(X, 0)’s.

For example, consider A = Dy,-, the dihedral group of order 2p", where p is an odd prime
and 7 > 0. Then A is clearly p-solvable. We have ¢t = 2. The elements of Irrs(A) are 7, and
another 1-dimensional representation 77. There are two 1-dimensional representations of A
over F, 0, and o1, whose reductions modulo m are 7, and 7y, respectively. Those liftings are
unique in this case and are the irreducible representations which factor through the unique
quotient A, of A of order 2. All other representations ¢ in Irrz(A) are of dimension 2 and
one has d(o,7) = 1 for both 7’s in Irrj(A). For any such ¢ and any projective module X,
we obtain the congruence relation

AMX,0) =X, 00) + AN(X, 09)

However, we should point out that if we use the fact that such a ¢ is induced from a 1-
dimensional representation 7 of the Sylow p-subgroup II of A, then this relation is an easy



consequence of a congruence relation for the p-group II. To see this, note that X is also a
projective Z,[II]-module and so A(X,7) = A(X, 7,), where , is the trivial character of II.
We have o 2 Ind4 () and o, ® oy = Ind4 (7). Then, using the Frobenius reciprocity law,
we have

MX,0)=ANX,7) =X, m) = MNX,00) + A\X, 7).

A useful general observation is that if A contains a normal p-subgroup II, then every
element 7 of Irr;(A) must factor through A/II. This is clear since UL is a nontrivial subspace
of U, which is A-invariant and hence must coincide with U;. The groups Ds, provides a
simple illustration. As another interesting example (and one of our main guiding examples
for this study), suppose that p is an odd prime and that A = PGLy(Z/p"'Z) for some
r > 0. Let Ay = PGLy(Z/pZ). The kernel II of the obvious homomorphism A — A, is
a normal p-subgroup of A. Hence the irreducible representations of A over a finite field of
characteristic p factor through A,. They are easily described and all are defined over F,.
One has t = p+ 1. If p > 5, then A is not p-solvable, although it turns out that four of
the 7’s can be lifted to representations in characteristic 0. We will return to this example in
some detail in chapter 7, along with other examples.

Before turning to the arithmetic side of this paper, we make the following important
remark. It will be useful to have a larger class of Z,[A]-modules for which the congruence
relations (1.1.d) hold. We consider only finitely-generated Z,[A]-modules. If X is such a
module, then one can still define the A(X, 0)’s for all ¢ € Irrz(A) since they are determined
by the A-representation space V = X ®z, F. Thus, it would actually be sufficient to know
that V' contains a A-invariant Z,-lattice Y which is projective as a Z,[A]-module. If that is
so, we will then say that X is strictly quasi-projective. Equivalently, this means that there is
a A-homomorphism X — Y with finite kernel and cokernel. We then have A\(X,0) = A(Y, 0)
for all o € Irr£(A) and so by applying formula (1.1.c) to Y, we will obtain precisely the same
congruence relations (1.1.d) for the A(X, 0)’s. Furthermore, if we have an exact sequence

0O — X5 — X5 — X — 0

of finitely-generated Z,[A]-modules where X; and X, are strictly quasi-projective, then
we will say that X is quasi-projective. Since the congruence relations (1.1.d) hold for the
A(X1,0)’s and the A(Xs,0)'s, it is clear that they will also hold for the A\(X, o)’s.

1.2 Selmer groups for elliptic curves.

There are situations where a suitably defined module X of arithmetic interest does turn
out to be projective or, at least, quasi-projective. We will illustrate the ideas that we have
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described above when X is the Pontryagin dual of a Selmer group associated to an elliptic
curve E defined over F. We assume that E has good, ordinary reduction at all primes of
F' lying above p. Most of the results of this paper will concern this particular example.
However, it will be clear that the methods are rather general and could be applied to other
“Selmer groups.” We will discuss some more general situations in section 3.4.

Let Selg(K ), denote the p-primary subgroup of the Selmer group for £ over K. This
can be defined as the kernel of a global-to-local map:

Yot H (Koo, Ep™]) — @ Ho(K, )

where v varies over all the primes of F'. We recall the definition of the local factors H, (K, F)
when v is a non-archimedean prime of F'. The factors corresponding to archimedean primes
are trivial except possibly when p = 2. We will give the definition of those factors for p = 2
in chapter 3. For a non-archimedean prime v, define

Ho(Keo, E) = H H1<Koo,m E[poo])/im("in)

nlv

where 7 runs over the finite set of primes of K lying over v, K, is the union of the
n-adic completions of all the finite extension of F' contained in K., and &, is the Kummer
homomorphism for £ over K, ,. Each such prime 7 lies over a prime w of K and a prime
v of F,, both of which, in turn, lie over v.

There is a natural action of Gal(K/F) on H'(K, E[p>]) and on each of the groups
H, (K, E). Thus, we have commuting actions of both I' and A on those group. They are
abelian, p-primary groups and so we can regard them as discrete A-modules. The map vk __
is a A-module homomorphism and is A-equivariant. Hence we can regard Selg(K), as a
discrete A-module which has a A-linear action of A. It is known that Selp (K ), is cofinitely
generated as a A-module and it is a conjecture of Mazur [Ma72| that it is A-cotorsion. That
is, its Pontryagin dual is finitely generated as a A-module and should be a torsion A-module.

If v 1 p, the definition becomes simple because we then have im(x,) = 0, as is easily seen.
Note that any cocycle class ¢ € H' (K., E[p™]) will be unramified at all but a finite number
of non-archimedean primes of K. If v { p and n|v, then K, is the unramified Z,-extension
of K,. It is therefore clear that if ¢ is unramified at 7, then c is trivial. This is why the
image of vk is contained in the direct sum. Also, it turns out that

Hl(Koo,m Ep™]) = (Qp/zza)&7

for some 0,, > 0. Thus the Pontryagin dual of H,(K, E) is a free Z,-module. Its rank is
simply the product of d, and the number of primes of K, lying above v. It follows that
H, (K, F) is a cotorsion A-module and that its p-invariant is zero.
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If v|p, then H, (K, E) is quite large; its corank as a A-module (i.e. the rank over A
of its Pontryagin dual) is equal to [K : F]. Let F, denote the reduction of E modulo v,
an ordinary elliptic curve defined over the residue field f, for v. For each prime n of K
dividing v, one has the corresponding reduction map E[p>®] — E,[p>]. (This map depends
on choosing a prime of Q above 7, but the choice doesn’t matter.) As shown in [CoGr] and
[Gr89], these maps induce an isomorphism

(1.2.2) Ho(Koo, B) == [ [ H" (Koo, Eo[p™))

nlv

The action of Gk, on E,[p™] is unramified and is induced by the above reduction map.

Our theorems concern primarily the “non-primitive” Selmer group obtained by omitting
the local condition for the primes v € ¥, where Y, is a finite set of non-archimedean primes
not including primes above p. We denote this group by Sel’’(Ky.),. Since Hy(Kx, E) is a
cotorsion A-module for v { p, the A-coranks of Selg(K.), and Sel%°(K.), will be the same.
Hence the non-primitive Selmer groups should also be A-cotorsion for any such choice of %,.

Let Xg(K) denote the Pontryagin dual of Selg(K),. For any ¥, as above, we let
X>°(K) denote the Pontryagin dual of Sel3,’ (K, ),. Assuming these A-modules are torsion,
we will denote their M-invariants (i.e., their Z,-ranks) by Ap(Ko) and A\%°(K,), respectively.
Furthermore, for any o € Irr£(A), we let Ag(o) denote AN(Xg(Ky), o). We will use a similar
notation below for the non-primitive Selmer groups too, indicating the >, as a superscript.
Thus, we have the general formula

(1.2.b) Ae(Ko) = ) n(o)Ae(o)

(e

where o varies over Irrz(A). This is just (1.0.a) applied to Xg(K). A similar formula is
valid for \}°(Ks). One sees easily that Ap(0,) = corankz, (Selg(Fix)p), which we denote by
Ae(Fw). It is one of the terms in (1.2.b).

We are interested in relationships between the Ag(o)’s occurring in formula (1.2.b). Apart
from the conjugacy relations which result when the character for ¢ has values outside of Q,,
there is another somewhat deep and quite useful type of relationship which we will refer to
as the duality relation. This is the equality A\g(d) = Ag(0), where & is the contragredient of
o, another irreducible representation for A. We will prove it in chapter 10. However, our
main results in this paper concern congruence relations and we discuss this now.

Various sets of non-archimedean primes will be singled out in our theorems. If v is a
prime of F'; we denote the ramification index of v in the extension K/F by e,(K/F). First
of all, consider the primes which don’t divide p. The following subset of the primes which



are ramified in the extension K/F plays an especially important role:
Qx/p={v | wvisaprimeof F such that ple,(K/F), v{p, and v{oo}

We will let ¥ denote the set of primes of F' where E has bad reduction. Now consider the
set of primes of F' dividing p, which we denote by ¥,. For each v € £, let w be a prime of
K lying above v and let k,, denote the residue field. The field k,, and the finite group Ev(kw)
depend only on v, E, and K. We say that v is anomalous for E/K if |E,(k,)| is divisible by
p; otherwise, we say that v is non-anomalous for E/K. If all v € ¥, are non-anomalous for
E/K, then we say that p is non-anomalous for F/K. This concept and terminology is due
to Mazur [Ma72] who first discussed its role in the Iwasawa theory for elliptic curves. Note
that if 1 is a prime of K lying over w, then the residue field %, is a finite p-extension of k.
Therefore, p divides |E,(k,)| if and only if p divides |E,(k,)|.

We will prove the following theorem.

Theorem 1. Suppose that E(K)[p| = 0 and that p is non-anomalous for E /K. Suppose also
that Selg (K )[p] is finite. Let 3, be a finite set of non-archimedean primes of F' containing
P r, but not containing primes above p. Then the Pontryagin dual of Selﬁ”(Koo)p s a
projective Z,|A]-module.

The finiteness of Selg(K)[p] is equivalent to the two-fold assertion that Xp(K.) is A-
torsion (as conjectured) and also that the p-invariant for that torsion A-module is zero. The
same statements then follow for the Pontryagin dual X2°(K,.) of Sel%(K),. It is quite
unfortunate that we must make such an assumption, but our arguments depend crucially
on it. Although the vanishing of the p-invariant is usually conjectured to hold (with certain
exceptions), the known results and even the methods to verify it in special cases are extremely
limited. The exceptions may not be a serious problem, however. In most cases where the
p-invariant is positive, one can replace E by an isogenous elliptic curve for which the u-
invariant is zero, or at least expected to be zero.

Concerning the other assumptions, we have the following remarks. Assume that p is
odd. In that case, if one omits the two assumptions in the first sentence of theorem 1,
then we will still prove that X2°(K.) is quasi-projective. (See proposition 3.2.1.) As we
mentioned before, this is good enough for proving the congruence relations. The proofs will
make it clear how the various assumptions determine whether X%O (K) is projective, quasi-
projective, or neither. In particular, the requirement that ®x/» C X, cannot be weakened
in any significant way, even just for quasi-projectivity. (See proposition 3.3.1)

The prime p = 2 requires special attention. Assuming that E has good, ordinary reduc-
tion at a prime v € X, we have F,[2%°] 2 Q,/Z, and so E,, will have a unique point of order
2. That point must be Galois-invariant and hence rational over the residue field for v. Thus,



the prime 2 is anomalous for E//F, and hence certainly for /K, and therefore is automati-
cally excluded in theorem 1. However, we will still prove a result about quasi-projectivity if
we make the extra assumption that E(F),) is connected for each archimedean prime v of F'.
This is certainly satisfied if F' is totally complex. For a real prime v, the assumption that
E(F,) is connected means that E(F,)[2] has order 2.

1.3 Behavior of Iwasawa invariants.

We now describe how theorem 1 can be used for studying the invariants Ag(c). First of all,
if one assumes that Selp(K ), is A-cotorsion, then the global-to-local map yx_ is known to
be surjective. It follows that

(1.3.a) Sl (Koo)p/Selp(Koo)p = @D Ho(Koo, E)

VEYQ

Let ﬁ(KOO,E,ZO) denote the Pontryagin dual of the right side in (1.3.a). Then for each
o € Irrr(A), we have

(1.3.b) A2 (o) = Ag(o) +62°(0)

where we denote A(?‘A((Koo, E,%,),0) by 62°(0), a quantity which can be determined by a
purely local calculation. That calculation depends on knowing the restrictions of o to the
decomposition subgroups A, of A = Gal(K+/Qw) for each v € X,, where 7 is a prime of
K, lying over v. We will discuss that in chapter 5. Thus, in principle, one can determine
the difference \%°(0) — Ag(o) for any o € Irrx(A).

Now if X2°(K ) is projective, or even just quasi-projective, as a Z,[A]-module, then one
can apply formula (1.1.c). This reduces the determination of A\%°(c) to evaluating d(o,)
and wy (1) = w(XEO(KOO), 7) for each 7 € Irrj(A). As remarked before, all of the wi (T)’s
can be determined if one knows the A\3°(c)’s for a suitable set of ¢ of the ¢’s. One can
then obtain relationships between the Ag(0)’s by using the congruence relations between the
A3 (0)’s together with (1.3.b).

Consider, for example, the case where A is a p-group. Assuming that ¥, is suitably
chosen, we then have w3 (7,) = A2(0,). Also, A\2°(0) = n(o) A5 (o,) for any o € Irrx(A).
From (1.3.b), one then obtains

(1.3.¢) Ae(0) = n(o)Ag(oy) +n(0)3 (0,) — 03°(0)

for any o € Irrz(A). As mentioned above, Ag(0,) = Ag(Fw). The relationship between
Ae(K) and Ag(F) which is derived from (1.3.c) and (1.2.b) is precisely the Riemann-
Hurwitz formula proved in [HaMa]. We explain this in chapter 6, using the calculation of
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the quantity 5]%0(0) from chapter 5. The assumptions in [HaMa] are weaker than what we
need for projectivity, but sufficient for quasi-projectivity and that is enough to prove the
formula. In fact, the arguments in chapters 2 and 3 of this paper follow closely those in
[HaMal]. That paper is, in turn, inspired by arguments of Iwasawa [Iwa] concerning the
invariants that occur in the study of ideal class groups, specifically Iwasawa’s proof of a
formula of Kida [Kid].

We certainly expect the congruence relations that we have discussed to be valid even if
ue(Kyx) # 0. Assume that Xp(K) is a torsion A-module and that ¥, is chosen to con-
tain @ /. If p = 2, assume also that E(F,) is connected for all v[oo. Let Z;°(K.) be
the Z,-torsion submodule of X;°(Ko) and let Y°(Ky) = X3°(Ko)/Z3° (Ko). Tensoring
X3°(Ko) and Y2°(KL) by Q, gives isomorphic A-representation spaces and so the invari-
ants A\3°(0) are determined by Y;°(K.). It is reasonable to conjecture that Y (K.) is
quasi-projective as a Z,[A]-module. That quotient is the Pontryagin dual of the maximal
divisible subgroup of Sel7 (K ,),. For some small results in this direction, see remark 3.2.3.

1.4 Selmer atoms.

Another useful description of the w3°(7)’s involves the Galois module E[p| ®g, U., a vector
space over f of dimension 2n(7) and a representation space for G, which we denote more
briefly by E[p] ® 7. This description will require an additional assumption about the choice
of 3,. First of all, we need to define Selmer groups for such a Galois module. Consider, more
generally, an arbitrary finite-dimensional representation « of A over f and let U, denote the
underlying f-vector space. We denote E[p] ®g, U, by E[p] ® a. Assume, as before, that 3,
is a finite set of primes of F' not including primes above p or co. We define a “Selmer group”
over F, for this Galois module by

Selgt[’p]@a(Foo) = ker (Hl(Foo, Epl ® a) — @ H,(Fo, Elp] @ a))

vg€%o

where one defines H, (F., E[p] ® ) for a non-archimedean prime v by

Hy(Foo, Elp) @ @) = [ [ H' (Fao, EP) ® @) if vip

v|v

Ho(Fao, E[p] @ @) = [ [ H' (Fxw, Eulp) @ @) if v]|p

vlv
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In both products, v varies over the finite set of primes of F, lying over v. For v | p, we
define F,[p] ® a = E,[p] ®r, U,, considered as an f-representation space for Gp,. The
group H,(Fu, E[p] ® ) for archimedean v’s will be defined later. As a special case, we
can define Selgpyea(Fx) by just taking ¥, to be empty. We like to refer to the f-vector
spaces Selg([’p]@(Foo) for 7 € Irr(A) as “Selmer atoms”, either “primitive” if ¥, is empty,
or “non-primitive” otherwise. Under certain assumptions, one can prove the surjectivity of
the global-to-local map defining Selgpga(Fo) and thereby obtain a relationship analogous
to (1.3.b) between the f-dimensions of the primitive and non-primitive Selmer atoms. (See
corollary 4.2.3.)

Chapter 4 will discuss Selmer atoms. The objective is to relate the Ad-invariants associated
with the Selmer group for E over the field K, to Selmer groups over the field F, associated
with certain finite Galois modules. Formula (1.4.a) below gives such a relationship. The main
result is the following theorem which gives a formula for w}°(7) in terms of the dimension
of the corresponding non-primitive Selmer atom. It will be necessary to make the extra
assumption that ¥, contains Vg, the set of primes of F' where F has bad reduction.

Theorem 2. Suppose that 3, contains both ®x,r and Vg, but no prime lying above p or
00. Suppose also that the following assumptions are satisfied for all T € Irri(A):

(i) H'(F, E[pl @ 7) =0,
(i) HO(Fy, Eylp] ® 7) = 0 for all vlp,
(iii) Selgper(Fi) is finite.

Then the Pontryagin dual of Seln’(K.), is a projective Z,[A]-module and, for all T € Trri(A),
we have wy’ (1) = dimf(Selgf[’p@T(Fw)).

Each of the assumptions (i) - (i4i) in theorem 2 turns out to be equivalent to the corre-
sponding one in theorem 1. That is, (i) holds for all 7 if and only if E(K)[p] = 0, (ii) holds
for all 7 if and only if p is non-anomalous for F/K, and (i) holds for all 7 if and only if
Selp (K )[p] is finite. These equivalences can be found in propositions 4.1.3, 4.1.9, and 4.2.5,
respectively. Therefore, the conclusion about Sel%’(K.,), follows from theorem 1. It is the
formula for w3’ () that requires the additional assumption that ¥, contain Wp.
Theorem 2 and formula (1.1.¢) establish a relationship between A%’ (o) and the f-dimensions

of the non-primitive Selmer atoms Selg‘ﬁp]@(Foo) for the 7’s that occur in 0 with positive
multiplicity, provided that X, is chosen to contain ®x/r U Wg. Under the assumptions of

theorem 2, we have

(1.4.a) NP (0) = d(o,7)dimg(Sel? o (Fi))

12



The proof that we give in chapter 4 gives a direct connection between the non-primitive
Selmer atoms, the d(o,7)’s, and the \3°(c)’s. Here is a sketch of the argument.

Consider the Galois module E[p>] ®z, L,. This is a divisible O-module with O-corank
equal to 2n(o) and has an action of G on it. We denote it more briefly by E[p>®|®c, although
it does depend on the choice of L, and not just on 0. We can again define a natural Selmer
group over F, for this Galois module, essentially just as before. The notation we will use is
Selppeige (Fx), and Sel?fpoo@(,(Foo) for the non-primitive version. We will give the precise
definition later.

The first steps are to show the equalities

(1.4.b) A2 (0) = coranke (Selg([’pwma(Foo)) = dimf(Selg([’poo]@U(Foo)[m]) :
The first equality is rather easy and is valid for any choice of ¥, even the empty set.
The second equality depends on showing that if assumptions (i) and (%iz) in theorem 2 are
satisfied, then Selg([’pm} 20 (o) 18 a divisible O-module. This is again valid for any 3i,. The
next steps are to show the isomorphisms

(1.4.c) Sel>?

% o (Foo)[m] 2 Sel o (FL) 2 Sel3 (Fie)

(E[p>]®c

under the assumptions of theorem 2. The first isomorphism is a kind of control theorem for

the Galois O-module E[p™®] ® ¢ and multiplication by a generator of the ideal m. Now one

sees easily that (E[p>®] ® o)[m] = E[p] ® ¢ and the second isomorphism follows from that.
The most interesting step is to show that if one has an exact sequence

0—=Uy—Ug—U,—0

of f-representation spaces for A, then one obtains an exact sequence for the corresponding
non-primitive Selmer groups

(1.4.d) 0 — Selpt oo (Foo) — Sely

B (Foo) — Sel>o

Blpjey(Foo) — 0

under the assumptions of theorem 2. Since each 7 occurs with multiplicity d(o,7) in a
composition series for 7, one deduces formula (1.4.a) from (1.4.b), (1.4.c), and (1.4.d).

In one type of example, which we discuss in detail in chapters 7 and 8, we take A to be
isomorphic to PGLy(Z/p™™'Z). If r is large, then an irreducible representation o of A in
characteristic zero can have large dimension (in comparison to p), but its reduction modulo
m will give a representation over a field of characteristic p which is highly reducible, with
composition factors of dimension at most p. Thus, useful information about the Selmer group
associated to the twist of E[p*>] by o can, in principle, be derived from information about
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the Selmer atoms associated to the twists of E[p| by irreducible 7’s. This is a philosophy
that we wanted to bring out in this paper. However, in practice, it is often easier to infer the
same kind of information by exploiting the congruence relations between various o’s directly.
Also, the hypotheses that are needed can be weaker.

Assume that p is odd and that all the primes of F' lying above p are ramified in the
extension F'(u,)/F. The Selmer atom Selg‘ip]@)T(Foo) is then determined by %,, 7, and E|[p].
This is almost clear from the definition. The only point to explain concerns the quotients
E,[p] for the primes v of F lying above p that occur in that definition. Of course, one must
choose a prime of F(FE[p|) above v to define that quotient. Having made such a choice for
each v, one can characterize E,[p] as the maximal unramified quotient of the Gx,-module
E[p]. This is because of the ramification assumption which implies that the inertia subgroup
of G, acts nontrivially on the kernel of the reduction map E[p] — E,[p]. Thus, if we consider
two elliptic curves Ey and E5 which are defined over F', which have good ordinary reduction
at the primes of F' lying over p, and such that E}[p] = Es[p] as F,-representation spaces for
G, then the Selmer atoms Selg‘; por (Foc) and Selgg pjor (Fo) corresponding to any choice of
Y, and 7 will be isomorphic. In particular, if we choose 3, to contain @ /p U Vg, U Vg,
then one can apply theorem 2 to either elliptic curve. If assumptions (7), (i), and (i) are
satisfied for Fy, then they are also satisfied for F,. Under all these assumptions, one can
then conclude that A3’ (c) = A7 (o) for all o € Irrz(A). A very similar kind of theorem is

proved in [GrVa] for the special case o = o,.

1.5 Parity questions.

One of our original motivations for this project was to study parity questions. We denote
the contragredient of a representation p of any group by p. If p = p, then we say that p is
self-dual. Let Irrgﬁfd)(A) denote the subset of Irrz(A) consisting of the irreducible, self-dual
representations o of A over F. Ideally, the goal would be to derive results concerning the
multiplicity g (o) of such a ¢ in the A-representation space F(K)®zF. Conjecturally, g (o)
should equal the order of vanishing at s = 1 for the L-function L(E/F, 0, s), the Hasse-Weil
L-function for F over F, twisted by the Artin representation o. Consequently, the parity of
rr (o) should agree with the sign in the functional equation for L(E/F, o, s). Of course, one
must view o as a representation over C in some way in order to define L(E/F,o0,s). The
analytic continuation and functional equation for that L-function is still just conjectural in
general, but there is a precise prediction of the sign in the functional equation which is due
to Deligne. We will think of that sign as a factor of &1 and denote that predicted factor by
Woa(E, o).
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A more approachable question concerns the multiplicity of ¢ in the A-representation
space Xg(K) ®z, F, where Xp(K) is the Pontryagin dual of the p-Selmer group Selg(K),,.
We denote that multiplicity by sg,(c). Assuming the finiteness of Iz (K),, the p-primary
subgroup of the Tate-Shafarevich group for E over K, one would have sg,(0) = rg(o) for
all primes p. Thus, at the very least, the parity of sg,(0) should certainly agree with the
value of W, (F, o). That question has received considerable attention over the years and
significant progress has been made by a number of authors. In recent years, this would include
Nekovar [Nek1,2,3,4,5], Kim [Kim1,2], Mazur and Rubin [MR07,08], Coates, Fukaya, Kato,
and Sujatha [CFKS], and T. and V. Dokchitser [Dok1,2,3,4,5]. Some of the older papers
include those of Birch and Stephens [BiSt], Kramer and Tunnell [KrTu], and Monsky [Mon)].
However, the approach of this paper is rather different than the ones just mentioned. It is
perhaps most closely related to [CFKS|. We will say more about some of the results of the
above authors when we discuss various examples in chapter 13.

To describe our contribution to parity questions, consider an arbitrary (possibly re-
ducible) self-dual representation p of A over F. For each o € Irrz(A), let m,(o) denote
the multiplicity of o in p. Thus, m,(5) = m,(o). Define

(sd)
WDel(Eap) = H WDel(Eaa)mp(U) 9

where the product is over just the ¢’s in Irrgﬁfd)(A). In effect, we have made a definition
which is multiplicative for direct sums and where we just regard W, (E, p) to be equal to
1if p = o @ ¢ for some non-self-dual o € Irrr(A). Of course, the sign in the functional
equation for the L-function L(E/F,p,s) = L(E/F,o0,s)L(E/F,&,s) should certainly be 1.

Continuing to assume that p is self-dual, we define an analogous function in terms of the
Iwasawa invariants A\g(o), namely

(Sd) o )Mplo
Wi, (B.p) = ] (w1pe@mto

[

assuming that Selg(K ), is A-cotorsion so that the A-invariants can be defined. Thus,
W, (E, p) is also multiplicative for direct sums and W, (E,0) = (—1)*#) if o € Irr(]fd)(A).
Again, we have implicitly defined W,, (£, p) to be 1 if p = o @ ¢. This is reasonable since it
turns out that Ag(c) = Ag(d) for any o € Irrz(A), a result we will prove in chapter 10, and
therefore Ag(c) + Ag(d) is even. With this notation, we will prove the following theorem in
chapter 12.

Theorem 3. Assume that p is an odd prime, that E has good ordinary reduction at the
primes of F' lying above p, that E has semistable reduction at the primes of F' lying above 2
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or 3, and that Selg(K)[p] is finite. Suppose that p1 and py are self-dual representations of
A over F and that p,** = p2>. Then W,, (E, p1) = Wou(E, p1) if and only if Wi, (E, p2) =
WDel<E7 ,02)-

The assumption about reduction at primes v lying over 2 or 3 should not be needed. It is
there because the existing formulas for the local root number at such primes don’t cover all
cases. However, we can weaken the assumption considerably. For example, an alternative
assumption would be that v € @ /p.

One interesting special case concerns extensions K /F where A = Gal(K/F) is isomorphic
to PGLy(Z/p"'Z) for some r > 1 and an odd prime p. We will denote this A by A, from
here on and the corresponding field of definition will be denoted by F,. It turns out that all
representations of A, are self-dual and orthogonal, i.e., realizable by orthogonal matrices over
a sufficiently large field. We prove this in proposition 9.1.1. There is a Galois extension K, of
F contained in K such that A, = Gal(K,/F) is isomorphic to PG Ly(Z/pZ). The hypothesis
that Selg (K )[p] is finite turns out to be satisfied if one just assumes that Selg(K,~)[p] is
finite, where K o, denotes the cyclotomic Z,-extension of K. If one makes that assumption
and the other stated assumptions, then theorem 3 has the following consequence:

Suppose that W, (E,0) = Wy (E,0) for all o € Irrz,(A,). Then Wy, (E,0) = Wy (E,0)
for all o € Irrg, (A,).

To study the relationship of the W, (F,0)’s to Xg(K) which was mentioned before, one
uses the Cassels-Tate pairing and the orthogonality to show that the multiplicities of o
in Xp(K) ®z, F and in Xp(Ky) ®z, F have the same parity under certain assump-
tions. (See proposition 10.2.1.) We express this as an equality W, (E,0) = Wy, (E,0),
where Wy, (E, o) is defined in terms of the multiplicity of o in the A-representations space
Xp(K) ®z, F.

1.6 Other situations.

We now discuss another aspect of Iwasawa theory. On the analytic side of the theory,
which concerns p-adic L-functions, one may consider a Z,-valued measure on the group G.
Such a measure corresponds to an element € in the completed group ring Ag = Z,[[G]].
Starting from 6@, one can then consider its image under various ring homomorphisms. For
example, suppose that o € Irrz(A). We obtain a Z,-algebra homomorphism from Z,[A] to
the ring M, (,)(O) of n(c) x n(c) matrices over O, which we also denote by o. Since Ag is
isomorphic to A[A] = Z,[A] ®z, A, one can extend ¢ to a A-algebra homomorphism from
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A to My)(Ao), where Ap = O[[I']]. Thus, o(f) is a matrix with entries in Ap. Let us
define
ﬁgp = det(o(&)),

an element of Ap. This definition makes sense for an arbitrary representation o of A over F,
and is multiplicative for direct sums of such representations. If we fix a topological generator
Yo of T', then A is isomorphic to a formal power series ring Z,[[T]] in one variable and Ap is
isomorphic to O[[T']], where these isomorphisms are defined by sending v, —idr to 1. If Ly,
is a nonzero element of Ap, then we can define its A\- and p-invariants as usual. We denote
those invariants by A(0,0) and u(0, o)

Similarly, we can consider an F,-valued measure on G. This would correspond to an
element ¢ of the ring Ae = F,[[G]]. We often think of that ring as Ag/pAg. Let A= A/pA.
Then A can be identified with K[A] Suppose that 7 is a representation of A over f, not
necessarily irreducible. Then 7 defines a homomorphism from F pl[A]] to My (f). We can
extend 7 to a A-algebra homomorphism from Ag to the matrix ring M, (f[[T]]). Thus,
7(¢) is a matrix with entries in f[[I']]. We define

Ly, = d€t<7'((,0))

which is an element of f[[T']]. This ring is isomorphic to the formal power series ring f[[T]], a
discrete valuation ring. Assuming that £, . is nonzero, we define w(¢p, 7) to be its valuation
(normalized so that the valuation of T"is 1). It is clear from the definition and properties
of determinants that L., depends only on the semisimplification 7°° of 7 and that it is
multiplicative for direct sums.

Suppose that § € Ag and 0 € Trrz(A). Let m be a generator of m. Assume that
wu(6,0) = 0. This means that Ly, is not divisible by 7 in Ap. Let 0 denote the image of 0
under the natural homomorphism Ag — Kg. Then it is not difficult to verify that the image
of Ly, under the homomorphism O[[I']] — f[[I']] defined by reduction modulo m is

d(o,T
(1.6.a) Loz = Hﬁa,(T '

where the product is over all 7 € Irrj(A). As a consequence, L5 is nonzero for all 7’s
occurring in ¢* with positive multiplicity and we have

(1.6.1) Ab,0) => " d(o,7)w(b,7)

The similarity between (1.6.b) and (1.1.c) can be explained as follows. Consider the cyclic
Ag-module Xy = Ag/Agf. We make the assumption that £§,T is nonzero for all 7 € Irrg(A).
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That assumption is equivalent to the statement that u(6,0) is zero for all o € Irrz(A), as
follows from (1.6.a). We will then show that Xy is a free Z,-module of finite rank and is
projective as a Z,[A]-module. Furthermore,

(1.6.c) MXg,0) =A0,0),  w(Xy,7)=w(d,71)

for all o € Irrz(A) and 7 € Irr(A). (See section 2.3.) We will also show that any cyclic
Ag-module X which is projective as a Z,[A]-module is isomorphic to Xy for some § € Ag
satisfying the above assumption. A more general result can be found in corollary 2.4.3.

Note that under the assumptions of the previous paragraph, one will have the congruence
relation (1.1.d) for the Z,[A]-module X, whenever one has two representations p; and po
of A satisfying p;”® = po”°. Therefore, (1.6.c) implies that one will have a corresponding
congruence relation for the quantities A(6, o). This relation also follows easily from (1.6.b).
Furthermore, if X is any finitely generated Ag-module which is torsion as a A-module and
projective as a Z,[A]-module, then there exists a §# € Ag with the following property: For
all o € Irrg(A), we have u(0,0) = 0 and A\(0,0) = A(X,0). The easy justification will be
given in remark 2.4.4.

It is natural to try to extend the kinds of results we study in this paper to the case
where K is an infinite Galois extension of F'. We intend to discuss this in a future paper
[Gr09b]. One would want to assume that only finitely many primes of F' are ramified in K/ F,
that K N F,, = F, and also that A = Gal(K/F) is essentially a pro-p group. Of special
interest is the case where A is a p-adic Lie group. Then A has a normal pro-p subgroup
IT of finite index. Every irreducible representation of A over a finite field of characteristic
p factors through the finite quotient group A, = A/II. There are only finitely many such
irreducible representations. Under our assumptions, one still has Gal(K./F) = A x T,
where K, = KF,. Thus, Gal(K./F) is also a p-adic Lie group. The Pontryagin dual
Xg(Ky) of Selp(K), is a module over the completed group ring Z,[[Gal(K/F)]]. One
kind of result which can be proved is that, under suitable hypotheses, one can make a very
precise statement about the structure of Xp(K) as a Z,[[A]]-module.

There is another more general setting which we will consider in this paper. Much of what
we have described is valid if we just assume that K is a finite Galois extension of F,. We
can then let A = Gal(K,/F,). Nothing is really lost if we assume in addition that K
is Galois over F. Then A will be a normal subgroup of Gal(K,/F'). One then sees easily
that there is a finite Galois extension K of F' such that K, = KF,,. But, in general, one
can’t assume that K N F,, = F. That assumption is too restrictive for certain purposes. For
example, the quantities Wy, (E, o) and W, (E,0) are defined for all irreducible, self-dual
Artin representations o of Gp. Such a o will be a faithful representation of Gal(K/F') for
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a certain field K, but it can happen that K N F,, # F. We will discuss this situation in
section 3.5, in the illustration in section 8.4, in chapters 10 and 12, and in section 13.3. We
will tend to denote Gal(K/F') by D. Thus, the restriction map identifies A with a normal
subgroup of D.

1.7 Organization and acknowledgements.

Let us briefly summarize the organization of this long paper. Chapters 2 and 3 give the
proof of theorem 1. The rather long chapter 4 proves a number of basic results about Selmer
atoms. The main objective is to prove theorem 2. The determination of §3°(c) is discussed
in chapter 5. Chapters 6 and 8 study special situations and illustrate how the ideas of this
paper can be applied. Chapter 7 discusses a wide range of groups which come up naturally
as Galois groups and which occur in the illustrations of chapters 8 and 13. Chapter 9 deals
with group theoretic questions that are needed for the proof of theorem 3. A fundamental
duality theorem is proved in chapter 10. Finally, chapter 11 prepares the way for the proof
of theorem 3 which is given in chapter 12. We close with chapter 13 which continues the
arithmetic illustrations from chapter 8, but emphasizes parity questions.

This research has been partially supported by a grant from the National Science Foun-
dation. I also want to thank THES for its hospitality during the summer of 2002. Some
of the ideas in this paper began to develop during that visit. One important inspiration
was the thesis of Alexandra Nichifor [Nic], where the freeness of certain Iwasawa modules
in classical Iwasawa theory is proved when A is cyclic of order p. A remark of Cornelius
Greither suggesting that a cohomological argument could be used to prove such a freeness
result also served as an important hint for me. I am very grateful to David Rohrlich for
several helpful discussions concerning root numbers as well as providing most of the proof
of Lemma 12.1.2. I have also benefited from various conversations with John Coates, Julia
Pevtsova, Robert Pollack, and Karl Rubin. Finally, I want to thank the referee for many
valuable suggestions which led to improvements in the organization and exposition of this

paper.

2 Projective and quasi-projective modules.

Our main objective in this chapter is to give cohomological criteria for the projectivity or
quasi-projectivity of a Z,[A]-module X. This is done in section 2.1. In addition, in sections
2.2, 2.3, and 2.4, we will discuss some important points concerning the structure of X as a
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Ag-module, where G is the direct product A x I', or even (in section 2.4) just a semidirect
product A x T,

2.1 Criteria for projectivity and quasi-projectivity.
We discuss these criteria in sections A and B. Some useful remarks will be in section C.

A. Projectivity. Suppose that X is a free Z,-module of finite rank and that A is a finite
group which has a Z,-linear action on X. Let S = Hom(X,Q,/Z,), a divisible Z,-module
of finite corank. Of course, A acts on S and the cohomology groups H*(A,S) for i > 1 are
finite and have p-power order. We first give a criterion for projectivity. It is not at all a new
result. It is very close to Théoreme 7 in [Se68]. That result concerns modules over Z[A], but
the argument found there works for modules over Z,[A] as well. The proof below is rather
different.

Proposition 2.1.1. Suppose that H'(A',S) = 0 for i = 1,2 and for every subgroup A" of
A. Then X is projective as a Z,|A]-module.

Proof. Let II denote a Sylow p-subgroup of A. We will give an inductive proof to show that
X is a free Z,[II]-module. Suppose at first that II is cyclic of order p. In that case, there
are three non-isomorphic indecomposable Z,[I1]-modules which are free as Z,-modules: the
free module Z,[II], the augmentation ideal Iy in Z,[II], and the quotient Z,[II]/Iy = Z,
which has a trivial action of II. We refer the reader to [Rei] for the proof. That article
considers Z[II]-modules which are free as Z-modules, but the argument applies without
change to Z,[II]-modules. The result is simpler in that case because Z,[u,] is a PID. The
corollary in that article shows that there are just three non-isomorphic, finitely-generated,
indecomposable Z,[I1]-modules which are torsion-free as Z,-modules.

Consequently, X is a direct sum of copies of the above indecomposable modules. We
denote their Pontryagin duals by 7',.S;, and Sy, respectively. Thus, T" has Z,-corank p, S,
has Z,-corank p — 1, and S, has Z,-corank 1. We have an isomorphism

S = 8% x St xT*
as a Z,[Il]-module, where a,b,c > 0. One sees easily that
HY(IT, Sy) = Z/pZ, H*(I1, 8,) = Z/pZ

Since we are assuming that H'(IT, S) and H?(II, S) are both trivial, it follows that a = b =0
and hence that X = Z,[I1]°, proving freeness if |II| = p.
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Now suppose that |II| = p", where n > 2. Let II' be a normal subgroup of IT of order p.
Since X must be Z,[II']-free, as we just argued, it follows that ST is a divisible Z,-module,
that corankz (S) = p - corankg, (S™), and that H'(II',S) = 0 for all i > 1. Also, for any
subgroup I1” of II containing I, we have exact sequences

0— Hl(HH/H/uSHI) - Hl(Hlla‘S)a 0— H2<HH/H/75HI> - H2(H//75)7

where the exactness of the second sequence follows from the fact that H'(IT',S) = 0. The
assumptions in the proposition then imply that H*(I1”/II’, S™) = 0 for ¢ = 1,2 and for
every such IT”. We can therefore assume inductively that the Pontryagin dual of ST is a
free Z,[I1/II'-module. This Pontryagin dual is isomorphic to Xy, the maximal quotient of
X on which IT" acts trivially, and so we have

Xy 2 Z,[T1/IT)¢

for some ¢ > 0. By Nakayama’s lemma, it follows that X can be generated by c elements as
a Zy[Il]-module. That is, X = Z,[II]°/Y where Y is a submodule of Z,[II]°>. However, we
have

rankz, (X) = p - rankg, (Xw) =p-c- [I/I'| = ¢- |11

and this implies that Y = 0. Thus, X = Z,[I1], as we wanted.

To finish the proof, we recall a standard argument (found in [Alp]) to deduce that X
is a projective Z,[A]-module. Let m = [A : II] and choose a set {J;}i1<j<m of left coset
representatives for IT in A. Note that p { m. There is a surjective A-homomorphism

(I ZP[A]T — X

for some r. Since X is a free Z,[lI]-module, and hence projective, there exists a splitting
map ¢ : X — Z,[A]” which is a II-homomorphism. We have (¢ 0 ¢)(z) = z for all z € X.
Define

/ 1 « -
(2.1.a) gb:EZéjogbo&jl
j=1

which is a map from X to Z,[A]" since m € Zy. One verifies easily that ¢' is a A-
homomorphism and that (¢ o ¢')(x) = = for all z € X. Thus, ¢ is a splitting map for
. This shows that X is projective as a Z,[A]-module. O

Remark 2.1.2. The converse of proposition 2.1.1 is obvious. If X is projective, then it is a
direct summand in Z,[A]" for some r. Hence S is a direct summand in 7", where T denotes
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the Pontryagin dual of Z,[A]. Since Z,[A] is a free Z,[A’]-module for any subgroup A" of A,
it follows that H'(A',T) = 0 for any i > 1. Hence H*(A’, S) clearly vanishes fori > 1. ¢

B. Quasi-projectivity. — Assume that X is a finitely generated Z,[A]-module, but not nec-
essarily torsion-free as a Z,-module. We defined the notion of quasi-projectivity in the in-
troduction. To state the definition somewhat differently, we say that X is a quasi-projective
Z,[A]-module if the representation space V = X ®z, Q, for A fits into an exact sequence

O —> VvV — V, —V — 0

where Vi =Y ®z, Q,, Vo = Y2 ®z, Q, and both Y; and Y5 are projective Z,[A]-modules.
One verifies easily that this is equivalent to the definition in the introduction. The character
x of the representation space V for A satisfies the following property:

(QP) X(0) =0 for all § € A of order divisible by p.

This is easy to see. It suffices to check this when X is projective. Suppose § € A has order
divisible by p. Let C be a cyclic subgroup of A containing 4. Then X is projective as a
Z,|C]-module. Let C' = PQ, where P is a nontrivial p-group and () has order prime to p. Let
O be the extension of Z, generated by roots of unity of order |@|, let € be any 1-dimensional
character of (), and let e, be the idempotent for € in O[Q]. Then Xp = X®z,O is a projective
O[C]-module and is isomorphic to the direct sum of the modules X ) = e, X, each of which
is also projective as an O[C]-module. It follows that X(® is projective and hence free as
a Zp[P]-module. Let F be the fraction field of O, Vr = V ®q, F, and VE) = e.Vg, the
e-component of V as a representation space for Q. Then V() is a representation space for
C, and its restriction to P is a multiple of the regular representation for P. The projection
of § to P is nontrivial and therefore the trace of § acting on V) is 0. Since this is so for
every ¢, it indeed follows that x(J) = 0.

The converse is also true: If the character of the representation space V = X ®z, Q, has
the property (QP), then X is quasi-projective. This is proved in [Se77], theorem 36. One
of the ingredients in the argument is that the characters of the representations P, ®z, F are
Q-linearly independent and must be a basis for the Q-vector space of characters satisfying
property (QP), which clearly has dimension ¢. Thus, (QP) is a necessary and sufficient
condition for X to be quasi-projective. We will use this to prove a criterion for quasi-
projectivity in terms of the Z,[A]-module S = Hom(X,Q,/Z,). We will use the same
notation C' = PQ as above for any cyclic subgroup C' of A. We let S© = e.S». Here
So = S®z,0, which can be defined for any Z,[A]-module S. Let hp(A) denote the Herbrand
quotient |H?(P, A)|/|H*(P, A)|. In the following, we assume that X is finitely-generated as
a Z,-module.
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Proposition 2.1.3. The Z,[A]-module X is quasi-projective if and only if the following
criterion is satisfied: For every cyclic subgroup C' = PQ of A and every character € of Q,
we have hp(S©) = 1.

Proof. The implication in one direction is straightforward. If X is quasi-projective as a
Z,|A]-module, then there exist finitely-generated, projective Z,[A]-modules Y; and Y, and
a sequence

O —YYy — Y% — — X — 0

which exactness at each step only fails by a finite group. If C' = PQ is a cyclic subgroup
of A, then Y; and Y5 are projective Z,[C]-modules. It follows that the e '-components of
both Vi ®z, O and Y, ®z, O are free O[P]-modules. The fact that the Herbrand quotient
is 1 for finite modules and behaves multiplicatively in exact sequences, then implies that
hp(SE) =1.

For the other implication, we assume the triviality of all the Herbrand quotients. First
consider the special case where A is itself a cyclic p-group. Let |A| = p". For each j, 0 <
j < n, let P; denote the subgroup of A of order p?. For each k, 0 < k < n, let W}, denote
the irreducible representation space for A over Q, whose kernel is the subgroup of index ",
i.e., the subgroup P,_;. Thus, W, is the trivial representation space for A, W7 is a faithful
representation of A/AP of dimension p — 1, etc.. One can identify W, with Qp[u,+], where a
generator of A acts by multiplication by a generator of . Let ny = dimgq, (W)). We have
ng = p"1(p—1)if k > 1 and ng = 1. Choose a A-invariant Z,-lattice L; in W}, and let
Sk = Wy/Lg. Then V = @, _, Wk)"“, say. Therefore,

S~ é Spt
k=0

where ~ means that there is a A-equivariant map with finite kernel and cokernel (which
implies that the map is surjective here).

Our assumption is that hp (S) = 1, or equivalently, [T _, hp,(Si)™ =1 for all j’s. Note
that [[;_o Sk = Z,[A]®z,(Q,/Z,), a cohomologically trivial module. Hence [;_; hp, (Sk) =
1 for each j. For 1 < j <n, 0 <k <n, welet hp,(Sx) = p¥*, where aj, € Z. With this
notation, our assumption is that the A\;’s satisfy the linear equations

n

(2.1.b) > ap =0

k=0

for 1 < j < n (ignoring the trivial equation corresponding to 7 = 0). One solution to these
equations is \g = A\; = ... = A\, = 1. We want to prove that every solution to these equations
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is a scalar multiple of that solution. That will imply that S ~ (Z,[A] @z, (Q,/ Zp))/\ for
some integer A > 0 and hence that X will indeed be quasi-projective.

We will prove that the coefficient matrix A = [a;;] for the above system of equations
has rank n and so the solutions are just constant multiples of the solution given by Ay =1
for 0 < k < n, as we want. We can see this by applying some column operation to that
n x (n+ 1) matrix. For any k, 0 < k < n, suppose that j satisfies j + k <n. Then P; acts
trivially on W, and hence on Si. Hence H'(P;, Sy) = Hom(P;, Sy) and this has order p/™,
where n;, is as defined above. Also, it is clear that HZ(PJ», Si) = 0. Thus, a;;, = —jny for
such j and k. On the other hand, if £ > 1 and j + k& = n + 1, then P; acts non-trivially on
Sk (through the quotient group of order p), H'(P;, Sy) = 0, and H*(P;, Si) = S:j, a finite
group isomorphic to Zp[,x]/(¢, — 1), where ¢, is a generator of ji,. This finite group has
order p”’H and therefore a;;, = p*~!. Note that this is positive and so is not equal to —jny,.

Denote the columns in A by Ag, Aq,...,A,. The first column Ay in A has entries
—1,...,—n. For each k > 1, the j-th entry in By = Ay — npAg is 0 if j + & < n, but
the j-th entry is nonzero when j + k = n + 1. Thus, By, ..., B, are linearly independent
and so, indeed, A has rank n. We remark that for odd p, one can give a somewhat simpler
argument. Namely, note that the n;’s are even for £ > 1. Thus, the j-th entry in Ay is even
if j+k <n, butisodd if j + k£ =n + 1. Hence the matrix with columns Ay, ..., A, clearly
has odd determinant, assuming p is odd, and hence that matrix is nonsingular.

Now assume that A is arbitrary and that C' = P(Q is a cyclic subgroup of A as notated
above. We can apply the result just proved to the cyclic p-group P and to S©) for any
character ¢ of Q). It follows that the Pontryagin dual of S© is quasi-projective as a Z,[P]-
module. Let V = X ®z, Q,, Vr =V ®q, F, as before, and let x be the corresponding
character (of C' or of A). Regarding Vr as a representation space for C', we now know that

Vj(fl) = e.1Vr is isomorphic to the tensor product of the representation ! of ) and some
multiple of the regular representation of P. Thus, the character of this representation of C
is identically 0 on the elements of order divisible by p. Since this is so for every ¢, it follows
that x|c has the same property. Consequently, since C' is arbitrary, y satisfies the property
(QP) and therefore X is indeed quasi-projective. O

Remark 2.1.4. It is proved in [Se77] (corollary 2 to theorem 34) that if Y is a finitely-
generated, projective Z,[A]-module, then the isomorphism class of Y is determined by the
A-representation space V =Y ®z, Q,. We already mentioned this fact at the beginning of
the introduction. Consequently, if X is a A-invariant Z,-lattice in V' which is not isomorphic
to Y as a Z,[A]-module, then X cannot be projective. However, it is clear from the definition
that X will be quasi-projective. Such examples are easy to give. In the special case where
A is a p-group, a Z,[A]-module Y is projective if and only if it is free, and so one would just
need to check that X is not free.
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As a simple example, suppose that A is cyclic of order p and that Y is a free Z,[A]-module
of rank 1. Then V is just the regular representation for A over Q,. Using the notation in
the proof of proposition 2.1.3, we have V' = Wy @ Wi and X = Ly @ Ly is a A-invariant
Z,-lattice in V. Thus, X is quasi-projective, but X 2 Y because Y is a cyclic Z,[A]-module,
but X requires two generators. Hence X is quasi-projective, but not projective. One finds
similar examples if one takes A to be cyclic of order p™. In fact, the number of isomorphism
classes of A-invariant Z,-lattices increases with n.

If A is a p-group, then a finitely-generated Z,[A]-module X is quasi-projective if and only
if X®z,Q, is a free Q,[A]-module. This follows easily from the definition. Consequently, X is
quasi-projective if and only if there exists a free Z,[A]-module Y and a Z,[A]-homomorphism
X — Y with finite kernel and cokernel. In general, for an arbitrary finite group A, a strictly
quasi-projective module (as defined at the end of section 1.1) is certainly quasi-projective.
However, the converse is not always true. The issue is whether or not property (QP) implies
that a representation space V' contains a A-invariant Z,-lattice which is projective as a
Z,[A]-module. We refer the reader to chapter 16.3 in [Se77] for a discussion of this issue.
Theorem 38 there shows that quasi-projectivity and strict quasi-projectivity are equivalent
if A is a p-solvable group. O

Suppose that X is a finitely-generated Z,[A]-module. As in the introduction, we can
define Ax : Rx(A) — Z to be the unique group homomorphism satisfying Ax (o) = A\(X, o)
for all o € Irrz(A). Recall that A(X, o) is the multiplicity of o in the representation space
Vr = X ®g, F for A. The next proposition gives another criterion for quasi-projectivity.
The first part was already pointed out in the introduction. For brevity, we let Repr(A)
denote the set of representations for A over F, considered as a subset of Rz(A).

Proposition 2.1.5. Suppose that X is a quasi-projective Z,[A]-module. Then the following
statement s true:
If p1, p2 € Repx(A) and p1™ = p™, then Ax(p1) = Ax(p2) -

Conversely, if this statement is true, then X is quasi-projective.

Proof. We just need to consider the converse. So suppose that the function Ax has the
stated property. This means that Ax factors through the decomposition homomorphism
d: Rz(A) — Ri(A) and so there is a function wy : R{(A) — Z such that A\x = wx od. We
can assume that wx(7) > 0 for all 7 € Irr(A) without loss of generality just by replacing
X by X @ Z,[A]" for a sufficiently large value of ¢, if necessary. Making that assumption,

consider Y = &, P** | a projective Z,[A]-module. Then

AY,0) = Z wx(T)d(o,7) = MNX,0)

T

25



for all o € Irrr(A) and hence Y ®z, F =2 X ®z, F as F-representation spaces for A. It
follows that X ®z, Q, and Y ®z, Q, are isomorphic as Q,-representation spaces for A,
proving that X is indeed quasi-projective. O

C. Useful remarks. Suppose that we have finitely-generated Z,-modules X; for j =1,2,3
which have Z,-linear actions of A. Let S; = Hom(X;, Q,/Z,). Suppose that these discrete
modules fit into an exact sequence

0—>Sl—>52—>5’3—>0

of Z,[A]-modules. Then proposition 2.1.3 together with the multiplicativity of Herbrand
quotients in exact sequences implies the following result:

Remark 2.1.6. If any two of the modules X; are quasi-projective, then so is the third.

This is also obvious from considering the characters of the representation spaces X; ®z, Q,.
If two of the characters satisfy property (QP), then so does the third. O

Assume now that X; is a free Z,-module of finite rank for j = 1,2,3 and that the
Pontryagin duals S; fit into an exact sequence as above. Of course, the X;’s also fit into a
similar exact sequence, but in the reverse order. Then the following result is true:

Remark 2.1.7. If any two of the modules X; are projective as Z,[A]-modules, then so is
the third.

By definition, if X is assumed to be projective, then the exact sequence splits and we have
an isomorphism Xy = X; ® Xj3. Therefore, X5 is projective if and only if X3 is projective.
Assume instead that X3 is a projective Z,[A]-module. Then, for any subgroup A’ of A, we
have H'(A’,S3) = 0 for ¢ > 1. Also, X3 will be a direct summand in a free Z,[A’]-module.
It follows easily that H°(A’, S3) is a divisible Z,-module. Using this together with the fact
that H'(A’,S)) is finite, we see that the map H°(A/,S;) — HY(A’, S3) must be surjective.
Consequently, one has H*(A’,S1) = HY(A',S,) for all i > 1. Thus, by proposition 2.1.1 and

remark 2.1.2, the projectivity of X; and X» as Z,[A]-modules will be equivalent. O

Remark 2.1.8. This concerns induction from a subgroup A, of A. Suppose that X, is a free
Z,-module with a Z,-linear actions of A,. Let X = X, ®z_a,] Z,[A]. It is easy to see that if
X, is a projective Z,[A,]-module, then X is a projective Z,[A]-module. As a consequence, a
similar statement is true for strictly quasi-projective modules. Using the fact that induction
is an exact functor for representation spaces, the same statement follows for quasi-projective
modules. One can also easily justify this assertion by using property (QP). In particular,
suppose that |A,| is not divisible by p. Let V. = X, ®z, Q, and let V' = Ind% (Vi) be the
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induced representation of A. Then every A-invariant Z,-lattice in V' will be quasi-projective
as a Z,[A]-module.

One other simple remark concerning induction has nothing to do with projectivity. Sup-
pose that X is a finitely generated Z,[A]-module and that o, € Irrz(A,). Suppose that

Indﬁ*(g*) o @ o) 7

where ¢ varies over Irrz(A) and m(o) > 0. Then

> m(e)MX,0) = A\X,0.) |

g

where A\(X, 0,) is defined by viewing X as a Z,[A.]-module. This equality is an immediate
consequence of Frobenius reciprocity. In particular, if o € Trrz(A) and ¢ = Ind} (o.), then
AMX,0) = AMX,0.). O

Remark 2.1.9. This remark also concerns induction. Suppose that C' = P() is a finite cyclic
group as in proposition 2.1.3 and that C, is a subgroup of C'. We then have C, = P.Q,
where P, = PNC, and @, = QN C,, cyclic groups of p-power order and of order prime to p,
respectively. Suppose that A, is a Z,[C,]-module which has the discrete topology and is a
torsion Z,-module. We will assume that the cohomology groups H'(P,, A,) for i > 1 are all
finite. Let A = Ind{. (A.). Let € be an O*-valued character of ) and let €, = ¢|g,. Then

(2.1.c) hp(A®) = hp, (AF))

We will later apply this equality in a situation where C' is a Galois group, C. is the decompo-
sition subgroup of C' for some prime, and A, may have infinite Z,-corank. Thus, proposition
2.1.3 may not be useful in such a situation.

For the justification, we may assume that A, is already an O-module. Furthermore, for
a fixed e, the e-components for the action of @ on A and on Ind, (A*+)) are isomorphic
as O[C]-modules. Hence we can simply reduce to the case where Q. acts on A, by the
character e,. Also, if we let B, = A, @ €., then B = Indg* (B,) is isomorphic to A ® 1.
The e-component of A is isomorphic to the e,-component of B for the action of P, where
g, is the trivial character of (). Hence the corresponding Herbrand quotients are equal. A
similar statement is true for the action of P, on the corresponding components of A, and
B.. Thus, by replacing A, by B, if necessary, we can simply consider the case where ), acts
trivially on A,. Then, by replacing C' by C'/Q. and C. by C.,/Q., we can therefore reduce
to the case where (), is trivial and C, = P,.
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Let Ap = Indj (A.). Shapiro’s lemma states that H'(P, Ap) & H'(P., A.) for all i.
Let € be any character of Q. Since A = Ind%(Ap), one sees casily that A€ 22 Ap as an
O[P]-module. It follows that H'(P, A®) = H'(P,, A,) for all i. The stated equality of the
Herbrand quotients follows from this. O

2.2 Nonzero p-invariant.

We have assumed so far in this chapter that X is a finitely-generated, free Z,-module (in
proposition 2.1.1) or just finitely-generated as a Z,-module (in proposition 2.1.3), and that
there is a Z,-linear action of A on X. Our primary interest is in examples where X is also
a A-module and the action of A on X is A-linear. Here A = Z,[[I']], as in the introduction,
and such a module X can be regarded as a Ag-module, where G = A x I and Ag is the
corresponding completed Z,-group algebra. We have Ag = A[A].

It would be useful to be able to consider any finitely-generated, torsion A-module X with
such an action of A. For such a A-module, the Z,-torsion subgroup is a A-submodule and
has bounded exponent. More precisely, for any m > 1, let X[p™] = {x € X | p™x =0 }.
Then, for some m, the Z,-torsion subgroup of X is X[p™] and the quotient X/X[p™] is a free
Z,-module of finite rank. If the y-invariant ;(X) is positive (or equivalently, if the Z,-torsion
submodule of X is infinite), then X [p] will be infinite and X will not be finitely-generated as
a Z,-module. The propositions in section 2.1 will fail in general. However, it is still possible
for X/X[p™] to be projective or quasi-projective as a Z,[A]-module. If that is so, then
we will obtain the same congruence relations for the invariants A\(X, o). Those invariants
depend only on V' = X ®z, Q,. The only positive result we can prove is the following.

Proposition 2.2.1. Suppose that X is a A[A]-module which is finitely-generated and torsion
as a A-module. Let S denote the Pontryagin dual of X. Assume that X/X|[p] is finitely-
generated as a Z,-module and that H'(P,S) and H*(P,S) are finite for every cyclic p-
subgroup P of A. Then X/X|[p| is quasi-projective as a Zy[A]-module if and only if the
following criterion is satisfied: hp(S®)) =1 for every P and ¢ (as in proposition 2.1.3).

It turns out that an extremely similar result was proved in [HaSh]. (See the lemmas for the
proof of their theorem 2.1. ) Our proof is somewhat different, although close in its essential
idea.

Proof. Our assumptions imply that, for all P’s and ¢’s, H'(P, S®)) and H%(P, S©)) are both
finite. This is because S©) is a direct summand in Sy, which in turn is a direct sum of a
finite number of copies of S, all considered as Z,[P]-modules. Hence hp(S®)) is defined.
Consider the A[A]-submodule pS of S. Then pS is isomorphic to the Pontryagin dual of
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X/X[p] and, by assumption, is a cofinitely-generated Z,-module. Thus, hp(pS®) is also
defined for all P and e. We can apply proposition 2.1.3: X/X|[p] is quasi-projective if and
only if hp(pS®) = 1 for all P’s and &’s. Thus, we must just prove that hp(pS©)) = hp(SE)).
Equivalently, we must show that hp(U®)) = 1, where U = S/pS. Note that U is isomorphic
to the Pontryagin dual of X|[p].

Fix a P and €. Let n = |P|, a power of the prime p. It is easy to see that H*(P,pS®))
is finite for all 4 > 1. This is simply because pS® has only finitely many elements killed
by n. It follows that H*(P,U)) is also finite for i = 1,2. We will study the corresponding
Herbrand quotient.

The Pontryagin dual of U® is X[p]¢ "), which is a finitely-generated module over the
ring F,[[I" x P]]. Now P is a cyclic p-group. Let g be a generator for P and let v be a
topological generator for I'. Thus, v and g generate I' x P topologically. We can regard
X[p]©™") as a finitely-generated module over the formal power series ring R = F,[[z,y]] by
letting = act as y—1idr and y act as g—idp. Since g has order n, this module is annihilated by
y™ and hence is a torsion R-module. The standard classification theorem for torsion modules
over R (which is a regular local ring of Krull dimension 2 and residue field F,) implies that
X|p] (™) is pseudo-isomorphic to a direct sum of modules of the form E, = R/(y*), where
1 < a <n. Pseudo-null R-modules are finite in this case. Thus, for some ¢ > 0 and a, ..., a;
satisfying 0 < a; < n, there is an R-module homomorphism

t
(2.2.a) U — P Hom(E,,,F,)
j=1

of discrete R-modules with finite kernel and cokernel. (In fact, the cokernel must be trivial.)

Our assumptions imply that H*(P,U)) is finite for i = 1,2, as we mentioned above.
It follows that H Z'(P, Hom(Eaj,Fp)) is also finite for ¢ = 1,2 and for each j. By taking
Pontryagin duals, this implies that, for each of the summands FE, occurring above, the
groups H(P, E,) are also finite. Note that the map defined by g — idp is multiplication by
y and the norm map for P corresponds to multiplication by 3™ !. Hence, we have

H'(P,E,) = Ker(y"™" : E, — E,)/yE, , H%(P,E,) = Ker(y : E, — E,)/y" 'E, .

If a < n, then both of these groups will be infinite. Thus, we must have a; = n for
1 <j <t But E, is a free module of rank 1 over the ring R/(y") = F,[[z]][P] and both
of the cohomology groups will be trivial in that case. Hence, the Herbrand quotient will be
1. The Herbrand quotients for the kernel and cokernel of the map (2.2.a) will be 1 too. Tt
follows that we indeed have hp(U®)) = 1. This will be so for all choices of P and . 0

Remark 2.2.2. The kind of result just proved can fail if X[p?]/X|[p] is infinite. We have
no substitute in such a case. Consider the following specific example (which can also be
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found in [HaSh]). Suppose that A = P is cyclic of order p. Identify A with Z,[[T]]. Suppose
that X = A/(p*T). Let the generator g for P act on X as multiplication by 1 + pT’, which
is indeed an automorphism of X of order p. One sees easily that X/X[p?] = Z, and that
P acts trivially on that quotient. Thus, X/X[p?] is not quasi-projective as a Z,[P]-module.
In fact, one has A(X,0,) = 1, but \(X,0) = 0 for the other irreducible representations o of
P. However, if S = Hom(X,Q,/Z,), then it turns out that H'(P,S) = H*(P,S) = 0. To
see this, note that g — 1 acts on X as multiplication by p7T" and the norm Np acts on X as
multiplication by

—_

p—

(1+pT) = pu

™

H\'/D

J

where u € A*. Hence ker(Np) = (pT'
Also, im(Np) = (p)/(p°T) = ker(g —

/(p*T) = im(g — 1). This implies that H*(P,S) = 0.
), which 1mphes that H'(P,S) = 0. O

2.3 The structure of Ag/AGe.

The module X occurring in remark 2.2.2 can alternatively be described as follows. Let
0 =g—1—pT, viewed as an element of Ag for G = A x I'. Then X = AG/AGQ. Now we
discuss modules of this same form, justifying the statements made in section 1.6. Suppose
that @ is any nonzero element of Ag and let X = Ag / Agf. This Ag-module was denoted by
Xy in the introduction. It is obviously finitely-generated as a A-module.

Recall that Ap = O[[I']]. We identify Ag ®z, O with Ap[A]. Let 0 € Irrz(A). Then
we have an O-algebra homomorphism O[A] — M,,,)(O). Tensoring with Ao, we obtain a
continuous Ap-algebra homomorphism which we also denote by o:

o: MNolA] — My)(Ao)

The image of ¢ is a Ap-subalgebra of M, ) (Ap) which we denote by R,. The cokernel
of o is a torsion-group of exponent dividing |A| which we denote by Z,. It is a two-sided
R,-module. As in the introduction, we will denote det (0(6’)) by Ly,. One sees easily that
X is a torsion A-module if and only if £y, # 0 for all o € Irrz(A).

Let I, = ker(), an ideal in Ap[A]. Let Xo = X ®z, O = Ao[A]/Ao[A]f. We define

Xo = XO/]O'XO7 SO' = HOIHA(X7 WU/LU)a

where W, is the underlying F-representation space for o and L, is a A-invariant O-lattice in
W,. Assume that X is a torsion A-module. Then, as Ap-modules, X, is finitely-generated
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and torsion, S, is cofinitely-generated and cotorsion. The elements of S, factor through X,.
We have the following isomorphism:

X, = R,/R,0(0) .

Assume that Ly, # 0. Right multiplication by o(f) defines Ap-module endomorphisms of
Ry, My (Ao), and Z,, considered as left modules. The snake lemma then gives an exact
sequence of Ap-modules

0 — Z,[o(6)] — Ro/Ro0(6) — Myio)(Ao)/Muio)(Ao)o(8) — Zo [ Zyo(8) — 0

from which one easily deduces that the Ap-modules M, (Ao) / M,y (Ap)o(6) and X, have
the same characteristic ideals. However, M, (Ap) is a direct sum of n(c) right ideals, each
isomorphic to Ag(a) as right M, (Ap)-modules. If A € M, (Ap) and has rank n(c), then
the cokernel of right multiplication by the matrix A on Ag(a) is a torsion Ap-module and the
characteristic ideal of that module is generated by det(A). These remarks imply that the
characteristic ideal of X, is generated by EZE;T).

5

The O-rank of X, is equal to n(c)A(X, o) by definition. On the other hand, that O-rank
is also equal to n(o)A(6,0). The first equality in (1.6.c) follows. Note also that the O-corank
of S, is equal to A(X, o).

Let X = X/pX = Ag / Ah. If 7 € Irr¢(A), then 7 is absolutely irreducible and hence
the f-algebra homomorphism f{A] — M, (f) is surjective. This extends to a continuous
f[[[']]-algebra homomorphism

7 fITNA] — M (FIT))

which is also surjective. Let I. denote its kernel. Define )?f =X ®r, f- Then we have an
isomorphism

X, = Xi/LX; = My (lITY) /Moo (FIT]) 7 (6)

of f[[I']]-modules. This quotient is a torsion f[[I'|]]-module, and hence finite, if and only if

‘C'g} = det(7(9)) #0.
In fact, u(X) = 0 (i.e., X is finite) if and only if Ly # 0 for all 7 € Irrg(A). One
direction is clear. For the other direction, the nonvanishing of all the EgvT’s implies that )?T

is finite for all 7. It is not difficult to deduce that X is finite and hence that indeed u(X) = 0.
The argument is in the proof of proposition 4.1.6. The part about an f-representation space
IIT for A is applicable here. Now Ag is a free A-module of rank |A|, and therefore so is Ag#.
It follows that the corresponding quotient module X has no nonzero, finite A-submodules.
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Assuming that p(X) = 0, it follows that X must be torsion-free and therefore free as a
Z,-module. Furthermore, by propositions 2.1.1 and 2.4.1 (to be proved below), it follows
that X is a projective Z,[A]-module.

We want to now justify the second equality in (1.6.c). Since X is projective as a Z,[A]-
module, the weight w(X, 7) can be defined as the multiplicity of 7 in the maximal semisimple
quotient of )?f, viewed as an f-representation space for A. The 7-component of that repre-
sentation space is the maximal quotient annihilated by I, which is X, and is isomorphic to
My (FIIT)]) / Mouiry (S]] 7(6) as a left My (f)-module. Now M, (§[[I]]) is isomorphic to
a direct sum of n(7) right ideals, all isomorphic to §{[I']]"™ as right M, (f[[I]])-modules. If
A € M, (f[[T']]) and has rank n(7), then the cokernel of right multiplication by the matrix
A on f[[I']]™") is a torsion f[[I']]-module and hence is finite. Its characteristic ideal is gen-
crated by det(A), and that determines its j-dimension. Taking A = 7(6), that cokernel has
f-dimension w(f, 7). These remarks imply that the f-dimension of X, is n(r)w(f, 7). Thus,
the multiplicity of 7 in X, is w(g, 7), which therefore indeed is equal to w(X, 7).

2.4 Projective dimension.

A module X of the form considered in the previous section obviously has a free resolution
of length 1 because X is isomorphic to the cokernel of the map Ag — Ag defined by
multiplication by € on the right. Regarding Ag as a left Ag-module, it is free and the above
map is a Ag-module homomorphism. The results in this section give such a free resolution
under certain assumptions. We will consider a somewhat more general situation. We still
assume that I' = Z,, and that A is finite, but we just suppose that G is an extension of I' by
A. That is, we have an exact sequence

1] — A — G — T — 1

and so A is a normal subgroup of G. This group extension is easily seen to be split. Hence
G =2 AXTI', where the semidirect product corresponds to a certain unspecified homomorphism
[' — Aut(A). Thus, we can regard I' as a subgroup of G and any Ag-module can also be
regarded as a A-module.

The following result gives a direct relationship between the cohomological triviality (with
respect to A) of a Ag-module (or its dual) and the projective dimension of the module (as
a Ag-module), specifically whether or not that projective dimension is 1. A rather different
proof of such a relationship (at least in the case where G is abelian) can be found in a paper
by Greither. It is part of the proof of proposition 2.4 in [Gre].
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Proposition 2.4.1. Suppose that X 1is a finitely-generated Ag-module. Assume that X
1s a torsion A-module and that X has no nonzero, finite A-submodules. Let S denote the
Pontryagin dual of X. Then X has a free resolution of length 1 as a Ag-module if and only
if H'(A',S) =0 for every subgroup A" of A and for all i > 1.

Proof. We start with some general remarks about cofree, cofinitely-generated Ag-modules,
where G is any profinite group. Assume that A is such a module. That means that its
Pontryagin dual A is isomorphic to Ay, for some r > 0. Note that the Pontryagin dual of
A[p] is isomorphic to Kg, where Ag & Ag / pAg, the completed group algebra for G over F,,.
It follows that for every closed subgroup G’ of G and for all i > 1, we have

HY(G' A) = 0, HY(G' Alp]) = 0 .

Furthermore, H°(G’, A) is a divisible group. The vanishing statements are easily reduced
to the case where G is finite. In that case, it suffices to note that Z,[G] and F,[G] are
free-modules over Z,[G'] and F,[G’], respectively. Hence their Pontryagin duals are coho-
mologically trivial as G’-modules, as is any direct sum of those modules. If G is profinite
and N is an open, normal subgroup of G, then A" and A[p]" are cofree modules over the
rings Z,[G/N] and F,[G/N], respectively. Hence the cohomology groups H'(G'N/N, AV)
and H'(G'N/N, A[p]™) vanish for all i > 1. Since G’ is the inverse limit of groups of the
form G’N/N, the above vanishing statements follow simply by taking direct limits. Now
A is a divisible group and so we obtain the divisibility of H°(G’, A) from the fact that
HY(G, Alp)) = 0.

Now assume that X is a finitely-generated Ag-module which has a free resolution of
length 1. This means that there is an exact sequence

(2.4.a) 0—S—S5 — 85, —0

of cofinitely-generated, discrete Ag-modules where S; and Sy are cofree Ag-modules. If G
is any closed subgroup of G, then it follows that H*(G’,S) = 0 for all i > 2. Also, since
H°(@', S,) is a divisible group, it follows that the same is true for H'(G’,S). In particular,
if G’ is a finite subgroup of G, then H*(G’, S) must have finite exponent and therefore we
have H'(G',S) = 0. The “only if” part of the proposition follows from these remarks.

For the converse, we assume G = A x I'. We think of I" as a subgroup of G as well as
a quotient group. For some k > 0, the action of I'y on A is trivial. Thus, I'y is a subgroup
of the center of G. It is an open, normal subgroup of G. We assume the vanishing of
the cohomology groups H'(A’,S) = 0 for all A’ and i, as stated. Suppose that X can be
generated by m elements as a Ag-module. Then S fits into an exact sequence (2.4.a), where
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S is the Pontryagin dual of A7. We will prove the same statement about the Pontryagin
dual of Sy, which we denote by Y. We regard Y as a Ag-submodule of A#%. Thus we have

X = AZJY

as Ag-modules. Since Ag is a free A-module and X has no nonzero, finite A-submodules,it
follows that Y is a reflexive A-module. Hence Y is free and S5 is cofree as A-modules. It
follows that H* (T, S2) = 0 for all i > 1 and that H°(T, Ss) is a divisible group.

Suppose that G’ is a closed subgroup of G such that I'y € G'. Let A’ = G'N A, a
normal subgroup of G’, and let IV = G’/A’, which is isomorphic to a subgroup of I". Since
H(A’,S) =0 for all i > 1, the inflation map

H{(I',S%) — HY(G,S)

is an isomorphism for all i > 1 and hence H'(G’,S) = 0 for all i > 2. It follows that
HY(G',S5) = 0 for all i > 1. In particular, H'(T;,S5) = 0 and consequently the inflation
map

H{(G' /Ty, S3¥) — HY(G',S,)

is an isomorphism for all i > 1. Now Sy* is cofree as a Z,-module and we have
corankz, (Sg’“)) = peoranky (S5) = pranka(Y) = m|A]p" .

We can apply proposition 2.1.1 to conclude that the Pontryagin dual Yr, of Sg * is a projective
module for the group ring Z,[G/T]. Note that G/T') has order |A[p”.

We now show that Yr, is a free Z,[G/T'x]-module. Since it is a projective, it is sufficient
to show that Yp, ®z, Qp is a free Q,[G/I';]-module. We have an exact sequence

0 — S — Si* — Sk — HYI:, S) — 0 .

The maps are equivariant for the action of G/T'. Let 74 be a topological generator for T’y
(which is isomorphic to Z,). Then we have H*(T'y, S) = S /(7 —1)S. The Pontryagin duals
of ST and S/(y,—1)S are X /(7 —1)X and X"*, respectively. Tensoring those Z,-modules
with Q,, gives V' / (ve —1)V and V', respectively, where V = X ®z_ Q,, a finite-dimensional
Q,-representation space for G.

Since 7y is in the center of G, the map v — (7 — 1)v is a G-homomorphisms from V' to
itself. Consequently, the kernel and cokernel of that map have the same composition factors.
This implies that V'* and V / (v —1)V are isomorphic as Q,-representation spaces for G/I'.

Therefore, it follows that the Q,-representations spaces Yr, ®z, Q, and (§1)Fk ®z, Q, for
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G/T'), are isomorphic. But the latter representation space is isomorphic to Q,[G/T'x|™.
Therefore, Yr, ®z, Q, is a direct sum of m copies of the regular representation for G'/I'y.
The above observations imply that Yr, = Z,[G/Ty]™ as a Z,[G/T'y]-module. Therefore,
Yr, can be generated by m elements as a Z,[G /I'i]-module. One can then apply Nakayama'’s
lemma (for A-modules) to conclude that Y can be generated by m elements as a Ag-module.
Thus, Y is a quotient of a free Ag-module of rank m. Now X is a torsion A-module and so
Y and A{ have the same A-rank. Consequently, it is clear that we actually have Y = A7,
Therefore, X indeed has a free resolution of length 1 as a Ag-module. O

Remark 2.4.2. The following well-known properties of A-modules can be found in [NSW],
propositions 5.3.20 and 5.5.3:  (a) If X is a finitely-generated A-module, then X has
projective dimension at most 2, and (b) If X has no nonzero, finite A-submodules, then its
projective dimension is at most 1. In (b), X will have a free resolution of length 1 as a
A-module since any finitely-generated projective A-module must be free. This result is the
special case of proposition 2.4.1 where A is trivial. The essential ingredient in the proof is
the fact that any reflexive A-module must be free, which we also used in a crucial way in the
above argument. O

The following corollary follows immediately from proposition 2.4.1. Note that m = 1 if
X is a cyclic Ag-module.

Corollary 2.4.3. Suppose that X is a Ag-module which is finitely-generated and projective
as a Zy[A]-module. Then X has a free resolution of length 1 as a Ag-module. In particular,
if X is a cyclic Ag-module, then X = Ag/Ag9 for some nonzero element 6 € Ag.

Remark 2.4.4. Suppose that 7 is an irreducible representation of A over F,. For this
remark, we don’t want to assume 7 is absolutely irreducible. It is still true that there is an
indecomposable, projective Z,[A]-module P, that has U, the underlying F,-representation
space for 7, as its unique simple quotient. Furthermore, P; is a direct summand in Z,[A]
(as a module) and hence is a cyclic Z,[A]-module. All of this follows from proposition 41
in [Se77]. Let G = A x I'. We let G act on P, by letting I' act trivially. Then P, becomes
a cyclic Ag-module. Corollary 2.4.3 implies that P, = Ag / AgO,, where 0, is in Ag. By
section 2.3, we have u(6.,0) = 0 and \(0,,0) = A(P;,0) for all o € Irrz(A) (where F is
sufficiently large as usual). Now if X is any finitely-generated Ag-module which is torsion
as a A-module and projective as a Z,[A]-module, we can forget the action of I' and express
X as a direct sum of the P.’s with certain multiplicities. Let 8 € Ag be the corresponding
product of the 6,’s. Then, by definition, we have u(f,0) = 0 and A(0,0) = A\(X, o) for all
o€ Irrg(A).
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We would like to find such a 8 € Ag which reflects the action of G on X more fully, not
just the action of A. An illustration of what we mean by this is contained in remark 3.1.3,
which only concerns the case where G is commutative. We have not succeeded in finding a
way to do this when G is non-commutative. O

3 Projectivity or quasi-projectivity of XEO(KOO).

We take F, K, F, Ko, 2o, and E exactly as in the introduction. Let A = Gal(K«/Fx). In
this chapter we will apply propositions 2.1.1 and 2.1.3 to the Z,[A]-module X3°(K,). This
requires verifying the appropriate hypotheses for Sel%’ (Koo)p- We will study the relevant co-
homology groups by using the exact sequence defining the non-primitive Selmer group. Each
of the verifications requires a certain subset of the assumptions we need for the main results,
which are propositions 3.1.1 and 3.2.1. The arguments apply with only minor modifications
in the formulations to a more general situation. It suffices to assume that K., is a Galois
extension of F' containing the cyclotomic Z,-extension Fi, of F' and that [K : Fi| is finite.
Section 3.5 is devoted to a discussion of this generalization. .

3.1 The proof of theorem 1.

The proof is in a series of steps culminating in proposition 3.1.1, which is theorem 1.

A. Surjectivity of the global-to-local maps. We need only assume that Selg(K ), is A-
cotorsion. This is conjectured to always be true. Since we are including p = 2, we first
describe H, (Ko, ) when v is an archimedean prime of F. There will then be infinitely
many primes of K., lying over v. If 7 is such a prime, then im(x,) = 0. The local factor
Hoo (Koo, E) is trivial when p is odd, but can be nontrivial when p = 2. It is defined by

Hol Ko, B) = Lim (€ 1 (Fy, E™))

v'|v

where F” varies over all finite extensions of F' contained in K, partially ordered by inclusion,
and v runs over the primes of F” lying over v. We can restrict to F"’s containing K (i.e., the
layers in the Z,-extension K,,/K), and then the completions Fv', are either all isomorphic to
R or to C, depending on K and v. The group H,(K«, F) is nontrivial only when F, = R, v
splits completely in K/F, and H'(F,, E[p>]) # 0, which occurs only when p = 2 and E(F,,)
has two connected components. In that case, H'(F,, E[p>]) is of order 2 and H, (K., E)
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is infinite, but of exponent 2. Its Pontryagin dual is a A-module with p-invariant equal to
K : F.

We will first recall why the map g is surjective, as stated in the introduction. Let X
be a set of primes of F' containing all the primes where F has bad reduction, or where K/F
is ramified, or which divide p or co. Consider the map

(3.1.a) H'(Fy/Ks, E[p™]) — P Ho(Kx, E)

vEX
where FY; is the maximal extension of F' unramified outside . Note that K., C Fy. It is
easy to see that Selg(K ), is the kernel of (3.1.a), just assuming that ¥ is chosen as stated.
Now, according to lemma 4.6 of [Gr99], if Selg(K ), is A-cotorsion, then the map (3.1.a) is
surjective. By letting ¥ vary, the surjectivity of vk follows. One immediate consequence
is that for any set X, of primes of F', the global-to-local map

Vi, o H (Koo, Ep™)) — O Ho(Ku, B)

V€30

is also surjective. By definition, Sel%’(K..), = ker(yiﬂo).

B. Divisibility of Selmer groups. The assumptions that we need are that Selg(K)[p]
is finite and that E(K)[p] = 0. To apply the criteria of section 2.1, we need to show that
X}?O(KOO) is a free Z,-module of finite rank or, equivalently, that Selg(K ), is divisible
and of finite Z,-corank. The assumption that Selp(K)[p] is finite implies that Xp(K)
is a finitely generated, torsion A-module and that its p-invariant is zero. It follows that
Xg(Ky) is a finitely generated Z,-module. We can now use proposition 4.14 from [Gr99]
which requires the additional assumption that E(K)[p] = 0. It then follows that Xpg(K)
has no nonzero finite A-submodules. Hence the Z,-torsion submodule must be zero. This
implies that X p(K ) is Z,-free of finite rank, as needed. Equivalently, Selg(K ), is divisible
and of finite Z,-corank.

Now for any non-archimedean prime v { p, and a prime 1 of K, lying over v, the local
cohomology groups H' (K. ,, E[p™]) is also divisible and of finite Z,-corank. The divisibility
follows from the fact that K., has p-cohomological dimension 2, and so H*(K . ,, E[p]) = 0.
The fact that H' (K, E[p™]) has finite Z,-corank follows from proposition 2 of [Gr89].
Therefore, for v { p, H,(Kw, E) is divisible and of finite Z,-corank. The surjectivity of vx_
now implies that Sel%o(Koo)p is indeed divisible and of finite Z,-corank.

C. Basic cohomology sequences. ~ Continuing to assume that Selp (K ), is A-cotorsion, the
global-to-local map 'y[%;o is surjective and gives the following exact sequence:

(3.1.h) 0 — Sel}?(Ku), — H'(Kso, E[p™]) — D Ho(Keo, E) — 0
v
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We have already explained the surjectivity of the global-to-local map %Z{J,o The maps in
the sequence (3.1.b) are A-equivariant and so we obtain the following exact sequences of
cohomology groups.

H'Y (Koo, E[p™))* — @D Ho(Koo, B)® — H'(A,Sel} (Ku)p) — H' (A, H' (Ko, E[p™))
v

and

P H' (A Hy (K, E)) — H?(A,Sel3? (Ky),) — H* (A, H' (K, E[p™)))
VY0

Theorem 1 will be proved by studying each of the terms in these sequences. To prove that
HY(A,Sel}’(Ky),) = 0, it suffices to show that H'(A, HY (K., E[p™®])) = 0 and that the
map labeled ¢ in the first sequence is surjective. To prove that H? (A, Sel%O(Koo)p) =0, it
suffices to show that H?(A, H (K, E[p™])) = 0 and that H' (A, H,(K«, E)) = 0 for all
v & ®g/p. For each of these statements, some subset of the assumptions in theorem 1 will
be needed.

D. Surjectivity of 5.  We will need to assume that Selp(K ), is A-cotorsion, that @/ p is a
subset of 3,, and that either p is non-anomalous for £/ K or that none of the e,(K/F)’s for
v € 3, is divisible by p. The kernel of the restriction map H'(F., E[p*]) — H' (Ko, E[p™])
is isomorphic to H*! (A, E(Koo)[poo]), which is easily seen to be finite. Thus, the kernel of
the map Selg(Fi), — Selgp(K), must be finite. Since we assume that Selg(K ), is A-
cotorsion, it follows that the same is true for Selg(F),. Therefore, the map g, is surjective
and so is the global-to-local map defining Selgo(Fm)p. This shows the exactness of the first
row in the following commutative diagram.

HY(F., E[p™]) _>€Bv€20 Hy(Fo, B) — 0

| l

H'\(K., E[p™])® —2~ Does, Ho(Koo, B)2

where the vertical maps are the obvious restriction maps. To prove the surjectivity of the
map in the second row, it suffices to show the surjectivity of the second vertical map, or,
equivalently, that the map 3, : H,(Fx, E) — Ho (Ko, E)? is surjective for each v ¢ 3.
For any prime n of K, lying above v, let A, denote the corresponding decomposition
subgroup of A. Thus, A, = Gal(K«,/Fw,), where v is the prime of Fi lying below n. Of
course, A permutes the primes of K., above v. We can take one 1 in each orbit. If v|oo,
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the surjectivity of (3, is clear because either K, = C, in which case H,(K,E) = 0, or
K, = R, in which case each A, is trivial and the map 3, is an isomorphism. Now assume
that v t p,c0. For such v and any n|v, it suffices to prove that the map

H'(Fu, E[p™]) — H' (Koo, E[p™])>

is surjective. The cokernel of this map is isomorphic to H?(A,, H*(Kw.,, E[p™])). But this
cohomology group vanishes if we assume that v € ¥,. To see that, note that Fi, is the
unramified Z,-extension of F,, since v { p, and hence any unramified extension of F,, has
degree prime to p. Now e, (K/F) is the order of the inertia subgroup of A,, which is assumed
to be prime to p, and so the same is true for |A,| itself. The vanishing follows from that
fact.

Suppose now that v|p. Then we must prove the surjectivity of the map

HI(FOO,V7 EU[pOO:I) - Hl(KOOJHE’U[pOO])An

The cokernel of this map is isomorphic to H? (Am H(Koon, B, [p"o])) = H? (Am Ev(k‘n)[poo]).
This cohomology group obviously vanishes if F,(k,)[p] = 0 or, equivalently, as we pointed
out in the introduction, if v is non-anomalous for /K. Under that assumption, it follows
that (3, is surjective.

The map (3, will also be surjective if we assume that p { e, (K/F). To see this, let T,
denote the inertia subgroup of A,, whose order will also be prime to p. It will be that
slightly weaker assumption that we actually need. It follows that H'(Y,, E,(k,)[p>]) = 0
for i = 1,2. We therefore have exact sequences

(3.1.c) 0— Hi<An/TmEv(kn)[poo]) - Hi(AnaEv(kn)[me —0

Thus, taking i = 2, the vanishing of H?(A,, E,(ky)[p™]), and therefore the surjectivity of
By, follows from the fact that H?(k,/f,, E,(k,)) = 0 for any finite extension of finite fields
k,/f,. Here we take f, to be the residue field for v.

E. The Hochschild-Serre spectral sequence. We will use a special case. Assume that G
is a profinite group, N is a closed, normal subgroup of finite index, and let A = G/N.
Suppose that A is a discrete, p-primary G-module. Let us assume that H'(N, A) = 0 for
1 > 2. The Hochschild-Serre spectral sequence then simplifies considerably. See exercise 5
in [NSW], page 96, which is based on theorem 2.1.5. The simplification occurs because only
the bottom two rows of objects in the spectral sequence can be nonzero. What we will need
are the following exact sequences for j > 1. Mainly, we will need this for j = 2 and j = 3.
The last map for each j is the inflation map.

(3.1.d) H/(G,A) — H'7'(AH'(N,A4)) — HT(AAY) — HITYG,A)
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As a consequence, if H(G, A) = 0 for i > 2, then we obtain isomorphisms:
(3.1.e) H7Y(AHY (N, A)) = HTH(A AY)

for j > 2. We will apply this to cases where G and N are global or local Galois groups which
have p-cohomological dimension 2. Thus, at least for ¢ > 3, the vanishing of both H(N, A)
and H'(G, A) will be assured.

F. Vanishing of H (A, H (K, E[p™])) for i > 1. We assume that Selg(Ky), is A-
cotorsion and that E(K)[p] = 0. For p = 2, we will need the additional assumption that
E(F,) is connected for all v|oo. We will use the Hochschild-Serre spectral sequence, taking
G =Gpr,, N=Gg,_,and A= E[p>]. We first assume that p is odd. It is then known that
H'(Fy, E[p™]) and H'(K, E[p>]) both vanish for i > 3. This follows from the fact that
the p-cohomological dimension for the Galois groups Gz and Gk, is equal to 2 when p is
odd.

That vanishing statement is also known for ¢ = 2 under the assumption that Selp(K ),
is A-cotorsion. That result is contained in [Gr99], although it is unfortunately not explicitly
stated. One first deduces that H'(K,,, E[p™]) has A-corank equal to [K : Q]. That assertion
and its justification can be found on pages 94-95 in [Gr99]. The vanishing of H*(K ., E[p™])
for an odd prime p then follows from proposition 4.12 in that paper. Since Selg(F.), will
also be A-cotorsion, the vanishing of H?(F,,, E[p™]) also follows.

The assumptions needed for (3.1.e) are therefore satisfied when p is odd. Hence we obtain
isomorphisms

(3.1.1) H7Y A, HY (Ko, Ep™)) = H'Y (A, HY (K, E[p™])),

for j > 2. The assumption that E(K)[p] = 0 implies that H°(K., E[p>]) = 0 since
Gal(Ko/K) is pro-p. The stated vanishing of H*(A, H' (Ko, E[p™])) then follows by taking
j=1i+1

We now assume that p = 2, that v is an archimedean prime of F', and that E(F,) is
connected. That assumption is obviously satisfied for any complex prime v, but may fail if v
is real. An equivalent statement is that H'(F,, E[2*]) = 0 for all i > 1. If w|v, then F(K,,)
will also be connected and so we have the corresponding vanishing for K,, too. By theorem
8.6.13 in [NSW], we have isomorphisms

(3.1.g) H'(Foo, E2¥)) = @ H,(Fx. E),  H'(Kw, E[27]) = @D Hi (K, E)
v]oo v|oo

for ¢ > 3. Here the H!’s for v|oo are defined just as in part A, except that H' is replaced
by H'. These isomorphisms are proved in [NSW] for finite extensions and for finite Galois
modules, but they can be extended easily to the above situation by taking direct limits.
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The arguments and results in [Gr99] cited above imply that H?( K, F[2*°]) is A-cotorsion,
and more precisely that it is a cofree module over A/2A. This again requires the assumption
that Selg(K )2 is A-cotorsion. The proof of proposition 4.12 in that paper shows that, un-
der that same assumption, the isomorphisms (3.1.g) hold even for i = 2. The connectedness
assumption implies that H!(F.., E) and H! (K, E) both vanish for all v|oo. Therefore,
it follows that H'(F., E[p™]) and H' (K, E[p™®]) must also vanish when i > 2. Hence
the Hochschild-Serre sequence again gives us the identifications (3.1.f). The vanishing of
H' (A, HY (K, E[2])) follows as before.

G. Vanishing of H' (A, Hy(Kw, E)) for v & ®x/pJS, and i > 1. No extra assump-
tions about such v are needed. First suppose that v { co. We will then show that the
Pontryagin dual of H,(K, E) is actually projective as a Z,[A]-module. The fact that
o (A, H, (K, E)) = 0 for any ¢ > 1 is a consequence. Since H, (K, ) is a direct product
over all n|v, we can consider each A-orbit separately. Fix one 7. Let v be the prime of Fi,
lying below 1. Then

(3.1.h) [[H (K Ep™)) = Ind (H'(Kuon, E[p™)))

nlv

It therefore suffices to show that the Pontryagin dual of H'(K.,, E[p*™]) is projective as a
Z,[A,)-module. Since v € @k, p, |A,| is not divisible by p, and hence a Z,|A,]-module is pro-
jective if it is finitely-generated and torsion-free as a Z,-module. Since v { p, H' (K ., E[p™])
is cofinitely generated as a Z,-module. (See proposition 2 in [Gr89].) It is also a divisible Z,-
module, a consequence of the fact that Gk, has p-cohomological dimension 1. We refer the
reader to the discussion following lemma 4.5 in [Gr99] for the proof of divisibility. Thus, the
Pontryagin dual of H'(K ,, E[p>]) is indeed a finitely-generated, torsion-free Z,-module.

Now suppose that v|co. If the primes of K above v are complex, then H,(K, E) =0
and so the result is obvious. On the other hand, if those primes are real, then the primes n
of K, lying above v are also real and hence v splits completely in K, /F. Thus, H, (K, F)
is isomorphic to H' (K, E[p*™]) ®z, Z,[A], and this is cohomologically trivial.

H. Vanishing of Hi(A,Hv(KOO, E)) forve X, andi>1. We need to assume that either
v is non-anomalous for E/K or that p 1 e,(Kw/Fs). Again, A permutes the primes of
K above v and so one must prove that H'(A,, H (Kuy, Eu[p™])) = 0 for any nlv. Just
as before, one can use the Hochschild-Serre spectral sequence since it is known that the
p-cohomological dimension of both Gk, and G, is 1. We have

H' (A, HY (Koo, Eo[p™])) = H' (A, HY (Koo, Eo[p™]))

But HY(K oy, Eu[p™]) = E,[p™®]“%en. This is trivial if we assume that E,(k,)[p] = 0.

41



On the other hand, if v is anomalous for £ and K, then we can still prove the vanish-
ing if we assume that p { e,(K/F), i.e., that v is tamely ramified in the extension K/F.
To show this, suppose that  be a prime of K, and v is the prime of F,, lying below
n. Then the residue fields k, and f, are finite. It is known that H’(k,/f,, E,(k,)) = 0
for 7 > 1. Assuming that p { e, (K/F), it follows from (3.1.c) that we indeed have
H2(A,, H (Ko, Ey[p™])) = 0 for all ¢ > 1. In fact, it suffices to assume that e, (Ko /Fix)
is not divisible by p.

The following proposition summarizes what the above results show. The final conclusion
about projectivity then follows from proposition 2.1.1. We just apply the first conclusion to
any subgroup A’ of A, taking i = 1 and ¢ = 2. Theorem 1 is a consequence.

Proposition 3.1.1. Assume that Selgp(K ), is A-cotorsion. Let us also make the following
assumptions:

(a) E(K)[p) =0,
(b)  For each v|p, either v is non-anomalous for E/K or v is tamely ramified in K/F.
(c) X, contains P p, but no primes above p or oco.

(d) If p=2, then E(F,) is connected for all archimedean primes v.

Then H(A, Sel%"(Koo)p) =0 fori>1.

If, in addition, we assume that

(e) Selp(Kw)[p| is finite,

then Sel’ (K, is a divisible, cofinitely generated Z,-module and X ;°(K.) is a projective
Z,|Al-module.

Remark 3.1.2. The assumption that Selg(K ), is A-cotorsion together with assumption
(a) is sufficient to imply that Xg(K) has no nonzero, finite A-submodules and hence is a
A-module of projective dimension 1. The first statement is proposition 4.14 in [Gr99]. For
the second, see remark 2.4.2. The same assertions will also be true for X3°(K). The above
proposition together with proposition 2.4.1 implies that XEO(KOO) actually has projective
dimension 1 as a A[A]-module if assumptions (b), (¢), and (d) are also satisfied. However,
without those assumptions, the proofs show that sometimes (although not always), we can
have Hi(A’, Sel%o(Koo)p) # 0 for some subgroup A’ of A and 7 =1 or 2. In such a case, it

is clear that X;°(K.,) has infinite projective dimension as a A[A]-module. O

Remark 3.1.3. Assume that K. /F is an abelian extension. Thus G = Gal(K,/F) is
isomorphic to A x I, where A is a finite, abelian group. Corollary 2.4.3 has an interesting
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consequence in that case. Let us make the assumptions in proposition 3.1.1. It follows
that X = X°(K) is projective as a Z,[A]-module. Therefore, X is isomorphic as a Ag-
module to the cokernel of a Ag-linear map © : Ay — A for some n > 1. The ring Ag is
commutative. Let § = det(©), an element of Ag. One can think of 6 as a Z,-valued measure
on G.

Suppose that o € Irrg(A). Then n(o) = 1 and we can extend o to a surjective Z,-
algebra homomorphism from Z,[A] to O, which we also will denote by o. Let I, = ker(o),
an ideal in Z,[A]. Let Xp = X ®z, O. We define the o-component of X as the quotient

X((QU) = X@/IUXO, which we can consider as a Ap-module, where Ap = OJ[I']]. As in the
introduction, we can extend ¢ to a A-algebra homomorphism from Ag to Ap, which we still
denote by o. Then it is not difficult to verify that o(6) is a generator of the characteristic
ideal of the Ap-module X((QU ), Thus, all of these characteristic ideals have generators which
are “interpolated” by 6.

Such an element # € Ag could also conceivably exist if we just make the assumptions
in proposition 3.2.1. Then X = X%O(KOO) is merely quasi-projective. Suppose that X is
actually strictly quasi-projective. In that case, there exists a projective Z,[A]-module Y such
that Y ®z, Q, = X ®z, Q, as a representation space for Gal(K/F). If Y can be chosen to
be I'-invariant, then one can apply corollary 2.4.3 to the Ag-module Y. Such a 6 would then
exist because, for every o € Irrz(A), the Ap-modules X((QU) and Y(,()U) are pseudo-isomorphic
and hence have the same characteristic ideal. However, we do not know when it is possible
to find a [-invariant Y as described above. O

3.2 Quasi-projectivity.
For proving quasi-projectivity of XEO(KOO), it suffices to just make the assumptions (¢), (d),

and (e) from proposition 3.1.1, as we will now explain.

A. Herbrand quotients for H'(K, E[p™]). We assume that Selg(K ), is A-cotorsion
and, if p = 2, that E(F,) is connected for all v|oco. Then, as explained in F of section 3.1,
we can make the identifications (3.1.f). However, we need a slight refinement. Suppose that
C = PQ is a cyclic subgroup of A, using the notation from section 2.1, part B. Let ¢ be a
character of (). We will let ®e denote tensoring over Z, with L., a free O-module of rank 1
on which ) acts by e. We can make the identifications

H'Y (Koo, Ep™)© = (H'(Keo, Ep™) @ e7)?

=~ ' (Kw, Ep®l@e )¢ = HY(KS, Ep™l®e)
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where the last isomorphism comes from the inflation-restriction sequence together with the
fact that |@Q| is prime to p. If p is odd, then the assumptions for applying (3.1.e) are still
satisfied and so we get

HY(P,H (K, E[p™])®) = H' (P, H (K, Ep™]®e ")) 2 H(P,H (KL, E[p™] @)

for i = 1,2. Now H°(K%,E[p™] ® e7!) can be identified with H°(K ., E[p>])®, which
is a subgroup of E(K)[p™] ®z, O and hence is finite. Also, P is cyclic and hence the
cohomology is periodic with period 2. Therefore,

he(H' (Koo, Ep™]))) = hp(H(Kuo, E[p™])) =1

at least if p is odd. If p = 2, then we must show that if F,, & R, then H'(F,, E[p>*|®e!)) = 0.
But since ¢ will have odd order, it is enough to consider H*(F,, E[p™|®z,0) and this vanishes
because of the assumption that E(F,) is connected. Hence we can again apply (3.1.e).

B. Herbrand quotients for H (Ko, E) when v € ®g/p.  For any archimedean prime v, we
have H, (K, E) = 0 and so there is nothing to prove. Assume that v is non-archimedean
and that v € ®g/p. First suppose that v { p. Then, as shown in part G of section 3.1,
the Pontryagin dual of H,(K., E) is projective. The Herbrand quotients hp(H,(Ku, E)©)
which occur in proposition 2.1.3 must then all be equal to 1.

Now suppose that v|p. Let C' = PQ be any cyclic subgroup of A and let € be a character
of @. Just asin (3.1.h), but replacing A by C, we can express H, (K, E) as a direct product
of Z,[C]-modules of the form

A = Ind&(fln), where A, = H'(Ku,, E,[p™])

Here 7 is a prime of K, lying above v and C, is the corresponding decomposition subgroup
of C. According to remark 2.1.9, hp(A®) = 1 if and only if hp, ( 575”)) =1, where P, is the
decomposition subgroup of P for n and ¢, is the restriction of € to @), the decomposition
subgroup of @) for 7.

Just as in part A, the inflation-restriction sequence gives a canonical isomorphism

Ag]sn) = Hl(Koo,n,Ev[poo])(sn) o HI(KQ” Ev[poo]@)g;l))

oo,n?

as O[P,]-modules. Since subgroups of G, have p-cohomological dimension 1, we can apply
(3.1.e) to obtain

(P, HA(KS, Bulp™] ©6,Y) = HY2(B, HUKS,, o] ;")

0,mn? v
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for any ¢ > 1. The residue field for K, is finite. It follows that

HY(KS, B p™ @ e,")) & H'(Kw, Eu[p™])"

oo,

is finite too. Since the cohomology of a finite cyclic group is periodic with period 2, it follows
that
oy (H (Ko g, Bolp®) ) = b, (HO (K, Bu[p™] ) = 1

and therefore we have shown that hp (HU(KOO, E)) = 1 for all primes v of F which are not
in (I)K/F

Using the results in A and B, we can now deduce the following result concerning
quasi-projectivity for the Pontryagin dual of Selgo(Koo)p. Note that the assumption that
Selp(Ko)[p] be finite implies that Selp(K ), is A-cotorsion.

Proposition 3.2.1. Assume that (c), (d), and (e) from proposition 3.1.1 are satisfied. Then
X3"(Ky) is a quasi-projective Z,[A]-module.

Proof. Suppose that C' = P(Q is any cyclic subgroup of A and ¢ is any character of (). Then
we have the following exact sequence of Z,[P]-modules:

(322) 00— (Sel(Ku),) — (H'(Kuo, E[p¥)))" — @D Ho(Ku, B)® — 0

V€30

Using A and B, it is clear that hp ((Sel%O(Koo)p)(g)> = 1. Proposition 2.1.3 then implies
that the Pontryagin dual of Sel%°(K ), is indeed quasi-projective. O

The following corollary follows immediately.

Corollary 3.2.2. Assume that @ p is empty and that Selg(K)[p] is finite. If p = 2,
assume that E(F,) is connected for all archimedean primes v. Then Xg(Ky) is a quasi-
projective Z,|A]-module.

The hypotheses in this corollary are not uncommonly satisfied. Suppose that II is a Sylow
p-subgroup of A. We consider the fixed field L = K" for II. Then the assumption that ® K/F
is empty just means that only primes of L lying above p or co can ramify in the extension
K/L. If one starts by choosing a finite extension L of F' of degree prime to p, then there
may be many finite p-extensions K of L which are ramified only at primes lying over p and
0o. This is certainly true if L is not totally real. We also want K to be Galois over F' and
K NF, = F. Such examples are abundant. In any case, under the assumptions of the
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corollary, we can take X, to be empty so that A\x°(¢) = Ag(o) for all ¢’s. Thus, we obtain
the congruence relations for the Ag(o)’s just as described in the introduction.

Here are some specific types of examples. Suppose that F' = Q and L is an imaginary
quadratic field. Suppose that p is odd. Then one could take K to be any layer in the
anticyclotomic Z,-extension of L. Or one could take K to be the p-Hilbert class field of L,
or any layer in the p-Hilbert class field tower of L. (See [MRO0S| for a study of this type
of example.) One other interesting type of example arises from an elliptic curve A defined
over F' whose j-invariant is an algebraic integer. The curve A will have potentially good
reduction at all primes of F.. If p > 5, one could take K to be any finite Galois extension
of F' contained in F'(A[p*]) satisfying K N F, = F. The ramification index for any v { p
will be a divisor of 24 and hence not divisible by p. Thus, indeed, ®x,/r will then be empty.
This type of example will be discussed in section 8.1.

Remark 3.2.3. Suppose that Selg(K ), is A-cotorsion, but that Selg(K)[p| is infinite.
Suppose that ¥, contains ® /. If p = 2, suppose that F(F,) is connected for all archimedean
primes v of F'. Consider the maximal divisible subgroup of SelEO(K ~)p- 1ts Pontryagin dual
is a Z,[A]-module and, as a Z,-module, it is free of finite rank. That module should be quasi-
projective as a Z,[A]-module. We mention two situations in which that assertion would be
true. First of all, suppose that E is isogenous over F' to an elliptic curve E’ such that
Selp (Ko )[p] is finite. Then it is quite easy to prove the assertion by applying proposition
3.2.1 to E'. Secondly, one can apply proposition 2.2.1 to S = Sel%o(Koo)p if one knows that
Sel(Kx)[p?]/Selp(Ko)[p] is finite, thus proving the assertion in that case. The needed
assumptions about the Herbrand quotients are verified in the proof of proposition 3.2.1. ¢

3.3 Partial converses.

It is natural to ask if Xp(K) itself can be projective or quasi-projective as a Z,[A]-module
when ®g/r is nonempty. It is certainly possible for this to happen because one could
have H,(Ku, E) = 0 for all v € ®g/p. If that is so, then, taking ¥, = ®g/p, one has
Sel>’ (K.), = Selp(K),. Thus, if all the other assumptions in propositions 3.1.1 and 3.2.1
are satisfied, except for the assumption that X, contains ®r,p, then the projectivity or
quasi-projectivity of Xg(K ) would follow. The vanishing of H, (K, F) is not uncommon.
We will discuss this in chapter 5. However, apart from this observation, one cannot really
improve the propositions significantly, at least for p > 5, as the following result shows. We
continue to assume good, ordinary reduction at all v € ¥,. We will prove the following
proposition, using some results to be proved in chapter 5.
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Proposition 3.3.1 Suppose that X, is a finite set of non-archimedean primes of F which
contains no prime over p. Let 3y = 3, P p.

(i)  Assume that all of the assumptions in proposition 3.1.1 are satisfied except for the
inclusion ®g/p C X, If the Pontryagin dual of Sel> (K ), is projective as a Z,[A]-module,
then Hy(Koo, E) = 0 for allv € ¥; — %, and therefore Sl (Ky), = Sel (Kuo),.-

(i) Suppose that p > 5. If the Pontryagin dual of Sel’ (K., is a quasi-projective Z,[A]-
module, then H,(Kay, E) = 0 for all v € ¥y — %, and therefore Sel3’(Ky), = Selp' (Ku)p-

Proof. For part (i), proposition 3.1.1 implies that the Pontryagin dual of Selgl(Koo)p is a
projective Z,[A]-module. We have an exact sequence

0 — Sel}’(Ku)y — Seli (Ko)y — [ HolKw,E) — 0 .

VEX1—X0

If the Pontryagin dual of SelEO(Koo)p is also projective as a Z,[A]-module, then it follows
immediately that the Pontryagin dual of H, (K, F) is also projective for each v € ¥ — ;.
However, we will show later (in section 5.3) that, for any v € ®x/p, the Pontryagin dual of
H,(Kw, E) is projective if and only if H, (K., E) = 0.

For part (ii), the assumption implies that X3°(K,) is a finitely-generated Z,-module.
Therefore Sel>’ (K )[p] is finite, and hence so is Selg(K.)[p]. Thus, by proposition 3.2.1,
Xgl (K ) will then be quasi-projective. Using the above exact sequence and remark 2.1.6, it
follows that the Pontryagin dual of [,y _5, Ho(Koo, E) is also quasi-projective. Therefore,
for any cyclic p-subgroup P of A, we have [ [, o, _y,, hr(Ho(Kw, E)) = 1. However, as we will
also show in section 5.3, if p > 5, then hp(H, (K, E)) < 1 for all P and all nonarchimedean
v 1 p. Thus, it follows that hp(H,(Kw, E)) = 1 for all v € ¥; — ¥,, which is a subset of
k. However, for such v, proposition 5.3.1 also asserts that if hp(H, (Ko, E)) =1 for all
P, then H, (K, F) = 0. The proposition follows from this. O

Remark 3.3.2. If p < 5, then the conclusion in part (i) of proposition 3.3.1 can fail to
be true. It is possible to have hp(H, (Ko, E)) > 1 for some v. This can only happen if F
has additive reduction at v. We refer to remark 5.3.2 for more explanation. Thus, in some
cases, the product of Herbrand quotients over v € 3; — 3, occurring in the above proof can
be 1, even though some factors are not 1. In such an unusual example, there will be a set
3}, with the following properties: The Pontryagin dual of Sel%°(K,) is quasi-projective, ¥,
does not contain ®x/p, and Selgo(Koo)p is a proper subgroup of Sel?(Koo)p. O
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3.4 More general situations.

A. The results that we have described can be extended to a more general class of elliptic
curves. First consider any elliptic curve E with potentially good ordinary reduction at all
the primes of F' lying above p. If v is such a prime, then there exists a finite extension
of F, over which E has good ordinary reduction. The kernel of the reduction map is a
subgroup of E[p>°] which we denote by F,"E[p>]. That subgroup is easily seen to be G, -
invariant. It is isomorphic to Q,/Z,, as is the quotient group E[p™] / F.F E[p™], which we
will denote by E,[p™®]. By definition, the inertia subgroup of G, acts on E,[p>] through a
finite quotient group. With this notation, the Selmer group Selp(K ), can be defined just
as in the introduction. The crucial point is that the isomorphism (1.2.a) is still valid, as
proved in [CoGr]. (See proposition 4.3.) It is still true that H°(K,,,, E,[p*]) is finite. The
proof of proposition 3.2.1 then goes through with virtually no change. As for proposition
3.1.1, one must just replace assumption (b) by the assumption that H°(K,,, E,[p>]) = 0 for
all v € X,,. Here w is any prime of K lying over p.

If F has multiplicative or potentially multiplicative reduction at some v lying over p,
then the situation is different. One still has a canonical G, -invariant subgroup F,"E[p™]
isomorphic to Q,/Z, as a group. We again denote the corresponding quotient group by
E,[p™]. The definition of Selp(K ), remains the same as in the introduction. However, G,
acts on E,[p™] either trivially or through a quotient group of order 2. If the action of & Koo
is nontrivial and p is odd, then H°(K,, ., E,[p>]) = 0 and so the argument in this case
works just as if £ were non-anomalous for any prime w of K lying above v. Even if p = 2,
H°(Ko,y, Ey[p*™]) would still be finite. However, if £ has split multiplicative reduction over
Koo, then HY (K, E,[p™]) & Q,/Z, and so the argument in part D of section 3.1 breaks
down if H 2(A;], Q,/Z,) # 0 for some subgroup Aj of A,. The argument in part H breaks
down ifp| |A,|. For if A} is a subgroup of A, of order p, then has H3(A;], Q,/Z,) # 0. The
argument in section 3.2, part B, also breaks down if p}|An| since if P, is a cyclic subgroup
of order p', then hp, (Q,/Z,) = p~.

One does have a useful analogue of proposition 3.2.1 which applies under the assumption
that E has potentially good or multiplicative reduction at all primes of F' lying above p.
One must just replace Sel%’(K..), by the possibly larger group

el (K )y = ker(H' (Koo, Bp™) — @ (K B))

v

where H,(Ko, E) is defined as follows. If v ¢ ¥,, we let Hy(Koo, E) = Hy(Koo, E). If v € z,
and 7n|v, let I,, denote the inertia subgroup of Gk . We then let H, (K, ) be the image
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of Hy(Kw, E') under the homomorphism

2 (EKwn Ep™) — ] H' L, Eulp™))

nlv nlv

induced by the restriction maps. Thus, ﬁ:,(KOO, E) 2 H,(Kw, FE)/T,, where 7, is a certain
Gal(K ./ F)-invariant subgroup of H, (K, E). We now describe that subgroup. Note that
for each n|v, we have

ker (H' (Koo Bolp®]) — H'(I, Bup™])) = H' (K2 /Koo, Bolp]")

and this group is finite (and trivial if p is odd) unless E has split multiplicative reduction
over K ,. In the latter case, the kernel is isomorphic to Q,/Z, as a group. This doesn’t
depend on the choice of ) lying over v. Thus, as a group, 7, would be isomorphic to a direct
sum of Q,/Z,’s, one for each 7.

To discuss the action of A on 7,, note that G, acts on E,[p™] by a character ¢, of
order 1 or 2. (We write F, instead of F,,, because this extension of F, doesn’t depend on
the choice of v lying over v. Similarly, we write ¢, instead of €,.) The group 7, is nontrivial
(or infinite if p = 2) if and only if €, factors through the quotient A,. Now A, acts trivially
on Gal(K¥" [ Ko ) =~ 7 and hence the above kernel is isomorphic to (Qp/Zy,)(ey), the group
Qp/Z, on which A, acts by ¢,. For any prime v of F, lying over v, the primes 7 of K, lying
over v form an orbit for the action of A. Let g, denote the number of such orbits. Thus,

assuming that ¢, factors through A, it follows that 7, is isomorphic to a direct sum of g,
copies of Indi7 ((Qp/Z,)(ey)) as Zy[Al-modules. The corresponding quotient of H,(Kx, E)

is isomorphic to 7/-(:([(00, E).
It is reasonable to believe that Selg(K ), is a cotorsion A-module if £ has potentially

good or multiplicative reduction at the primes of F' lying above p. Assuming this is the case,
the global-to-local map defining Selg(K ), is again surjective. One deduces that

(3.4.0) Sel,.' (Ko)y Sl (o), = [[ T

for any finite set X, of primes not dividing p.
We want to prove the analogue of proposition 3.2.1 for the Pontryagin dual of the modified

—~
Selmer group SelEO(KOO)p. The argument is essentially the same and relies on parts A and
B of section 3.2. The arguments in A work without change. As for B, we must show that
the relevant Herbrand quotients for H, (K., F) are all equal to 1. It suffices to prove that

hp(Ho(Koo, E)®) = hp(ker(Hy(Koo, E)© — Hy(Kao, E)©)
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for all v € ¥, for every cyclic subgroup C' = PQ of A, and every character € of (). For that
equality implies immediately that hp (HU(KOO, E)(E)) = 1. The proof then proceeds just as
before.

As in section 3.2, part B, it is sufficient to prove that the Herbrand quotients for
HY (Koo, B [p™),  and  ker (H' (Koo, Eu[p™) &) — H'(I,,, E,[p™]))
are equal, where now C, = P,Q),, is a cyclic subgroup of A,. Equivalently, we must show

hp, (H' (Koo Ep™N) ) = hp, (H' (KX Koe.y Eo[p™]) )
This is not hard. First of all, F,[p™] is isomorphic to Q,/Z, as a group and so if G Koowm
acts nontrivially on E,[p>], then both H(Ky, Ey[p™]) and H'(KY'7 /Ko, Ey[p™]'™) are
finite. The above Herbrand quotients are then both equal to 1. On the other hand, if G,
acts trivially on F,[p*], then we have isomorphisms
HY Kooy, Ep™]) = Ep™],  H'(KZ/ Koy Bp™]™) = E,[p™]

s

which are equivariant for the action of A,. For the second isomorphism, one uses the fact

that K\ /Fu, is abelian and so A, acts trivially on Gal(KY'"}/Kuy). It follows that

for every choice of C;,, = P,Q, and ¢,, the corresponding e,-components are isomorphic.
Consequently, the equality of Herbrand quotients is obvious.

These observations prove the following result:

Proposition 3.4.1. Assume that E has potentially good, ordinary reduction or potentially
multiplicative reduction at all primes of F' lying above p. Assume also that (c), (d), and (e)
from proposition 3.1.1 are satisfied. Then the Pontryagin dual of the modified Selmer group

évelEo(Koo)p is a quasi-projective Zy[A]-module.

For every o € Irrz(A), let X%O(J) = )\()?go (K«),0), where X39(K.) denotes the Pontryagin

dual of éveli0 (K )p- This is defined if one assumes that Selp (K ), is A-cotorsion and X, is a
finite set of primes not including primes over p and co. Under the assumptions of proposition
3.4.1, one gets nontrivial congruence relations for the A%°(c)’s if |A| is divisible by p. By
(3.4.a) and Frobenius reciprocity, we have the following formula

W) = X0) = X olols, =)

vEX)p
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where the multiplicity (o|a,, €,) is interpreted to be 0 if €, doesn’t factor through A,. Note
that this multiplicity doesn’t depend on the choice of n lying over v. Also, one should really
put the contragredient of €, in the above formula, but since ¢, has order 2, it defines a
self-dual representation. N

Formula (1.3.b) still holds in this more general context. Thus, the difference A\%° () — Ag(0)
can be expressed in terms of quantities defined purely locally at the primes in X, U .

B. We now consider an even more general situation. One can associate Selmer groups
to Galois modules of the form A = V/T', where V is a finite-dimensional Q,-representation
space for G and T is a Galois-invariant Z,-lattice in V. This Selmer group can be defined if
one makes certain assumptions of a local nature about V. This topic is discussed in detail in
[Gr89]. Selmer groups are introduced there if one assumes a certain ordinariness condition
at the primes of F' lying above p. Chapter 5 in that paper is even more general. We will use
the notation S4(K ), although the notation in [Gr89] is slightly different and more precise.
The Selmer group S4(K ) is defined as the kernel of a certain global-to-local map v4 k.. -
Under the assumption that V' is “p-critical”, one shows that if S4(K ) is A-cotorsion, then
Ca(K) = coker (’YA,KOO) is also A-cotorsion.

In the special case where A = E[p>] and E has good, ordinary reduction at the primes
of K lying above p, we have S4(K) = Selg(K),. In contrast, if E has split, multiplicative
reduction at some of the primes of K lying above p, then S4(K) = évelE(Koo)p, the modified
Selmer group defined in remark 3.4, and this will be strictly bigger than Selg(K,),, assuming
that it is A-cotorsion. In this case, Selgp(K ), coincides with the so-called “strict Selmer
group” S5"(Ks) which is also defined in [Gr89]. Actually, one has Selgp(K), = S¥"(Kw)
just under the assumption that E doesn’t have potentially supersingular reduction at any
prime above p. If one assumes that Selg(K ), is A-cotorsion, then one has C4(K ) = 0.

The most significant difference in the general setting is that it is possible for C4 (K ) to be
non-trivial. Assuming that V' is p-critical and that S4(K ) is A-cotorsion, it turns out that
the Pontryagin dual of coker (v4,x..) is pseudo-isomorphic to H(K., T*) as a A[A]-module.
Here, as in [Gr89], we define T* = Hom (A, 11, ), a free Z,-module of rank n = dim(V'). We
cannot give a good reference for this, but the necessary arguments can essentially be found
in the proof of proposition 4.13 in [Gr99].

Surjectivity of the global-to-local map plays an important role in the proofs of proposi-
tions 3.1.1 and 3.2.1. Thus, if C4(K) # 0, then the proofs break down. One remedy for this
difficulty is to consider the non-primitive Selmer group SEO(KOO), defined to be the kernel
of a map fyf?Koo, where one omits the local conditions for primes in ¥,. We assume as usual
that X, is a finite set of primes not containing primes above p or co. If one assumes that V'
is p-critical, that S4(K ) is A-cotorsion, and that ¥, is non-empty, then it turns out that
WE?KW is surjective. (See the comment following proposition 4.13 in [Gr99].) Thus, one can
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then prove analogues of propositions 3.1.1 or 3.2.1 under suitable sets of assumptions. We
have not carefully checked what the needed assumptions are in this general setting. Under
all of these assumptions, one has the following exact sequence

(3.4.b) 0 — Sely(Ku) — Sl (Kuo) — [ [ Ho(Kuo, A) — Ca(Kuo) — 0

VEY

Therefore, one obtains an equation analogous to (1.3.b). One must just modify it by including
an additional term which takes into account the action of A on H°(K,T*). Of course, that
term is subtracted on the right side of the equation.

3.5 A xTI'-extensions.

We now consider a different type of generalization. We return to the situation where E
is an elliptic curve defined over F' with good, ordinary reduction at the primes above p.
Propositions 3.1.1, 3.2.1, 3.3.1, and corollary 3.2.2 are all valid almost exactly as stated in the
following situation. Just as before, let us assume that K., = K F., where K is a finite Galois
extension of F'. However, we won’t necessarily assume that K N F,, = F. Thus, K, is the
cyclotomic Z,-extension of K and is a finite Galois extension of Fi. Let A = Gal(K/Fi).
Then A acts on Selg(K),, but there may not be a well-defined action of I' = Gal(F/F)
on that Selmer group. Nevertheless, for the conclusions in the above propositions to be valid,
one only needs to replace the assumption that Selp(K ), be A-cotorsion by the assumption
that Selg(K), be cotorsion over the ring Z,[[I'k]], where 'y = Gal(K/K). Assumption
(e) in proposition 3.1.1 would certainly suffice because it implies that Selg(K ), has finite
Z,-corank which, in turn, implies that Selg(K ), is Z,[[I" k]]-cotorsion.

If KNF, = F, then the restriction map defines an isomorphism of I'x to I". However,
in general, we would have K N F,, = F,, for some m > 0, where F;, is the unique subfield
of F such that [F,, : F| = p™. The restriction map is then an isomorphism of I'x to
[, = Gal(Fy/F,). Note that I',, = I'". The restriction map also gives an injective
homomorphism of A to Gal(K/F). The image is Gal(K/F,,) and the cokernel is isomorphic
to Gal(F,,/F), a cyclic group of order p™. We will often use the notation D for Gal(K/F')
to distinguish it from A = Gal(K/Fx).

Note that if we replace the base field F' by F,,, then we are in the earlier situation. We
have Gal(Ky/F,,) = A x I'y,. In that isomorphism, I',, is identified with I'x,. We can
replace the set X, by the set X, ,, consisting of the primes of £}, lying over primes in ¥,.
Only primes above p are ramified in F,,,/F and hence ® K/F,, contains just the primes of F,,
lying above primes in ®x/p. Also, F},, and F' have the same completions at archimedean
primes.
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Alternatively, one can start by just assuming that K, is a Galois extension of F' which
contains Fi, and that [K : Fy] is finite. We then have an exact sequence

1 —A—Gal(Ky/F) —T —1 .

where A = Gal(K«/Fx) and I' = Gal(F./F). One sees easily that this group extension
is split. Hence there exists a subfield K’ of K containing F' such that Gal(K./K') =T,
K'NF, =F,and K'F, = K. One has [K’ : F] = |A|, but K’ may fail to be a Galois
extension of F. One can choose the splitting so that K’ is Galois over F' if and only if
the natural homomorphism I' — Aut(A)/Inn(A) is trivial. Here Aut(A) is the group of
automorphisms of A and Inn(A) is the subgroup of inner automorphisms. In general, let K
be the compositum of all the conjugates of K’ over F.. Then K/F is a finite Galois extension
and we do indeed have K, = KF,,. If K'/F is not Galois, then K N F,, = F,,, where
m > 1.

One could easily formulate the propositions just in terms of F, and K, without even
referring to I'. One defines A to be Gal(K«/F.) as before. The proofs would be virtually
unchanged, although the fact that those fields are the cyclotomic Z,-extensions of number
fields enters in an important way in some of the steps. It is worth noting that p is anomalous
for /K if and only if p is anomalous for F/K,, which is what the arguments actually use.
Also, it is obvious that E(K)[p] = 0 if and only if E(K)[p|] = 0, which is another ingredient.

Since Gal(K . /F) is isomorphic to the semidirect product A x I'; where I" acts on A by
some homomorphism I' — Aut(A), we will refer to K,/F as a (A x I')-extension. In the
special case where one can choose I' so that its action on A is trivial, we will call K /F a
(A x I')-extension. In the general case, the above discussion shows that if Gal(K«/F) is a
A % I'-extension, then K /F, is a (A x I';,)-extension for some m > 0.

Suppose that K /F is a (A x I')-extension, that K is defined as above, and that D =
Gal(K/F). Let G = Gal(Ky/F). Thus, A is a normal subgroup of G and D is a certain
quotient group. There is a fairly simple relationship between the irreducible representations
of D and A. To describe this, we identify A with its image in D. It is a normal subgroup
and D/A = Z/p™Z. Suppose that p € Irrz(D). Of course, p|a may be reducible. We let
Orb, denote the set of irreducible constituents in p|a. We use that notation for the following
reason. Conjugation gives a well-defined action of D/A on the set Irrz(A) and Orb, is one
of the orbits. The cardinality of Orb, divides p™, where m is as above. Furthermore, if
o € Orb,, then the multiplicity of o in p|a is 1. This last assertion follows from proposition
(9.12) in [Fei], using the fact that D/A is cyclic.

In this situation, one does not have a well-defined action of D on Selg(K),. However,
it seems natural to make the following definitions. Fix a set X, of primes as usual. We can
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define \2°(o) for every o € Trrz(A) just as before. We can extend this to the Grothendieck
group Rz(A) to have a homomorphism A\3° : Rx(A) — Z. We then define

(3.5.2) AR (p) = A(pla) = ) AR(o)

o€Orb,

for all p € Irrz(D). Of course, if ¥, is empty, we omit it from the notation. These definitions
can be extended to give homomorphisms from Rxz(D) to Z. It is important to note that if
o,0" € Irrz(A) are in the same orbit under the action of I' (or equivalently, under the action
of D/A), then one can show that \3°(c) = A3°(¢”) for any choice of ¥,. This is not difficult

to prove. Consequently, \2°(p) = |Orb,| - A3 (o) for any o € Orb,.

~ 88 ~ 7SS

Suppose that p; and py are representations of D over F and that p1™° = ps™. We then
have a similar isomorphism for the restrictions of p; and ps to A. Therefore, if the hypotheses
in proposition 3.2.1 are satisfied, then we have a congruence relation A3°(p1) = A2°(py).

As a final remark, assume that hypotheses (a), (b), (¢), and (d) in proposition 3.1.1
are satisfied. One can then apply proposition 2.4.1 to conclude that XEO(KOO) has a free
resolution of length 1 as a Ag-module. Thus, its projective dimension is 1.

4 Selmer atoms.

Let X be a finite set of primes of F' containing the set ¥, of primes lying over p, the set ¥,
of archimedean primes of F', the set Vg of primes where E has bad reduction, as well as the
set Ram(K/F) of primes which are ramified in K/F. Thus, the maximal extension Fy of
F unramified outside of ¥ contains K, and F(FE[p>]). We will assume in this chapter that
KN F, = F. Everything we discuss can be reduced to that case by replacing F' by K N F,
if necessary. (See section 3.5.)

Let Reps(A) denote the set of finite-dimensional representations of A = Gal(K/F) over
f, up to isomorphism. If o € Repf(A), we will denote the underlying representation space
for a by U,. For any such «, consider E[p| ®y, U,, a representation space for Gal(Fy/F)
over f of dimension 2n(a). We denote it more briefly by E[p] ® a. The action of Gal(Fx/F')
on E[p] ® a factors through the quotient group Gal(K (E[p])/F).

The definition of Selg‘fp] 2a(Foo) Was given in section 1.4. One can see easily that it is a

subgroup of H!(Fs/F., E[p] ® a) and is defined by the local triviality conditions for the
primes v € ¥ — ;. All of the cohomology groups H'(Fx/F.., E[p] ® @) can be naturally
considered as modules over the group ring f[[[']], where I' = Gal(F.,/F). Different aspects
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of their structure are discussed in section 4.1. The Selmer groups are also modules over that
ring and their structure is the subject of section 4.2.

Our main objective in this chapter is to prove Theorem 2, which follows the outline in
the introduction and will be completed only in section 4.4. Hypothesis (7i) in that result
implies that p is odd. We will simply make the blanket assumption in this chapter that p
is an odd prime, although it is not actually needed in many of the steps. In some parts, we
will make brief comments concerning the case p = 2. We will mostly assume that E has
good, ordinary reduction at the primes of I’ lying over p. That assumption is not needed
until part D of section 4.1.

4.1 Various cohomology groups. Coranks. Criteria for vanishing.

A. Coranks of H'(Fx/Fy, E[p] ® a) over {[[T]].  We can relate these coranks for i = 1,2
to each other by studying the growth of H(Fx/F, E[p] ® a)'™ as n varies. Here T, is the
unique subgroup of I' of index p™. Thus, I',, = Gal(F/F,), where F, is a cyclic extension
of F of degree p™, the n-th layer in the Z,-extension F,/F. Consider the restriction maps

p) . H(Fg/F,, Elp)®a) — H'(Fg/Fw, Elp] @)™

It turns out that p,(f) is surjective. This follows for ¢ = 1 from the usual inflation-restriction
sequence since H2(I',,, H*(Fx/Fx, Elp] ® @) = 0.

For i = 2, one can also use an exact sequence derived from the Hochschild-Serre spectral
sequence. The objects ES® = H*(T,,, H*(Fy/Fw, E[p] ® a)) in that spectral sequence vanish
when a > 2. This is because I',, has p-cohomological dimension 1. Consequently, F$® = F°
for all a and b, and this vanishes when a > 2. Hence only the first two columns of objects
in the spectral sequence can be nonzero. The filtration on H?(Fy/F,, E[p] ® a) collapses to
just a subgroup isomorphic to Ei! (which will be the kernel of pg)) and a quotient group
isomorphic to E*> = H*(Fx/F,, E[p] ® a)'", where the isomorphism is induced by 2.
Thus, coker(pg)) =0.

It is known that H'(Fy/F,E[p] ® «) is finite for any i. Applying the above result
for n = 0 and ¢ = 1,2 then shows that H(Fy/F., E[p] ® a)' is also finite. It follows
that H'(Fx/F., E[p] ® «) is cofinitely generated as a f[[[']]-module. The same is true for
H°(Fy/F,, E[p]®«), which is obviously finite and hence is cotorsion as a module over §[[T]].
Although it won’t be needed, we remark that H*(Fx/F.,, E[p] ® a) = 0 for i > 3 if p is odd
or if p = 2 and E(F}) is connected for all archimedean primes v of F. It could be nontrivial
otherwise, but will still be cofinitely generated.
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To study the growth of H'(Fs/F,, E[p] ® a)'", we will need the isomorphisms
ker(pM) = HY(T,, A), ker(p?) = HY(T,, B)
where we let A = H(Fy/F., E[p] ® ) = (E[p] ® @)%~ and B = H'(Fy/F., E[p] ® a) for

brevity. The first isomorphism follows from the inflation-restriction sequence. The second
follows from the above remarks since H'(T',,, B) = E}'. Tt follows that ker(pg)) is finite and

has bounded order. In fact, for n sufficiently large, we have |ker(,0g))| = | A| since A is finite.

The f[[I']]-module B is cofinitely generated. Let h; denote its corank. Since f[[I']] is a
PID, the Pontryagin dual B of B is isomorphic to the direct sum of a free f[[I]]-module of
rank h; and a finitely-generated torsion-module. The torsion-module will be finite. Thus B
contains a cofree f[[I']]-submodule, which we denote by By, such that the quotient module
B/ By, is finite. We use this notation because By;, is precisely the maximal divisible §[[T']]-
submodule of B. Also, we have B = By;,, ® B/Bu;, as a f[[[']]-module. One sees easily that
HY(T,,, Bgiy) = 0 for all n > 0. Hence H'(T',,, B) = H'(T',,, B/ Ba,). It follows that ker(pg))
is finite and has bounded order. In fact, if n is sufficiently large, I',, acts trivially on B/ By,
and hence we then have |ker(p512))] = |B/Baiy|-

We have already proved the first part of the following result.

Proposition 4.1.1. The cohomology groups H'(Fs/Fy, E[p] ® ) are cofinitely generated
as modules over the ring f[[T]] for 0 <i < 2. The module H*(Fs,/F,, E[p] ® ) is cotorsion.
We have

corankyry (H' (Fs/Fu, Elp] ® ) = corankyry (H*(Fs/Fuo, Elp] ® @) + n(a)[F: Q] .
Furthermore, H*(Fx,/Fy, E[p] ® «) is a cofree §[[[']]-module.

Proof. If H is an §[[I']]-module of corank h, then one sees easily that dimj(H"™) = hp"+O(1)

as n — oo. We have dimf(H F”) > hp™ for all n and equality holds for at least one n if and

only if H is a cofree f[[I']]-module. This can be seen by using the fact that f[[I']] is a PID.

For 0 <4 < 2, let h; = corankyjpy (Hi(FE/FOO, Elp] ® a)). It is obvious that hy = 0. Using

the notation and the remarks described above, if n is sufficiently large, we have
dims(H"(Fx/F,, E[p) ® a)) = dimj(A) ,

We have used the fact that dimf(ker(p,(ll))) = dim{(A) if n >> 0. The Euler-Poincaré

characteristic for the Gal(Fy/F,)-module E[p] ® a, by which we mean the alternating sum
of the f-dimensions of the cohomology groups H'(Fs/F,, E[p] ® a), can be expressed as

(4.1.2) dimg(A) — (hlp" + dim;(B/Bas,) + dimf(A)> + dimf(H2(Fg /F,, Elp| ® a))
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One can calculate this from the standard formula for finite Galois modules, as given in
proposition 8.6.14 in [NSW], for example. The formula involves contributions from all of
the archimedean primes of F,. The contribution to the value of (4.1.a) from the complex
primes is —2n(«). For each real prime, one notes that the +1 and —1 eigenspaces for the
action of complex conjugation on E[p| are both 1-dimensional over F,,. It follows that each
eigenspace for the action of complex conjugation on E[p] ® o has f-dimension n(«), and
the corresponding contribution to (4.1.a) is —n(«). Thus, the Euler-Poincaré characteristic
(4.1.a) turns out to equal —n(«a)[F, : Q]. As a consequence, we have

dim;(A)— <h1p”+dimf(B/Bdw)+dimf(A)> + dim (H?(FZ /F,, E[p]®a)) = —n(a)[F, : Q]
and we therefore find that

dim(H*(Fy/Fy, Elp] @ a)) = <h1 — n(Q)[F : Q])p" + dimy(B/Bas)
: : @\ 1 ‘
for sufficiently large n. We also have dimg(ker(py’)) = dimg(B/Bus). Therefore,
dimg(H2(Fs/Fy, Elp] ® a)') = <h1 —n(Q)[F Q])p"

for sufficiently large n. This implies two things: H?*(Fs/F., E[p] ® a) has §[[[']]-corank
hy = hy — n(a)[F : Q] and is actually f[[I']]-cofree. The proposition follows. O

Corollary 4.1.2. We have the inequality
corankgry) (H' (Fs/Fao, E[p] ® @)) > n(a)[F : Q]
Equality holds if and only if H*(Fs/F, E[p] ® a) = 0.

The above proofs work without change if p = 2. However, in that case, there may be a
lower bound on the f[[T']]-corank of H?(Fy,/Fu, E[p]®)) coming from the real archimedean
primes. Suppose that v is such a prime and that E(F,) has two connected components.
The action of Gg, on E[2] will then be trivial and we will have |H'(F,, E[2]| = 4 for all
i > 1. Hence it is possible for H'(F,, E[p] ® «) to be nontrivial. Its order (and hence its
f-dimension) will then be independent of i. For every ¢ > 1 and n > 0, there is a map

H'(Fs/F,, Elpl®a) — [[H (Fus Elp) ® a)

v|v
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where v varies over the primes of F), lying above v and F,, , denotes the v-adic completion
of F,. This map is an isomorphism for ¢ > 3. It is surjective for ¢« = 1,2. In particular, since
v splits completely in F../F, we get a lower bound

corankgry (H*(Fs/Fo, Elpl @ @) > ) dimi(H*(F,, E[p] © o))

v]oo

and so one may have a lower bound on corankiy, (H YFy/Fy, Elp] @ a)) which is strictly
larger than n(«)[F : Q].

B. Vanishing of H°(F, E[p] ® o).  Since Gk acts trivially on «, we have an isomorphism
Elp| ® a = (Elp] @ f)™@ as jf-representation spaces for G. If we make the assumption that
E(K)[p| = H°(K, E[p]) vanishes, then it follows that H°(F, E[p] ® a) = 0 for any . On the
other hand, if F(K)[p] # 0, then we can regard E(K)[p|] ® f as a nontrivial f-representation
space for A. It contains a A-invariant subspace U on which A acts irreducibly. Thus, for
some 7 € Irrg(A), we have U = Uy, the underlying representation space for the contragredient
representation 7 for 7. Then, for that 7,

H'(F, E[pl® 1) = H°(F, Hom(Us,f) ® E[p])) = H°(F, Hom(U:, E[p] ® f))

will be nontrivial. The following proposition summarizes these observations. It is valid even
for p = 2.

Proposition 4.1.3. The following statements about E[p| are equivalent:

(1) E(K)[p] =0,
(i) HO(F, Elp|® a) =0 for all a € Repy(A),
(iti) HO(F,E[p| ®7) =0 for all T € Irry(A).

Furthermore, H°(F,,, E[p| @ a) = 0 if and only if H°(F, E[p] @ a) = 0 and E(K)[p] =0 if
and only if E(K)[p] = 0.

The final statement is true just because Gal(F,/F) and Gal(K/K) are pro-p groups.

C. Vanishing of H*(Fx/Fy, E[p) ® ).  We have H?*(F, ., E[p] ® ) = 0 for all v. This is
true for non-archimedean primes v because G, , always has p-cohomological dimension 1,
It is true for archimedean primes v because p is odd. In particular, we see that

H*(Fs/Fy,Elp] @ a) = I*(Fy/Fy, Elp] @ a) |
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the group of everywhere locally trivial 2-cocycle classes. We can relate this group to
I (Fy/Fy, Elp] ® &), the group of locally trivial 1-cocycle classes, by using one of the
Poitou-Tate duality theorems. The result is the following proposition.

Proposition 4.1.4. Suppose that o € Repf(A). With the above assumptions, the following
statements are equivalent:

(i) H*(Fs/Fw, Elp] ® a) =0,
(ii) H?*(Fx/Fy, E[p] ® a) is finite,
(iii) TI'(Fy/Fy, Elp] ® &) is finite.

Proof. We know that (i) and (ii) are equivalent by the last part of proposition 4.1.1. Let F,
denote the n-th layer in the Z,-extension F../F as before. To use the Poitou-Tate duality
theorems, note that

(4.1.b) Hom(E[p] ® o, 1) = Elp] ®

by the Weil pairing and standard canonical isomorphisms from linear algebra. Thus, for
every n, we have a perfect pairing of the f-vector spaces

I (Fy/F,, Elp) ® &) x *(Fy/F,, Elp] ® a) — F, |

which we refer to as the Poitou-Tate pairing.

Assume that (i) is satisfied. Since ker(pg)) has bounded order, it follows that the order
of H?(Fy/F,, E[p] ® a) is bounded as n — oo. Therefore, the same thing is true for the
order of III*(Fy/F,, E[p] ® ) and hence I (Fy,/F,,, E[p]® &). Thus, I (Fy/Fa, E[p] ® &)
is finite, and so (%ii) is satisfied.

Assume that (i) is satisfied. Consider the map p&P which is defined just as ,01(11), but
for the Galois module E[p| ® & instead of E[p] ® a. Its kernel has bounded order, and so
it follows that III'(Fy/F,, E[p] ® &) and hence 11*(Fy/F,, E[p] ® a) have bounded order.
Thus, I1*(Fy/Fs, E[p] ® a) is finite, and so (i) is satisfied. O

Remark 4.1.5. In the above proofs, the restriction maps play a role. We can say a little
more about them. For m > n (including the possibility that m = co), consider

P T (Fy/Fy Elpl © a) — T (Fy/Fy, Elpl © a)

m/n

for ¢ = 1,2. We first discuss the case when ¢+ = 1. The restriction maps then turn out to
be injective if n is sufficiently large. Of course, it suffices to show this for m = oo. The
inflation-restriction sequence implies that

H'(Tn,A) = ker(H'(Fy/F,, Elp)® a) — H'(Fs/Fy, Elpl ® a)) |
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where A = H(F,, E[p] ® a) and T',, = Gal(F,./F,). We will identify H'(T,,, A) with its

image in H'(Fy/F,, E[p|®a). To prove the injectivity of rf)i)/n for large n, we must show that

the intersection of H'(T',,, A) with IIT"(Fy/F,,, E[p] ® ) is trivial. For that purpose, suppose
that 7 is a prime of F., lying over p. Then 7 is ramified in F,/F and totally ramified in
F/F, for sufficiently large n. For such n, we can identify I', with I';, » = Gal(Fi »/F.x)-
Thus, HY(T,,, A) =2 H (T, A). On the other hand, let A, = H(F , E[p] ® o). Consider
the composite map

HY(T,,A) — H' Ty, Ay) — H'(F, 1, E[p) ® @)

where the second map is the inflation map and is certainly injective. Now A C A, and I',, »
acts trivially on A, if n is sufficiently large, since A, is finite. The first map is then clearly
injective since 1-cocycles with values in A or A, are just homomorphisms. Thus, for large
n, any nontrivial element of ker(H'(Fy/F,, E[p] ® o) — H'(Fs/Fx, E[p] ® a)) is locally

nontrivial at . Hence, indeed, rc(i)/n will be injective.

Now consider ¢ = 2. The map rﬁi}n can fail to be injective. In fact, if one assumes

that III'(Fx/Fy, E[p] ® &) is finite, then one can deduce that TS}H is the zero-map for

m > n >> 0, which gives an alternative proof of the equivalence of that assumption to the
vanishing of H?(Fs/Fy, E[p] ® a). It is possible for II'(Fx/F., E[p] ® &) to be finite, but
nontrivial. Then, for m >> n >> 0, H*(Fy/F,, E[p|®«a) will be nontrivial and will coincide
with ker (rﬁf}n)

The argument is as follows. The assumption that III'(Fy/F., E[p] ® &) is finite and the
injectivity of the restriction maps (which we now denote by 7‘7(73”) implies that the order of
I (Fy/F,, E[p] ® &) stabilizes and fS}n is an isomorphism if m > n >> 0. Consider the

corestriction map
&, MY (Fy/Fy, Elp) ® &) — I (Fy/F,, Elp] @ &) .

(1)

Since Conln (1)

OTm/n

is simply multiplication by p™~", it follows that, for n sufficiently large and
1) @ and W

m > n, the map Cony m/n o /n

,, will be the zero-map. Under the Poitou-Tate pairing, r

are adjoints of each other. It follows therefore that rfj}n is indeed the zero-map if n is large

enough and m > n. O

The group HI'(Fx/K ., E[p*]) occurring in the next proposition is the group of locally
trivial 1-cocycle classes for the Galois module E[p*>]. It is a A-submodule of Selg(Kx),,
called the “fine Selmer group” in [CS05], where it is denoted by R(E/K.). Coates and
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Sujatha conjecture that the p-invariant for this A-module (or its Pontryagin dual) is zero,
which means precisely that IIT' (Fx /K., E[p>])[p] is finite. This does seem like a reasonable
conjecture, and so the statements (1), (ii), (iii) in the following proposition are likely to
hold in general. See also remark 4.1.7. Statement (7v) is also likely to hold if p is odd. For
p = 2, one certainly needs the hypothesis that F(F,) is connected for all real primes v of F,
as discussed at the end of part A.

Proposition 4.1.6. The following statements are equivalent:

(i)  II'(Fy/Kw, E[p™])[p] is finite,

(i) UI'(Fs/Fx, E[p] ® @) is finite for all o € Repy(A),

(i) ' (Fx/Fy, Elp] ® 7) is finite for all T € Irry(A),

(iv) H*(Fx/Koo, Elp]) = 0.

Proof. In comparing the various cohomology groups over F,, and over K., the kernels of
the global and local restriction maps are involved. The Galois module might be of the form
A = Ep] ® a, where a € Rep;(A), and so will be finite. The kernels will be of the form

HY(A,A) or HY(A,, A) for v € . These groups are all clearly finite. To show that (i)
implies (ii), first note that G_ acts trivially on « and hence

Ep|®@a = E[p]"lF:

as a Galois module over K. Thus, assuming that n(a) > 0, II'(Fy /K., E[p] ® a) is finite
if and only if IIT"(Fy./ K+, E[p]) is finite . Therefore, if we assume that 111! (Fy/F.., E[p]® )
is infinite for some o € Repy(A), then III' (Fs /K, E[p]) would be infinite too. The map

(4.1.c) H'(Fs/Keo, Blp]) — H'(Fz/Kw, E[p™])p]
has a finite kernel. Hence, the same is true for the kernel of the natural map
(4.1.d) M (F/ Koo, Blp]) — W' (Fy /Koo, Elp™))[p]

and so the latter group would also be infinite. This proves that (i) implies (7).

The fact that (%) implies (iiz) is obvious. Now we prove (i), assuming (iii). The map
(4.1.c) is surjective. To prove that the cokernel of the map (4.1.d) is finite, it is sufficient to
note that, for each v € ¥, the local map

HY (Koo, Elp]) — H' (Koo, E[p™])[p]

has a finite kernel. This is easy to verify. Thus, to prove (i), it suffices to show that
I (Fy /Ko, Elp]) is finite.
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Suppose that III is any representation space for A over f, possibly of infinite dimension.
However, assume that (Il ® 7)2 is finite for all 7 € Irrj(A). Thus, for each such 7, there is
a maximal integer m(7) such that III contains a A-invariant subspace isomorphic to U." 2
We will let U denote the sum over all 7’s of those subspaces. Thus, U is a A-invariant
subspace of III which has finite dimension over f, I/ is semisimple as a representation space
for A, and U is the maximum such subspace of III. Let u denote the f-dimension of ¢. Now
suppose that V is any A-invariant, finite-dimensional subspace of III containing ¢/. We will
view these spaces, and their duals, as modules over the finite ring R = f[A]. Let I denote
the Jacobson radical of that ring. The dual space I is then a quotient space of V, namely
the maximal semisimple quotient as an R-module. That is, f// IV =~ U{. Therefore, we can
get a set of generators of V by choosing lifts of the elements in an §-basis of U. Hence, V has
u generators as an R-module and so dim;()) = dim;()) is bounded by u|A|. However, III is
the union of all its finite-dimensional, A-invariant subspaces ), and therefore it follows that
IIT is finite-dimensional.

It is clear that ' (Fy /K., E[p]) ® 7 = ' (Fy/ Ko, Elp] ® 7) since G, acts trivially
on U,. Therefore, it is now sufficient to show that (III'(Fy/K, E[p] ® 7-))A is finite for
every 7 € Irrj(A). Consider the restriction map

(4.1e) T (Fy/ Fo, Elp] © 7) — W' (Fy /Koo, Elpl © 7)% .

The groups I (Fx/F,, E[p] ® 7) are assumed to be finite for all 7’s, and so we must just
show that the cokernel of the (4.1.e) is finite too. For each such 7, we have an exact sequence

H'(Fe/Foo, Elp] ® 7) — H'(Fy/Keo, Ep] © 1) — H*(A, (Elp] @ 7))

which is part of the inflation-restriction sequence. The last group is certainly finite and hence
so is the cokernel of the first map. However, our initial remarks then imply the finiteness of
the cokernel of the map (4.1.e). Thus, we have proved that (iii) implies (7).

Finally, if we apply proposition 4.1.4 to F,, = K, then we see that H?(Fx /K, E[p]) = 0
is equivalent to the finiteness of III*(Fy; /K., E[p]). In the course of the above proof, it was
shown that this finiteness is equivalent to (i) and so to all three statements. O

Remark 4.1.7. Let L, denote the maximal, abelian pro-p extension of K, such that all
primes of K are unramified. Then X = Gal(L./K) is a A-module, one of the main
objects of study in classical Iwasawa theory. It is a finitely generated, torsion A-module. A
well-known conjecture of Twasawa asserts that p(X) = 0. This is known to be true if K is
a finite, abelian extension of Q, a theorem of Ferrero and Washington [FeWa], but is open
in general. Note that all primes v of K, not lying over p split completely in L., /K. Let
L/oo denote the maximal subfield of L., in which the primes above p split completely and let
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X' = Gal(Ly/Kw), which is also a A-module. Those two modules can differ; the restriction
map X — X' is surjective and its kernel is finitely generated over Z,. Hence pu(X') = u(X).

As pointed out at the end of the proof, the statements considered in proposition 4.1.6
are equivalent to the statement that IIT'(Fy/K,, E[p]) is finite. If we choose K so that
F(E[p]) € K, then H'(Fs/K, E[p]) = Hom(Gal(Fs/K, E[p]). It then follows that
I'(Fy /Ko, Ep]) = Hom(X’, E[p]). The finiteness of that group is equivalent to the van-
ishing of ;(X’), and hence to Iwasawa’s conjecture for K. Thus, if Iwasawa’s conjecture is
true for all ground fields K, then the statements in proposition 4.1.6 are also valid. Essen-
tially the same point is made in [CS05], corollary 3.5. O

If p =2 and E(F,) is connected for all archimedean primes v of F', then proposition
4.1.4 and 4.1.6 are valid as stated. That assumption implies that E[2] is a projective
F5[GF,]-module, and hence so is E[2] ® a. It then follows that H(F.,, E[p] ® a) = 0
for all i > 1. However, for greater generality, one can simply replace H?(Fyx /K., E[p]) and
H?*(Fs/Fy, E[p|®a) by II*(Fy/ K+, E[p]) and II1?(Fy,/Fs, E[p] ® ), respectively, in those
propositions. The difference comes entirely from the local conditions at the archimedean
primes.

D. The local cohomology groups. We first discuss the coranks of the local cohomology
groups of interest in this chapter as modules over the group ring §[[I']]. For a nonarchimedean
prime v of I, and any a € Rep;(A), we will use the notation H,(Fi, E[p] ® ) to represent

[[2' (Fas Elpl@a)  or  [[H'(Few. Epl®a) .

vlv vlv

the first if v { p, the second if v|p. Note that these products are finite. They are the groups
that occur in the definition of the Selmer groups for F[p] ® . The result about coranks is
more definitive then in the global case. We have

Proposition 4.1.8. Suppose that o € Rep;(A) and that v is a nonarchimedean prime of F.
If v|p, we have
corankiry (Hy (Fao, E[p] ® @) = [F, : Qpn(«)

If vtp, then Hy(F, E[p] ® «) is finite and hence has f[[I']]-corank zero.
Proof. There are only finitely many primes of F., lying above a given nonarchimedean

prime v of F. Let F),, and F, denote the completions of F;, and F,, at any one of the
primes above v. Let I, , = Gal(Fi ,/F,). The group I', =I'g, can be identified with the

63



decomposition subgroup of I" for any of the primes lying above v. The index g, = [I" : '] is
the number of primes of F., lying above v.

The proof is easy if v { p. Tt suffices to point out that H'(F, ., E[p] ® a) has bounded
order as n varies. The Euler-Poincaré characteristic of the Galois module F[p] ® « is zero.

That is, we have
2

> (—1)dimg(H (Fow, Epl @ @) = 0 .

i=0
Obviously, the order of H(F,,, E[p] ® «) is bounded by that of H°(F.,, E[p] ® o), which
is finite, and so the f-dimension of H°(F}, ,, F[p] ® a) stabilizes for sufficiently large n. Now,
by local Tate duality, H*(F,, ., E[p] ® a) is the Pontryagin dual of H°(F,,, E[p] ® &) and so
its order and f-dimension also stabilize. Thus, indeed, the f-dimension of H'(F, ,, E[p] ® «)
stabilizes. To get a precise result about H'(FL,,, E[p] ® ), we use the inflation-restriction
sequence. Let A, = H°(F..,, E[p] ® ). Then we have an exact sequence

0 — H' (T A) — H'(Fow Elp)®a) — H'(Fau Elpl® )™ — 0 .

If n is large enough, then I'), , acts trivially on A, and also on HY(Fy., E[p] ® a). We then
have |HY (T, Ay)| = |A,|. Consequently,

(4.1.) dim;(Ho(Fo, Elpl ® @) = godim;(H*(F,, E[p] ® &)

for any nonarchimedean v not lying over p.

Now suppose v|p. With the same notation as above, the relevant Euler-Poincaré charac-
teristic is now

2

Z )'dim;(H'(F 0, Eulpl @ @) = — [Fo: Qpln(a)

=0

since E,[p] has F,-dimension 1. The order of H°(F, ,, E[p] ® a) stabilizes as n varies. So
does the order of H*(F, ., E,[p] ® a) since that group is again isomorphic to the Pontryagin
dual of H(F, ., E,[p] ® &). Also, just as above, the order of the kernel of the restriction
map stabilizes. Thus, we have

dimf(Hl(Foo,vav[p] ®O‘)Fn’v) = [Fap: Qpln(e) + O(1)

as n — oo. Suppose that g, = p"™. Then F,,, = F, and I', = I}, ,. Also, we have
[Fop: Fy] = [Ty : Tyy) for n > n,. It follows that

coranki(r, | (H' (Feo, Eo[p] ® @) = [F, : Qyn(a)
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Therefore, the f[[I',]]-corank of H,(Fw, E[p]®@ ) is equal to g,[F, : Q,|n(a). Since [I': I',| =
Gv, it follows that the f[[[']]-corank of H,(Fi, E[p] ® ) is [F, : Qpn(a). O

Assume that v € ¥,. As defined in the introduction, v is anomalous for £/K if and only
if H(K,, E,[p]) # 0, where w is a prime of K lying above v. The argument in the proof of
proposition 4.1.3 applies to this group with little change. Thus, we have the following result:

Proposition 4.1.9. The following statements are equivalent:

(i) H(Ku, Eufp]) = 0.
(i) H°(F,, Ey[p] ® a) =0 for all a € Repy(A),
(iii) H°(F,,E,[p]®7) =0 for all 7 € Irrj(A).

Proposition 4.1.8 is valid as stated for p = 2. Proposition 4.1.9 is vacuously true for
p = 2; the three statements there are never satisfied. Archimedean primes split completely
in F,/F. For such a prime v, one defines H,(Fx, E[p] ® a) as a direct limit over the F,’s,
just as in section 3.1, part A. One then proves the following result:

corankgry) (Ho(Fo, Elp] ® @) = dimg(H'(F,, Blp] ® a))

One sees easily that for any nonzero o, H'(F,, E[p] ® a) = 0 if E(F,) is connected, and is
nonzero otherwise.

4.2 Selmer groups for Ep| ® a.

A. Definition and equivalences for finiteness.  The definition of Selg?p@a(Foo) was given
at the beginning of section 1.4 for the base field F,. However, for proving the next two
propositions, it will be helpful to have an alternative description of the local cohomology
groups occurring in the definition. If F” is any finite extension of F' contained in Fy;, consider
the localization map:

loc

H'(Fs/F' Elpl ® a) == Py(F, E]p|®@a) ,

where

PUF.Ep @) = ] (HH%F;I,E[p] ®a>)

veEX M|y
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Here v’ runs over all the primes of F’ lying above a prime v which, in turn, varies over
the primes in ¥. For each such v', let I, denote the inertia subgroup of G/ . We define
LY(F!,, E[p] ® @) to be the kernel of one of the following maps

H'(F),,Elp)®a) — H'(Iy,Elpl®a)  or  H'(F, Elpl®a) — H'(F,, E[p|®a) ,

the first if v { p, the second if v|p. Thus, L'(F!,, E[p] ® «) is a subgroup of H*(F!,, E[p] ® ).
We then define Selgpza(F") as the kernel of the composite map

locgr red gy

H'(Fg/F' Elp)®a) — Py(F',Elp|® o) — Py(F',E[p] ® a)/Ly,(F', E[p] ® )

where we have put

LA(F Bl @a) = ]] (HL%F;/,E[p] ®a>)

veEX N o'|v

Thus, Selgpga(F') = ker(redp: o locg). Note that the contribution to P%(F', E[p] ® a) and
Ly (F’, E[p] ® a) coming from archimedean primes is trivial since p is odd. Thus, there is no
local condition in the definition of the Selmer group for those primes.

Suppose that F’ and F” are finite extensions of F' such that F' C F” C Fx.. Then one
has a natural map (the restriction map) from Selgpgq(£") to Selgpge(F”). For an infinite
extension of I contained in Fy;, one defines the corresponding Selmer group for Elp| ® a to
be just the direct limit of the Selmer groups for F[p] ® a over all the subfields of finite degree
over F. In particular, if Fl,, = U, [}, is the cyclotomic Z,-extension of I, then

Selppioa(Foo) = ker<H1(Fz/Foo, Ep| ® a) — Pi(Fu, E[p] ® ) /LY,(F, E[p] @ a)) ,

where PL(F,., E[p] ® o) and LL(F,., E[p] ® ) are defined in the same way as above. One
can also define these f[[I']]-modules as direct limits

Py(Fw, Elp] ® ) = Lim P§(F,,, E[p) ® o), Ly(Fx, Elp] ® a) = Lim Ly(F,,, Elp] ® ) .

The map whose kernel is Selgpga(Fx) Will be denoted by red., o locs, with the obvious
meaning for red,, and locy,. The corresponding maps at the n-th level will be denoted by
red, and loc,. Results from section 4.1 imply that

(4.2.a) corankgym <P§;(FOO, E[p] ® oz)/le(Foo, Elp] ® a)) = [F:Qn(a) .
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To see this, note that for v|p, the map H'(F.,, E[p]®@a) — HY(Fy,, E[p]®a) is surjective
and hence

H'(Foo, Elp) ® @) /L (Fo, Elp] ® @) = H'(Fow, Ep] @ a) .

The contribution to P&(Fu, E[p]®@a)/LL(F, E[p]®a) coming from primes v not lying over
p will be finite and hence of {[[I']]-corank 0. Although we don’t need it right now, we remark
that for any v € ¥ not dividing p and for any prime v of F,, lying above such a v, we have
Li(Fw., Elp] ® a) = 0. This is true because GFM,,,/L/ has profinite order prime to p. Thus,
the corresponding factor in Pi(Fu, Elp] ® ) /L% (Fxo, E[p]® @) is simply Hy(Fx,, Elp] @ a).
The f-dimension of the contribution from all v|v is given by (4.1.f).

On the other hand, corollary 4.1.2 states that H'(Fyx/F.., E[p] ® ) has f[[T]]-corank
bounded below by [F' : Q|n(a), with equality if and only if H?(Fy/F., E[p] ® ) = 0. Using
this fact in conjunction with (4.2.a) and the definition of the Selmer group, we have the
following proposition.

Proposition 4.2.1. The following statements are equivalent:

(i)  Selgplea(Fi) is finite.

(ii)  Selgpga(Fy) has bounded order as n — oo.

(iii) H*(Fs/Fy, E[p] ® a) = 0 and the cokernel of the map redy, o locs, is finite.

(iv) WIY(Fy/Fs, E[p| ® &) is finite and the cokernel of the map red, o loc, is finite and
has bounded order as n — oo.

If 3, is a subset of ¥ which contains only nonarchimedean primes not lying above p, then we
will also consider the nonprimitive Selmer groups Selg?p} 2a(Fn) and Selg‘fp} 2a(Foo) obtained
by omitting the local conditions at all primes lying above v € ;. We will next prove that,
under certain mild hypotheses, coker(redy, o locy,) is trivial. This will have an immediate

. : : 2
consequence concerning the f-dimension of Selpy o (Fi) /Selppiga(Fso).

B. Surjectivity of the global-to-local map. We prove the following result:

Proposition 4.2.2. Assume that Selgjza(Fx) is finite and that HY(F, E[p|®@d&) = 0. Then
the map
H'(Fy/Fw, Elp] ® @) — Py(Fu, E[p] ® a) /Ly (F, Ep] ® )

18 surjective.

Proof. We will use the following abbreviated notation in this proof. The Selmer groups and
other groups associated with E[p] ® « for the field F,, and the fixed set ¥ will be denoted
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by Snar Hp o H o, H_[,lm, ]_Hfm, P!, and L, .. Also, we let G, o denote the image of
the map loc, : H 17 — P17 The corresponding groups over F,, will just have a subscript
00, . We will use a similar notation for the groups associated to E[p] ® a.

By proposition 4.2.1, we know that Hll has bounded order as n — o0o. The cokernel of
red, o loc, is isomorphic to P, / G oLy o We also know that this group will be finite and
of bounded order as n varies. NOW accordlng to the Poitou-Tate duality theorems, there is
a perfect pairing
P1 X P1 s — F,

for each n > 0. Also, the orthogonal complements of L,

respectively. The Pontryagin dual of P, , / G oLy o is isomorphic to Gy 4 N L, 4,
therefore has bounded order as n — oo.
Surjectivity of the global to-local map means that P, , o/ Gloolio = 0. It suffices to

show that Lim P}, /G) L

na na?

which

and G, , are L} , and G,

n.aln o 18 trivial. Now that direct limit is defined by the natural local

restriction maps as n varies. Equivalently, we must show that the inverse limit Lim G}, ;0L
n
defined by the corestriction maps is trivial. We will use the isomorphism

GraNlys = Spaf/lL,,

which follows from the definition of S, 5. We have already pointed out that Hl,l%d has
bounded order. But 5, 4 / LH%L?Q also has bounded order and hence so does .S, 4.

We are assuming that H°(F, E[p] ® &) = 0. The inflation-restriction sequence then
implies that the restriction maps 7€s,,/, : Spa — Sma for m > n > 0 are injec-
tive. It follows that these maps are isomorphisms if n is sufficiently large. Hence so
are the restriction maps Hl,lm — I[I}nCY Therefore, the induced maps on the quotients
Sh.a / Hlihd — Sm.a / LH}n?a will also be isomorphisms if n is large enough. For the associ-
ated corestriction maps cor, ,, the map cory, /, 0rés,, , is multiplication by p™~". Hence the
maps Sma/Ulmd — na/]ﬂnd induced by cérm/n will be the zero map if m > n >> 0.
This proves that the inverse limit of the groups G s N L1 is zero and hence the same is

true for the direct limit of the groups P, , '/ G oLy o as we ‘needed to prove. O
The following result follows immediately from the above proposition and (4.1.f).

Corollary 4.2.3. Assume that Selpyjga(Fxo) is finite and that H°(F, E[p]®d) = 0. Suppose
that 3, 1s a finite subset of X which contains no primes lying above p or oo. Then

Selll o (Fro) /Selppoa(Fo) = [ Ho(Foo, ElPl ® @)

VEX Y
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Therefore,

dimg(SelZf ., (Foo) /Selppea(F)) = > gudimg(H*(Fx, Elp] @ @) -

vEX

Remark 4.2.4. The proof of proposition 4.2.2 includes the following assertion:
If Selgpioa(Fxo) is finite, then so is Selgpea(Fa)-
We also remark that the finiteness of Selpp)ga(Fo) and of Selg‘fp] 2a(Foo) are equivalent. O

C. Finiteness of Selg(K)[p]. The following result is the analogue of proposition 4.1.6 for
Selp (K ),. However, as we discuss in section 4.5, there are situations where the statements
fail to be true.

Proposition 4.2.5. The following statements are equivalent:
(i)  Selg(Ky)[p| is finite,

(i) Selppea(Fs) is finite for all a € Reps(A),

(iii)  Selgper(Fu) is finite for all T € Trrg(A).

Proof.  'The proof is similar to that for proposition 4.1.6. We just sketch the steps. First of
all, the restriction map

(4.2.b) Selgpea(Fo) — Selppioa(Kw)®

has finite kernel. Also, Selgp)ga(Kso) = SelE[p](Koo)"(a)“’Fp]. Here Selgp, (K ) is defined
exactly as previously, just taking F,,, = K, and tensoring by the trivial representation. The
map (4.1.c) has finite kernel and hence so does the map

(4.2.) Selpp(Koo) — Selp(Ks)lp] -

It follows that (%) implies (i1). Clearly, (i) implies (iii).

The cokernel of the map (4.2.b) is finite. Just as in the proof of proposition 4.1.6, it is
a matter of showing that the local restriction maps for v € ¥ have finite kernels. One must
check this also for v|p, where the relevant kernel is H*(A,, E,[p] ® «), and that is clearly
finite. Assume that (i) is true. It then follows that (Selpp(Ks) ® T)A is finite for all
7 € Irrg(A). Consequently, as in the earlier proof, Selgy, (K ) is finite-dimensional over f.

To deduce (i), assuming (i), it suffices now to show that the map (4.2.c) has finite
cokernel. But this follows just as before. The only additional ingredient is the fact that, for
all v|p, the map HY(K ., Eu[p]) — HY (Koo, E,)[p™]), which is induced by the inclusion
map E,[p] — E,[p>], has finite kernel. O
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4.3 Justification of (1.4.b) and (1.4.c).

A. The corank of Seliﬂ‘ipoo (F ). We take 3, to be any subset of ¥ not containing primes
above p or co. First of all, Sel?ﬁpo@@U(Fm) is a subgroup of H'(Fy/F,., E[p™] ® o). Here,
as in the introduction, L, is a A-invariant O-lattice in the underlying representation space
W, for o and E[p>|® o = E[p®] ® L, by definition. This tensor product is over Z, and the
resulting group is an O-module on which Gal(Fy/F') acts O-linearly. We will denote various
other tensor products with L, similarly in the following discussion. The local conditions
defining SelE[pm ,(F) are that a cocycle class have trivial image in H'(Fx ,, E[p>] @ o)
for all non-archimedean v € X which are not in 3, U, and in H*(F. ., E,[p™] ® o) for all
v € ¥,. We prove the following proposition justifying the first equality in (1.4.b).

Proposition 4.3.1. Suppose that o € Irr£(A) and that 3, is any subset of ¥ containing no
primes of F' lying above p or co. Then we have

N (o) = coranko(SelE[poo]®U(Foo))

Proof. First of all, the kernel and the cokernel of the restriction map
(43a)  H'(Fx, Ep¥|©0) — H'(Ke, Ep™®0)* = (H' (K Ep™) )"

are finite. The isomorphism in (4.3.a) arises from the fact that Gk_, acts trivially on L, and
the canonical isomorphism H'(K,, E[p>*]®0c) = H'(K., E[p*])®0c is A-equivariant. We
identify the two groups.

We can define Selg(ﬁpoo ,(Ko) just as above. It is a subgroup of H'(K., E[p™®]®0) and

can be identified with Sel?ﬁpw (Ks) ® 0 = Selp(K«), ® 0. Consider the map

(4.3.b) Sel% (Ko)® = (Sel(KL), ©a)™ .

E[p°°]®a(F ) — Sely

E[p>|®c

This map has finite kernel and cokernel because the kernels of the relevant local restriction
maps are all finite. Thus, we have

corankep (SelE[p |® (Fx)) = coranko ((Sely’ (Kw)p ® o))
To see that the last O-corank is equal to Ag(c), we have

Sel! (Koo)p ® ¢ = Homg, (X5 (Kw), Lo ® Qp/Z,) = Homg (X;°(Ks), W,/L,) .

70



The second isomorphism results from the fact that W, /L, = J,, (meLU / LO.). It follows that
coranko ((Seli? (Kw)p ® 0)%) = rankg, (Homz, (X3°(Kw), W,)%)

= dimz (Homz (X (Kw) @ F, W,)2).

Since o is absolutely irreducible over F and XEO(KOO) ® F is a semisimple representation,
the above F-dimension is indeed equal to the multiplicity Ag(o). O

Remark 4.3.2. Virtually the same proof demonstrates the following useful result about
the Pontryagin dual X>°(K) of Selz°(K),. Let s3°(c) denote the multiplicity of o in the
A-representation space X;°(K) ®z, F over F. We then have

s3°(0) = coranke (Sel?ﬁpwma(F)) ,
where the non-primitive Selmer group over F' occurring here is defined in a completely
analogous way as over F,. This remark applies to sg(o) by taking ¥, to be empty. O

B. Divisibility of Selg‘[’pw] 20 (Foe). We will prove that the Pontryagin dual of Selg?pw] 20 (Foo)
has no nontrivial, finite A-submodule under certain assumptions. As a consequence, if one
assumes that pp(K) = 0, it would then follow that Selg(fpoo]@)a(Foo) is a divisible group. In
part B of section 3.1, we discussed a similar statement for Sel%O(Koo)p, based on results in
[Gr99] and [Gr89]. Although we didn’t mention it there, the assumption that E(K)[p] = 0 is
not needed if ¥, is non-empty. The proof is essentially the same as the proof of proposition
4.15, part (i), in [Gr99] (which is found on page 104 of that paper). The arguments given
for propositions 4.14 and 4.15 there are easily extended to Galois modules of the form
E[p>*] ® 0. Those arguments rely on the assumption that the corresponding Selmer groups
are A-cotorsion, and start by proving a general form of Cassels’ theorem concerning the
cokernel of the global-to-local maps defining Selmer groups. That is proposition 4.13 in

[Gr99]. Since the arguments are so similar, we simply state the result.

Proposition 4.3.3. Suppose that X, is any subset of ¥ containing no primes above p or co.
If E(K)[p] = 0 and Selg(K)[p| is finite, then Selgfpw@U(Fm) is a divisible group. The same
conclusion is valid without the assumption that E(K)[p] = 0 if one assumes additionally that
Y, 1S non-empty.

Lot o0 (Foo) will be

finitely-generated as a Z,-module. Now Selg‘fpw] 20 (o) is an O-module, and if it is divisible

Under the assumptions in proposition 4.3.3, the Pontryagin dual of Se
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as a group, then it is also divisible as an O-module. Its Pontryagin dual will then be a
free O-module of finite rank. The rank of a free O-module X is equal to the f-dimension

of X/mX. Therefore, we obtain the following corollary which gives the second equality in
(1.4.b).

Corollary 4.3.4. Suppose that 3, is any subset of X containing no primes above p or oo,
that Selg(K)[p] is finite, and that either E(K)[p] = 0 or ¥, is non-empty. Then

corankp (Selgfpm]w(Fw)) = dimy (Selg‘fpm]@w (Fso) [m])

C. Two isomorphisms. We now establish the two isomorphisms stated in (1.4.c). The
second isomorphism is essentially a matter of definition. Suppose that o € Irrz(A). The
inclusion E[p] C E[p™] induces a canonical isomorphism Elp|® o = (E[p>*|® o)[p] as Galois
modules over @. The maximal submodules killed by m will be canonically isomorphic. Thus,
Elp] ® 0 = (F[p] ® o)[m] will be isomorphic to (E[p™®] ® o)[m] as representation spaces for
G over f.

In defining Selmer groups over F, for those isomorphic Galois modules, the local con-
ditions for primes v not dividing p are the same. Cocycles are required to be trivial when
restricted to Gg,,. If v divides p, then note that the map E[p™] — E,[p*] induces (by
restriction) the map E[p] — E,[p]. It follows that the map E[p®]® ¢ — E,[p>®] ® ¢ induces
the map E[p] ® 0 — E,[p] ® 0. We refer to those maps as the reduction maps. Just as
above, the f-representation spaces (E,[p®] ® ¢)[m] and E,[p] ® & for G, will be canonically
isomorphic . The obvious commutative square involving the reduction maps and the above
canonical isomorphisms of G, -modules is commutative. We have already described the lo-
cal condition at v in the definition of Selges(Fu). A cocycle class satisfies that Selmer
condition if its image in H'(F,,, E,[p] ® 7) is trivial. We haven’t yet specified the local
condition at v for defining Sel(zjg[poo] 90)[n] (Fy), but we simply require that a cocycle class have
trivial image in H'(Fy,, (E,[p™] ® o)[m]). With this definition, the canonical isomorphism
(E[p>®] ® 0)[m] = E[p] ® ¢ induces the second isomorphism in (1.4.c).

The first isomorphism in (1.4.c) requires the assumptions in theorem 2.
Proposition 4.3.5. The inclusion map (E[p™|®c)[m] — E[p®|®0c induces an isomorphism
s ~ Qs
SelGprelgoym (Foo) = Selgpomyg, (Foo)m]

under the assumptions in theorem 2. This isomorphism is I'-equivariant.
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Proof. Suppose that 7 is a generator of m. The O-module E[p™] ® o is divisible and
multiplication by 7 induces a surjective I'-equivariant map

H'(Fs/F (E[p™] @ 0)[m]) — H'(Fx/F, E[p™] @ 0)[m]

This map is also injective because H°(F.,, F[p>]®0c) = 0. That fact follows from assumption
(i) in theorem 2 and proposition 4.1.3. Thus, the map

(4.3.c) Sell B goym (Foo) — Sl i (Foo)[m]

is injective. It is also ['-equivariant. The surjectivity will be proved by showing that the
corresponding maps for the local cohomology groups occurring in the definitions of these
Selmer groups are injective. The assumption that ¥, contains ®x,r U ¥y is important here.

If v e¥andv¢X,UX,, then the action of G, on E[p>]| will be unramified. Hence
GF.., acts through a finite quotient group of order prime to p. The action of Gr_, on L,
factors through A, which also has order prime to p. Thus the action of Gr_, on Ep*|®@0c
is through a finite group of order prime to p and therefore H°(F., ., E[p™] ® o) is a divisible
O-module. This proves the injectivity of the map

H' (Foo,0, (E[p™] @ 0)[m]) — H'(Fu, E[p™] @ 0)[m]
for those v’s. Now suppose that v € X,. We want to show that the map
H'(Fo, (BE[p™]® 0)[m]) — H'(Fr, E[p™] ® 0)[m]

is injective. The O-module E[p™]®a is again divisible. The map is induced by multiplication
by 7. Its kernel will be trivial because assumption (i) in theorem 2, together with proposition
4.1.9, implies that H°(F,,,, E[p>®]® ) = 0. Since p is odd, the local cohomology groups for
archimedean primes are trivial. The surjectivity of (4.3.c) follows. O

4.4 Justification of (1.4.d) and the proof of theorem 2.

Assume that 1T (Fy/ K., E[p>])[p] is finite. Propositions 4.1.4 and 4.1.6 then imply that
H?*(Fs/F,E[p] ® ) = 0 for all a. Assume also that E(K)[p] = 0. Then proposition 4.1.3
implies that H(Fy/F, E[p] ® ) = 0 for all a. Suppose that we have an exact sequence

0 —U,—Ug—U,—0

of finite-dimensional representation spaces for A over f. Tensoring with E[p], or with E,[p)],
will give exact sequences. We consider the corresponding cohomology sequences, both global
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and local. The results just cited imply that the first row in the diagram below is exact. The
second row involves the product of groups of the form H,(F,,-) over all v which are in 3,
but not in ¥,. For brevity, we denote that product by Pg(Fy, -).

(4.4.a)

0—— H'(Fx/Fy,Elpl® a) —= H(Fs/F,, E[p] ® 3) — H'(Fx/Fs, E[p] ® ) —=0

| l |

00— P2*(Fy, E[p] ® a) P (Fy, E[p] @ B) PZ(Fu, E[p] @ v) —0

The vertical maps are the global-to-local maps defining the non-primitive Selmer groups. All
the maps are f[[I']]-module homomorphisms. We now prove the exactness of the second row.

Since we are assuming that p is non-anomalous for E/F, proposition 4.1.9 implies that
H(Fy ., Ey[pl ® v) = 0 for all v|p. The fact that Gp,, has p-cohomological dimension
limplies that H?(Fy.,, E,[p] ® a) = 0 for those v’s. The cohomological dimension argument
also implies that H?(F. ., E[p] ® a) = 0 for any non-archimedean prime v. Now assume
that v € ¥, U®g,/rU V. Then the action of G, on K [p] is unramified and hence through
a finite quotient group of order prime to p. The same is true for the action of Gr_ , on «, 3,
and v since |A,| is prime to p, and therefore for the action on Elp|®@«, F[p|® [ and E[p]®~.
Suppose that all of these actions factor through G, a finite group of order prime to p. Then
HY(G, E[p| ® a) = 0. Therefore, we have the following exact sequence

H(Feou, Elpl ® ) — H’(Fan, Elp)®7) — 0 .

The exactness of the second row in (4.4.a) follows from these observations.

The vertical arrows are surjective by proposition 4.2.2. The exactness of the sequence
(1.4.d) then follows by applying the snake lemma, completing the proof of theorem 2. 0

4.5 Finiteness of Selmer atoms.

We believe that the Selmer atoms we have been considering are usually finite dimensional
over f. But there are exceptions. The exceptions we know of correspond to cases where
E[p] ® 7 is reducible as a representation space over f. As before, we assume that f is large
enough so that all irreducible representations over f of the finite groups that we consider are
absolutely irreducible. We want to make the following conjecture:

Conjecture 4.5.1. Suppose that p is odd and that T € Irrj(A). If E[p] @ T is an irreducible
G p-representation space over f, then Selgpe-(Fx) 45 finite.
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The irreducibility of E[p] ® 7 over F,, obviously implies the irreducibility over F. The
converse is true too.

Proposition 4.5.2. If Gr acts irreducibly on the f-representation space E[p] ® T, then so
does G .

Proof. We can regard E[p| ® T as a representation space for Gal(L/F'), where L = K(FE|[p]),
a finite Galois extension of F'. It suffices to show that L N F,, = F. If that is not true, then
clearly F; C L and so K; C L. Hence K; C L N K. Since p* 1 [L : K], it would follow
that L N K, = K;. Hence Gal(L/K) has a normal subgroup of index p. But Gal(L/K) is
isomorphic to a subgroup H of GLy(F,). The simplicity of SLy(F,)/{£I} implies that H
cannot contain SLy(F,). The Sylow theorems imply that H contains either one or all of the
p+ 1 Sylow p-subgroups of GLy(F,). Those subgroups are of order p and generate SLy(F,).
Therefore, one sees that H has a unique subgroup P of order p. It is clear that P is a normal
subgroup of Gal(L/F'). Therefore, E[p]” is invariant under the action of Gal(L/F). This
would imply that E[p] is reducible as a representation space for G, and hence so is E[p]®T,
contrary to the hypothesis. O

A. The case where Gg acts irreducibly on Elp| ® 7,. Suppose that G acts irreducibly
on Efp| ®g, f. If KN F(E[p]) = F, then it follows that G acts irreducibly on E[p] ® 7
for any 7 in Irrj(A). This is so because the action of Gy on E[p] ® 7 factors through the
direct product Gal(K(E[p])/F) = Gal(F(E[p])/F) x A, and is therefore just the tensor
product of irreducible representations of each direct factor. However, if K N F(E[p|) # F,
it is not uncommon for E[p] ® 7 to be reducible. For example, suppose that K = F(E[p])
and that A = GLy(F,). Then, the action of Gy on E[p] factors through A and defines an
irreducible representation of A of dimension 2. One can take f = F,, in this example since
all the irreducible representations of A are isomorphic to sym?®(E[p]) ® det® for non-negative
integers a and b. If 7 € Irrp, (A) and n(7) > 1, then the representation space E[p] ® 7 of A
over F), is actually reducible. A similar phenomenon can happen if A is a proper subgroup
of GLy(F,). We will discuss one such example (due to Drinen) in part C below, where A
is a nonabelian subgroup of order prime to p. It is clear that A will still act irreducibly on
Elp] ® 7.

B. The case where E|p| is reducible. ~We consider the simpler situation where E[p] ® 7 is
reducible just because E|p| is itself reducible. This means that F has an isogeny of degree
p defined over F'. Let ® denote the kernel of that isogeny. Then E[p] is reducible as a
representation space for Gp over F, and ® is a Gp-invariant, 1-dimensional subspace of
E[p]. Hence ®®7 is a Gp-invariant f-subspace of E[p] ® 7 of dimension n(7), and so E[p]®@T
is reducible as a G'p-representation space over f.
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For simplicity, we will now assume that F' = Q. Thus, F is assumed to be defined over
Q and to have good ordinary reduction at p. The reduction of ' modulo p is denoted by Fp.
If 7 is a prime of Q(E[p]) lying above p, then the reduction map E[p] — E,[p] is a surjective
homomorphism. We denote its kernel by F."E[p], following the notation in [Dri]. Thus,
FtE[p] is a 1-dimensional subspace of E[p|. In general, only the orbit of F." E[p] under the
action of Gq is well-defined. The next proposition deals with the case where F E[p] is fixed
by the action of Gq.

The cyclotomic Z,-extension of Q is denoted by Q. Suppose that K/Q is a finite Galois
extension, that K N Q. = Q, that A = Gal(K/Q), and that 7 € Irrj(A). For any Gq-
representation space A over §, we let n(*)(A) denote the f-dimension of the (£1)-eigenspace
for a complex conjugation in Gq. With this notation, we will prove the following result.

Proposition 4.5.3. Suppose that E is defined over Q and has an isogeny of degree p
defined over Q. Suppose that ® is the kernel of that isogeny and that the extension Q(®)/Q
is ramified at p. Let T € Irr{(A). Then

corankﬂ[p]] (SelE[p@T(Qo@)) > n_(CD ® T)
In particular, if n=(® ® 7) > 1, then Selgpe-(Qo) is infinite.

Proof. The set 3 consists of primes of Q now. For m > 0, let Q,,, denote the m-th layer in
Qo./Q. The Euler-Poincaré characteristic for the Gal(Qx/Q,,)-module ®®7 is n™ (PR7)p™.
Thus the f-dimension of H(Qx/Q,,, ® ® 7) is at least n™(® @ 7)p™. The restriction maps

H'(Qs/Qn ®©7) — H'(Qs/Qu, @@ 7)™

are surjective and the kernels are finite of bounded order (and usually trivial). It follows that
the corank of H'(Qyx/Quo, ®®7) as an §[[T']]-module is at least n~ (®®7). We will denote the
maximal divisible §[[T]]-submodule of H(Qx/Qs, P®7) by H(Qx/Qo0, PR7)4ip. Consider
the maps

H'(Qs/Qo0. ® @ )ity — H'(Qs/Qu, Ep|©7) — [[Ho(Fo, Elp] ®7)

vEY

The first map has a finite kernel and its image is still f[[I']]-divisible. Denote that image by
S. For any prime v # p, the f[[[']]-module H,(F, E[p] ® T) is finite, and hence its maximal
f[[[']]-divisible submodule is trivial. Therefore the image of S in H,(F., F[p] ® 7) is trivial.

Now suppose that v = p. The assumption about Q(®)/Q implies that the action of Gq,
on ® is ramified. Therefore, we have ® = F I E[p| for a prime 7 of Q(E[p]) lying over p

(and hence for all such primes). This implies that the image of ® ® 7 in F,[p] ® T is trivial.
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Consequently, the image of S in H,(F, E[p] ®7) is trivial. Therefore, we have the following
inclusion:

S = Zm(Hl(QE/Qooa o ® T)div) - SelE[p}@T(Qoo) .
The stated inequality follows from this since the f[[I']]-corank of S is at least n= (¢ @ 7). O

Remark 4.5.4. [t is very likely that the inequality in proposition 4.5.3 is an equality. This
assertion follows from Iwasawa’s conjecture that the classical p-invariant for the cyclotomic
Z,-extension L., of any number field L vanishes. That conjecture asserts that Cl(L,,)[p| is
of bounded order as n — oo, where CI(L,) denotes the ideal class group of L,, the n-th
layer in L., /L. It has been proven if L/Q is abelian, a theorem of Ferrero and Washington
[FeWa]. If Iwasawa’s conjecture is assumed to be true for all number fields L, then one can
deduce that

corankg) (Hl(QE/QOO, P ® T)) =n (P®7)

for all 7 € Irrj(A). This is proved in [Gr99], lemma 5.9, for the special case 7 = 7,, but
the same argument (which is rather long) works in general. Furthermore, Selgje-(Qs)/S
would then be finite, where § is as in the proof of proposition 4.5.3. It would therefore follow
that the f[[I']]-corank of Selgp,z:(Qo) is indeed equal to n~ (®®7). The Ferrero-Washington
theorem implies this statement for all 1-dimensional 7’s.

As an example, suppose that E' is the elliptic curve Xy(11), which is 11A1 in Cremona’s
tables. Let p = 5. Then E has good, ordinary reduction at p and there are two cyclic isogenies
of E of degree p defined over Q. For one of them, the kernel ® satisfies the assumption in
the above proposition. In fact, ® = pu, as a Galois module. For any 7 € Irrg(A), we have
n (¢ ®7) = n"(U;), which will be a lower bound on the f[[I']]-corank of Selgpar(Qo)-
Iwasawa’s conjecture for the base field L = K (y,) implies equality. O

Remark 4.5.5. The ramification hypothesis in proposition 4.5.3 is not preserved by isogeny.
As an example, let E again be 11A1 in [Cre|, let E’ be 11A3, and let p = 5. Then E’[p]
has a unique Ggq-invariant subgroup @’ of order p. It is generated by a point on E'(Q)
of order p and so Q(®’) = Q. In general, suppose that F is any elliptic curve over Q
with good ordinary reduction at a prime p which has an isogeny over Q of degree p. It is
not hard to see that the isogeny class of E' over Q contains at least one curve E’ where
the hypothesis fails: E’[p] will have just one Gg-invariant subgroup ®' of order p and the
action of Gq on @ will be unramified at p. It is then reasonable to conjecture that all
the Selmer atoms Selp/ye-(Qo) are finite. Some results in this direction are proved in
[Tri], mostly taking 7 = 7, and assuming that the kernel of the isogeny is generated by
a point of E'(Q). That conjecture means that, for any Galois extension K/Q, it should
be true that Selp (K. )[p] is finite. Thus, in the situation of the above proposition, and
assuming the conjecture, one should be able to apply all our results to £’ in place of E.
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Now one has X2°(K.) ®z, Qp = X2 (Ky) ®z, Q, for any choice of ¥,. Thus, one certainly
has A3’ (0) = A0 (0) for all 0. Furthermore, assuming that Selg (K.)[p] is indeed finite,
it would follow from proposition 3.2.1 that Xg,“ (K) is quasi-projective if ¥, is suitably
chosen. Therefore, one would expect to have exactly the same congruence relations for the
A" (0)’s as described in the introduction.

If we take an arbitrary base field F', one can prove an analogue of proposition 4.5.3.
The formulation is somewhat more involved. We refer the reader to [Dri] for a thorough
discussion of this. Results in that paper suggest that the preceding discussion in this remark
should apply with no change under the assumption that E is defined over Q and has a
cyclic isogeny of degree p defined over Q. In particular, if X = X2°(K.), then one would
conjecture that X/X([p'] is quasi-projective for a suitably chosen set 3, and a sufficiently
large t. O

C. Drinen’s example. Now we come to a more surprising kind of example, but one which
seems exceedingly rare. It was found by M. Drinen, although our explanation is from the
point of view of Selmer atoms and is somewhat different than that given in [Dri]. The idea
is that if E[p] ® 7 is reducible and if ¥ is a Gg-invariant subspace, then one can consider
the map

(4.5.a) 1 H(Qs/Qoos Vaiw — H'(Qs/Qoo, Elpl ® 7)

The kernel of the map g is finite. One has corankyr (H'(Qs/Qo, ¥)) > n~(¥), which
could easily be positive. The f[[I']]-corank of im(u) is the same. One can then consider
im(s) N Selgp)er (Qoo), Which sometimes will also have positive f[[I']]-corank, thereby giving
an example where Selgp)g,(Qoo) is infinite. This is precisely what happens in the proof of
proposition 4.5.3, where we take ¥ = & ® 7.

Drinen’s example is as follows. Let E be any one of the elliptic curves in the isogeny classes
338D or 338E in Cremona’s tables. Let p = 3, K = Q(E[p|), and A = Gal(K/Q). Now
the representation of Gq on E|[p] is irreducible, but the image of Gq in the automorphism
group GLy(F,) is small, just a dihedral group of order 8. We identify that image with A.
We can clearly take f = F, in this case. Thus, A has just one 2-dimensional irreducible
representation over F,, which we call 2. It is precisely the representation giving the action
of A on E[p|. Now A also has four 1-dimensional representations over F, and E[p| ® 7o
is easily seen to be isomorphic to the direct sum of those representations. The action of
A on E[p] ® 15 is through the quotient A%, which is isomorphic to (Z/2Z)2. In fact, the
maximal abelian extension of Q contained in K is the biquadratic field Q(v/13,v/—3). Two
of the four 1-dimensional representations of A are odd, say € and &’. Define ¥ to be the
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sum of the e- and &’-components in E[p| ® 7o. Hence n(¥) =n~ (V) = 2. It follows that the
F,[[[]]-corank of H'(Qx/Qu, ¥) is at least 2. In fact, that corank is exactly 2.

As in the proof of proposition 4.5.3, if x is the map (4.5.a), then im(u) satisfies the local
conditions defining Selgpz:(Qo) for all v # p. For the local condition at the unique prime of
Q lying above p, one chooses an embedding of Qs into Q,,. Let 7 be the associated prime
of K. We then define F¥ = W () (F E[p] ® 72). If v is a cocycle class in H(Qs/Qoo, V),
then a sufficient condition for pu(y) to satisfy the local condition for p is that the image of
v in H (Qup, V/F V) is trivial. We will show that FFW is 1-dimensional, and hence so
is W/F 0. It then follows that the F,[[[']]-corank of H'(Qup, ¥/F. V) is equal to 1, and
consequently, im(u) N Selgpgr, (Qo) has positive Fy[[I']]-corank.

Let C = GaI(K/Q(\/ﬁ)), a subgroup of A of order 4. If ¢ € C' denotes a complex con-
jugation, then ¢ acts on E|[p| with eigenvalues +1. However, C' also contains the center of A,
which has order 2 and is generated by the element acting on E[p] as the scalar —1. Therefore,
C' can be identified with the diagonal subgroup of GLs(F,) and A with its normalizer in
G Ly(F,). The group C fixes two subspaces of F[p]. Since p is unramified in Q(v/13)/Q, the
inertia subgroup I, of A for any prime 7 of K above p will be a subgroup of C' which acts
nontrivially on FF E[p] and trivially on E[p]/Ff E[p|. Thus, I, has order 2 and a generator
acts with eigenvalues +1. It is then clear that F E[p] is one of the two subspaces of E[p]
fixed by C. We can choose a complex conjugation ¢ so that it is a generator of I;. Then ¢
acts on FTE[p] ® 79 with eigenvalues +1. It follows that F*W is indeed 1-dimensional.

One can find infinitely many examples of the above type when p = 3. Twists of E by
a quadratic character ¢ of conductor prime to p would give more examples. The field K
can change, but the biquadratic subfield contained in K will be the same. In addition, one
can apply a theorem in [RuSi] which asserts that there are infinitely many elliptic curves E’
defined over Q such that E’'[p] = E[p]. Then the field K remains the same. That theorem
applies because p < 5. It seems likely that more examples exist for p = 3. However, it is
not so clear what to expect for p > 5. The above argument can be made to work under
the following hypothesis: The prime p is odd, the image of Gq in Aut(E[p]) = GLy(F))
is the normalizer N of a split Cartan subgroup C, and the subfield of Q(FE]p]) fixed by C
is real and unramified at p. If p > 5, one shows that for certain 2-dimensional, irreducible
representations 7 of A, E[p] ® 7 has a A-invariant subspace ¥ such that n(¥) =n~(¥) = 2.
The subspace ¥ will now be irreducible, but the rest of the argument is essentially the same
as in the above example for p = 3. Examples of such elliptic curves E for p > 3 haven’t yet
been exhibited.

D. Some wverifiable cases. ~ We will end this chapter by discussing some cases where the
Selmer atoms are provably finite. We continue to assume that F' = Q. Suppose that K is
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a finite, abelian extension of Q and A = Gal(K/Q). A theorem of Kato (theorem 17.4 in
[Kat]) asserts that the A-module X = X (K ) is torsion and that its characteristic ideal Ix
contains an element p'0(E/K), where t > 0 and §(E/K) € A is the measure on I" associated
with the p-adic L-function for E over K. The element §(F/K) can be computed quite
accurately in practice. In particular, if one can verify that Ix contains §(F/K) itself and
that p { 0(E/K), then it follows that ;(X) = 0. The Selmer atoms Selgp)g,(Qos) Will then
be finite for all 7 € Irrz(A) according to proposition 4.2.5. Kato proves that (E/K) € Ix if
Gal(Q(E[p])/Q) = GLy(F,). The assertion that p{§(E/K) has been verified for numerous
examples, especially when K is a quadratic field or K = Q(u,). The first such verifications
are given in [MaSw] for the elliptic curves X,(11) and X,(17). They consider the good,
ordinary primes p in the range 7 < p < 347 for the first curve and in the range 5 < p < 179
for the second. Those calculations are for K = Q(y,) and include the determination of the
corresponding A-invariants for each character of A = Gal(K/Q). To be precise, it is only
the “analytic” A-invariants that are determined. Similar calculations have been done by T.
McCabe for various elliptic curves and primes p. R. Pollack has produced extensive tables
which give A- and p-invariants over Q.. They includes quadratic twists for many elliptic
curves. Those tables can be found on Pollack’s webpage at Boston University.

Proposition 5.10 in [Gr99] gives one situation where it is known that p(Xg(Kx)) = 0.
The assumptions are that E has an isogeny of degree p defined over Q, that the character
¢ : Gq — F) giving the action of Gq on the kernel ® of the isogeny is even and is ramified
at p, and that K is a finite, abelian, totally real extension of Q. That result is a consequence
of the Ferrero-Washington theorem. It is equivalent to the assertion that Selgper(Qoo) is
finite for all 7 € Irrx(A), where A = Gal(K/F). Unfortunately, the assumption that K is
totally real is crucial in the proof.

5 The structure of H,(K, F).

Our main objective in this chapter is to discuss the determination of the quantity 520(0)
which occurs in formula (1.3.b). For each v € 3, the group H,(K, E) defined in the
introduction is the direct product of the groups H'(Kw ., E[p™]), where n varies over all
primes of K, lying above v. This is so since v { p and hence im(x,) = 0. For each such 7,
let A, denote the decomposition subgroup of A for 7. It is determined up to conjugacy by
v. Let g, denote the number of primes v of Fi, lying over v. As a A-module, H, (K, E) is
the direct product over all those v’s of the A-modules

(5.0.a) H, (Ko, E) = HHl(KoomaE[poo]) = Indﬁn<H1(Koom>E[poo]))7

nlv
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where 7 varies over the primes of K, lying over v. Those primes n are permuted transitively
by A. For the induced module in (5.0.a), we simply fix one n|v for each v. We identify A,
with Gal(K .,/ Fx,). That group acts naturally on H'(Ky,, E[p™]).

Let 7—A(,,(Koo, E)Adenote the Pontryagin dual of ‘H, (K, E). For each o € Irrz(A), one

sees easily that A\(H, (K, E), o) is independent of the choice of v lying above v. We denote
that quantity by dg,(c). Then

(50.) (o) = Y aulnalo)

vEYQ

The g,’s depend only on F,,/F and not on E. They are not difficult to determine, but the
dgw(0)’s are more subtle.

All of the quantities that we define in this chapter are independent of the choice of the
primes 1 and v dividing v. In particular, the extensions Fi, and K, are determined by
v and K. Thus, to simplify notation, we will denote these fields by F, and K, from
here on, and we will usually write A, instead of A, for Gal(K« ,/Fu,). We will sometimes
revert back to the previous notation if there is a possibility of confusion. If o € Irrg(A)
and 7 € Irrj(A), then we denote their restrictions to the subgroup A, of A by o, and 7,
respectively. Various Galois groups will arise in our arguments. We will use the following
notation throughout for a few of them.

gv = GFooyva Nv = GKoo,va 7, = GK},“” )

where K is the maximal unramified extension of K,. Since K., ,/K, is unramified, Z, is
the inertia subgroup of N,. Note that A, is isomorphic to the quotient group G, / N,. We
will often regard representations of A, as representations of G,,.

Another notation that we will use is the following. Suppose that G is a group, that « is
an absolutely irreducible representation for G over a field §, and that [ is any representation
for G' over §. We assume these representations are finite-dimensional. Let V, and Vg be the
underlying representation spaces for a and 3, respectively. Suppose that m is the largest
nonnegative integer such that Vg contains a G-invariant subspace isomorphic to V7'. We
denote this m by (3, a)¢g, or just by (3, ). Equivalently,

(B,a) = (B,a)¢ = dimg(HOmg(Va,Vﬁ>)

If G is a quotient of another group G, then one can view « and (3 as representations of G,
but (4, ) is unchanged. Thus, (5, )¢ = (0, a)g. We often suppress the subscripts because
specifying o and [ should be sufficient.
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If G is finite and § has characteristic 0, then (3, a) is just the usual multiplicity of « in
(. If G is infinite, it may happen that 3 is not semisimple. Its semisimplification is denoted
by 3*¢. Then, in a composition series for Vs consisting of G-invariant subspaces, the number
of composition factors isomorphic to V, is equal to (4%, «), which may be different than
(8, a). Notice that we are taking the second variable in this notation to be irreducible. This
is usually what we will do. However, if G is finite and § has characteristic zero, then all
finite-dimensional representations over § are semisimple. We may then sometimes want to
regard (3, a) as a Z-bilinear form on Rz(G). We assume that all irreducible representations
over § are absolutely irreducible. The form is symmetric, Z-valued, nondegenerate, and is
characterized by defining (3, &) just as before when « and (3 are both irreducible, equal to
1if 8 = « and equal to 0 otherwise.

5.1 Determination of dg,(0).

To determine g ,(0), it is sufficient to study H' (K., E[p™®]) = HY(N,, E[p™]) as a A,-
module. The dg,(0)’s can then be determined by the Frobenius reciprocity law. More
precisely, let H £ denote the Pontryagin dual of H'(N,,, E[p>]). We will assume that F is
chosen as in the introduction. We can regard H B ®z, F as a representation space for A,
Furthermore, each x € Irrz(A,) will be absolutely irreducible. We will temporarily write
ho(E, x) to denote the multiplicity of x in }AIEU ®z, F. Then (5.0.a) implies that 0z, (0) is
equal to the multiplicity of ¢ in

B mdx ()"0

x€lrry,

where x runs over Irrz(4A,) (abbreviated as Irr, here and in the summation below). By
Frobenius reciprocity, the multiplicity of ¢ in Indﬁv (x) is equal to {0y, x). Therefore, we
have the formula

(5.1.a) 0gn(0) = Y (00, X)h(E, X)

x€lrry

The quantities (7, x) are group-theoretic in nature and will be discussed for various examples
in later chapters. We will now study the h,(E, x)’s in some detail. The next proposition is
needed for that purpose. Let V,(E) = T,(E) ®z, Q,, where T,,(E) denotes the Tate module
for £ and p. We consider V,(E) as a representation space for G,.

Proposition 5.1.1. The Q,-representations spaces I/-_?E’v Rz, Qp and H° (KOO’U, V;,(E)) for
A, are isomorphic.
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Proof. One has a tower of fields
F, C K, C Ky, C K" C K" C K,,

where K" is the maximal unramified extension and K" is the maximal tamely ramified
extension of K, all subfields of an algebraic closure K, of K,. All these extensions are Galois
over F,. We have already defined Z,,N,, and G,. Let R, = G ki, the wild ramification
subgroup of N,. In this proof, we will suppress the subscript v and just write N, Z, and R.

Now Gal(K"" /K,) = Z and Gal(Koon/K,) = Z,, where Z denotes the profinite com-
pletion of Z. Hence N'/T Z /Z,, a topologically cyclic group of profinite order prime to p.
By local class field theory, we also have an isomorphism Z /R = y/ /Zy, where /¢ is the residue
field characteristic for v. We are assuming that ¢ # p. Hence Z contains a unique subgroup
P containing R such that P/R = Z,. The subgroup P is normal in A, and actually even
normal in Gg,. The profinite order of N//P is prime to p. Furthermore, R is a pro-¢ group
and hence also has profinite order prime to p.

For brevity, we will let A = E[p>°] and B = A® = E(K!")[p>] in this proof. If n € Z, the
notation A(n) and B(n) will denote the twists of A and B by x;, where x,, is the p-power
cyclotomic character of Gp,. Note that ker(y,) contains Z. Local class field theory implies
that the natural action of Gg, /P on P/R (by inner automorphisms) is given by the character
Xp- For that reason, we write P/R = Z,(1).

The group H £ is the Pontryagin dual of H'(N, A). We have the following isomorphisms
HYWN,A) = HYN/R,B) = HYP/R,BN'? .

The first isomorphism is the inverse of the inflation map corresponding to the normal sub-
group R of A/, which is an isomorphism because H'(R, A) = 0. The second isomorphism is
the restriction map corresponding to the normal subgroup P/R of N/R. It is an isomor-
phism because HY(N /P, BY) =0 for i = 1,2.

The group R acts trivially on B. The maximal quotient Bp of B on which P acts trivially
is B/(w — 1)B, where w is a topological generator for P/R. We then have isomorphisms

HY(P/R,B) = Hom(P/R,Bp) = Hom(Z,, B(—1)p) = B(-1)p .

We have used the fact that P C ker(x,) and so Bp(—1) = B(—1)p. Combining the above
observations, we have now shown that H'(A, A) is isomorphic to the maximal subgroup of
B(—1)p on which N/P acts trivially.

Recall the following easily proved fact. Suppose that G is a profinite group which has
profinite order prime to p. Suppose that C' is a p-primary group on which G acts. Then
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C% is a direct summand of C and is therefore canonically isomorphic to C;. We apply this
first to C = B(—1)p and G = N/P. It follows that H'(N, A) is isomorphic to B(—1)-

[a)

Similarly, we also have B(—1) = A(—1)g. Therefore, we have an isomorphism
HY(N,A) =2 A(=1)y .

The Weil pairing implies that the Tate module 7,,(E) is isomorphic to the Pontryagin dual
of E[p®](—1) = A(—1). Hence the Pontryagin dual of A(—1), is isomorphic to the maximal
subgroup T,(E)V of T,(E) on which N acts trivially.

The isomorphisms given above are all G, -equivariant. Thus, we obtain a Gal(K ./ F,)-
equivariant isomorphism from the Pontryagin dual of H'(N,, E[p>]), which is H Ew, 1O

Tp(E)N v. Tensoring by Q, gives the isomorphism in the proposition. O

Corollary 5.1.2. Suppose that v is a nonarchimedean prime of F and that v 1 p. The
following statements are equivalent:

(i) Hv(KoovE) =0,

(1))  Op,(0) =0 for all o € Trrz(A),
(iii)  H® (Koo, Vo(E)) =0,

(iv)  E(Kwy,)[p™] is finite.

The following statement implies (i) - (iv):
(v)  E(K,)[p] =0.

Statement (v) is equivalent to the other four statements if E has good reduction over K, or
if p>5 and E has potentially good reduction at v.

Proof. For the equivalence of (i) and (ii), note that H, (K., F) is a divisible group. Hence
H, (K, ) = 0 if and only if the Z,-rank of its Pontryagin dual is zero. Each of the groups
H,(Kw, E) for v|v has the same Z,-corank. By definition, its Pontryagin dual has Z,-rank
zero if and only if all the multiplicities g (o) are zero. The equivalence of (i77) and (iv) is
clear. Proposition 5.1.1 and (5.0.a) imply the equivalence of (i) and (%it).

Since Gal(K./K,) is pro-p, (v) is equivalent to F(K,)[p] = 0 and hence equivalent
to E(Koop)[p™] = 0. Thus, (v) obviously implies (iv). As for the converse, assume that
E(K,)[p] # 0. Then E(K,)[p] # 0. Under the assumptions about E stated in the last
sentence of the proposition, the action of N, on V,(E) and on E[p™] will factor through
a finite quotient group of N, of order prime to p. (More details about the action of G,
are given below. We apply them to N,. ) Thus, the action of N, on E[p] is semisimple.
Since we assume that E(K,)[p] # 0, the F,-representation space E[p| for N, contains the
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trivial representation as a constituent. It follows that the trivial representation occurs as a
constituent in the Q,-representation space V,(E) for N,. Hence, it does indeed follow that
H°(Kw,V,(E)) has positive dimension. Therefore, (i), and hence (i), implies (v). O

5.2 Determination of (pg., x).

We will use proposition 5.1.1 to reduce the determination of the h,(E,x)’s to studying
Vo(E)Fr = V,(E) ®q, F as a representation space for G,. We denote this representation of

G, by pg.. It is not necessarily semisimple. If x € Irrz(4,), then we can regard x as an

irreducible representation of G,. For any such Yy, let V;,(E)gic) denote the maximal subspace

of V,(E)# on which G, acts by x. Obviously,
VAE)R C HY (Ko, Vy(E)r) = HO (Koo, V(E)) @q, F

Consequently, we have h,(E,x) = (pro, x) for any x € Irrr(A,). It therefore suffices to
discuss the (pg ., x)’s. There are four cases to consider, corresponding to different reduction
types over F,.

E has good reduction at v. Then the action of G, on V,(E) is unramified. The Frobenius
automorphism over F, acts with eigenvalues «,, 3,, the roots of a quadratic polynomial
2? — a,x + N(v), where a,, N(v) € Z. Here N(v) is the cardinality of the residue field
for v and 1 — a, + N(v) is the cardinality of the set of points on the reduction of E over
that residue field. Those eigenvalues lie in a quadratic extension of Q,, possibly in Q, itself.
They must be units in that field. We will let a,, B;, denote the unique roots of unity of order
prime to p in their residue classes. The orders of &, and 3, divide p* — 1. Now F,, is the
unramified Z,-extension of F,. The eigenvalues of the Frobenius automorphism in G, acting
on V,(E) are the roots of unity a, and Ev. Thus, for a suitable F, V,(E)# is the direct sum
of two one-dimensional subspaces on which G, acts by unramified characters ,, 1, of order
dividing p? — 1. Those characters are determined entirely by the integers a, and N (v).

The action of Gp, on Q,(1) is also unramified. The Frobenius acts by N(v), a p-adic unit.
The Frobenius in G, acts by the unique (p — 1)-st root of unity in the residue class of N(v).
Thus, G, acts on Q,(1) by a character w, of order dividing p— 1. The Weil pairing on V,(E)

implies that ©,1, = w,. If x € {py, ¥}, then (pr.,x) = 1 if ¢, # ¢, and (pg., x) = 2 if
1, = p,. For any other x, we have (pg,,x) = 0.

E has multiplicative reduction at v. This case is somewhat simpler. The action of G,
on V,(E) is not semisimple. There is a unique one-dimensional G,-invariant subspace. The
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character giving the action of G, on that subspace will be denoted by ¢,. Then, ¢, = w, if
E has split multiplicative reduction at v and ¢, = w,&,, where ¢, is unramified of order 2,
if F has nonsplit multiplicative reduction at v. If p = 2, then the second case cannot occur
and ¢, is trivial. We have (pg,, x) = 0 unless x = ¢, in which case (pg,, x) = 1. Note that
the order of ¢, is not divisible by p.

E has potentially multiplicative reduction at v. In this case, V,(E) will also have a
unique one-dimensional G,-invariant subspace. If ¢, denotes the corresponding character,
then p,w;! will be a ramified quadratic character of G,, assuming that F doesn’t have
multiplicative reduction over Fy, ,. As above, we have (pg,, x) = 1 if x = ¢, and (pg ., x) =
0 otherwise. The order of ¢, is not divisible by p if p > 3.

E has potentially good reduction at v. We assume that £ actually has bad reduction
at v. There are a number of distinct possibilities for the action of G,. However, the image
of G, under pg, is finite and hence the representation is semisimple. We let ©, denote the
image of the inertia subgroup under pg,. Then O, is a normal subgroup of pg ,(G,) and
pEL(Gy) / O, is cyclic of order prime to p. The possibilities for 6, are described in [SeTa].
The order of 6, has no prime factor > 5. If pg,(G,) is abelian, then the action of G, on
V,(E)# is given by two one dimensional characters of G,, which we denote by ¢, and 1.
Since ¢, = w,, which is unramified, it follows that the restrictions of ¢, and ¥, to ©,
are both faithful. Note that it is possible for ¢, and 1, to be equal, just as in the case
of good reduction. If the image of pg, is nonabelian, then pg, is absolutely irreducible
and we denote it by ¢,. Hence, there may be at most two one-dimensional x’s for which
(pEw, x) > 0, or just one two-dimensional x. If one of those x’s factors through A,, then
E has good reduction over K,. If F has good reduction over K,, then ¢, (and 1,) factor
through Gal(K!"" /F,).

One useful remark is that if p > 5, then the action of G, on V,,(E) factors through a finite
quotient group of order prime to p. This follows from what we have said above, but it is
also quite clear directly since an element of order p can act nontrivially on a 2-dimensional
Q,-vector space only if p < 3.

For each v € %, let Irr,, = Irrz(A,) as before. Then (5.0.b) and (5.1.a) imply the formula
(5.2.a) 0(0) = D g ( > <UvaX><PE,vaX>)
vEYQ x€lrr,

The inner sum is precisely 0g,(c). For each v, there are at most two irreducible representa-
tions x of G, for which (pg,, x) > 0. Thus, at most two terms in each inner sum could be
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nonzero. Those x’s might or might not factor through A,. Even if they do, the multiplicity
(04, x) might be 0.

5.3 Projectivity and Herbrand quotients.

The missing steps for the proof of proposition 3.3.1 are contained in the following result.

Proposition 5.3.1 (i) For anyv € ®k/p, the Pontryagin dual of H,(K«, E) is projective
as a Z,[A]-module if and only if H,(Ks, E) =0.  (it) Suppose that p > 5 or that E has
good or multiplicative reduction at v. Then, for every cyclic p-subgroup P of A, we have
hp(HU(KOO,E)) < 1. Ifv € ®k/p, then hp(HU(KOO,E)) = 1 for all P’s if and only if
H,(Ky, F) = 0.

Proof. For any p-subgroup P of A and for any v, let P, be the corresponding decomposition
subgroup. (Recall that P, is actually the decomposition subgroup for some prime 1 of K,
lying above v.) Just as for A itself, we can write H,(K, F) as a direct product of modules
of the form A = Indj, (H'(Kw, E[p™])). As a Z,[P,]-module, (K ,, E[p™]) is a direct
summand of A. If v € ®g/p, then we can choose a cyclic p-subgroup P so that P, is
nontrivial.

Part (i) is now quite easy. It suffices to show that if v € ®x/p, if P is chosen so that
P, is nontrivial, and if H'(K ., E[p*]) # 0, then the Pontryagin dual of H' (K, ., E[p*])
cannot be projective as a Z,[P,]-module. Recall that projective Z,[P,]-modules must be
free. Hence their Z,-rank must be divisible by |P,|. But the Z,-corank of H'(K, ., E[p>])
is at most 2 according to proposition 5.1.1. Thus, (i) is proven except for the case where P,
has order 2 and H%(Kx,, Vo(E)) = V,(E). So we now suppose that p = 2. It is clear that
wy|p, is trivial. Thus, a generator of P, will act on V,(E) with determinant 1. Therefore, its
eigenvalues will either both be equal to 1, or both equal to -1. The same thing will be true
for its action on the Pontryagin dual of H'(K ., E[p™]), and so that Z,[P,]-module cannot
be projective.

Now consider part (ii). Let P be a cyclic p-subgroup of A and let A be as above. Shapiro’s
lemma implies that the Herbrand quotient hp(A) is equal to hp, (H'(Ksw, E[p])). Of
course, P, is a subgroup of A, and could be any cyclic p-subgroup. If P, is nontrivial,
then apart from the trivial representation, any irreducible representation for P, over Q, has
degree at least p — 1. Thus, assuming that p > 5, the action of P, on the Q,-vector space
H°(Kw,,V,(E)) must be trivial. By proposition 5.1.1 and the fact that H'(Kw.., E[p™])
is divisible, the action of P, on that group must also be trivial. Therefore,

(5.3.a) hp, (Hl(KOO,va[pOO])) = |P,|",
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where r denotes the Z,-corank of H'(K.,, E[p™]), proving the first statement for p > 5.

If £ has good or multiplicative reduction at v, then the characters xy € Irrz(A,) for
which (pg., x) > 0 are of order prime to p. Thus, the restriction of such x’s to a p-subgroup
will be trivial. That is, for any P, the action of P, on H'(K.,,, E[p™]) will again be trivial.
Just as above, one has (5.3.a) and the first statement again follows.

If v € ®g/p, then one can clearly choose P so that P, is nontrivial. Furthermore, if
hp(Hy(Kso, E)) = 1, then hp, (H'(Kw,, E[p])) = 1. It follows from (5.3.a) that r = 0.
However, H' (K., E[p™]) is a divisible group. Therefore, H'(K ., E[p>]) = 0, and hence
indeed H, (Ko, E) = 0. The other implication in the second assertion is obvious. 0J

Remark 5.3.2. As a complement to the above proposition, we will discuss the second part
of the above proposition when p < 3 and E does not have good or multiplicative reduction
at p. We use the notation as in the proof. The case of potentially multiplicative reduction is
the easiest. Suppose first that p = 3. Then ¢, is a ramified character of order 2. The action
of P, on H'(Kw ., E[p™]) will again be trivial. Hence the proof works without change. We
could indeed have included this case in the proposition.

Suppose now that p = 2 and that E has potentially multiplicative reduction at v. Then ¢,
is a ramified character of order 2. Since v {2, the character ¢, is tamely ramified and hence
is uniquely determined. If v € ®g/p, then ¢, does factor through A, and has a nontrivial
restriction to P, for some cyclic p-subgroup P of A. The Z,-corank of H'(K ., E[p™]) is
equal to 1 and one finds that hp, (H YWKwu, F [poo])) = p, Therefore, the first conclusion in
part (ii) of proposition 5.3.1 could fail in this case. One can easily find examples where
hp(Ho(K, E)) > 1.

In the case of potentially good reduction, and p = 2 or 3, it might or might not be the
case that |©,| is divisible by p. If p doesn’t divide |©,]|, then the characters x for which
(pEw,x) > 0 will be of order prime to p, and so the proof of proposition 5.3.1 still works.
On the other hand, assume that p divides |©,|. If ¢, or ¥, factor through A,, then O, is
isomorphic to a subgroup of A, and hence, for some P, we will have P, C ©,. The action of
P, on H' (K., E[p>]) will then be nontrivial. In such a case, the Herbrand quotient will
again be greater than 1. It is then possible to have hp (HU(KOO, E)) > 1. This can happen
for either p =2 or p = 3. O

6 The case where A is a p-group.

Formula (1.3.c) is based on the fact that if A is a p-group, then Irr¢(A) contains only the
trivial representation 7, = 7,. By using the results of chapter 5, we can refine that formula.
One of the additional simplifying features in this case is that A, will also be a p-group for
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any prime 71 of K, (reverting back to the notation in the beginning of chapter 5). Assuming
that n | v, where v { p, 00, it is clear that A, is actually the inertia subgroup of A for 7.
This is because F,, is the unramified Z,-extension of F, and hence there are no nontrivial
unramified p-extensions of F,,. Thus A, is nontrivial if and only if v € ®x/p. We let
e, = |A,|, the ramification index for » in the extension K. /F.. The ramification is tame
and so e, divides N(n) — 1, where N(n) denotes the cardinality of the residue field for 7. It
follows that if v € ®/p, then p, C Ky ,. Since A, is a p-group, it acts trivially on j, and
hence the character w, is trivial. That is, we have p, C Fi,.

Another simplifying feature is that for n and v as above, if x € Irrz(4,) is a nontrivial
representation, then usually (pg,,x) = 0. This is true if p > 5 or if E' has good or multi-
plicative reduction at v, because, as pointed out in chapter 5, (pg,,x) > 0 implies that x
factors through a group of order prime to p. However, if p = 2 or 3, one can sometimes have
(pE.w, X) > 0 for a nontrivial x.

We will prove the following proposition. It is assumed that E has good, ordinary reduction
at the primes of I’ lying over p. The trivial character of A, is just the restriction of o, which
we will denote by o,,. But we will also sometimes use the notation y,, when it seems more
appropriate.

Proposition 6.1. Suppose that p > 5, that A is a p-group. and that o € Irrr(A). Assume
also that Selp(F.)[p) is finite. Let ¥, = ®g/p. Then

)‘E(U) >‘E 00 + Z gv Uv7X0v>)<pE,v7X0,v> .

VEY

Furthermore, for v € X, (pg.v, Xow) = 2 if E has good reduction at v and E(F),)[p] # 0,
(PEw, Xow) = 1 if E has split multiplicative reduction at v, and (pg ., Xen) = 0 otherwise.

Proof. 1t is proved in [HaMa] that if Selg(F)[p] is finite, then Selg (K )[p] is also finite. (See
also chapter 4 for an argument using the concept of a Selmer atom.) The other assumptions
in proposition 3.2.1 are clearly satisfied and so we can apply formula (1.3.c). Together with
formula (5.2.a), we have in general

Ap(0) = n(o)Ap(oy) Z%(Z n0)<00,U,X)—(Ov,x>)(pE,mX>) ~

vEY XEIrry,

Since p > 5, we have (pg., x) = 0if X # Xo,. Here 04, = 04|a, and obviously (o4, Xo) = 1.
This gives the formula in the proposition.

Assume that E has good reduction at v. Then (pg., Xo») > 0 if and only if x,, is equal
to ¢, or ¢,. However, ,1, = w,, which is trivial, and so x,, = ¢, means that both ¢, and
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1, are equal to x,, and that (pg., xon) = 2. Since the action of G, on El[p| is unramified
and factors through a group of order prime to p, we have the equivalences

</0E,v7 Xo,v> =2 — Pv = Xo,v = E(Foo,v)[p} 7é 0.

Actually, these statements are equivalent to the assertion that Elp|] C E(F,). Since
Foo/F, is a Z,-extension, E(F,)[p] # 0 if and only if E(F,)[p] # 0. Therefore, we
see that (pg.v, Xow) = 2 if E(F,)[p] # 0 and (pg.u, Xon) = 0 otherwise. The assumption that
p > 5 is not needed for this assertion.

Now assume that E has multiplicative or potentially multiplicative reduction at v. Since
Wy = Xow, it follows that ¢, = X, if and only if E has split multiplicative reduction at v.
Hence (pg.y, Xow) = 1 just in that case and (pgy, Xo») = 0 otherwise. Again, this assertion
is valid for all p.

Finally, assume that E has additive reduction at v. Then (pg,,x) > 0 implies that y is
ramified at v. Thus, x # x,.». However, if p > 5, then (pg,, x) > 0 implies that x factors
through a quotient of G, of order prime to p. Hence, if y also factors through the p-group
A,, then x = x,.. Therefore, it follows that (pg,, x) = 0 for all x € Irr,. O

Remark 6.1.1. In the above proposition, suppose that A is a cyclic group of order p”
where r > 1 and that o is a faithful character of A. We also take ¥, = ®x/p and p > 5.
Then the formula takes the following simple form:

Ap(0) = Ap(00) + D gu{pme Xow) -

VEXQ

This is clear since n(c) = 1 and o, is nontrivial for any v € @ /p. O

Remark 6.1.2. The formula proved in [HaMa| follows from proposition 6.1. We make the
same assumptions and let o vary over Irrz(A). We use formulas (1.2.b) and (1.3.c) which
give

Ap(Ka) = Y n(@)he(o) = Y n(0)Aplo0) + D n(0)’55"(0,) — D n(0)dg' (o) -

g o g g

Of course, Y~ _n(0)? =|A| and Ag(0,) = Ag(Fx). Thus, the first sum on the right is equal
simply to |A|Ag(F). The second sum is

|A| Z gv<pE,U7X0,v> = Z [A : An]gveﬂ<pE,vaX0,v> .

VEYX VEXQ
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Note that for each v € 3, the quantity [A : A,]g, is equal to the cardinality of the set of
primes of K, lying over v. The third sum is

Z ( 520 ng pEvaXOv (Z ()(UUaX0v>> = Z<pE,v7X0,v>gv[A:An]

o vEY o vEY

since (0y, Xov) 1s the multiplicity of ¢ in the induced representation Indﬁn(xw) and the
dimension of that representation is [A : A,]. Thus the second and third contributions are

S o vl B Algafen — 1)
VEYQ
Therefore, the formula that we derive is
Ap(Koo) = [ADp(Fx) + D (ey=1) + 2 (e —
neX, neEXa

where ¥ denotes the set of primes of K, lying over a v € ¥, where E has split multiplicative
reduction and Y, denotes the set of primes of K lying over a v € ¥, where E has good
reduction and E(F),)[p] # 0. This is exactly the formula proved in [HaMa].

Conversely, the formula proved in [HaMa| implies proposition 6.1. One must apply the
formula to all intermediate fields F” for the p-extension K/F. The non-primitive version of
that formula takes the following form:

N (Fl) = [F' o FINY (Fx) = [F': FIXR (00)

This is valid even if F/F is not Galois since there will be a tower of subfields of F’, starting
from F', ending with F’, each Galois over the preceding field. This is so because A is a
p-group. If A" = Gal(K/F"), then it follows that

AE (Lar) = [A: A (00)

The characters of irreducible representation of A over Q can be expressed as linear combina-
tions of the characters for the induced representations Ind%,(1a/). Using this together with
the second part of remark 2.1.8, one deduces that

PECE (Znto)) 2

g
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where o varies over any Q-conjugacy class of irreducible representations of A. However, if
o1 and oy are conjugate over QQ, then they are also conjugate over Q, and hence it follows
that A% (01) = A\2°(09). Of course, n(oy) = n(oy) too. Therefore, we indeed have

g (0) = n(0) X5 (00)
for all o € Irrz(A). O

Remark 6.1.3. We will discuss the dihedral group A = Dy, here because it requires just
a simple application of remark 6.1.1. We still assume that p > 5. The quadratic extension
of F contained in K is K, the fixed field for the Sylow p-subgroup II of A, which we will
denote by K,. The order of II is p". Suppose that r > 1 and that o is a faithful element of
Irr#(A). Then o = Ind§ (), where 7 is a faithful character of II. We have Ag(7) = Ag(0)
and Ag(m,) = Ag(0o) + Ag(01), where o, and oy are the two 1-dimensional representations
of A and 7, is the trivial character of II. (See remark 2.1.8.) Applying remark 6.1.1 to m,
we obtain the formula

Ag(0) = Ap(0,) + Ap(o1) + Z gv((ﬂE,va Oow) + (PEw, 01,U>)

IS

There may be one or two primes of K, lying above each v, and one checks both possibilities
to verify this formula. Note that, in remark 6.1.1, the g, is ¢,(K,), whereas in the formula
just stated, g, = g,(F). O

7 Other specific groups.

We will discuss the determination of congruence relations for certain groups A and primes
p. As previously, the trivial representations of A over F and f will always be denoted by
o, and T, respectively. The other representations will be denoted with double-subscripts
n,i, where n indicates the dimension n(o) or n(7), written in boldface, and where i > 1.
However, if there is only one nontrivial representation of a given dimension, we will suppress
the second subscript.

In section 7.1, we first consider the solvable groups A4 and S4. For any prime p, they
are p-solvable and that simplifies the discussion. We also discuss the non-solvable group
Ss. In each example, we will specify the smallest field F over which the representations
are realizable, possibly significantly smaller than the F specified in the introduction. In
section 7.2, we discuss the group PG Ly(Z/pZ) and describe the representation theory and
congruence relations rather completely. In sections 7.3 and 7.4, we discuss interesting families
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of groups which will come up in some of our later illustrations. However, although the
discussion will include many of the irreducible representations of those groups, it is still
somewhat incomplete.

One fact in modular representation theory that we will use frequently has to do with
induced representations. Suppose that © is a subgroup of A. One can regard Indg as a
homomorphism from Rz(©) to Rz(A) or as a homomorphism from R(O) to Rj(A). Those
induction maps commute with the decomposition maps for the groups © and A. One can
find a proof of this commutativity on page 502 in [CuRe], volume 1. We will often use the
following consequence.

Suppose that 0, and 0y are representations of ©. Let py = Ind5(61) and py = Ind5(6,). If

0185 = 6285, then ﬁlss = ﬁgss

We want to give an alternative justification here by using character theory. As in [Se77], let
A,y denote the set of elements of A whose order is prime to p. Define 6,4 in the same way.
If x is a character of a representation p over F, then Brauer proved that p* is determined
up to isomorphism by x|a,.,. This is corollary 1 to theorem 42 in [Se77]. Furthermore, if
p = Indg(f), then there is a standard formula for y in terms of the character ¢ of §. That
formula shows that x|a,,, is determined by lg,.,. Therefore, up to isomorphism, p* is

determined by fss.

7.1 The groups A4, 54, and Ss.

A. A=A,. Wehave s =4. We can take F = Q(u3). The elements of Irrx(A) are oy,
01,1 and 072 (the last two of which are the characters of order 3), and o3 (of dimension 3).
The group A has a normal subgroup II of order 4, the Klein 4-group, and g = Ind5(x),
where y is any one of the three nontrivial characters of II. Note that o3 is defined over Q.
The prime divisors of |A| are 2 and 3. The determinant of o3 is o,.

Consider first p = 2. Then f = F, and ¢ = 3. The three elements of Irri(A) factor
through the abelian quotient group A/II and are 7, = 7,, 711 = 011, and 715 = 012. We

have o3
relation

88 ~vU

= 7,071,19712. Thus, for any projective Zy[A]-module X, we have the congruence

AX,03) = AX,00) + A(X,011) + A(X, 01,2)

This equation becomes fairly obvious if one uses the fact that X must be a free Zy[II]-
module. Its Zy[II]-rank r will be equal to the Z,rank of X" and that is just the sum of
the multiplicities of the 1-dimensional representations o,, 011 and 015 in Vr = X @z, F.
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But dimz(Vr) = 4r and hence the contribution of the 3-dimensional representation oz has
F-dimension 3r, and therefore multiplicity r. Note that we also have the conjugacy relation
AMX,011) = ANX, 01.2).

For p = 3, we have t = 2 and f = F3. The two elements of Irrj(A) are 7, = 0, and
T3 = 03. We have 011 = 015 = 7,. Thus, for a projective Z3[A]-module X, we have the two
congruence relations

MX,00) = MX, 01,1) = M(X, 01,2)

which are also obvious from the fact that o,, 01,1 and o1 5 factor through the quotient A/II,
a 3-group. The second equality is also a conjugacy relation.

B. A=S5;. Wehave s =5 and can take 7 = Q. The elements of Irrx(A) are o, and o4,
both one-dimensional (the trivial and sign characters), one two-dimensional representation
o2, whose kernel is the Klein 4-group II, and two three-dimensional representations os; and
032 = 031 ® 01. Those two representations are induced from nontrivial characters of a
Sylow 2-subgroup of A. We let 03, be the representation whose determinant is o,. Thus,
det(@'g,Q) = 01.

First p = 2. We have ¢ = 2. The elements of Irrj(A) are 7, and a 2-dimensional
representation 7o = 0z. Clearly, 0, = 07 = 7,. Also, 031" = 032" = 7, ® 72. The three
independent congruence relations for a projective Zy[A]-module X are

MX,01) = MX, 00), AMX,031) = ANX,032) = AMX, 00) + A(X, 02).

For p = 3, we have t = 4. There are two elements of Irrj(A) of dimension 1, namely
T, = 0, and 73 = o1, and two representations of dimension 3, namely 73; = 03, and
T32 = 032. We have 03”° = 7, @ 71. For a projective Zz[A]-module X, we have

AMX,02) = AMX,00) + M X, 01) ,
which is actually just the congruence relation for the projective Zs[A/II]-module X!

C. A =G We have s = 7 and can take F = Q. The elements of Irrz(A) are
of dimensions 1, 4, 5, and 6, two of each dimension except for 6. We denote them by
0y, 01, 041, 042, 051, 052, and og. Tensoring by oy interchanges the two representations
of each of the dimensions 1, 4, and 5. We identity S, with a subgroup H of S5 in any
way. Thus, we can regard S5 as the group of permutations on the left cosets of H in S5.
Choose 04,1 so that its restriction to H contains the trivial representation. That is, o4,
is the 4-dimensional irreducible constituent in the permutation representation Indz} (1p).
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Its determinant is o1. Of course, 042 has the same determinant. The determinant of og
is also o1. However, it will be convenient to take o5, to be the 5-dimensional irreducible
representation with determinant o,. And so the determinant of 055 will be o1. A reference
for the decomposition matrix information that we will now cite is [J-K], which contains useful
tables for the symmetric groups.

For p = 2, we have t = 3. The elements of Irrj(A) are of dimension 1 and 4: 7,741
and 749. In fact, o4, is irreducible and we take that reduction to be 74;. We also have
042 = Ta1. As for 740, it isn’t of the form & for any ¢ € Irrz(A), but it is a direct summand
in 05,"°, 052", and 0¢”". The complementary summands are 7,’s. Thus, we have the
following congruence relations for a projective Zy[A]-module X:

)\(X, 0'1) = )\(X, 0'0), )\(X, 0'4’2) = /\(X, 0'471)7 )\(X, 0'5’2) = /\(X, 0'571)

/\()(7 0'6) = )\(X, 0'0) + )\(X, 0'5’1) .

In this example, 7, and 74, have liftings o, and 04,1, respectively, and so we recover the
corresponding weights quite easily: w(X,7,) = AMX,0,), w(X,741) = A(X, 04,1). However,
for 749, we have w(X, 742) = AN(X, 051) — AM(X, 7).

If p =3, then t = 5. The elements of Irr(A) are of dimension 1, 4, and 6, two of
each dimension except 6. All of the elements of Irrj(A) can be lifted to elements of Irrz(A)
(even though Sj is not 3-solvable). They are 7, = 7,, ™ = 01, Ta1 = 041, Taz = Oa2, and
76 = 0¢. The 5-dimensional representations of A have reducible reductions: 05" = 741 ® 71
and 052" = 740 @ 7. Thus, for a projective Z3[A]-module X, the congruence relations are

/\(X, 0'571) = )\(X, 0'1) + )\(X, 0'4’1), )\(X, 0'572) = )\(X, O'O) + )\(X, 0'4)2)

In this example, every 7 in Irr(A) has a unique lifting o in Irrz(A) and we then have
w(X,7) = AX,0).

For p = 5, we have t = 6. However, S5 = PGLs(F5). This example is included in the
next section which considers the family of groups PG Ly (F,), where p is any odd prime. In
fact, Sy = PGLy(F3), which was already discussed above for p = 3 and is also a special case
of section 7.2.

D. Blocks. We want to briefly discuss an important aspect of modular representation
theory, although it will not play a real role in the present paper. It does shed some light on
congruence relations. For a given finite group A and a prime p, the sets Irrz(A) and Irrj(A)
can both be partitioned into blocks in a standard way. This corresponds to writing the
matrix D,(A) in a block form. Let Sy, ..., Sy denote the distinct blocks in Irr#(A), 7, ..., 7
the corresponding blocks in Irrj(A). For each i (with 1 < i < k), if o is in S, then every 7
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such that d(o,7) > 0 will be in 7;. If 7 € 7;, then every o such that d(o,7) > 0 will be in §;.
The blocks provide the finest partitions of Irrz(A) and Irrj(A) with these two properties.
(We refer the reader to chapter 9 in [CuRe| for a complete discussion.)

If s; = |S;| and t; = |7;|, then the corresponding submatrix in D,(A) is a ¢; X s; matrix.
The rank of that submatrix is ¢; because Zle t; =t and the matrix D,(A) itself has rank
t according to the theorem of Brauer cited in section 1.1. Therefore, we have t; < s; for all
1. The congruence relations can be found block-by-block, each block §; contributing s; — t;
independent relations.

For the groups A4 and Sy, the congruence relations involve just the irreducible representa-
tions of the block that contains the trivial representation o,, the so-called “principal block”.
However, for S5 and p = 2, there are two blocks and the non-principal block {041,042}
gives one of the four congruence relations. The other three come from the principal block
{00,01,051,052,06}. For p = 3, there are three blocks and the two congruence relations
come from the principal block and the block for o1. Those two blocks are {0, 042,052} and
{01,041,05,1}. The third block is simply {oe}.

Other illustrations involving congruence relations and blocks are discussed in remark
7.2.8, remark 7.3.2, and at the end of part B of section 7.4.

7.2 The group PGLy(F,).

We consider A = PGLy(F,), where p is any odd prime. We will discuss in some detail the
modular representation theory for A and for the prime p.

A. Representations in characteristic 0. First we describe thet irreducible representations
of A over a sufficiently large field F (of characteristic zero). They are of dimension 1,
p—1, pand p+ 1. By counting characteristic polynomials, one finds that s = p + 2. The
commutator subgroup A’ of A has index 2 and so there are two elements of Irrr(A) of
dimension 1, the two characters o, and o7 which factor through A/A’. If ¢ € Irrz(A),
then so is ¢ ® o1, which has the same dimension. One of the two p-dimensional elements
of Irrz(A) is the Steinberg representation. We denote this by og. It can be defined by
the isomorphism o, @ oy = Indg(l B), where B denotes the image of the group of upper
triangular matrices in A and 1 is the trivial representation of B. Viewing Ind%(15) as the
permutation representation of A on the set of 1-dimensional subspaces of F]%, one easily sees
that the determinant of o is 07. The other p-dimensional irreducible representation of A
is 05+ ® 01 which has determinant o,. We will let 01 = 05 ® 01 and op2 = 0.
p-3

All of the other elements of Irrr(A) have even dimension. There are Z* of dimension

p+1, which we denote by o1 j, where 1 < j < ’%3. These are of the form Indg(w) where 1)
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is a 1-dimensional character of B such that 1 # ™!, Both 1 and ™! give the same induced
representation. To make the notation more precise, we will define a canonical character
B : B — Z; and then we let 05,4 ; denote Ind5(37) for 1 < j < 22 The definition of 3
is very simple and natural. Consider the action by inner automorphisms of B on its Sylow
p-subgroup II, a normal subgroup of B of order p. That action defines a homomorphism

B : B — F whose kernel is II. Thus, if b € B is represented by the matrix (b(l)l 212),
22

then E(b) = by1by5. Define the character 3 : B — Z) to be the unique lifting of B Thus,
3 is a character of B of order p — 1 and hence 1) = 3’ satisfies 1) # ™! for 1 < j < 3%3.

As for the elements of Irrz(A) of dimension p — 1, there are 3%1 of those, which we denote
by 0p1,;, where 1 < j < 7%1. To make the notation more precise for those representations,
we will first need to consider their reductions modulo m. The following result will be helpful
for that purpose. Since s —t = 1 in this example, it will also give the one independent
congruence relation that exists.

Proposition 7.2.1. Suppose that A = PGLy(F,), where p is an odd prime. Then we have

p-3 p-1
o =
~ — —~——55 ss
00@01@@ Op+1; = @ Op1,j -
j=1 j=1

Consequently, if X is a quasi-projective Zy[A]-module, then we have the congruence relation

p-3 p-1
2 2

MX, o)+ MX,01) + D> MX, 0pirg) = > AMX,0pay).
=1 =1

Proof. Let B and II be as above. The group B has p — 1 representations of dimension
1, namely the distinct powers of the character 3, as well as one irreducible representation
of dimension p — 1, which we will denote by =~ in this proof. Let [, denote the trivial
representation. The other “self-inverse” character of B is ﬁ%l. But this coincides with
01)|p and so we will denote it simply by ;. The representation « is IndS(7), where 7 is
any nontrivial character of II. Frobenius reciprocity implies that 0,1 ;|5 has (7 and [7
as its 1-dimensional constituents and hence v as another constituent, all with multiplicity
1. If o is any one of the elements of Irrz(A) of dimension p — 1, then o|p has no 1-
dimensional constituents and hence must be precisely v. The restriction of the 1-dimensional
representations to B are obvious (namely, 5, and (), and the restrictions of o, or gp2 to
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B contain v as one constituent and 3; or 3,, respectively, as the other, all with multiplicity
1. Thus, every element of Irrz(A) occurs in Ind4 (7) = Ind3 () with multiplicity 1, except
for o, and oy which don’t occur at all.

On the other hand, if m, denotes the trivial character of II, then every 1-dimensional
representation of B occurs as a constituent in Indf (m,) with multiplicity 1, but v does not
occur. Therefore, the representations o,, 01, 0p1, 0p2 occur with multiplicity 1 in Indﬁ(ﬂo),
each of the 0,41 ;’s occur with multiplicity 2, but none of the 0,4 ;’s occur.

Now, as representations of II, we have ™ = 7,. Thus, if we consider the definition of the
induced representation by monomial matrices, it is clear that

—~—— 88 —_— SS

Ind4(7) = Ind§(m,)

If we compare the constituents and their multiplicities, as described above, then we obtain
the stated isomorphism. The congruence relation follows immediately. O

Remark 7.2.2. It is worth pointing out that the irreducible representations of B are the
1-dimensional representations 3, where 0 < j < p — 2, and the single (p — 1)-dimensional
representation v which occurred in the above proof. O

Remark 7.2.3. Suppose that o € Irrz(A). Then det(o) is determined by o|g. Of course,
det(o) is either o, or 01. We already know det(o) for the four odd-dimensional o’s. If v
is as above, then det(y) = oq|g. The remarks in the above proof about o|p imply that
det(o) = o1 when n(o) = p+1 or p — 1. Thus, the determinant of all the even-dimensional
and two of the four odd-dimensional elements of Irrx(A) is equal to ;. O

B. Characteristic p. Now we come to the irreducible representations of A in characteristic
p. The elements of order p in A form one conjugacy class, represented by any generator of
IT. All other elements of A have order prime to p. Thus, we have t = p+1. The elements of
Irr¢(A) are of odd dimensions varying from 1 to p, two for each such dimension, interchanged
by tensoring by the nontrivial character of dimension 1. We denote them by 7;; where
j€{1,3,...,p} and k € {1,2}. The two 1-dimensional irreducible representations will also be
denoted, as usual, just by 7, and 7;. For each possible dimension j, one of the representations
has determinant 7, and we denote that by 7;,. Thus, 7;, has determinant 4. All of these
representations are defined over F, and will be described in terms of the symmetric powers
of the tautological 2-dimensional representation of GLy(F),). For any n > 0, let sym™ denote
the n-th symmetric power. We will view sym™ in the following way. Let P, be the F,-
subspace of the polynomial ring F,[z, y] consisting of all homogeneous polynomials of degree
n. Then GLy(F),) acts on P, by linear substitutions. The F,-dimension of P, is n 4+ 1. In
order to obtain representations which factor through the quotient group A = PGLy(F,), we
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must twist by a suitable power of the determinant homomorphism det : GLy(F,) — F;.
This is possible if n is even. For any j € {1,3,...,p}, we define

._1 _E
Ti1 = sym’” @det?, Tj2 = Tj1 @71

The determinant of 751, as just defined, is indeed seen to be 7,. Note that 74 = det™s and
S0 T2 is also a twist of sym?™ by a suitable power of det.

It will be useful to have a somewhat different characterization for the elements of Irrj(A).
We consider their restrictions to B and to the p-subgroup II. Let u be the generator of II

. 11 . . . o
represented by the matrix a = (0 1), where 1 is written for the identity in F,. Suppose

that 0 < n < p — 1 and that n is even. The underlying vector space for sym” ® det 2
will be denoted by P,(-5). There is a descending filtration on that space defined by the
subspaces (u — idp)*P,(-2) for 0 < k < n+ 1. Each of these subspaces is invariant under
the action of B and has codimension 1 in the preceding subspace. This filtration is the
unique composition series for ,,(—%) as a representation space for II, and also for B. The
top subquotient P, ( 2)/(u — idp)P,(—7%) is represented by y", the next subquotient is
represented by zy"” etc The bottom subquotient is (v —idp)"P,(—%) and is represented
by x™, which is killed by u — 1. Note that if b € B is represented by a diagonal matrix with
dlagonal entries by1, bas, then all the monomlals 2y, where i + j = n, are eigenvectors for
b. The eigenvalue for 4" is b, (bi1bss) "% = B(b)"5. The eigenvalue for 2" is 3(b)s. The
eigenvalue for z2yz is 1 (in F »). All other eigenvalues occur in pairs whose product is 1.
Thus, it is clear that the action of B on the Successwe subquotients in the above filtration

on P,(—%) is given by powers of 6, varying from ﬁ 2 at the top to 32 at the bottom. The

exponent of the power of 6 increases by 1 at each step. There is an odd number of steps in
the filtration, the action of B on the middle step is given by 7,|p, and so it follows that the
determinant of this representation, restricted to B, is trivial. The element of Irrj(A) just
described is of dimension n + 1 and has determinant 7,. It is precisely T,41,1. If we twist
by 71, then we obtain 7,419 and the action of B on each subquotient of the corresponding
composition series has been twisted by 71|p = B 5

We can define a function ch : Irrj(A) — Irry(B) as follows. For each 7 € Irrj(A), let
U, denote the underlying f-representation space. Let ch(7) be the character of B giving the
action of B on the highest subquotient in the filtration on U, described above. Thus, if
j€{1,3,...,p}, then

=_J

chir;) = 377, ch(r;s) = 37

It is clear that the map ch is surjective and that 7 is determined by ch(7) except when
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n(7) =1 or p. We have
Ch(Tp,l) = Ch(Tl) = ﬁ%l = 7_1|B = b, Ch(Tp,Q) = Ch(TO) =0 .

If 1 < n(7) < p and if ch(r) = 1), then the characters of B which occur in the filtration for
U, are {J, @ZE, e Jl} One has @Z #+ @Z‘l and every character of B occurring can be paired
with its inverse, except for the character for the middle of the filtration which will be either
0, or 6%. The determinant of 7 is determined by this middle character. Of course, the
number of characters that occur is n(7). If n(7) = 1, then ch(r) = 7|g. If n(t) = p, then
ch(t) = 1; will be one of the two characters satisfying 1; = 1;‘1, which occurs twice, and the
middle character will be the other self-inverse (or self-dual) character of B, and again this
middle character determines the determinant of 7.

We remark in passing that each 7 is self-dual. This is clear because the elements of
Irrg(A) are determined by their dimension and determinant. The determinant is a character
of order 1 or 2 and so, letting 7 denote the contragredient of any element 7 € Irr;(A), we have
det(7) = det(t)? = det(r). Obviously, n(¥) = n(7) and so indeed ¥ = 7. The restriction
of 7 to B will also be self-dual and so the symmetry in the powers of E occurring in the
filtration for U,, which we saw above, is to be expected. The character occurring in the
middle step must be self-inverse, i.e., either 3, or ;. Correspondingly, det(7) is then 7, or
71, respectively.

C. The decomposition numbers, indecomposable projective modules, and blocks. We can now
obtain rather complete information about the decomposition matrix D,(A) for A. There are
only four odd-dimensional representations in Irrz(A) and their reductions are irreducible.
Namely, we have 0, = 7, 01 = T1, 0p1 = Tp1, and opo = Tpo. Thus, the only elements of
Irri(A) which can be lifted to characteristic 0 are the ones of dimension 1 or of dimension p.
As for the other representations o € Irrz(A), it turns out that ¢ has just two composition
factors which we will now determine. The following describes what they are for each of the
(p + 1)-dimensional representations op4q ;. For those of dimension p — 1, the proposition
specifies what they are and also serves as the definition of the index j which was left undefined
above.

Proposition 7.2.4. Suppose that A = PGLy(F,) and that 1 < j < ]%3. Then

—~——8

S~ /
Op+1j =THT,

where 7 and 7' are the unique elements in Irri(A) such that ch(t) = 37 and ch(') = 37,
Also, suppose that 1 < j < pT'l. Then

—~—— 5SS ,
Op-1,5 =Z=7rdT s
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where T and 7' are the unique elements in Irr{(A) of dimension at most p — 2 such that

ch() = 3 and ch(r') = B9,

Proof. As mentioned in the proof of proposition 7.2.1, 6,41 |p has (7 and §7 as its 1-
dimensional constituents and hence v as another constituent, all with multiplicity 1. Now 7

has all of the powers of B as its 1-dimensional constituents. Thus, the restriction of U/p;:l,/j %o

B is isomorphic to the direct sum of all the distinct powers of B , all with multiplicity 1 except
for 47 and (37, which have multiplicity 2. In particular, the self-inverse characters (3, and (3,
occur with multiplicity 1 each. This last fact implies that there are exactly two irreducible
constituents in 0/;;55. Furthermore, in order for 3 and 57 to occur with multiplicity 2,
the irreducible constituents must be precisely the ones described in the proposition.

Now suppose that o € Irrz(A) and has dimension p — 1. We then have o|p = . Hence,
the restriction of 6*° to B is isomorphic to the direct sum of all the distinct powers of E,
all with multiplicity 1. This implies that 3, and 3; occur with multiplicity 1 each, and so
again there are exactly two irreducible constituents in ¢**. In order for each power of 3
to occur with multiplicity 1 in %%, the two irreducible constituents must be precisely the
ones described in the proposition for some value of j. The inequality 1 < j < 7%1 uniquely
determines that j. Proposition 7.2.1 implies that each of those irreducible constituents will
occur in ¢ for exactly one of the ¢’s of dimension p — 1. And so, each j occurs just once
and we can denote the given o by op1 ;. It is determined by j up to isomorphism. 0

Corollary 7.2.5. All elements of Irrz(A) can be realized over Q,.

Proof. Tt is clear from the definitions that the elements of Irrz(A) of dimension 1 or p can
be realized over Q. The 0,11 ;’s are induced from 1-dimensional representations ¢ of B.
Each such 1 is a character of order dividing p — 1 and so has values in Q. Hence the
corresponding induced representation is realizable over Q,,.

If o is of dimension p — 1, one can use the fact that every 7 € Irrj(A) is actually defined
over F,. Suppose that o, and o, are of dimension p — 1 and conjugate over Q,. Then
their reductions 7,* and 7,” would be conjugate over F,, and hence isomorphic. However,
proposition 7.2.4 implies that ¢ is determined up to isomorphism by the constituents 7 and
7" in ¢*°. Hence o, and o, would be isomorphic. Thus, for any o € Irrz(A) of dimension
p — 1, the character of o has values in Q,.

Finally, we must show that the Schur index for o over Q, is 1. Consider the representation
v of B defined earlier. It is realizable over Q, (and even over Q). Hence Ind%(y) is a
representation of A over Q,. But o|p = v and hence o occurs with multiplicity 1 in Indé(’y).
The assertion about the Schur index follows from this. 0
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The indecomposable, projective O[A]-modules P, are direct summands (as left ideals)
in O[A]. The multiplicity of P; is n(7). The following result gives their O-ranks. It is
easily derived from proposition 7.2.4 by using the fact that each ¢ € Irrz(A) contributes
n(o)d(o, ) to the O-rank.

Corollary 7.2.6. Suppose that 7 € Irry(A). We have ranko(P;) = p if n(r) = 1 or
n(7) = p, and rankep (PT) = 2p for all other T’s.

Remark 7.2.7. Note that the F-representation space P, ®o F for A is irreducible if
n(7) = p, and is a direct sum of two distinct irreducible representations of A for all other
7’s. One of those representation spaces has dimension p — 1; the other has dimension 1 or
p+1. Each of the irreducible representations of dimension p—1 or p+ 1 occurs as a summand
in P, ®o F for exactly two 7’s, precisely as indicated in proposition 7.2.4. O

Remark 7.2.8. Proposition 7.2.1 provides another illustration of the fact that congruence
relations arise from the individual blocks, just as described in part D of section 7.1. In this
case, it is the principal block which gives the congruence relation. To explain this, note
that proposition 7.2.4 allows us to determine the blocks for A = PGLy(F,) and p. There
are two nonprincipal blocks, which are just the singletons {o,1} and {o,2}. Note that
those representations are realizable on F-vector spaces which contain projective A-invariant
O-lattices, namely P, , and P, ,, respectively. The principal block consists of all of the
other elements of Irrz(A). One can verify this by repeatedly using proposition 7.2.4. If
01,09 € Irrx(A) are such that 0,°° and 65” have an irreducible constituent in common, then
we will say that they are “linked”. If so, then oy and o, are in the same block. Thus, in
order, we have the following linked pairs:

(7-2-3) 0o, Op-1,15 Op1,15 Op+1,15, - - -5, Opl1, 01

and all the elements of Trrz(A), except for the two of degree p, are easily seen to be included
in the list and hence in the principal block. Following this same approach, one can also
express the w(X, 7)’s in terms of the A(X, 0)’s for any projective Z,[A]-module X. O

D. The representations p, ¢, and k. It will be useful for proposition 7.3.1 below to discuss
the following three representations of A:

p-3

2
p = @ o), ¢ = Ind5(9), kK = 0,B01D0op1 Dopa® @ 0123+17j

i=1
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Of course, p is just the regular representation for A over F and n(p) = |A| = p(p+1)(p—1).
Also, n(¢) =n(k) = (p+ 1)(p — 1). We can describe ¢ and & in the following ways:

p-2
C= o omd k= B
(0)>1 j=0

where we are using the notation o1 ; for the representation Indﬁ(ﬁj ) for any j in the range
0<j<p-—2,and not just for 1 <5 < %3 as before. Thus, 3/ can be any power of 3. The
justification for the first isomorphism is that if o € Irrx(A) and n(o) > 1, then o|p has v as
a constituent with multiplicity 1. One then applies Frobenius reciprocity. The justification
for the second isomorphism is again Frobenius reciprocity. It follows from what we have
described previously concerning the (37’s which occur in the restrictions o|p for o € Irr(A).
Note that op 41 ; is reducible for two values of j. For j = 0, it is isomorphic to o, ® 0p 2. For
j = %, it is isomorphic to o1 @ 0p ;.

The reductions modulo m of k, (, and p are related as follows:
(7.2.b) R o (7).

A8 o

The first isomorphism follows from the fact that 7% = ?;20 ﬁj as a representation of B.
The second follows easily from proposition 7.2.1.

We also recall the following notation from the introduction. If X is a finitely-generated
Z,|A]-module, then we obtain a group homomorphism Ax : Rz(A) — Z. This is determined
by Ax(0) = A(X,0) for all o € Irrx(A). For example, we have

IS
w

r

(7.2.c)  Ax(k) = Ax(00) + Ax(01) + Ax(0p1) + Ax(0p2) + 2> Ax(0pi1)

1

J

Remark 7.2.9. One can use proposition 7.2.4 to determine the multiplicity of 7 in k** for
any 7 € Irrj(A). It is given by (**,7) = 1lifn(r) =1lorp, (¥, 7)=2if1<n(r)<p. O

7.3 The groups PGLy(Z/p"1Z) for r > 1.

Suppose that » > 1 and that p is an odd prime. We let A, = PGLy(Z/p"'Z). We have
already discussed the representation theory of A, = PGLy(Z/pZ) in section 7.2. Since the
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kernel of the map A, — A, is a normal p-subgroup of A,, we therefore know the irreducible
representations of A, in characteristic p.

A. Characteristic zero. ~ We will now summarize some results about the representation
theory of A,. They are extracted from [Sil]. The irreducible complex representations are
described there, but the results apply to an extension F of Q, containing enough roots of
unity, as in the introduction. The field F may depend on r and we denote it by F,.. An
element of Irrx, (A,) is called r-primitive if it doesn’t factor through the quotient group A, ;.
There are exactly p"*! such representations. Their dimensions will be one of the following
possibilities

(7.3.2) a. = (p+1)p, by =(p—1)p", ¢ =(p+1)p-1p
Let A,, B,, and C, denote the corresponding subsets of Irrz (A,). Then
(7.3.b) Al =51 Bl=3-D+1p,  [C]=p".

The representations in A, are easily described. Let B, denote the image of the 2 x 2
upper triangular matrices over Z/p"'Z in A, and let U, denote the image of the upper
triangular matrices with 1’s along the main diagonal. Thus U, is a normal subgroup of B, and
U, 2 Z/p 7. Also, B, /U, = (Z/p"™ Z)*. Every o € A, is of the form o = Indﬁ: (¢), where
1 is a primitive character of (Z/p""'Z)*, viewed as a 1-dimensional representation of B,. If
1" is a 1-dimensional representation of B,., then the corresponding induced representation is
isomorphic to o if and only if ¢’ € {1, ¢'}. The cardinality of A, is just the number of such
pairs of primitive characters. We denote these representations by oy, ;, where 1 < j < |A,|.
Each has degree a, because [A, : B,] = a,. The irreducible representations just described
are the elements of the so-called “principal series.” This phrase also includes the irreducible
representations of A, of dimension p + 1.

We won’t describe the other r-primitive elements of Irrz, (A,) at all, except for the so-
(r)

called Steinberg representation. It is a constituent in Indé:(l B,), which we denote by o,,’,

and is characterized by the isomorphism

mds (15,) = o) @ Wmd5(1p,,) ,

r-1

where we view the second summand as a representation of A, through the canonical homo-
morphism A, — A,;. Alternatively, letting /NV,.; denote the kernel of that homomorphism,
one can identify the second summand with the representation of A, induced from the trivial
representation of B, N,.;. One sees easily that n(ag)) = ¢, and therefore ag) is in C,. The
elements of B, are the irreducible representations in the so-called “unramified discrete series”
which also includes all o € Irrx(A,) with n(o) =p — 1.
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A number of different subgroups of A, will intervene in the following discussion. We've
already defined B,,U, and N,_;. For any s, 0 < s < r—1, we define N, to be the “congruence
subgroup” ker(AT — As). Thus, N; is the image of I + p*M5(Z,) in A, under the obvious
map GLy(Z,) — A,. Here My(Z,) denotes the ring of 2 x 2 matrices over Z,. In the proof
of proposition 7.3.1 below, we will define other subgroups of A,, denoted by H,, C,, and
IL,.

B. Decomposition numbers, congruence relations, and the indecomposable projectives. We
now discuss the modular representation theory for A, and the prime p. All of the irreducible
representations of A, over § are actually defined over F,. They all factor through A, and
were described completely in section 7.2. We now want to obtain the decomposition numbers
d(o,7) for o in A, and C,. We will describe the results in terms of the representations x
and op4q,; of A, which were defined in section 7.2, part D. The decomposition numbers for
those two representations are given in remark 7.2.9 for £ and in proposition 7.2.4 for op4q ;.
We can regard them as representations of A,. We also will refer to the character 3 of the
group that was denoted by B in section 7.2, and which we now will denote by B,. Since B,
is a quotient of B,, we can also regard (3 as a character of B,. It factors through B, /U,.

Since we are now considering the family of groups A,, where r is allowed to vary, it is
important to note that the A-invariants for a given o are well-defined. To be precise, suppose
that o is an irreducible representation of a finite group G over F and that X is a finitely-
generated Z,[G]-module. We can then define the invariants A(X, o) as before. If N is a
normal subgroup of G such that N C ker(o), and if we also regard ¢ as a representation of
G/N, then we have \(X,0) = AM(Xy, o), where Xy is the largest quotient of X on which N
acts trivially. If X is a projective Z,[GJ-module, then Xy is a projective Z,[G/N]-module.
These statements are easily verified.

We will sometimes use the following abbreviated notation. If p; and py are representations
of a group G over F, then we will write p; ~ py (mod m) if p1** = py** as f-representations
of G. We will also use the notation op41 ; as in part D of section 7.2, where we allow j to be
in the range 0 < j < p — 2. This representation of A, is reducible for j = 0 and j = ’%1. For
the other j’s, the representation is irreducible, but the isomorphism class only determines

the pair {j,p-1-j}.
Proposition 7.3.1. Suppose that r > 1. If o € C,., then we have an isomorphism
r-1

b,vss o~ (R’ss ) p

Furthermore, suppose that 1 is any character of B, /U, (primitive or not) and that i[j = gj,
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where 0 < j <p—2. Letd, = ’;:_'11. Then, if o = Indé: (v), we have

—~—388

- s\ d
Ss SS T
0 = (F)" @ opia

In particular, if o € A,, then this isomorphism for ¢ will hold for the value of j determined
as follows: the character ¢ will be primitive and can be uniquely chosen so that ) = 37, where
0<j <t

Suppose that X is a quasi-projective Zy[A,]-module and that k = Ax(k), the quantity
defined in (7.2.c). We then have the following congruence relations:  If o € C,., then
MNX,0)=p" k. If o € A,, then \(X,0) = d.k + \(X, 0ps1,), where j is as above.

Proof. The stated congruence relations follow from the isomorphisms. We will prove the
first isomorphism for o = aﬁ? and then extend it to all o € C, by using the following result
(whose proof will only be given in remark 7.4.7): If 01, o9 € C,., then 1°° = 75°°

Let H, denote the inverse image of B, under the canonical homomorphism A, — A,.
Thus, H, is a subgroup of A, containing B, and we have [A, : H,| =p+ 1, [H,: B,] =p".
The group H, will play an important role in this proof. Note that H, has a normal subgroup
IL. of index p — 1 which is a p-group. In fact, IL,. is a Sylow p-subgroup of A, and H, is a
semidirect product of II, with a subgroup C, of order p — 1. We can take C, to be the image

0 S) where ¢ € (Z/p"Z)* has order dividing

in A, of the group of matrices of the form <1
p — 1. Thus, C, is cyclic of order p — 1.
Consider the representation ¢, = Indg:(l B,) of H.. We have n(e,) = p". We regard the
powers of (3 as characters of B, and hence of H, (without a change of notation). Then &,*
is a direct sum of the gj’s with certain multiplicities. To determine those multiplicities, it
suffices to consider the restriction ¢,|c.. We must look at the action of C,. on the left coset
space H,/B,. An element of C, acts as the permutation of the left cosets induced by left

multiplication.
(1) , where 1 and
a are in Z/p"™'Z and a is divisible by p. If one multiplies that matrix (on the left) by

Each left coset in H,/B, has a unique representative of the form

((1) 2), which is a representative for some element of C,., then one obtains (cla (c)> which

0). Thus the action of as a permutation of H, /B,

1
1 0
corresponds to the action of ¢ on the set pZ/p"1Z by multiplication. It is clear that there
is one orbit of length 0 and d,. orbits of length p — 1. This means that &,|¢, is isomorphic to

the direct sum of 14, and d, copies of the regular representation of C,. Consequently, the

.. 1
is in the same left coset as (ca
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multiplicity of Ej in £,.°° is d, except when Bj is the trivial character. The multiplicity is
then d, + 1.

We will use the abbreviated notation p; &~ ps (mod m) described before in the rest of
this proof. We have ¢, ~ 7% @ 3, (mod m) as representations of H,. Recall that ~ is an
irreducible representation of B, and that 7 is isomorphic to the direct sum of the gj s for
0<j<p-—2 It follows that

dy
Indy’ (e,) ~ (Indﬁg(v)) ®opr10 ~ (" Dopr1p (modm) .

as representations of A,. We have used the fact that we can regard ~ as a representation
of H, which factors through B, and so { = Indég (7) can be identified with Indjy (7). Of
course, since induction is transitive, Indﬁ: (e,) = Indﬁ:(l B,). Consequently, using (7.2.b),
we have

Indé:(lBr) ~ k" ®opr1o (mod m)

for any r > 1. The fact that d, — d,.; = p"' then implies the first isomorphism in the
proposition for the special case where o = ag). As mentioned above, the isomorphism then
follows for all o € C,.

For the second isomorphism, we consider the restrictions of 37, viewed as a character of
H,, to B,. Then we have

e ®F = Indg (F|5,)
and so A A
Indjr () ~ e, @0 ~ y" @B  (mod m)

Inducing from H, to A, then gives the stated isomorphism. O

Remark 7.3.2. The decomposition numbers d(o, 7) can now be easily determined for all o
in A, or C, and for any 7 € Irr¢(A,) = Irrj(A). (Such 7’s are defined over F,,, but we simply
take f to be the residue field for F,, which is independent of r.) First note that d(x,7) =1
for the four 7’s satisfying n(7) = 1 or p, and d(x,7) = 2 for all other 7’s. We then have
d(o,7) = p™d(k,7) for all ¢ € C,. For 0 € A,, one can use the second isomorphism in
proposition 7.3.1 together with proposition 7.2.4 which gives the decomposition numbers
d(UPJrLj» T)'

It is interesting to note that if o is in A, or C,, where r > 1, then d(o,7) > 1 for all
7. This implies that all other elements of Irrg (A,) are in the same block as 0. Therefore,
there is only one block for the group A, and the prime p, assuming that r > 1. O

Remark 7.3.3. We haven’t said anything about the ¢’s in B, when » > 1. For any such
o, we will later show that o|p, is the unique faithful, irreducible representation of B,. This
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will be proved in proposition 7.4.1. It will then be clear that |y, ~ «?" as representations
of H,. This puts a strong constraint on the possibilities for %. We omit the details, but
one finds that

IS
_

Q
12
'@1\41

~s55 (Nss

Op1i ) ® (g1 001)" @ (0p2T 0" .
1

J

This should be interpreted as an equality in the Grothendieck group Rj(A,). Here, the
multiplicities myq,...,mp1, u, and v are nonnegative integers whose sum is p”. However,
we don’t know which pQOSSibﬂitieS actually occur. In any case, if X is a quasi-projective
Z,[A]-module and if o € B,, then A\(X,0) is determined if one knows the quantities

-1
MX,0p1,) for1<j< %, AX, 0p1) = MX,01), and AX,0ps) — MX,0,)
together with the corresponding multiplicities my, ..., My, U, and v. O

Remark 7.3.4. Howe [How| completely determines det(o) for all o € Irrg, (A,) and all
r > 0. He assumes that p is odd as we do. It turns out that we can recover his result by
using remark 7.2.3 for r = 0 and the modular representation theory for A, when r > 1.
Proposition 7.3.1 suffices for the ¢’s covered by that result. Recall that det(op1) = 0, and
det(op2) = 01. The definition of k£ then makes it clear that det(x) = o,. Since p is odd,
det(o) is determined by det(c°%), as one easily sees. It follows that det(o) = o, for all o € C,..
As for any of the induced representations o covered in proposition 7.3.1, we have det(c) = 0.
This follows because the same thing is true for the op44 ;’s. In particular, det(o) = o4 for all
o € A,. Later, in remark 7.4.8, we will give a modular representation proof that det(o) = o4
for all o € B,. O

Remark 7.3.5. The congruence relations in proposition 7.3.1 give some simple parity
statements which will be useful later. Note that d. = r (mod 2). For compactness, we let

M(X) = AMX, 09), AM(X) = MX,01), and Ani(X) = MX, 00 )

for the dimensions n =p, p — 1 or p+ 1 and the appropriate j’s. The representations listed
here all factor through A,. We take X to be a Z,[A,]-module, but if X, denotes the maximal
quotient of X on which N = ker(A, — A,) acts trivially, then those invariants can also be
defined in terms of the Z,[A ]-module X,. (See the remark before proposition 7.3.1.)

If r > 1, we will consider the following irreducible representations of A,. Suppose that
0 is a character of B, /U, of order exactly p". For any ¢ satisfying 1 <t < ’%3, let v, = 3'0.
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We also consider 160. All of these characters of B, /U, are primitive and the following
representations are all in A,

of) =Indyr(0), o)) @0y =Tndg (B0),  ol) =Indj () .
We assume r > 1. Then, if X is a quasi-projective Z,[A,]-module, we have
1L AX, 0! = (r+1) ()\O(X) + A,,,Q(X)) + r()\l(X) + Ap,l(X)) (mod 2) |
2. MX,00"@01) = r(M(X) +2pa(X)) + (r+D)(M(X) +Apa (X))  (mod 2)
8. AMX,05) = M(X)+ M) + Api(X) + Ap2(X) + Apsrs(X)  (mod 2) .
For ¢ € C,, the congruence is even simpler. We then have
4. MX,0) = MN(X) + M (X) +2p1(X) + Apa(X)  (mod 2) .

Thus, if we let A = A(X, 0,) + A(X, 0p2) and N = A(X, 01) + A(X, 051), then the parities of
AKX, a(gr)) and A\(X, aér) ® o1) are completely determined by the parities of A and \'. The
other elements of A, are of the form ¢ = Indé:(w), where J #* @ or /ﬁ: We then again
obtain a parity result for A(X, o), but this time the parity of A(X, op+1;) is also involved.

However, for o € C,, the parity of A\(X, o) is determined just by the parity of the single
quantity A + . O

We now prove a result about the indecomposable projective modules for Z,[A,]. In the
introduction, we consider the corresponding modules for the group ring over the integers O
in a sufficiently large, finite extension F of Q,, which we have been denoting by F,.. However,
in this example, O and F would vary with r. This is rather inconvenient. Now the elements
of Irry(A,) = Irrg(A,) are actually realizable over F,. Thus, for every 7 € Irrg, (4,), we

can define an indecomposable, projective Z,[A,]-module PT(T) whose unique simple quotient
is isomorphic to U, the F,-irreducible representation space of A, corresponding to 7. It is
uniquely determined up to isomorphism as a Z,[A,]-module. (See chapter 14.4, proposition
42, in [Se77].) Then, for any O as above, the corresponding indecomposable, projective
O[A]-module is pr ®z, O, which has U, ®p, | as its unique simple quotient. In particular,
the Z,[A,] module P has Z,-rank p or 2p, just as indicated in corollary 7.2.6.

We also use the following notation. If r; > ry > 0, then there is a surjective group
homomorphism A, — A,, whose kernel is Gal(kK,,/K,,). This can be extended to a Z,-
algebra homomorphism Z,[A, | — Z,[A,,] whose kernel will be denoted by I, /). The first
part of the following result extends corollary 7.2.6.
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Proposition 7.3.6. Suppose that T € Irrp, (A,) and r > 0. We have rankg, (PT(T)) = p¥rtl

if n(7-> =1 or n<7-> = p, and rankzp (P.,ST)) = 2p3r+1 for all other 7’s. Furthermore, for
ri > 1y > 0, we have an isomorphism

PT(”)/I(H/TQ)qu”) o~ p(r2)

T

as Zp[A,,]-modules.

Proof. First note that I, annihilates U;. This is clear because the action of A, on
U: factors through A,. Thus, for any r; > 7, > 0, I(,,/p,) annihilates U.. Therefore,

PT(”) / I, /TQ)PT(”) has U, as a quotient module. This is the only nontrivial semisimple quo-
tient of PT(”)/[(Tl/TQ)PT(”). If X is a free Z,[A,,]-module, then it is clear that X/I(;, /r,)X is
a free Z,[A,,]-module. It follows that if P is a projective Z,[A,,]-module, then P/, /)P
is a projective Z,[A,,]-module. Therefore, as a Z,[A,,]-module, pr yar /TZ)PT(TI) has the
properties which characterize PT(TQ), and so the two are indeed isomorphic.

Let N, /ry) = ker(A,, — A,,). We regard P as a Z,[N(, jrpy)-module. It is a free
module because it is projective and N, /r,) is a p-group. Now

PT(”)/I(m/m)PT(“) = (PT(rl))Nm/r2>

Since P is free over Zy[Nr /rs)) and Ny, /) has order p3172) we have

rankg, (P{")) = p*") 'rankZP«P(m)N(n/m))

T

The statement about ranks then follows immediately from corollary 7.2.6. 0

Remark 7.3.7. Let A, = PGLy(Z,) and let Z,[[A]] be the completed group algebra for
Ao over Z,. These are the inverse limits of the A,’s and their group algebras Z,[A,] under
the maps mentioned above, respectively. For every 7 € Irrg,(A,), there exists a projective
indecomposable Z,[[A]]-module P which has U, as a quotient. It is uniquely determined
up to isomorphism. The existence follows from proposition 7.3.6 since we can define pL)
as the inverse limit of the P{"V’s. One sees that this is a direct summand in Z,[[As]], and
hence projective. The uniqueness can be deduced from the corresponding fact for the PT(T)’S.
One also sees that if Il is a Sylow pro-p subgroup of A., then P is a free Z,[[I1])-
module of rank 1 if n(7) = 1 or n(7) = p, and of rank 2 for all other 7’s. Furthermore, any
finitely-generated projective Z,[[A]] is isomorphic to a finite direct sum of those projective
indecomposable modules. O
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7.4 Extensions of (Z/pZ)* by a p-group.

Assume that p is odd. We will consider various groups A which are extensions of (Z/pZ)*
by a finite p-group II. Thus, II will be a Sylow p-subgroup of A and will be normal. We
then have an exact sequence

(7.4.a) 1] — I — A — O — 1

Y

where we will fix an isomorphism Q — (Z/pZ)*. That isomorphism will be of the form @,
where w : ) — Z7 is an injective homomorphism. In illustration 8.3 of the next chapter,
we will take 2 = Gal(Q(x,)/Q) and w will be the Teichmiiller character. We will regard
the powers w®, 0 < i < p — 2, as representations of  and also of A. The irreducible
representations of A over a field of characteristic p factor through €2 and are all defined over
F,. They are the powers 7; = &', where 0 < i < p — 2. The trivial representation will be
denoted by 7,.

We will refer to such a group A as a I[I2-group. It will be understood that II is a p-group
and that  is as above. We have a well-defined homomorphism 2 — Aut(II)/Inn(II) in this
situation, where Inn(II) is the subgroup of Aut(II) consisting of inner automorphisms of II.
This action is defined by conjugation. The group A is isomorphic to a semidirect product;
one can identify 2 with a subgroup of A (non-canonically) and one then has a homomorphism
Q0 — Aut(II). Such an identification will sometimes be helpful in the discussion. We then
have A = II x €.

A. Relationship between Irrz(A) and Irrz(I1).  The homomorphism 2 — Aut(II)/Inn(IT)
defines an action of 2 on the set Irrz(Il). Each orbit for that action has length dividing
p—1. If 0 € Irrz(A), then ol is isomorphic to a direct sum of irreducible representations
of II. Those summands constitute one orbit. Since €2 is cyclic, it follows that each summand
occurs in oy with multiplicity 1. (See [Fei], proposition 9.12.) Their degrees are equal and
must divide |TTI|. If 7 is any one of these irreducible constituents in oly, then n(w) = p%,
where a > 0, and n(o) = dp®, where d is the length of the corresponding orbit. Suppose
that N is the unique subgroup of A containing Il and of index d. Then there exists an
irreducible representation 7 of N such that n|y = 7 and Ind5 () = o. (See proposition 9.11
in [Fei].) Furthermore, the irreducible constituents of Indf () are the twists o ® w’/, where
0<5< %1. They are not isomorphic because their determinants are distinct.

There is a natural action of Q on Irrz(II). Let () denote the character group of €2, which
is just Irrq,(€2) and consists of the distinct powers of w. There is also a natural action of €

on Irrx(A) which is defined as follows. If o € , then « defines a permutation of Irrz(A)
by sending any o to 0 ® . To summarize the remarks in the previous paragraph, there is a
one-to-one correspondence between the set of Q-orbits in Irrz(II) and the set of 2-orbits in
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Irr£(A). The correspondence is defined by induction in one direction, and restriction in the
other, as described above. In this correspondence, the product of the orbit lengths is p — 1.

B. Il-induced irreducible representations. We will be especially interested in the case
where n(c) = (p — 1)p®. Then o = Ind5(7), where 7 is an irreducible representation of I
and n(m) = p® This occurs precisely when the orbit of 7 under the action of 2 has length
p — 1. We will then say that o is “II-induced.” Thus, we have a one-to-one correspondence
between the Q-orbits in Irrz(IT) of length p — 1 and the II-induced elements o in Irrz(A).
One property that such ¢’s have is that

a

p—2

(7.4.b) 5 o (EB Ti)p

=0

The reason is that 7 = (7,)?", where m, is the trivial representation of II, and Ind5 ()
is just the regular representation of (), regarded as a representation of A. The congruence
relations for Il-induced irreducible representations take a rather simple form. Suppose that
X is a quasi-projective Z,[A]-module. If o € Irrz(A) is [I-induced, we then have

(& 20x)

Alternatively, one can also deduce (7.4.c) from the equalities

(7.4.c) ANX,0) = ;<_U)1

AMX,0) = \NX,7), Z MX,w") = MX,7,)

=0

which follow from Frobenius Reciprocity. (See remark 2.1.8.) One then uses the equality
AMX, ) = n(m)A(X,m,), a consequence of the fact that X ®z, Q) is a free Q,[II]-module.

Of course, it may be that A has many irreducible representations which are not II-
induced. Some of the examples below will have no Il-induced irreducible representations;
others will have many. Suppose that Z is the center of II. Then () acts on the abelian group
Z and on the dual of that group. Suppose that ( is a character of Z whose orbit under the
action of  has length p — 1. Such (’s exist if and only if the map 2 — Aut(Z) is injective.
If 7 is any irreducible constituent of Ind% (), then Z acts on the underlying space of m by (.
That is, 7 has ( as its central character. The orbit of 7 under the action of €2 also has length
p — 1. Tt follows that if o is any irreducible constituent in Ind%(¢), then o is Il-induced.

We remark that if A has at least one II-induced representation o, then A has just one
block. This is so because o** has all the elements of Irr;(A) as its constituents.
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C. The indecomposable projective modules. Before discussing the examples, we make
some remarks about the indecomposable projective Z,[A]-modules P,,. These are defined
for 0 < i < p — 2. Their direct sum is a free Z,[A]-module of rank 1. Each of the P,,’s is a
free Z,[II]-module of rank 1. Furthermore, one has

(7.4.d) P, & P, Quw

as Z,[A]-modules. Here, when we write P ® w’, where P is a Z,[A]-module, we mean
P ®gz, L., where L is a free Z,-module of rank 1 on which A acts by w'. Thus, P, is just
a twist of P,. The justification is simply to observe that the Z,[A]-module on the right side
of (7.4.d) has U,, as a quotient module and that it is projective and indecomposable. The
last fact follows by noting that it is a free Z,[lI]-module of rank 1.

The P;,’s have the following description which was suggested by R. Pollack. For each i,
the idempotent e i € Z,[€2] can be regarded as an element of Z,[A]. The left ideal Z,[A]e,
of the ring Z,[A] is a direct summand and hence is a projective Z,[A]-module. The maximal
semisimple quotient of Z,[A] is isomorphic to the direct sum of all the U, ’s, each with
multiplicity 1. The maximal semisimple quotient of Z,[Ale,: is then seen to be U,,. Thus,
Z,|Ale,: is indeed isomorphic to the projective hull of U,,, which is P,,. In effect, P, can be
described as Ind5(L,:). The fact that the direct sum of these modules (over 0 < i < p — 2)
is a free Z,[A]-module of rank 1 follows immediately from the fact that the direct sum of
the L,:’s is a free Z,[Q2]-module of rank 1.

D. Various families of 11Q2-groups. ~ We consider certain specific families of groups in the
rest of this chapter. We are primarily interested in these groups because they can arise as
Galois groups in a natural way.

The simplest examples occur when 1I is cyclic. For each 7, 0 <17 < p — 2, we will let T';
denote a group isomorphic to Z, on which Q acts by the character w' : Q — Z;. We will use

a multiplicative notation for I';. For any r > 0, we let IT = T';/T? " We then have an action
of Q on II. The corresponding semidirect product A = IT x Q has order (p — 1)p"™! and is
a quotient of the profinite group I'; x 2. The representation theory of A is rather easy to
describe. Let d; denote the order of the character w®. Then, apart from the orbit of m,, the
orbits in Irrz(IT) for the action of 2 have length d;. Thus, the irreducible representations of
A are either of degree 1 or of degree d;p® where a > 0. If gcd(i,p—1) = 1, then d; = p—1 and
every o € Irrz(A) is either a power of w or is [I-induced. Somewhat more general examples

occur if IT is a direct product of groups of the form T'; /T " for various i’s and 7’s.

The next example gives generalizations of the profinite groups I'; and I'; x 2. Suppose
that t = (to, s tp_g) is a (p — 1)-tuple of nonnegative integers. Let g = f;g t;. We will
let I'y denote a free pro-p group on g generators with an action of €2 defined as follows. Fix
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the generating set G. Partition G as a disjoint union of p — 1 subsets G, each of cardinality
t;, where 0 < i < p—2. If a € Q and v € G;, we define a(z) to be 2*' (™. Since I is
free, a extends uniquely to a continuous automorphism of I'y. This defines a homomorphism
Q — Aut(T'y). The semidirect product I'y x Q is a profinite IIQ2-group, where one takes
II=T,.

D1. The groups B,..  Next we consider the groups B, which occurred in section 7.3. We
let 3 be as defined there. The Sylow p-subgroup of B, is precisely ker(3). We will denote it
by P,. It is normal and [ gives an isomorphism B, /P, = (Z/pZ)*. (We use [ instead of w
here to avoid confusion in section 8.3. In fact, § and w will not necessarily be the same.) We
will continue to use the notation from section 7.3. Thus, we let A, denote PGLy(Z/p"17Z)
for r > 0. For r = 0, B, is the group B discussed in section 7.2. See remark 7.2.2 for its
irreducible representations. The representation v defined there will now be denoted by 7.

Assume that » > 1 from here on. The subgroup U, of B, is normal and is cyclic of order
p" 1. The quotient group B, /U, is cyclic of order (p—1)p" and acts faithfully on U,. All the
characters of U, of order p"*! are conjugate by this action. The number of such characters
is (p — 1)p”. Suppose that u, is one of those characters. Let

v = Indjy (u,) ,

a representation of B, of degree b, = (p — 1)p”". If 4/ is any irreducible constituent of ~,,
then +'|y, has u, and all of its conjugates as constituents. Hence +' has degree at least b,.. It
follows that , is an irreducible representation of B,.. It is also clear that if p is an irreducible
representation of B, such that p|y, is faithful, then p = 4,. One sees easily that -, is faithful
and is therefore the unique irreducible representation of B, with that property. It will play
an important role for studying representations of other groups.

If 0 < s < r, then we have a natural surjective homomorphism B, — B, and so 7, can be
considered as an irreducible representation of B,. The irreducible representations of B, are
of the following types: the one-dimension representations v corresponding to the characters
of B, /U,, the representations of the form v, ® ¥, where 0 < s < r and % is one-dimensional.
The second type have degree divisible by p — 1 and hence are P,-induced. Furthermore, If
p and ¢/ are one-dimensional, then v, ® ¢ & v, ® ¢/ if and only if '4)"! factors through B,.
The above remarks are easily verified. They also follow from a standard theorem about the
irreducible representations of a semidirect product. (See [Se77], chapter 8.2.) In this case,
B, is the semidirect product of T, and U,, where T, is the subgroup of A, represented by
diagonal matrices.

Apart from +,, the kernels of all of the other irreducible representations of B, contain
U, [p], the unique subgroup of U, of order p. This subgroup U,[p] is the center of P,. It will
be useful to define €2, to be the unique subgroup of T, of order p — 1. It is the group denoted
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by C, in the proof of proposition 7.3.1 and is identified with B, /P, in the obvious way. One
sees easily that 2, acts on U,, and hence on U,[p], by the character .

D2. Some groups containing B,. Fix anr > 1. Assume that H is a subgroup of A, which
contains B,. We will also assume that the image of H in A, is precisely B,. Let Il denote
the inverse image of U,, which is the Sylow p-subgroup of H. Thus, II is a normal subgroup
and H/II = Q. Tt is not difficult to show that any such subgroup H is the inverse image of
B, under the map A, — A, where 0 < s < r. The kernel of that map is precisely the image
of I +p*t*My(Z,) in A,, where we let My(Z,) denote the ring of 2 x 2 matrices over Z, and
I denotes its identity element.

One of the main examples that we have in mind is the group H, defined in the proof of
proposition 7.3.1, which corresponds to s = 0. Another example corresponds to s = 1, the
inverse image of By under the map A, — A;. We denote that group by H/. Both groups
will occur naturally as Galois groups in section 8.3. In particular, see the remarks following
proposition 8.3.7. We denote their Sylow p-subgroups by I, and II, respectively.

The following result singles out a special class of irreducible representations of any H
satisfying the above assumptions. The notation in the statement and proof comes from the
preceding discussion of the irreducible representations of B,. The properties of v, play an
important role, especially the facts that n(v,) = (p — 1)p" and that this is equal to b, the
degree of the elements of B,. The results concern irreducible representations & of H which
are r-primitive. This just means that ¢ does not factor through the image of H under the
map A, — A,1.

Proposition 7.4.1. Suppose that & is an irreducible representation of H. Then we have the
inequality n(§) < (p — 1)p". The following statements are equivalent:

(t) n(&)=@—-1p", () &is faithful, — (ii) &]p, =y

If &€ satisfies any of these statements, then & is r-primitive and I1-induced.

If o is any r-primitive, irreducible representation of A,, then o|y has exactly one irre-
ducible constituent £ which has degree (p—1)p". The multiplicity of £ in o|y is 1. If o € B,,
then o|y is irreducible.

If € is any r-primitive, irreducible representation of H, then & is a constituent in o|y
for some r-primitive, irreducible representation o of A,. If & has degree (p — 1)p”, then the
number of such o’s is at most [A, : HJ.

Proof. Suppose that ¢ is an irreducible representation of H. If £|p. has a constituent ¢ of
degree 1, then £ is a constituent in Indgyl (¢). We would then have n(§) < p" since [H : B,]
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divides [H, : B,] = p". On the other hand, if none of the irreducible constituents in &|p, has
degree 1, then their degrees are divisible by p — 1 and hence the same is true for the degree
of . Since n(&) divides |H|, we therefore have n(§) = (p — 1)p’ for some ¢t > 0. Now any
such ¢ will be a constituent in o|g for some o € Irrg(A,). One can just take o to be any
irreducible constituent in Ind%"(€). Tt follows that

n(§) < nfo) < a = (p+1)p" .

One deduces that ¢ < r. In both cases, we have n(§) < (p — 1)p".

The equivalence of (i) and (7ii) is obvious. If (i) is true, then £|p, is also faithful
and must therefore contains ~, as an irreducible constituent. Otherwise, we would have
U:lp] C ker(¢). We've shown that n(§) < (p — 1)p". Since n(y.) = (p — 1)p” too, we
must have £|p, = .. Therefore, (ii) implies (4ii). For the opposite implication, we assume
temporarily that H = H,, which slightly simplifies the argument. Assume that £ satisfies
(77i). Then £|p, is faithful. Thus, so are |q, and &|y,. Since all subgroups of H, of order
prime to p are conjugate to a subgroup of 2., it follows that ker(§) is a p-group. Thus,
ker(§) is a normal subgroup of II,. Let Z, be the center of the p-group II,. If ker(§) is
nontrivial, then so is ker(§) N Z,. However, we will next show that Z, = U,[p]. Since ker()
can’t contain U, [p], it follows that ker(¢) is indeed trivial, and so (ii) is true. Also, it is then
clear that ¢ is r-primitive. Its degree is divisible by p — 1 and so £ is also II-induced.

Let N, be the kernel of the map A, — A, for 0 < s < r — 1. In fact, N, is the image
of I+ p*™My(Z,) in A,, as previously mentioned. Then N, is a p-group and it is easy to
verify that the center of NN, is precisely NV,.; and consists of the elements of order dividing p
in ;. (Note that for p = 3, A, contains elements of order p which are not in N,.) We have
N, C II, and the index is p. There is a well-defined action (by conjugation) of II,./N, on the
3-dimensional F,-vector space N,.;. Now II./N, can be identified with the image of II, in
B,, which is just the subgroup U, of B,. One verifies easily that N9 = U,[p]. Thus, U,[p] is
indeed the center of 11,.

For the rest, we need some observations about o|g,_, where ¢ is an r-primitive, irreducible
representation of A,. The restriction o|y, must be faithful. To see this, consider the normal
subgroup N,.; of A, defined above. It is a vector space over F, of dimension 3. The action
of A, (by conjugation) on N, factors through A, and coincides with 75 (in the notation
from part B of section 7.2). Thus A, acts irreducibly on NV, ; and hence there are no proper
subgroups of N,.; which are normal in A,. In particular, since ker(c) doesn’t contain N,_,
o|n,., is faithful. The unique subgroup U,[p] of U, of order p is contained in N,_;. Therefore,
o|u, is indeed faithful.

It follows that o|p, must contain 7, as a constituent. Otherwise, ker(¢) would contain
U,[p]. Furthermore, o|p,. has degree n(c) = a,, b,, or ¢, (as defined in section 7.3) and =,
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has degree b,. We have the inequalities
(7.4.e) by < ¢ < a, < 2b, .

Also, if o € A,, then o|p, contains two 1-dimensional representations of B,. It follows that
the multiplicity (o|p,, ) must be 1. (For p > 5, this can be seen more easily because the
last inequality in (7.4.e) is then strict.) If o € B,, then n(c) = n(7,) and so we obviously
have o|g, = ..

Still assuming that ¢ is an r-primitive element of Irrz(A), consider o|gy. Exactly one
irreducible constituent ¢ in o|y will have the property that £|p, has 7, as an irreducible
constituent. However, since n(§) < n(7,), it is clear that we have {|p. = ~,, that £ is the
unique constituent in o|y satisfying (4ii), or the equivalent statement (7). That & will be
referred to as the “y,-constituent” of o|y in the rest of this argument. It has multiplicity 1.
If o € B,, then we clearly have |y = .

Now suppose that £ is any irreducible representation of H. Let o be an irreducible con-
stituent in Ind5” (€). Then Frobenius Reciprocity implies that € is an irreducible constituent
in o|y. If £ is r-primitive, then o will clearly be r-primitive too. If n(§) = (p — 1)p", then &
must be the ~,-constituent in o|y. We can now show that £ satisfies (ii). For it is clear that
¢ is the restriction to H of the ~,-constituent of o|y,, which we’ve shown is faithful. The
restriction £ to H will also be faithful.

Finally, if we assume that n(¢) = b,, then the degree of Ind%(€) is [A, : H]b,. Each
irreducible constituent is r-primitive and hence has degree at least b,. Therefore, the number
of such constituents is at most [A, : H] as stated. O

Remark 7.4.2. If H = H, and ¢ satisfies n(§) = b,, then each irreducible constituent in
Indﬁ’“ (&) will be r-primitive and hence of degree a,, b,, or ¢,. The triplet (z,y, z) giving the
number of constituents of each type will satisfy the equation

a,x+by+cz = (p+1)b,
and one finds that there are just the following possible triplets:
0,0,p, (0, p+1,0, (p—=1,00), (31, 3(p+1),0)
We don’t know if all these possibilities occur. O

Remark 7.4.3. We will introduce another type of irreducible representation of H. Sup-
pose that 1 is a primitive character of B,/U, and that H is a subgroup of A, of the kind
considered in proposition 7.4.1. Let &y denote Ind} (¢). Since Ind%y (£, is isomorphic
to the irreducible representation o = Indé:(w) of A,, it follows that £, is an irreducible
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representation of H. It is an irreducible constituent in |y which must be different than
the faithful irreducible constituent £ described in proposition 7.4.1. This is simply because
n(€uy) = [H : B,], which is a power of p. Also, note that £y 4|p, has ¢ as a constituent.
This implies that g is r-primitive.

Now ¢! is also a constituent in o|p, and hence &y 41 is another irreducible constituent
in o|y. Both &y and g 1 have degree equal to [H : B,|, which is a power of p, but they
are not isomorphic. To see this, note that 1 = 570, where 0 < j < p—2 and 6 is a character
of B, /U, of order p". Here (3 is the basic character of B, defined in section 7.2, viewed as a
character of B, and also of H. If Ind}; (/) = Indj (¥!), then Ind}; (3%6) = Ind}; (67). We
would then have Ind" (3%6) = Ind%’ (61). Such an isomorphism can only occur if 56 and
0! are either equal or inverses of each other, neither of which is possible since p is odd and
r > 1.

It follows that ) is the only 1-dimensional constituent of {g |p,. A similar statement is
true for &y 41. Furthermore, the 1-dimensional constituents in o|p, are just ¢ and ¢»~'. All
other irreducible constituents in o|p. have degree divisible by p — 1. Therefore, all the other
irreducible constituents in 0|y have degree divisible by p — 1. Those degrees must be of the
form (p — 1)p® and hence those constituents are certainly II-induced. In contrast, since g
and £ 41 are of degree p® for some s, their restrictions to II must remain irreducible.

In summary, if [H : B,] = p®, then H has (p — 1)?p"! non-isomorphic, r-primitive
irreducible representations of degree p®. They all occur as constituents in o|y for some
o€ A,. O

D3. The groups H, and H). We continue to assume that » > 1. The following result
about the irreducible constituents of o|gy,, where ¢ is any r-primitive element in Irrz(A,),

gives complete information about the degrees of the r-primitive, irreducible representations
of H,.

Proposition 7.4.4. If o € A,, then |y, has three non-isomorphic irreducible constituents,
two of degree p” and one of degree (p—1)p". If o € B,, then o|g, is irreducible. If o € C,., then
olw, has two irreducible constituents, one of degree (p— 1)p", the other of degree (p —1)p™.
All of the above irreducible representations of H, are r-primitive. Up to isomorphism, there

are p" of degree (p — 1)p", p" of degree (p — 1)p™, and (p — 1)*p"! of degree p".

Proof. Remark 7.4.3 and proposition 7.4.1 show that if 0 € A,, then o|y, indeed has at least
three irreducible constituents and their degrees are as stated. No others constituents exist
because the sum of those degrees is n(c). They are indeed r-primitive. The irreducibility
of o|g, for o € B, is already in proposition 7.4.1. That representation is faithful and hence
certainly r-primitive. Suppose now that o € C,. Let £ be the faithful, irreducible constituent
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of o|g,. Then
olm, = ¢ ® ¢

where n(¢') = ¢, — b, = (p— 1)p"~'. Observe that if £” is an irreducible constituent of &’
then Frobenius Reciprocity implies that o is a constituent in Indﬁ: (&), a representation of
degree (p + 1)n(&”). Hence

€ = 10— -t = )

and therefore £” = ¢’. This proves the irreducibility of £. We also see that o = Inde: (&).
Now since r > 1, H, contains N,; = ker(A, — A,;). This subgroup of A, is normal and
hence, if N,y C ker(¢'), then N, is also contained in the kernel of Indﬁ: (¢') = o. Since this
isn’t possible, ¢’ must indeed be r-primitive.

Concerning the numbers of irreducible, r-primitive representation of the three possible
degrees, the stated result follows in a straightforward way by using the fact that for any
finite group H, we have Zén(£)2 = |H|, where ¢ varies over Irrz(H). The &’s where
n(§) = (p — 1)p" are characterized as follows: they are the irreducible representations of H,
which do not factor through H,/U,[p]. Hence, if £ varies over just those representations, then

doen(€)? = [H, |- (1- %) For the £’s such that n(§) = p", they are of the form &y, ., where

1 is a uniquely determined primitive character of (Z/p"t'Z)*. Their number is obviously as
stated. The remaining &’s all have degree n(£) = (p — 1)p"!, and their number is then easily
determined since if £ varies over all the r-primitive, irreducible representations of H,., then

S en(€)? = [H,| — |Hyal. O

Remark 7.4.5. The above result shows the existence of p" irreducible representations & of
H, of degree b, = p"(p—1). These are precisely the faithful, irreducible representations. We
don’t have an equally precise statement about H). However, there are also many faithful,
irreducible representations of H, according to proposition 7.4.1. Every such ¢ is a constituent
in o|y, for some irreducible, r-primitive representation o of A,, and has multiplicity 1.
Furthermore, the number of such o’s is at most [A, : H!] = (p + 1)p. It follows that the
number of isomorphism classes of such ¢’s is bounded below by c¢;p” and above by cop” for
some positive constants c¢1, co. We also have many irreducible representations of H, of degree
[H! : B,] = p™'. The number of isomorphism classes has similar upper and lower bounds. ¢

Remark 7.4.6. The H,’s form an inverse system under the obvious maps. We will let
H,, denote the corresponding inverse limit. The surjectivity of those maps shows that all
of the H,’s are quotients of the profinite groups H.,. Thus, proposition 7.4.4 gives us the
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degrees of the irreducible representations of H,, with open kernel. Each such representation
is r-primitive for a certain value of r. Similarly, we will let H/_ denote the inverse limit of
the H!’s and consider representations of H| for r > 0 as representations of H’_ . Both of
those groups are examples of p-adic Lie groups of dimension 3. We also will consider B,
the inverse limit of the B,’s under the obvious maps. We can identify B., with a subgroup
of H!_, which in turn is a subgroup of H,. However, By, is a p-adic Lie group of dimension
2. We also define U, to be the inverse limit of the U,’s, which is a normal subgroup of B.
It is clear that Uy is isomorphic to the additive group of Z, and is a p-adic Lie group of
dimension 1. O

Remark 7.4.7. The proof of proposition 7.4.4 shows that if o € C,, then o = Indﬁ: (&),
where &’ is an irreducible representation of H,. of degree divisible by p — 1. Since £ must be
I1,-induced, if one lets 7’ be any irreducible constituent in &'|ry,, then o = Indﬁ: (7"). We

S /
n\mw
ﬁﬂ—o(

have n(7') = p™!. Furthermore, 7/ ). Therefore, we have

o~ Indﬁ: (7o)
for any o € C,. Here we use the notation from the proof of proposition 7.3.1. Consequently,

it follows that o°° is the same for all such ¢’s, a fact already used in the proof of proposition
7.3.1. 0

Remark 7.4.8. Suppose that o € B,. We can use proposition 7.4.4 to determine det(o),
which was left unresolved in remark 7.3.4. Of course, det(o) is either o, or o1. Thus, it is
clearly determined by the irreducible representation £ = o|g, of H,. The abelianization of
H, is isomorphic to (Z/pZ)*. It follows that the determinant of any representation of H, is
a power of 3 and is determined completely by the reduced representation. Thus, it suffices
to determine det (). Since ¢ is II,-induced, we can apply (7.4.b). It follows that

(s

det(€) = (&%l)p — %

which has order 2. Consequently, det(c) = oq for all ¢ € B,. That assertion can also be
deduced easily just using the fact that o|g, = ~,.

The same argument shows that if £ is any irreducible representation of H, of degree
divisible by p — 1, then det(§) is the quadratic character of H,.. O

Remark 7.4.9. Now we discuss the congruence relations for H,. One can simply apply
(7.4.c) for the representations which have degree divisible by p—1. The remaining irreducible
representations are of the form £y, ,, and have degree p”. The congruence relations for those
irreducible representations are somewhat different, but also easily described. We refer to the
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.. 1 . ..
very end of the proof of proposition 7.3.1. Let d, = 7‘;? as in that proposition. Suppose

that 1 is a primitive character of B, /U, and let j be such that @Z = Bj . Then we have

p—2

dr
E,p A (@ 5Z> e

1=0

As before, we fix an isomorphism w : Q — (Z/pZ)*. The map 3 will be a power w® for some
b satisfying ged(b,p — 1) = 1. Thus, if X is a quasi-projective Z,[H,]-module, then one has
the congruence relation

—2
(7.4.f) MX, &) = d. AMX,wh) + MX, W)

%

S

Il
=)

Similar comments apply to the group H/ for all the irreducible representations which have
degree divisible by p — 1 and for the additional ones of the form g 4. O

8 Some arithmetic illustrations.

We will discuss a number of special cases illustrating the results of the previous chapters
under various sets of simplifying assumptions. We will not strive for generality. We always
assume that E has good, ordinary reduction at p. Our objective is mainly to describe the
behavior of Ag (o) for various families of irreducible Artin representations o of Gp. It will
be useful to note that Ag(o) really depends just on o and E. That is, if A = Gal(K/F) and
if 0 € Irrz(A) factors through A’ = Gal(K'/F), where K’ is a subfield of K and is Galois
over F, then the multiplicities of 0 in Xg(K) ®z, F and in Xg(K)) ®z, F are equal.
This follows immediately from proposition 4.3.1. A similar remark is true for the invariants

A2 (o).

8.1 An illustration where Y, is empty.

One of the principal examples that we have in mind arises in the following way. We assume
that p > 5. Suppose that A is an elliptic curve defined over F' (which might or might not
be related to E). We will use A just to generate interesting extensions of F'. Assume that A
is non-CM and that p is a prime for which the representation p, : Gp — Autg, (Tp(A)) is
surjective. This will be true for all but finitely many primes p by a well-known theorem of
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Serre [Se72]. Therefore, for every r > 0, Gal(F(A[p"™])/F) = GLy(Z/p"'Z). We denote
the fixed field for the center of this group by K,. Thus, we can identify Gal(K,/F) with
the group A, = PGLy(Z/p"'Z) studied in section 7.2 and 7.3. Since py4 is assumed to be
surjective, the Weil pairing implies that F'(u,) C F(A[p]) and that [F(u,) : F] =p —1. Let
F* = F(u,) N K,. That field doesn’t depend on 7. In fact, one sees easily that [F*: F] = 2
and that F* = F(\/d), where d = pif p=1 (mod 4) and d = —p if p = 3 (mod 4). For any
r > 0, F* is the maximal abelian extension of F contained in K,. Since p is odd, we have
K.NF,=F.

We will also consider the intermediate field J, = K2, which is a non-Galois extension
of F of degree p"(p+ 1). Now B, has a unique subgroup of index 2. The fixed field for that
subgroup is the quadratic extension J? = J,F* of J,. The fields J, form an increasing tower
and [J, : J,.1] = p for all > 1. A similar statement is true for the fields J¢.

Let j4 denote the j-invariant of A. The simplest situation to consider is when j, is an
algebraic integer and p > 5. Then, if v is a prime of F' and v € ¥, U X, the ramification
index for v in K, /F divides 24, and hence is prime to p. Thus, ®g, /p is empty and we will
take X, to be empty in applying proposition 3.2.1. We will assume that £ is an elliptic curve
defined over F' with good, ordinary reduction at the primes of F' lying over p.

For each r > 0, let K, o, Jyo0, and Jﬁ}oo denote the cyclotomic Z,-extensions of K, J,,
and J¥, respectively. We will assume that Selg (K, )[p] is finite. By proposition 4.2.5, it
then follows that the Selmer atoms Selgp)e.(Fi) are finite for all 7 € Irry(A,). That same
proposition then implies that Selg (K, o )[p] is finite for any r > 0. One could also see this
by using one of the results from [HaMa] since K, /K, is a p-extension. Consequently, the
Pontryagin dual Xg(K, ) is quasi-projective as a Z,[A,]-module. Proposition 7.3.1 then
implies the following result.

Proposition 8.1.1. Assume that j4 is an algebraic integer, that E has good ordinary
reduction at the primes of F' lying above p, and that Selg(K,~)[p] is finite. Let

-3

]

ko= Ap(oy) + Ap(o1) + Ae(op1) + Ae(op2) + 2> Ap(opiiy)

>l

1

J

Then Ag(K,. o) = p* ™k for r > 0. For the other fields defined above, we have
Ae(Jroo) = dik + Ap(0s) + Ag(op2)
Ap(Jhy) = 2dk + Ag(o,) + Aplo1) + Ap(op1) + Ap(0pe)
for all v > 0, where d, = ];%. If o € A, then 0 = Ind@:(zﬁ), where 1 is a primitive
character of B, /U,. We can choose 1 so that QZ = Bj, where 0 < j < 1”7'1. Then

)\E(O') = drk + )\E(O'p+17j)
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for allr > 0. For o € C,, where r > 1, we have Ag(c) = p" k.

Proof. To simplify notation, we define Ag(¢) for all F-representations ¢ of A, by letting it
be additive for direct sums. Under the stated assumptions, Xpg(K, ) is a quasi-projective
Z,[Aj]-module, and hence V, = Xp(K, ) ®z, Q, is free as a Q,[Il,]-module, where II, is
the Sylow p-subgroup of B,. This explains why Ag (K, ) is divisible by p. That divisibility
and the value of k follow from the second isomorphism in (7.2.b), which gives Agp(Kj o) =
Ae(p) = pAe(k). Thus, we should take & = Ag(k). This is indeed the value stated above.
The relationship between Ag (K, ) and k follows from the Riemann-Hurwitz formula proved
in [HaMa]. Tt also follows from chapter 6 of this paper, by using the facts that [K, : K| = p?
and that Y, is empty. If o € A,, orif r > 1 and o € C,, then the stated relationships between
Ap(0) and k follow immediately from proposition 7.3.1.

To prove the results concerning J, o, note that the restriction map

Selp(Jr0o)p — SelE(KmO)BT

p

has finite kernel and cokernel. Therefore, the Z,-corank of Selg(J, ), is equal to the mul-
tiplicity of 1p, in the representation space V, = Xp(K; ) ®z, Q, for B,. We can regard V,
as a representation space for A,. If o € Irrg, (A,), then the multiplicity of o in V. is Ag(0).
It follows that

corankzp(SelE(Jmo)p) = Z<U|Bra18r>

g

Now (o|g,,1p,) = (o, Indﬁ:(lBT», which is equal to 1 if ¢ = 0% for 1 < j < r and if
o € {0y,0p2}, but this multiplicity is equal to 0 for all other o’s. In particular, we have

Ae(Jroo) = Ag(0y) + Ag( (0p2) Z/\E )

from which the stated result follows easily. One uses the fact that a ) ¢ C; for j > 1 together
with the formula already proven for those o’s.

If B? is the unique subgroup of B, of index 2, then
IndA (1) = Indé:(lgr) @ (Indé:(lBr) ® 01)

The formula for Ag(J?,) can then be derived exactly as above. One uses the facts that

Op2 ® 01 = 0p1 and that agt) ®oq = O'St for all j > 1. 0J

123



Remark 8.1.2. In principle, under the assumptions in the above proposition, one can
determine the invariants Ag(co) for all r and all irreducible representations o of A, just
from the Ag(o)’s for the irreducible representations o of A,. One can then determine the
invariants Ag(M.) for any extension M of F' contained in any of the K,’s. The above
proposition partially illustrates this principle. However, we also see that knowing Ag (M)
for certain subfields M of K| suffices to determine some of the Ag(c)’s. A theorem of Artin
states that every rational-valued character of a finite group A can be expressed as a Q-linear
combination of characters for representations of the form Ind%(1y), where H varies over
all subgroups (or even just cyclic subgroups) of A. (See theorem 17, chapter 9.2 in [Se77].)
Thus, one can determine A\g(p) for all p’s with rational-valued character from the Agp(My)’s.
In fact, it suffices to consider subfields M of K,. In particular, the useful quantities

Ae(0pi10) = Ap(00) +AB(0p2),  Am(opiy ) = As(on) + Ae(opa)

associated to the induced representations Indég (5,) and Ind@é’ (1) are determined by Ag(Jy o)

and )\E(Jg,oo) under the assumptions of proposition 8.1.1. This is clear since d, = 0 for
r = 0. Of course, Ag(0,) = Ap(Fx) and Ag(o1) = Ap(FL) — Ag(Fy). Thus, the four
quantities Ag(0y), Ap(01), Ag(0p1), and Ag(op2) are determined by the four quantities
Ag(Fao), Ap(FL), Ap(Jyse), and Ag(JE ), again under the assumptions of the above propo-
sition. Furthermore, k is obviously determined by A\g(K; ). O

Remark 8.1.3. We make the assumptions in proposition 8.1.1. If £ > 1, then Ag(c) will be
positive for many ¢’s, including all o € A, and the Steinberg representations ag) for r > 1.
In fact, all those A-invariants would then be unbounded as r — oco. By definition, £ > 1 if
and only if Ag(c) > 1 for at least one o € Irrx(A,) with n(o) # p— 1. A sufficient condition
for k > 1 is that Ag(o) > 1 for at least one o € Irrg(4A,) with n(c) = p — 1. That follows
from proposition 7.2.1.

Suppose that we are in a situation where Xg(K, ) is known to be projective, or at
least strictly quasi-projective. Then the A,-representation space V, = Xg(K, ) ®z, Q) is
isomorphic to a direct sum of representations of the form P, ®z, Qp, where 7 € Irrg(A,). If
n(7) # p, then P, ®z, Q, is a direct sum of two irreducible representations ¢ and ¢’ such
that one of them has dimension p — 1, and the other has dimension 1 or p 4+ 1. We referred
to such a pair o, 0’ of irreducible representations of A, as a “linked pair” in remark 7.2.8.
Remark 7.2.7 leads to the following conclusion under the above assumption about X g (K, ).

If \g(0) > 1 for some o € Irrx(A,) of dimension p+ 1, then there are two non-isomorphic
representations o' € Irr£(A,) of dimension p—1 linked to o, and Ag(c’) > 1 for at least one
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of them. If Ag(c) > 1 for some o € Irrg(A,) of dimension p — 1, then there are two non-
isomorphic representations o’ € Irrg(A,) of dimension 1 or p+1 linked to o, and Ag(c’) > 1
for at least one of them.

One gets a more precise result if Ag(o) > 1 for either one of the two o’s of dimension
1. Such a o is linked to just one irreducible representation ¢’, namely o’ = 0p1 1 if 0 = 0,
or o/ = Op, el if 0 = 01. This follows from proposition 7.2.4. We therefore obtain the
inequalities
Ae(0p11) > Ae(0o), )\E(Upl,%l) > Ag(oq)

under the assumptions in proposition 8.1.1. Not much more can be said. For example, if
it turned out that Vi, = P, ®z, Qp, then one would simply have A\g(0,) = Ag(0p11) = 1,
Ap(0) = 0 for all the other ¢’s in Irrz(A,), and k = 1. As another illustration, suppose that
Vi 2 (P, ®z, Qp) ® (Pr,,, ®z, Qp). Proposition 7.2.4 and the fact that ch(7p22) = 3
imply that Ag(0,) = 1, Ag(0p11) =2, Ag(0py11) = 1, and Ag(o) = 0 for all the other o’s
in Irrz(A,). Also, k = 3 in that example. O

The Q,-representation spaces V, for A, occurring in the above proof are also determined
up to isomorphism by the Ag(o)’s for o € Irrx(A,). However, we can make the following
considerably more precise statement under some mild additional assumptions about A, E and
p. We use the notation from proposition 7.3.6 for the indecomposable, projective Z,[A,]-
modules.

Proposition 8.1.4. In addition to the assumptions in proposition 8.1.1 about A, E, and
p, assume that (i) A does not have supersingular or potentially supersingular reduction at p,
(ii) E(F*)[p] = 0, (iii) p is non-anomalous for E/F, and (iv) F(u,)/F is totally ramified at
allv € X,. For each 1 € Irrg, (A,), let w,(1) denote w(Xg(Kys), 7). Then, for all >0,

XE(Kr,oo) >~ @ (P£T)>w0(7—)

T

as Z,|A,]-modules. Thus, the isomorphism class of the Z,[A,]-module Xg(K, ) is deter-
mined for all v by the weights w,(7) for T € Irrg, (A,).

Proof. The first point is that if v € ¥,, then assumption (i) implies that the residue field
for any prime of K, lying above v coincides with the residue field for v itself. That is, the
corresponding decomposition and inertia subgroups of A, coincide. To see this, note that
the decomposition subgroup of Gal(F(E[p])/F) can be identified with a subgroup of the
:) } and the inertia subgroup of Gal(F(E[p])/F) can

group of triangular matrices { ;

125



be identified with a subgroup of { (

; T } Furthermore, the inertia subgroup has order
divisible by p — 1 because of assumption (iv). This is sufficient to imply that the images
of those two subgroups in A, indeed coincide. It follows from assumption (%ii) that p is
non-anomalous for E/K,, and therefore, by proposition 4.1.9, also for E/K, for all r > 1.

Secondly, note that E(K,)[p] is a representation space for A, over F,,. Since K, is a proper
subfield of F(E[p]), the F,-dimension of E(K,)[p] is at most 1. Hence if E(K,)[p] # 0, then
the action of A, on E(K,)[p] is by a 1-dimensional character. Now A, has two 1-dimensional
characters, the two characters which factor through Gal(F*/F). Hence E(K,)[p] = E(F*)[p],
and this is trivial by assumption (7). It then follows that E(K,)[p] = 0 for all » > 0, using
either proposition 4.1.3 or the fact that Gal(K,/K,) is a p-group.

The hypotheses in Proposition 3.1.1 (or theorem 1) are satisfied. Hence Xpg(K, ) is a
projective Z,[A,]-module for all » > 0. Therefore, Xg(K, ) is a direct sum of the Py
and we must just show that the corresponding multiplicities are independent of r. This will
follow from proposition 7.3.6 if we show that

XE(KH,OO)/I(h/Tz)XE(Kr1,00) = XE(Krmm)
for r; > ro > 0. This statement amounts to proving that the restriction map
Selp(Kry o)y — Selp(Kyyn0)p ™/

is an isomorphism. However, the argument for this is quite standard. The kernel and cokernel
of the inflation-restriction map

Hl(KTZOO? E[poo]) I H1<KT1,OO> E[poo])N(rl/rg)

are both trivial because H°(K, , E[p>]) = 0 for all r. It remains to show that the local
restriction maps are injective. For primes above p, this is so because p is non-anomalous
for E/K,. For all other primes v € 3, the injectivity holds because the local degree for the
extension K, o /K, is prime to p. O

Remark 8.1.5. In terms of the notation in the above proposition, one sees easily that
ko= w(r)k,

where k; = 1if n(7) = 1 or p, k; = 2 for all other 7’s in Irrg,(A,). O

Remark 8.1.6. Instead of considering the fields obtained from p-power division points on
an elliptic curve A, one gets other interesting examples from modular forms. As an example,
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consider the normalized cusp form fi5 of weight 12 for SLy(Z). Then, for every prime p, there
is an associated representation p, of Gq with values in GLy(Z,). If p & {2,3,5,7,23,691},
then the image of p, coincides with the set of matrices whose determinant is in (ZX)". It
follows that the corresponding projective representation is surjective. That is, except for
the six listed primes, the field cut out by the representation p, contains a tower of subfields
K, such that Gal(K,/Q) = PGLy(Z/p"Z). The only prime ramified in K,./Q is p. Thus,
propositions 8.1.1 and 8.1.4 and the associated remarks apply exactly as stated. O

8.2 An illustration where Y., is non-empty.

We continue discussing the situation in the previous illustration, but now we assume that
Ja is not an algebraic integer. We still assume that p > 5 and that p4 is surjective. Let

S = {v]|v{poo and ord,(ja) <0} .

Thus, A has multiplicative or potentially multiplicative reduction at all v € ¥,. The field
K, is unchanged if one replaces A by a quadratic twist over F'. Thus, the field K, actually
depends only on j4. By replacing A by a suitable quadratic twist, we can therefore simply
assume that A has split multiplicative reduction at all v € ¥,. One then sees that the v-adic
completion of K, o is Fy(ppe, qg'““’). Here ¢, is the Tate period for A over F,. One has
ord,(ja) = —ordy(qy). Also, Fy(fipe) = Foon(ptp), an unramified, cyclic extension of Fi .
Let wy, = [Foow(ttp) © Fiaopl, a divisor of p — 1. As in chapter 5, we let G, = G, ,. Then
M, = Gr, ) is a normal subgroup of G, of index w,. The character w, is a faithful
representation of G, /M, and has order w,.

Note that @, C X, for all » > 0 and that equality holds if r is sufficiently large. We
make the simplifying assumption that ord,(j4) Z 0 (mod p) for all v € ¥,. This implies
that @k, ,p = X, for all » > 0. Let A,, denote the decomposition subgroup of A, for a
prime of K, o lying above v, which is determined up to conjugacy in A,. Identifying A,
with PGLy(Z/p""'Z), and choosing a prime above v suitably, we can identify A, with the
unique subgroup of B, containing U, such that [A,, : U,] = w,. Recall that U, = Z/p"Z.
Thus, the inertia subgroup of A, , is identified with U,. The corresponding quotient group
is Gal(Fo(tp)/Foow) and w, can be regarded as a character of A,., whose kernel is U,.

As in section 8.1, we want to study the behavior of the Ag(o)’s. We always assume that
Selp(K,50)[p] is finite. The A\%°(c)’s then behave just as described in proposition 8.1.1 since
X3°(K, ) will be quasi-projective as a Z,[A,]-module. The corresponding value of k is now

(8.2.a) ko= MP(r) = Ap(k)+ Y gu6p.(k)

vEXQ
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where we define )\EO(QS), Ap(¢), and g, (¢) for an arbitrary F-representation ¢ of A, by
making it additive for direct sums. Alternatively, we have

ko= %Ago([(m) S E(AE(KO,OO) + ) dime(Hv(Ko,oan)))

p VEXQ

Proposition 5.1.1 can be used to determine the Q,-dimension of H, (K «, E).

Since we assume that p > 5, the representations x of G, for which (pg.,x) > 1 factor
through a quotient group of G, of order prime to p. Such a x factors through A, , if and
only if x = w’ for some integer j. This means that y must be 1-dimensional, unramified,
and of order dividing w,. In the notation of section 5.2, this rules out the possibilities where
X = ¢, is 2-dimensional or where x = ¢, is 1-dimensional, but ramified. Thus, if £ has
additive reduction at v, then H,(K, ~, F) = 0. If E has non-split multiplicative reduction
at v, then ¢, = w,e,, where ¢, is unramified and has order 2. Hence ¢, factors through A, ,
if and only if w, is even. If E has split multiplicative reduction at v, then ¢, = w, which
does factor through A, .

Finally, we discuss the case where E has good reduction at v. There are then two
characters ¢, and 1, to consider, both unramified. We have ¢,1, = w, and so if one of
the characters factors through A, ,, then so does the other. As discussed in section 5.2,
those characters are determined by the two roots of the polynomial c¢,(z) = 22 — a,x + by,
where b, = N(v), the cardinality of the residue field for v, and where 1 — a, + b, is the
cardinality of the set of points on E, over the residue field for v. It suffices to know the
roots of ¢,(z) € Fy[z], the reduction of ¢,(z) modulo p. The two roots are in F; in general.
Now w,, the order of w,, is just the order of b, in F. These remarks show that ¢, factors
through A, , if and only if some power of gv is a root of ¢,(z). Then the other root will also
be a power of Ev_ This is a stringent requirement. If p = 5, only 6 of the 20 polynomials
of the form 2? — az + b in Fp[z], with b # 0, have powers of b as its roots. For p = 7, the
property is satisfied by 12 out of the 42 polynomials of that form.

In summary, we have proved the following result, where we implicitly make the assump-
tions described above. However, the assumption that ord,(j4) Z 0 (mod p) is not needed.
Note also that the conditions for the nonvanishing of H, (K, «, E) don’t involve r. This is
so because we are assuming that p > 5, and therefore a character x for which (pg.,x) > 1
has order prime to p. If x factors through A, ,, then x also factors through A, ,.

Proposition 8.2.1. Assume that p > 5. Suppose that v € ¥,. Then H,(K,, E) # 0 if
and only if one of the following statements is true:

(i) E has split multiplicative reduction at v,
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(ii) E has non-split multiplicative reduction at v and w, is even,
(iii) E has good reduction at v and the roots of ¢,(x) = 2% — Gyx + b, are powers of b.

In case (i), {ppwv,X) =1 for x = w,. In case (i), {pp.,x) = 1 for x = w,e,, where €, is
the unramified character of order 2. In case (i), one either has (pg.,x) = 1 for exactly
two x’s, namely x = @, and x = ¥y if Yy # Yy, o1 (pE., X) = 2 for exactly one x, namely
X = @y if oo = ,. We have (pg.,,x) =0 for all other x’s.

If it turns out that H,(K, ., E) = 0 for all v € ¥, and if Selg(K,)[p] is finite, then
Xg(K, ) is quasi-projective as a Z,[A,]-module for all » > 0. Consequently, all of the
congruence relations for the Ag(o)’s stated in proposition 8.1.1 would then hold. On the
other hand, if (i), (ii), or (iii) is satisfied, then proposition 3.3.1 implies that Xp (K, )
is not quasi-projective as a Z,[A]-module. In particular, Xg(K, ) # 0. Assuming that
Selg(K, o )[p] is finite, it would then follow that Ag(c) > 1 for at least one 0. We will make
some more precise statements below.

In formula (5.2.a) for 63° (o), the contribution for each v € ¥, involves terms of the form
Gu{0v, X)(PEw, X)- Thus, we need only consider cases (i), (i), (iii) and we may assume that
X is such that (pg.,, x) > 1. In cases (i) and (ii), there is one such x. In case (i), there will
be one or two such x’s. The factor g, is an elementary invariant and depends only on v and
F. It remains to discuss (o, x) for o € Irrx, (4, ), which will be positive for some o’s. The
assumption that ord,(ja) #Z 0 (mod p) for all v € ¥, will now be useful for simplifying the
discussion. The problem is purely group theoretic. The value of w, plays an important role.
Note that the x’s now being considered are 1-dimensional and their kernel contains U,..

For r = 0, the discussion in section 7.2 gives complete information. The decomposition
of o|p, is given there for all o € Irrx(4A,). One can then deduce the value of (o, x). For
that purpose, it is useful to note that ~y|y, is isomorphic to the direct sum of the nontrivial
characters of U,. Here v denotes the irreducible (p — 1)-dimensional representation of B,. It
follows that x is not a constituent in v|a,,. One can then see that the value of (o, x) is 0,
1, or 2. The possibilities for (o, x) depend on n(c) in the following way:

If n(o) =p—1, then (0, x) = 0. Thus, dg,(c) = 0.

If n(o) =1 or p, then (o,,x) = 0 unless y = x'. In cases (i) or (i1), x = x! if and only if
w, < 2. In case (7i), there may be one or two x’s, and the condition for y = x™ for one or
both is a simple congruence condition on a, and b, modulo p. We have the following results
in these cases. If x = x,, then (o,,x) = 1 for either two or all four of those ¢’s, depending
on whether (p-1)/w, is odd or even, respectively. If x has order 2, then (o,,y) = 1 for
either none or two of those ¢’s, depending on whether (p-1)/w, is even or odd, respectively.
Otherwise, (0, x) = 0.
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Finally, if n(oc) = p + 1, then o|p, has two 1-dimensional constituents 1) and !, where
¥ # 9t One can view those constituents as characters of the cyclic group B,/U,. The value
of {7,,x) is determined by the restrictions of 1 and ¢! to the subgroup A,,/U, of order
w,. Either one of those restrictions might or might not turn out to be y. Thus, the value of
(0v,%) 18 0, 1,or 2 when n(c) =p + 1.

In all cases, for r = 0, the possible values of dg,(c) are 0,1,2, or 4. Furthermore, if
Hy(Kooo) # 0, then g ,(c) > 1 for at least one o € Irrr(4A,). For such a o, we have
n(o) # p — 1. However, in all cases, there exists such a o with n(c) =1 or p + 1.

If r > 1and o € Irrg, (4A,), then (o,, x) can be determined if one knows the characters of
B,./U, which occur in o|p,, and their multiplicities. The number of such characters, counting
multiplicity, is (oly,, 1y,). For example, if o € A,, then there are just two such characters,
¢ and 1!, where 1) is a primitive character of B,/U,. The value of (o, x) just depends on
the restrictions of ¢ and ¢! to the unique subgroup of B, /U, of order w,. That restriction
is determined by @Z Thus, (o, x) is 0, 1, or 2 if o € A,.

Note that (o|y,, 1y,) is closely related to the Artin conductor of o, which we denote by
¢,. It is clear that o is tamely ramified at v (since v t p) and so, if we let I,, denote the inertia
subgroup of G, then the image of I, in A, is conjugate to U, (under our assumption that
ord,(ja) is not divisible by p) and we therefore have

ord,(¢;) = dimg(W,) — dimg(W) = n(o) — (o|v,,1r,)

In particular, if ordv(cg) = n(o), then dg,(c) = 0. For example, this remark applies to any
o € B, since we then have o|g, = ~,. In contrast, if o € A, then ord, (CU) =n(o) — 2 and
dpw(0) can be positive. For o € C,, the value of ord, (CU) depends on o.

In particular, if ¢ = ¢'7 and r > 1, then it turns out that (o], 1y ) = (p — 1)plC-D/2),
More precisely, every character of B,./U, which factors through the unique quotient of order
(p — 1)pl~1/2 occurs in o|p, with multiplicity 1; no others characters occur. (See [Sil], the
last part of theorem 3.3, page 59. I thank Ryota Matsuura for this reference.) Thus, every

character x of A, , /U, occurs in o,. To be precise, we have

(8.2.b) (o) = P=L . plen2

Wy

which is unbounded as  — oo. Thus, if (i), (i), or (i) in proposition 8.2.1 is satisfied for at

least one v € ¥, then 5%0(05,:)) = aplD/2 for all r > 1, where a is some positive constant.

It follows that A%O(ng)) is nonzero and hence that k£ > 1. Therefore, /\Eo(ag)) >pl Asa
conse that Ag (ol ' ' '
quence, we see that Ag(oy,’) — 00 as r — oco. Some other conclusions are given in the

following result.
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Proposition 8.2.2. Assume that ja is not an algebraic integer, that p t ord,(ja) for all
v € X, that E has good ordinary reduction at the primes of F lying above p, and that
Selp(Ky00)[p] is finite. Assume also that (i), (ii), or (iii) in proposition 8.2.1 is satisfied for
at least one v € X,. Then Ag(o) > 1 for at least one o € Irrx(A,) such that n(c) =p — 1.
If /\]250(00) > 1, then Ag(0p11) > 1. If )\20(01) > 1, then )\E(ap_l’p_;) > 1. Furthermore, the

integer k defined in (8.2.a) is positive and we have
Ae(o) = d.k+ O(1)
forallr > 1 and all 0 € A,. Also, Ap(cl)) = p™k + O(p/?).

Proof. The Pontryagin dual X5 (K, .) of Selz’ (K, ) is a quasi-projective Z,[A,]-module
for any r > 0. Let

‘/r = XE<Kr,oo)®Zp Qpa V;«EO = XL%O(KT,OO>®ZP Qp; UTEO = @ 7/_(\1)<K'r,007 E) ®Zp QP :

VEXQ

We then have the following isomorphisms of Q,-representation spaces of A,.
| A= VA R

First consider » = 0. The assumption that (i), (ii), or (i) holds for at least one v € %,
implies that U # 0. As remarked above, it follows that U2 has at least one constituent
o with n(c) = 1 or p. Choose such a . That o is obviously a constituent in V,*°. Now
V0 is a direct sum of representation spaces of the form P, ®z, Qp, where 7 € Irry(A,).
If P, ®z, Q, contains o as a constituent, then it also contains a constituent ¢’ such that
n(o’) = p — 1. (See remark 7.2.7.) However, that ¢’ is not a constituent in U and hence
must be a constituent in V4. This means that Ag(c’) > 1.

If A2 (0,) > 1, then P, ®z, Q, is a direct summand in V;*. Thus, the linked irreducible
representation o, 11 must also be a constituent in V,*0. (See (7.2.a.) Just as above, it follows
that Ag(0p1,1) > 1. The same argument works if )\EO (01) > 1.

Now consider » > 1. We have already observed that £ > 1 under the stated assumptions.
Thus, we have \3°(0) = d,.k + O(1) as r — oo for any o € A, according to proposition
7.3.1. However, for each v € ¥, and each such o, g, is fixed and dg,(0) < 4. Hence 520(0)
is bounded as o varies over A, for > 1. The final result follows from the equation

Ap(0) = AWy — 5200w = plk — apltD/2

which was pointed out before. 0
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Remark 8.2.3. We have made the simplifying assumption that ord,(j4) is not divisible by
p. Suppose that this assumption is not satisfied. Let p® be the highest power of p dividing
ordy(ja), where a > 1. Then A, , will be a somewhat smaller subgroup of B,. In fact, one
can show that A, , is conjugate to a subgroup of B,. Choosing v suitably, we can assume
that A,, C B, and we will then have A, , N U, = UP". This may have a possibly significant
effect on the value of dg (o). O

889

8.3 An illustration where the ¢°°’s have abelian image.

First of all, note that if A is any finite group and if ¢°° has an abelian image for all ¢ in
Irr£(A), then A must have a normal Sylow p-subgroup IT and A /TI must be abelian. Indeed,
one sees that each 7 € Irrg(A) must have an abelian image of order prime to p and that
II = (N, ker(7) has the stated properties, where 7 varies over Irrj(A). The converse is also
clear. Furthermore, if = A/II, then €2 has order prime to p and every element of Irrj(A)
factors through Q. If 7 € Irrg(Q2), then there exists a unique o € Irr£(Q2) such that o = 7.
Thus, if X is a quasi-projective Z,[A]-module, then one can determine (in principle) all
the invariants A\(X, o) for ¢ € Irrz(A) if one knows those invariants for all o € Irrz(Q).
The special case where §) = (Z/pZ)* was discussed in some detail in section 7.4. We will
concentrate on that special case in this illustration. Also, it is sometimes convenient to
assume that €2 has been identified with a subgroup of A in some way. We will then have a
certain homomorphism € — Aut(II).

This situation is easily realized in the setting where A is a Galois group. For simplicity,
we will take p to be any odd prime, F' = Q, and L = Q(u,) throughout this illustration. We
can take K to be any finite p-extension of L which is Galois over Q. Then Q = Gal(L/Q) is
cyclic of order p—1. We let w : 2 — Z be the Teichmiiller character which is characterized
by the fact that w gives the action of Q on p,. The elements of Irrz(2) are the powers
Wwh 0<i<p-—2.

Many such K’s exist. We will first consider examples where only p is allowed to ramify.
Later, starting in part D, we will allow more primes to be ramified. One simple type of
example is the following. Class field theory shows that L has 1%1 independent Z,-extensions
which are Galois over Q. One of them is the cyclotomic Z,-extension Lo, = Q(pp~) of L. The
others are characterized as Galois extensions LY of Q containing L such that Gal([&) /Q)
is isomorphic to a semi-direct product I'; x Q, where I'; & Z,, and Q acts on I'; by w’. Such

a Z,-extension of L exists for every odd 7, 1 <1¢ < p — 2. We identify I'; with Gal(LgQ/L).
One can take K to be a layer in any one of the LY’ for odd i. Then K N Qo = Q and
K/Q is ramified only at p and oo.
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Since the only ramified prime in L/Q is p, it is clear that if [ is a prime and | # p,
then | € &g /q if and only if [ is ramified in K/Q. For the examples in the previous
paragraph, ® g/ q is empty. We now consider the most general examples with that property.
Equivalently, we consider arbitrary finite Galois extensions K of Q such that L C K C M,
where M denotes the maximal pro-p extension of L such that only the prime of L above p
is ramified. Thus, M contains the compositum of all Z,-extensions of L. Furthermore, if K’
is a finite extension of L contained in M, then M also contains all Z,-extensions of K'. It is
clear that M is Galois over Q and so 2 acts on Gal(M/L). (This action is only well-defined
modulo inner automorphisms.)

One can take K to be the fixed field for any open, normal subgroup of Gal(M /L) which
is (2-invariant. If one wants to have K N Q. = Q, then one can equivalently make a certain
requirement about the action of  on the quotient IT = II/®(II), where ®(II) is the Frattini
subgroup of II. The action of © on II by conjugation is well-defined and we can regard II as
a representation space over F,, for 2. One sees easily that K N Q. = Q if and only if o s
trivial. The assumption that K C M is needed for this equivalence.

A. Congruence relations. Under the assumption that ®g/q is empty, the congruence
relations take a simple form. One can even describe Xg(K) as a Zy[A]-module rather
concretely if one makes an additional mild assumption. Here, just as in section 3.5, we let

(8.3.a) A = Gal(K+/Qw) and D = Gal(K/Q)

We will avoid making the assumption that K N Q. = Q, although this will be satisfied in
a number of our later examples. We just assume that L. C K C M. Note that both of the
groups A and D are extensions of €2 by a pro-p subgroup. We will usually use the letter o
for an irreducible representation of either group, although sometimes we follow the notation
of section 3.5, using p for elements of Irrx(D) and o for elements of Irrz(A).

Suppose that E is an elliptic curve over Q with good, ordinary reduction at p. We will
assume that Selg(Ls)[p] is finite. Then all the invariants Ag(co) for o € Irrz(A) can be
determined if one just knows the invariants Ag(w?) for 0 < i < p — 2. An especially simple
case is described in the next proposition.

Proposition 8.3.1. Assume that L C K C M and that Selg(Ly)[p] is finite. Then Xp(K)
is quasi-projective as a Zy[A]l-module. If o € Irrx(A) is of degree divisible by p — 1, then

p-2
Ag(0) = k. where k= > Ap(w) = Ap(Loo)
=0
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Furthermore, if one assumes that p is non-anomalous for E/Q and that E has no Q-isogeny
of degree p, then Xg(Ky) is projective as a Zy[A]-module. One has an isomorphism

XE(KOO) = PTU ®Zp XE<LOO)

of Z,|Al-modules, where Py, is the indecomposable projective Z,|A]-module corresponding to
7, and Xp(Ls) is regarded as a Zy[A]-module via the natural homomorphism Z,|A] — Z,[Q).

If p € Irrz(D), then we can still define Ag(p) as explained in section 3.5. We have

(8.3.b) (o) = 2L,

p—1
if n(p) is divisible by p — 1. Here k is just as in the above proposition. This formula follows
immediately from the proposition by using (3.5.a) and noticing that any o € Orb, will also
have degree divisible by p — 1. The ratio n(p)/n(c) is a power of p.

Proof. The first statement follows from proposition 3.2.1. One can take ¥, to be empty.
The congruence relation then follows from the fact that if n(o) is divisible by p — 1, then o
is II-induced. See formula (7.4.c). Actually, this congruence relation can be deduced just by
using the formula of Hachimori and Matsuno for p-extensions. This follows by using remarks
2.1.8 and 6.1.2.

For projectivity, note first that the residue field for the unique prime of L lying above
p is just F,. Hence if p is non-anomalous for E£/Q, then the same is true for £/L and
therefore even for F/K since K/L is a p-extension. Also, if E(K)[p| # 0, then E(L)[p] # 0.
Obviously, E(L)[p| is Gg-invariant. If F(L)[p] has order p, then that subgroup defines a
Q-isogeny of degree p. If E(L)[p] = E[p|, then E[p| is an F,-representation space for . It
must be reducible and semi-simple. Hence E would then have two distinct Q-isogenies of
degree p. Therefore, the stated assumptions imply that the hypotheses in proposition 3.1.1
are satisfied. Hence, Xg(K ) is indeed projective as a Z,[A]-module.

Thus, under the assumptions in the last part, and using (7.4.d), we have isomorphisms

p-2 -2
Xp(Kw) = @ PEE(U) = P, ®gz, X, where X = @ (Zp ® wi)wE(Tz‘)
=0 i=0

of Z,[A]-modules. Here we have written Z, ® w' for a free Z,-module of rank 1 on which
Q acts by w'. We view it as a Z,[A]-module on which A acts through the homomorphism
A — Q. Finally, since w' is a lifting of 7;, we have wg(r;) = Ag(w’) for all 7. Thus,
X = Xg(Loo) as Z,[Q]-modules. The last statement follows from these remarks. O
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Remark 8.3.2. Instead of assuming that E has no Q-isogeny of degree p, it is sufficient to
assume that £'(Q)[p] = 0 for every E’ which is Q-isogenous to E. That assumption implies
that E(L)[p] = 0 and hence that E(K)[p] = 0. To see this, assume to the contrary that
E(L)[p] # 0. Now Q acts semisimply on E(L)[p] and so E[p| must contain a subgroup ®
of order p such that ® C E(L) and ® is Q-invariant. Thus, 2 acts on ® by an F,-valued
character ¢. Since E has good, ordinary reduction at p, either ¢ or wyp™ must be unramified
at p. Since p is totally ramified in L/Q, either ¢ is trivial or ¢ = w. In the first case, we
would have E(Q)[p] # 0. In the second case, we would have E'(Q)[p] # 0, where E' = E/®.
O

B. Letting K and o vary. We regard Ag(o) as a function of o and study its behavior as o
varies. We can let K vary since Ag(o) depends only on E and o (assuming that p is fixed),
but not on K, as we remarked at the beginning of this chapter. Thus, we might simply
consider all the irreducible Artin representations o of Gal(M/Q). However, describing all
those representations in a useful way would be difficult. Irreducible representations o whose
degree is divisible by p — 1 seem to be quite ubiquitous. Such a representation is induced
from an irreducible Artin representation 7 of the normal, pro-p subgroup Gal(M/L), as
explained in part A of section 7.4. That is, if p — 1 divides n(o), then o is Il-induced,
where II = Gal(M/L). Any irreducible Artin representation o of Gal(M/Q) is at least
a constituent in such an induced representation, along with all the twists ¢ ® w’. To be
precise, there is a one-to-one correspondence between the set of (2-orbits of irreducible Artin
representations of Gal(M/L) and the set of Q-orbits of irreducible Artin representations of
Gal(M/Q). The Q-orbits of length p — 1 correspond to the irreducible representations of
Gal(M/Q) which are induced from Gal(M/L).

Rather than considering all the irreducible Artin representations, we tend to restrict to
more manageable families. For example, choose a fixed tower Ky, K1, ..., K,, ... of subfields
of M such that Gal(K,/Q) = H, for r > 0. Note that K, N Q. = Q for each r in this
situation because the group H, has no nontrivial quotient of order p. We can consider the
various irreducible representations of the H,’s which were described in proposition 7.4.4 as
Artin representations of Gal(M/Q). Their degrees are unbounded. The inverse limit H,, of
the H,’s can be identified with an open subgroup of PGLy(Z,) of index p + 1. Its Sylow
pro-p subgroup Il is normal, the corresponding quotient group is isomorphic to €2, and the
action of  on the Frattini quotient II, can be determined. These are ingredients in the
proof of the following proposition. The assumption that p is regular is important in that it
implies that Gal(M/L) is a free pro-p group, a result which is proved in [MoNg|, and that
fact allows us to easily define homomorphisms of Gal(M/L) onto Il,. Carefully taking into
account the action of  on I, it turns out that we can define homomorphisms which can
be extended to Gal(M/Q). The argument will be presented in [Gr09a]. We state the result
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here because it shows that many towers of extensions K, of the above type exist, at least
when p is a regular prime. In general, we do not know if such a tower exists if p is irregular.

Proposition 8.3.3. Suppose that p is an odd, reqular prime. Then there exist an uncountable
family of surjective homomorphisms f : Gal(M/Q) — H., all with distinct kernels.

Remark 8.3.4. Each such homomorphism f would determine a tower of fields Ky, K, ...
such that Gal(K,/Q) & H, and |J, K, = M**(/). That subfield of M is an extension of L
with Galois group isomorphic to Il,, and an extension of Q with Galois group isomorphic to
H,,. Two different f’s correspond to distinct subfields of M. In fact, since the Lie algebra
of the p-adic Lie group Il is sl5(Q,), which is simple, the intersection of any two of those
subfields will just be a finite extension of L. Hence the fields K, in the corresponding towers
must differ for sufficiently large 7. O

Another quite different approach is to consider Artin representations of a given degree. It
is known that finite p-groups are monomial groups. That is, if 7 € Irr#(II), then there exists
a subgroup II’ of 1T and a 1-dimensional representation 7’ of II' such that 7 = Indf, (7).
Thus, if ¢ is any irreducible representation of A which is II-induced, then ¢ is induced from
a 1-dimensional representation of some subgroup of II. The index is determined by n(o).
Even if ¢ is not Il-induced, the direct sum of all the distinct (non-isomorphic) twists of o by
powers of w will be isomorphic to Indg, (7’) for some choice of II' and 1-dimensional 7.

To simplify the discussion, we modify the notation for induced representations. Suppose
that L’ is a finite extension of L contained in M. If 7’ is any representation of Gal(M/L'),
then we let Ind2 (7') denote the representation of Gal(M/Q) induced from 7’. Assuming that
n(n") = 1, this induced representation has degree [L' : Q] = (p — 1)p®, where p* = [L' : L].
We will use the notation £’ for the maximal abelian extension of L' contained in M. We
continue to assume for simplicity that p is a regular prime. Then Gal(L'/L') is a free Z,-
module of rank ’%lp“ +1. Thus, £ is just the compositum of all Z,-extensions of L". Let C,
denote the group of Artin characters of Gal(£'/L’), which is simply the Pontryagin dual of
Gal(L'/L"). Thus, Cy is a cofree Z,-module of that same corank. If one fixes the field L', then
one obtains a family of Artin representations of Gal(M/Q) parametrized by Cy/, all of degree
(p — 1)p*. Namely, if 7’ € Cr/, then one obtains the representation Ind® (x’). One can view
this from a “deformation theory” point of view. Namely, consider the completed group ring
Ry = Z,[[Gal(L'/L)]] (which is isomorphic to a formal power series ring over Z,, in Zlp®+1
variables). One has the natural injective homomorphism rp, : Gal(L'/L') — GLi(Ry/). One
then obtains the induced representation Ind® (k) : Gal(£'/Q) — GL,(Ry), where n =
(p — 1)p*. Now every n’ € Cr/ can be extended to a continuous, Z,-algebra homomorphism
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from R/ to the ring of integers of F, where F is generated over Q, by the values of the
character 7’. We refer to this homomorphism as “specialization” at ©’. Then Indg, (7') is just
the corresponding “specialization” of Ind?,(/{ ). Of course, there will usually be repetitions
since different 7”’s can have isomorphic specializations.

We believe that “almost all” of these specializations will be irreducible. To explain what
this means, let P, denote the kernel of the specialization homomorphism corresponding to
some 7’ in Crs. Of course, Py is a prime ideal of R;/. If I’ is an ideal in R/, then we say
that «’ vanishes on I’ if I’ C P,,. With this terminology, we believe that there should exist
a nonzero ideal I’ in Ry, with the following property:

Ind® (7') is irreducible for all ©' which do not vanish on I'.

The following proposition implies this assertion if we make the extra assumption that L'/Q
is Galois.

Proposition 8.3.5. Suppose that J is a finite, totally complex, Galois extension of Q.
Let J denote the compositum of all Z,-extensions of J and let Ry = Z,[[J/J)]|. Let C;
denote the Pontryagin dual of Gal(J /J). Then there exists a nonzero ideal I of Ry with the
following property: If ¢ € C; and Ind?(gb) 1s reducible, then ¢ vanishes on I.

Proof. Let G = Gal(J/Q) and let N = Gal(J/J), a normal subgroup of G = Gal(J/Q).
Let n = |G|. Thus, G acts on C; by conjugation and each orbit has length dividing n. The
representation Ind$(¢) has degree n. Suppose that Ind$(¢) is reducible and that p is one
of its irreducible constituents. Then n(p) < n. Now ¢ and all of its conjugates under the
action of G are constituents in p|y. Consequently, the G-orbit of ¢ has length < n. Thus,
the stabilizer of ¢ is nontrivial. Let H be a nontrivial cyclic subgroup of that stabilizer. The
character ¢ of N factors through the maximal quotient Ny on which H acts trivially. There
is a ring homomorphism

Ry =Z,[[N]] — Zy[[Nul|

whose kernel Iy is the ideal generated by elements g — ¢dy, where g varies over a set of
topological generators for the kernel of the homomorphism N — Ngy. We will show that
H acts nontrivially on N. That fact implies that Iy is a nonzero ideal. It is clear that ¢
vanishes on .

Consider N ®z, Q, as a representation space for GG. Its dimension is bounded below by
%[J : Q] +1; Leopoldt’s conjecture for J and p asserts that equality holds. However, by class
field theory, one can at least say that N ®z, Q, has Indgn (¢) as a direct summand. Here 7
is an archimedean prime of J, G, is the corresponding decomposition subgroup of GG, and ¢
is the nontrivial character of G,,. It suffices to show that any nontrivial element h of G acts
nontrivially on Indg" (¢). This is rather easy. For if h acts trivially, then h induces a trivial
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permutation of the left coset space G/G,. Hence, h € G,,. However, h then acts by (h) on
some subspace of Indgn (¢), and hence acts nontrivially on that subspace.

Let I =y Iu, where H varies over all nontrivial cyclic subgroups of G. Then [ is a
nonzero ideal of R; and has the property stated in the proposition. ]

C. Some specific examples. We return now to Selmer groups. We continue to take
L = Q(y,) throughout this illustration. Then L, = Q(fp). As we pointed out at the end
of chapter 4, it is possible to verify the finiteness of Selg(L)[p| for specific elliptic curves
and primes p by calculating the coefficients in a certain expansion of the p-adic L-functions
L,(s, E,w") associated to E and the characters w’. Such calculations were done many years
ago by T. McCabe and more recently by R. Pollack. Actually, the first such calculations can
be found in [MaSw]. All of those calculations deal with the analytic A- and p-invariants,
which we will denote by A4 (w?) and e (w?). The calculations verify that pe(w?) =0
for all 7 in the cases where that is expected to be so. The value of the A4 (w')’s is also
determined. If the map Gq — Aut(Z,(E)) is surjective, then one can use theorem 17.4
in [Kat] to conclude that Selg(Ly)[p] is indeed finite. But one only gets the inequality
Ap(wh) < A@al(wh) for the M-invariants. Kato’s theorem establishes that inequality even
without the assumption of surjectivity. Recent work of Skinner and Urban should give the
opposite inequality under rather general assumptions.

Our main example will concern the three elliptic curves of conductor 11 and various
choices of the prime p. Those curves are related by isogenies of degree 5 and so the A and
p-invariants actually don’t depend on which curve we choose, except for p = 5. However, we
will consider that prime first.

Conductor 11, p =>5. It is convenient to choose F to be the curve defined by the equation
y*+y = a®— 2% That is the curve 11A3 in [Cre|. It is verified in [CS00] that Selg(Ls), = 0.
Therefore we can apply proposition 8.3.1 to E. We have & = (. Consequently, it follows that
Ag(o) = 0 for all Artin representations ¢ of Gal(M/Q). In this situation, exactly the same
result follows directly from the main theorems in [HaMa|. We remark that the p-invariants
for 11A1 and 11A2, the other two elliptic curves of conductor 11, are actually positive.
One can’t apply proposition 8.3.1 directly to those curves. However, the A-invariants are
unchanged by isogeny and so the conclusion is the same. If E’ is any one of those elliptic
curves, then Ag/(0) = 0 for all o as above.

We will consider a few other primes based on calculations of Mazur and Swinnerton-Dyer.
Table 5 on page 58 of [MaSw] gives the values of the A& (w?)’s for all primes p where F
has good, ordinary reduction in the range 7 < p < 347. They verified that u@*(w') = 0
for those primes and all ¢, 0 < ¢ < p — 2. Now the map Gq — Aut (Tp(E)) is surjective
for all p > 7. (This is verified in section 5.5.1 of [Se72].) Thus, Kato’s theorem can be
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applied and so Selg (L )[p| is indeed finite for all those p’s. As for the A-invariants, the table
shows nonzero values of some of the A4 (w?)’s for 49 of the 69 primes p in the above range.
Thus, for the remaining 20 primes, one has k = 0 and therefore we have Ag(c) = 0 for all
irreducible Artin representations o of Gal(M/Q). For the other primes, one expects to have
k > 1. The list includes 14 of the 17 irregular primes in the range of the table. We select
regular primes so that we can apply proposition 8.3.3.

Conductor 11, p = 7. The first case where k > 1 is p = 7. The table gives A% (w?3) = 1
and A2 (w') = 0 for i € {0,1,2,4,5}. Thus, A\g(w?) = 0 except possibly for i = 3. For
i = 3, we use the fact that the Mordell-Weil group of the quadratic twist £ ( which is one of
the curves 539D) turns out to have rank 1. Thus, Selg,(Q) contains a subgroup isomorphic
to Q,/Z, and hence so does Selg,(Qs). Since the quadratic character of conductor 7 is
w3, we have 1 < Ap(w?) < A9 (w3) and hence Agp(w?) = 1. Thus, k =1 for p=7. As a
consequence, using proposition 8.3.1, it follows that

(8.3.c) Ag(o) = —=

for all the irreducible representations of Gal(M/Q) with degree divisible by p — 1 = 6.
Continuing to take p = 7, we consider certain irreducible Artin representations o of

degree p". Consider any quotient of Gal(M/Q) isomorphic to H, and a representation o

of the form &g, , where 1 is a primitive character of B,/U,. Such representations were

described in remark 7.4.3. The corresponding congruence relations were discussed in remark
7.4.9. There are p — 1 = 6 possibilities for v. We have

(8.3.d) Me(€m,p) = do+1 if E=Eni Ag(o) = d, otherwise

This follows immediately from (7.4.f).

The prime p = 7 is non-anomalous for £/Q. (In fact, if p > 5, then p is non-anomalous
for £/Q. See lemma 5.2 in [Gr99].) Proposition 8.3.1 implies that if K is any finite Galois
extension of Q contained in M, then Xpg(K ) is projective as a Z,[Gal(K /Qx)]-module.
The same remark applies to all the other primes p in the range 7 < p < 347.

Conductor 11, p = 127. The largest value of k indicated in the table is for p = 127. The
table gives A2 (w') = 1 for i = 29, 63,97, and also for all i’s such that w’ has order 9. For
the other i’s, one has A4 (w®) = 0. This suggests that k = 9. Except for i = 29 and 97,
the contribution to Selg (Lo ), probably comes from the Mordell-Weil group E(L). This is
stated in [MaSw]| as likely, but not verified. Assuming this is so, it then follows (just as for
p=T) that Ag(w') = 1 for at least those seven values of i. The contribution for i € {29, 97}
should come from the Tate-Shafarevich group (although this is mislabeled in [MaSw]) and
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so it is not clear how to verify that Ag(w') = 1 for those two i’s. Thus, applying Kato’s
theorem gives the inequality 7 < k£ < 9 under the above assumption about the Mordell-Weil
group for E over L. In fact, we would have k = 7 or k = 9 because A\g(w?) = Ag(w?).
Thus, those A-invariants are either both 1 (which is conjecturally so) or both 0.

We have just used the symmetry in the A-invariants. One always has the equalities
anal (1) = Nanal(yP-1-9)  This is a consequence of the functional equation for the twisted
Hasse-Weil L-functions, and their p-adic analogues. On the algebraic side, the analogous
equalities Agp(w') = Ag(wP1?) also hold. This result is a special case of corollary 10.1.3 since
the dual of w' is wP 1.

Assuming one has determined k, one then gets exact formulas for Ag(o) for every ir-
reducible Artin representation o of Gal(M/Q) which is induced from Gal(M/L), just as
described in proposition 8.3.1. In principle, one can get formulas for other o’s too. For
example, one can use (7.4.f) for some ¢’s, assuming that the above value for A\g(w??) has
been confirmed.

Conductor 11, p = 211. The table gives A4 (w') = 1 for i € {23,41, 90,105,120, 169, 187}
and A9 (w?) = 0 for the other i’s. Thus, one should have k& = 7, but this seems difficult to
verify. However, as remarked above, recent work of Skinner and Urban may settle this. In
this case, only one of those nonzero M-invariants comes from the Mordell-Weil group, namely
Ag(w!®). Note that w'® is the quadratic character of conductor 211.

D. Allowing more ramification. The H-trivial case. The assumption that K /Q be ramified
only at p is rather restrictive. One can usually weaken that assumption considerably and
still find that the conclusions in proposition 8.3.1 are valid. Although it is not essential,
we assume that p > 5 to simplify the statements and discussion. We will now consider
extensions K/Q where ®x/q may be nonempty. Let 3, be a finite set of primes of Q not
containing p or co and let ¥ = X U {p, 0co}. Let Qy, the maximal extension of Q unramified
outside of ¥ and let My, denote the maximal pro-p extension of L contained in Qsx. Then
L C M C Msy, with equality only if ¥, is empty. We will now assume that K is a finite,
Galois extension of Q and that L C K C My. We let A = Gal(K,/Qw) as before.

Suppose that E is an elliptic curve over Q with good, ordinary reduction at p. We now
consider examples where the set 3, is chosen so that the primitive and non-primitive Selmer
groups that we consider actually coincide. The following proposition describes when this is
the case.

Proposition 8.3.6. Assume that p > 5 and that every | in 3, satisfies one of the following
conditions:

(a) E has non-split, multiplicative reduction at | and | has odd order modulo p,
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(b) E has good reduction at | and no power 0f7 is a root of ¥* — a;x +7,
(¢) E has additive reduction at .

Then Hi(Ko, E) = 0 for all | € 5,. Consequently, Sely’(K.), = Selp(Ko)p. If Selg(Loo)[p]
is finite, then the Pontryagin dual of Selg(Kw), is quasi-projective as a Zy[A]-module and
all of the conclusions stated in proposition 8.3.1 are valid.

A set X, satisfying the above hypothesis will be said to be “H-trivial for E and p”. In (b),
the quadratic polynomial is in F,[z] and is just as in proposition 8.2.1, taking F' = Q. It is
that condition which sometimes allows for an H-trivial set to be arbitrarily large.

Proof. The proof of the vanishing of H;(K, F) is essentially the same as for proposition
8.2.1 and depends just on the fact that the completion of K at a prime above [ is a p-
extension of Q;(f1,). The stated conditions guarantee that we have (pg,;,w]) = 0 for all j.
We also have the inclusion ®x/q C X, since we are assuming that K C My. The assumption
that Selg(Loo)[p] is finite implies the finiteness of Selg(K)[p] since K/L is a p-extension.
Proposition 3.2.1 then implies that the Pontryagin dual of Selg(K ), is quasi-projective as
a Z,[A]-module. O

Under the assumptions of the above proposition, all of the congruence relations described
before for the case where ¥, is empty will be valid for the larger class of Artin representations
which factor through Gal(K/Q) for some K chosen as above. In particular, if ¢ is such an
Artin representation and has degree divisible by p — 1, then the formula for Ag(o) given in
proposition 8.3.1 applies.

Conductor 11, p = 7 again. Returning to the special case where E has conductor 11, here
is an example of an H-trivial set for £ and p = 7:

S, = {2,3,13,17,23,29,41,43, 53,59, 61,67, 71,79, 83,101, 103, 107, 109, 127}

The set of primes [ for which (b) fails to be satisfied has a positive Dirichlet density. We’ve
included the first 20 such primes in ,. One can find arbitrarily large H-trivial sets for
and all the other primes p too, except for p = 5. In that case, one easily sees that the roots
of 22 — @z + [ are 1 and . Hence it is not possible to find a nonempty H-trivial set X, for
E and p = 5.

Let ¥ = ¥, U {p,o0}. We continue to consider p = 7. Suppose that A is an elliptic
curve defined over Q whose conductor is divisible only by primes in . Suppose also that
A(Q)[p] # 0. It then follows that Q(A[p™]) C Msx. It also follows that p4 is not surjective.

L :) Many such A’s exist and

In fact, for a suitable basis of T),(A), we have py = (0
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so this construction provides an ample source of specific Galois extensions K/Q satisfying
the assumptions in this illustration. Here are some choices of A found by perusing [Cre]:
26B, 174B, 258F, 294B, 546F, 5741, and 762G. For each of those curves and for any r > 0,
we have L C Q(A[p"™']) C Mx. Tt turns out that the image of Gq in PGLy(Z/p"Z) is
isomorphic to H, for all of those elliptic curves, as we will explain below. Therefore one
obtains certain quotients of Gal(My/Q) isomorphic to H, and our earlier remarks apply to
the Artin representations that factor through those quotients. In particular, either (8.3.c)
or (8.3.d) will valid for each such Artin representation, depending just on the degree.

The next rather general proposition shows that under certain assumptions the image of
pa is determined by the image of p4. It implies the assertion made above. The proof will
be given in [Gr09a|. This result is probably not new, although we haven’t found it stated
in the literature. Some version of it was previously pointed out by T. Fisher. One can also
include p = 5 in the statement, but only by making additional assumptions.

Suppose that A is an elliptic curve defined over Q which has a Q-isogeny of degree
p. Let ® denote the kernel of the isogeny and let ¥ = A[p]/®. The actions of Gq on
® and W are described by FJ-valued characters ¢ and 1, respectively. The statement
below refers to a Sylow pro-p subgroup of Aut (Tp(A)). One can identify Autz, (T p(A))
and Autp, (Tp(A)/pr(A)) with GLy(Z,) and GLs(F,), respectively, by choosing a basis
for T,(A) over Z, and the image of that basis in T,,(A)/pT,(A) = A[p]. One Sylow pro-p
subgroup of GLy(Z,) is the group of matrices whose image in GLo(F,) is upper triangular
and unipotent. The others are conjugate to that subgroup. Note also that ¢y = w is an odd
character. Therefore, ¢1)~! is also odd and hence its order is even.

Proposition 8.3.7. Assume that p > 7. Assume also that o~ is not of order 2. Then
the image of pa contains a Sylow pro-p subgroup of Autg, (Tp(A)).

Of course, im(p4) = Gal(Q(A[poo])/Q). For any r > 0, we can also interpret the image of
im(pa) in A, = PGLy(Z/p" ) as a Galois group. We let K, denote the corresponding Galois
extension of Q and identify Gal(K,/Q) with the corresponding subgroup of A,. Under the
assumptions of the above proposition, and choosing a suitable basis for T),(A), the Sylow p-
subgroup of Gal(K,/Q) is normal and is identified with the subgroup II,. The corresponding
fixed field is an extension of Q of degree dividing p — 1 and is precisely the fixed field for
ker(py~1). If this field turns out to be L, then the fields K, are extensions of exactly the
kind we are considering in this illustration. It turns out that we even have K, N Q. = Q,
although this is not really needed. (See section 3.4.)

One case where p1)~! is not of order 2 occurs if A(Q)[p] # 0 and p > 5. We can then
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take o to be trivial and ¢ = w. Assuming that p > 7, proposition 8.3.7 implies that

i) = { (4 )

The image of that group in PGLy(Z,) is precisely the group H., defined in remark 7.4.6
and the image in PG Ly(Z/p"™Z) for any r > 0 is precisely H,., as mentioned above. More
generally, under the assumptions of the proposition, the image of Gq in PGL4y(Z,) arising
from p, is equal to H, if and only if ¢t~ has order p — 1. Otherwise, the image will be the
unique subgroup of H, of index (p — 1)/e, where e denotes the order of ¢y,

We've already listed a number of examples where A(Q)[p] # 0 when p = 7. Such
examples are abundant. If p > 7, then A(Q)[p] = 0 and such examples can’t exist. However,
for p = 11, we can take A to be one of the curves 121A or 121C in [Cre]. Each has a
Q-isogeny of degree 11. For one of them, one finds that ¢ = w”, 1) = w* and hence the ratio
is w? which has order p — 1 = 10. Thus, if A is any one of those curves, then Q(A[11%])
contains a tower of subfields K, such that Gal(K,/Q) = H,. Furthermore, we do actually
have L C K, C M and so we can simply take >, to be empty.

On the other hand, if A is one of the curves 121B, then A has complex multiplication by
the ring of integers in Q(v/—11) and hence has a Q-isogeny of degree p. For one of them,
one finds that ¢ = w®, ¥ = w® and hence the ratio is w® which has order 2. (This must be
so in the CM-case.) The image of p4 is just a 2-dimensional p-adic Lie group. Its image in
PG Ly(Z,) is not even of finite index.

ac€l+pZ, beZ, cecpZ,, deZ;}

If p > 11, then it is still possible for ¢! to have order p — 1. One sees easily that this
will be true if the conductor of A is not divisible by p. This happens for p = 37. If A is
either one of the two elliptic curves of conductor 1225 which have a Q-isogeny of degree 37,
then A has good, ordinary reduction at 37. Thus, even when one restricts ¢! to an inertia
group for 37, its order is p — 1 = 36. We can then apply proposition 8.3.7 to p4 to obtain a
tower of extensions K, of Q such that Gal(K,/Q) = H, for all r > 0. However, the fields K,
don’t quite fit into this illustration. Although the fixed field for II, is a cyclic extension of Q
of degree p — 1 = 36, that field is ramified at 5, 7, and 37, and can’t be L = Q(u37). Similar
remarks can be made if p = 17. There exist elliptic curves A of conductor 2 - 52 - 172 which
have a cyclic Q-isogeny of degree p. Since ¢ = w has order p — 1 = 16, one sees easily that
o1y~ ! also has order 16. Hence proposition 8.3.7 can again be applied to p4. However, o1
is ramified at 5 and 17, and hence the corresponding cyclic extension of QQ cannot be L.

For p = 5, there is a variant of proposition 8.3.7. If A(Q)[5] # 0, then there exists a
tower of Galois extensions K, of Q which are p-extensions of L and such that Gal(K,/Q) is
isomorphic to either H, or to H|. Examples of both possibilities abound. If we take A to be
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in 38B in [Cre], then it turns out that Gal(K,/Q) = H,, but if we take A to be 11A3, then
we have Gal(K,/Q) = H/. This will also be discussed in [Gr09a).

E. Allowing arbitrary ramification. Suppose now that 3 = 3,U{p, oo} is an arbitrary finite
set of primes containing p and oco. We assume again that K is a finite Galois extension of Q
and that L C K C Msy. There may be primes | € X, such that H;(K, E) # 0. If so, then
we will have A\2°(0) > Ag(o) for some irreducible Artin representations o of Gal(Ms/Q).
The difference \%°(c) — Ag(o) involves the quantities dz (), where I varies over ¥,. We
will use the notation from the beginning of section 8.2, where we are now taking F' = Q and
v = [. Let w; denote the order of the character w; of Gq,. Thus, w; is the order of [ modulo
p. We will usually regard w; as a character of G; = Gq__,- Let M; C G; denote its kernel, a
normal subgroup of G; of index wy.

We assume that [ # p. Let I; denote the inertia subgroup of Gal(Msx/Q) for some fixed
prime of My, lying above [. Its choice will not be important. Then I; C Gal(Mys/Ls) and
I} =2 Z, as a group. We will assume as before that p > 5. According to the discussion in
chapter 5, if x is an irreducible representation of G; such that (pg;, x) > 1, then x must be of
degree 1, unramified, and of order prime to p. The decomposition subgroup of Gal(Myx/Q)
(for the fixed prime above [) can be identified with a certain quotient group of G;, namely
G/ Ty, where 7, is characterized as follows: 7 is the smallest closed normal subgroup of
M, such that M, / J; is a pro-p group. In fact, by local class field theory, one sees that
M, / J; =2 Z, and can be identified with [;. With this notation, the fixed field of M; is
Qoo i(1tp) and the fixed field for J; is the unique Z,-extension of Qoo ;(f4p)-

Suppose that o is an irreducible Artin representation of Gal(Myx/Q). Let W, be the un-
derlying F-representation space for 0. We can regard o; as a representation of G;. However,
o, factors through the quotient group G;/J,. Its irreducible constituents are of two types,
either unramified or ramified, depending just on whether their restriction to M; is trivial
or nontrivial. The unramified constituents are precisely the irreducible constituents in W2,
They are 1-dimensional. In fact, any such constituent must be a character of G; which factors
through gl/./\/ll and so must be a power of w;.

The definition of 63°(c) involves the quantities 6z ;(¢) which, in turn, involve terms of
the form (o, x)(pe,, X). The above remarks show that we need only consider terms where
x = wj for some j. Thus, we have

wi-1
0°(0) = > gpilo) .  where bpi(o) = Y {onw])pen,w])
1€, j=0

The factor g; is a power of p, the highest power dividing the Fermat quotient (I71-1)/p.
The expression for dp (o) sometimes takes a simpler form. If o € Irrz(A), then n(o) = dp®
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for some a > 0, where d is a divisor of p — 1. We denote d by d(¢). With this notation, we
have the following result.

Proposition 8.3.8. Assume that p > 5 and that gcd(g(;ol),wl) = 1. Then

diIIU:(WUIl)

5]_1[(0’) = w,

~a(E 1)

where «(E, 1) = 0 if any of the conditions (a), (b), or (c) in proposition 8.5.6 is satisfied,
a(E, 1) = 1 if either E has split, multiplicative reduction at | or if E has nonsplit, multiplica-
tive reduction at | and | has even order modulap, and o(E, Z)~: 2 if E has good reduction
at [ and the roots of the polynomial x*> — a;x + | are powers of 1.

Proof. As mentioned above, the constituents in the G;-representation space W2 are powers
of w;. We know that 0 ® w’/ = ¢ if w’ has order dividing d = d(c). This just means that j
is divisible by (p — 1)/d. We have 0; ® w] & ¢, for all such j. The stated assumption then
implies that 0; ® w; = ;. Thus, all of the multiplicities (al,w{ ) are equal. Consequently, we
have

dimg (W2 wrl »
op(0) = #Z (pE1, W)
§=0

However, the sum is precisely a(F, ). O

Remark 8.3.9. Since [ is tamely ramified in My, /Q, there is a simple relationship between
the dimension of W/ and the power of [ dividing the Artin conductor ¢, for o:

ord(¢,) = n(o) — dimz(W))

This is true by definition. Thus, dg (o) is closely related to ¢,. We can pick a field K
containing L such that o factors through Gal(K/Q). The image of I; in Gal(K/Q) is the
inertia subgroup for some prime above [, a cyclic subgroup I;(K/Q) of Gal(K/L). Hence,
dimf<Wfl) is just the multiplicity of 15,(x/q) in o|1,x/q)-

As an example, suppose that A = H,. for some r > 1, that [;(K/Q) is conjugate to U,,
and that o is an irreducible representation of H, of degree (p — 1)p". Thus, o|y, is faithful,
we have dimf(Wg’“) = 0, and therefore 0 ;(0) = 0 in that case. In contrast, suppose that o
is the irreducible constituent in ag) |z, of degree (p—1)p™t. (See proposition 7.4.4.) Then, as
mentioned in the discussion before proposition 8.2.2, we have dimz (W) = (p — 1)pl-/2
and hence 0p (o) will be positive if a(E, 1) # 0, and is unbounded as r increases. Note that
I,(K/Q) is determined only up to conjugacy as a subgroup of H,.. The simplest case is when
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I,(K/Q) is conjugate to U,. A necessary condition for this is that the image of [;(K/Q)
under the map H, — B, is nontrivial. That condition is also easily seen to be sufficient. If
it holds, then we can simply assume that we have the equality [;(K/Q) = U,. O

Conductor 11, p = 7 again. We will discuss an example where ¥, is not quite H-trivial
for £ and p = 7. There is one elliptic curve A of conductor 678 = 2 -3 - 113 such that
A(Q)[p] # 0. Suppose that » > 0. The discussion following proposition 8.3.7 tells us that
Q(A[p"™']) contains a subfield K, such that Gal(K,/Q) = H,. Fixing such an isomorphism,
we identify the two groups. The irreducible representations o of Gal(K,/Q) correspond to
those of H,. Proposition 7.4.4 describes those representations. We will determine Ag (o) for
all of them.

We can take 3, = {2,3,113} and ¥ = {p,00} U 3,. The set %, is not H-trivial for
E and p, although the subset {2, 3} is. We have dg;(0) = 0 for [ = 2 and [ = & and
all o factoring through Gal(K,/Q). Now w3 = 1 and so we can use proposition 8.3.8
to determine 0g113(0). One finds that «(FE,113) = 2. We will also need the fact that
ordi13(j4) Z 0 (mod 7). This tells us that the image of the inertia group I113 in H, is
conjugate to U,. We can assume that the prime above | = 113 (in K, ) is chosen so that
this image is precisely U,. These remarks together with the fact that g;13 = 1 give us the
formula

(8.3.¢) A (0) = Ap(o) + 2dimz(W,)")

for any o € Irrz(H,).
As stated before, we have A\g(w?) = 1, but Ag(w?) = 0 for 7 € {0,1,2,4,5}. Since the
w'’s are unramified at [ = 113, their kernels contain U,. Thus, (8.3.e) implies that

A 2 ifi=0,1,2,4,0r 5
Yo(, ) — y Ly 4y
(8.3.f) AR (W) = {3 ifi=3
and therefore that \32°(Le) = 13.

The proof of proposition 8.3.1 shows that XEO(KT,OO) is a projective Z7[H,]-module. If o
has degree divisible by p — 1 = 6, then o is II,-induced and we therefore have the following
congruence relation for the non-primitive A-invariant:

\p (o) = @-;A%i) = M () = o)

Hence we find the following formula for the primitive A-invariant:

Ae(o) = 1—6371(0) — 2dimz (W)
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for any irreducible representation of H, of degree divisible by 6. Remark 8.3.9 includes some
comments about the quantity dimf(WgT). It is interesting to note that Ag(o) is odd for all

such o. The significance of this will be pointed out in chapter 13.
Now consider a representation of the form pg, , of H,. This has degree 7". We have

) = &' = 7; for a unique integer 7 in the range 0 < i < 5. We then have the formula

T —1 n 0 if@ZE{To,TbT%M,TE)}
6 1 ifw:Tg

To see this, one applies the congruence relation (7.4.f) to X = X2°(K, ). One then uses
(8.3.e) for o = ppy, . Note that 1y, occurs as a constituent in pp, »|y, with multiplicity 1,
a consequence of the fact that py, ,|p, has only one irreducible constituent of degree 1. For
the final term, one uses (8.3.f).

Ap(pm,.p) = 13-

Conductor 11, p = 5 again.  As before, we let E be the curve 11A3. However, we will
now take A = E. It turns out that Q(E[p™]) contains a tower of subfields K, such that
Gal(K,/Q) = H/ for all » > 1. We mentioned this before and will discuss this further in
[Gr09a]. However, it is also a consequence of a result in [Fis]. We clearly have L C K, C My,
where ¥ = {00, 5,11}. We take ¥, = {11}.

As mentioned before, we have Xg(Ly) = 0. Thus, Ag(w) = pp(w’) =0 for 0 < i < 3.
Now wy; = 1 and ¢g;; = 1. Also, identifying Gal(K,/Q) with H/, we can assume that the
image of the inertia group I1; in Gal(K,/Q) is precisely U,. This is because 5 1 ordy1(ja).
As a consequence of these facts, we have

630 (0) = dim (W)
for all irreducible representations of Gal(K,/Q). In particular, for the 1-dimensional repre-
sentations w’, where 0 < i < 3, we have A0 (w') = 62°(w') = 1. Thus, \7*(Ls) = 4.

If o is a faithful, irreducible representation of H’, then o is II’-induced and WY = 0. It

follows that

Ae(0) = X(o) = N3 (1) = n(o)
for all the faithful o’s. More generally, this formula is valid whenever |z, has no irreducible
constituents of degree 1. The irreducible representations of the form o = £y have the
property that o|p, has exactly one irreducible constituent of degree 1, the character 1.
Thus, we have the formula

Mp(€mp) = N (Emry) —1 =

since &y has degree 571

51

7 A (Log) —1 = 51 =2
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8.4 False Tate extensions of Q.

Now we consider a class of examples where the Galois groups are isomorphic to the B,’s
discussed in part D1 of section 7.4. Thus, we will continue to be in the situation of section
8.3. Fix an integer m. For simplicity, we will assume that p { ord,(m) for all primes ¢ which
divide m. If r > 0, we will let

(84&) KT = Q(/,Lpr+1, pH_\l/m) ,

a Galois extension of Q with Gal(K,/Q) = B,. We will identify the two groups to simplify
the discussion and we will use the notation from section 7.4, part D1. Letting Q, denote
the r-th layer in the cyclotomic Z,-extension Q. of Q, we then have

KfnJT = Q(N’p”‘l) = Qr(ﬂp)u Kfr = Q(Mp) =L

Thus, we can identify Gal(KT/Qr(up)) with U, and Gal(QT(,up)/Q) with the quotient group
B,./U,. Our assumption about m implies that if ¢ is a prime dividing m, and ¢ # p, then
the inertia subgroup I,(K,/Q) of Gal(K,/Q) for a prime lying above ¢ is precisely U,.

Now let E be an elliptic curve over Q with good ordinary reduction at p. Assume that
Selp(Loo)[p] is finite and that p > 5. We take S, = {l | I|m, | # p}. Then X2 (K00 / Qo)
is quasi-projective as a Z,[B,|-module. Note that K, N Qs = Q, and so, if r > 1, then
we are in the situation discussed in section 3.5. As explained there, if p is an irreducible
representation of B,, then we can still define Ag(p) and A3’ (p) even though B, = Gal(K,/Q)
doesn’t actually act on Xg(K, ) and XEO(KWO).

Note that B, is a [1Q-group, with II = P,.. We have described the irreducible repre-
sentations of B, in section 7.4, part D1. The unique faithful irreducible representation is
v and has degree (p — 1)p". The others have smaller degree and those degrees are also
divisible by p — 1, except for the 1-dimensional representations, all of which factor through
Gal(Q,(1,)/Q). It follows that all of the irreducible representations of B, of degree > 1 are
P.-induced. We obtain

p—2
b _ nlp) So(, i _onlp)
) = (S ) = T )
by applying (7.4.c) together with the remark following proposition 8.3.1 to all those p’s.

To determine A3°(p) — Ag(p), we apply proposition 8.3.8. Assume that p > 5. That
proposition doesn’t apply to the powers of w unless | = 1 (mod p). However, the argument
does apply without change to the direct sum of the w'’s and gives us the formula

p-1 1

S bnite) = 2t atm

=0
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Furthermore, if p is any irreducible representation of B, which is not 1-dimensional, then
we have (p|y,,1y,) = 0. It follows that 0.°(p) = 0 and therefore that Ag(p) = A20(p).
Combining these remarks, and assuming that p > 5, we obtain the formula

(8:40) Aelp) = 2 np(kn) + () Y g D

for any irreducible representation p of Gal(K,/Q) which is not 1-dimensional.

It is interesting that the above formula takes the very simple form Ag(p) = c¢-n(p), where
¢ is a certain rational constant depending on E, p, and m. The denominator of ¢ divides
p — 1. If we view this example from the point of view of section 3.5, the behavior becomes
even simpler. The group B, plays the role of D and A, plays the role of A. The restriction
map identifies A, with the unique subgroup of B, containing U, and such that A, /U, has

order p — 1. Note that A, is isomorphic to the semidirect product (F1 / F’frﬂ) x ). Here we
are using the notation from the beginning of section 7.4, part D, and so I'; is isomorphic to
Z, as a group and (2 acts by the character w. Apart from the p — 1 representations of A, of
degree 1, all the other irreducible representations o of A, have degree p — 1. Furthermore,
every such o is a constituent in p|a, for some irreducible representation p of B, with n(p) # 1.
The definition of Ag(p) in section 3.5 implies that

Ae(p) _ n(p)
Ae(0) n(o)

and therefore we have the formula Ag(0) = ¢- Ag(0) = ¢(p — 1) for any irreducible represen-
tation o of A, which is not 1-dimensional.

The union K, = |, K, is called a “false Tate extension” in [CFKS]. It is a Galois exten-
sion of Q and Gal(/C,,/Q) is isomorphic to By, a two-dimensional p-adic Lie group which
is defined in remark 7.4.6. The Artin representations p which factor through Gal(/C,,/Q)
correspond to the irreducible representations of the B,’s for » > 0. They are described com-
pletely in part D1 of section 7.4. Ignoring the 1-dimensional representations, which factor
through Gal(Q(uy=)/Q), we have n(p) = (p—1)p" for all the others, where ¢ > 0. Of course,
t varies over all the nonnegative integers. However, the restriction of p to Gq_ breaks up as
a direct sum of p' irreducible representations, all of degree p — 1. As mentioned above, the
invariant Ag(o) is actually constant as o varies over all such irreducible representations of
Gal(K,,/ Qo).

There is an interpretation of that constant c¢(p — 1). It coincides with an invariant
defined in chapter 4 of [CFKS] whose definition we will now recall. Consider the Selmer
group Selg(KC,,),, which one can regard as a discrete module over the completed Z,-group
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algebra Z,[[B|]. Here we will fix an identification of Gal(XC,,/Q) with B, to simplify the
discussion. The subgroup Us of By is then identified with Gal(K,,/Ls) and so we can also
regard Selg(/C,,,), as a module over the ring Z,[[Us]]. Since Uy, = Z,, that ring is isomorphic
to a formal power series ring over Z, in one variable. The assumption that Selg(Loo)[p] is
finite implies that the Pontryagin dual Xg(kC,,) of Selg(KC,,), is a finitely-generated module
over Z,[[Us]]- Its rank is denoted by 7 in [CFKS]. We will denote it by 7(E,m).

One then has Ag(c) = 7(E£,m) for all the irreducible representations o of Gal(KC,,/ Q)
of degree > 1. Since this is proved in [CFKS], we will simply mention the various ingredients
used in verifying this fact.

(1) The Sylow pro-p subgroup of Gal(KC,,/Qs) is the normal subgroup U,,. Its index is p—1.
Each irreducible constituent in o |y, is 1-dimensional, nontrivial, and occurs with multiplicity
1. If w is one of them, then A\g(c) = Ag(u). This follows from Frobenius Reciprocity.

(2) There is a control theorem for the behavior of the Selmer groups for E in the Z,-extension
K1/ Lo, almost like the case of a Z,-extension of a number field. However, one finds that the
cokernel of the restriction map can be infinite, but that U, acts trivially on that cokernel.
Thus, if v is a nontrivial character of Us, then Ag(u) is equal to the multiplicity of u in the
Q,-representation space

(84(3) XE(]Cm>U£ ®Zp Qp )

where p' is the order of the character w.

(3) Our assumptions about E imply that Xg(K,,) is a torsion-free Z,[[Us]]-module. This is
a consequence of the fact that Xg(KC,,) has no nonzero, pseudo-null Z,[[Bs]]-submodules.
(See theorem 3.1 in [HaVe].) Hence the multiplicity of w in (8.4.c) is indeed equal to the
rank 7(E,m).

As a consequence, we get a nice formula for 7(E, m). This formula can also be found in
[CFKS] (where it is mentioned in the proof of proposition 4.1.8) as well as in theorem 3.1 in
[HaVe|. The above remarks and the formula for A\g(p) show that

~a(E, 1)

T(E;m) = c(p—1) = Ap(Loo) + Y 91'p_ll

w

where [ runs over the primes dividing m, excluding [ = p if p|m. Note that the factor gl%
is just the number of primes of Lo, = Q(pp~) lying over [. The derivation of this formula in
[CFKS] proceeds from a quite different point of view. Also, it is proved there for more general

base fields (and not just Q) and under the following more general assumption. We state it
using the above notation. The subscript div indicates the maximal divisible subgroup.
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Assumption A: (SelE(ICm)p)dw is cofinitely-generated as a Z,|[Us]]-module.

Our assumption that Selg(Loo)[p] is finite implies that Selg(kC,,), itself is a cofinitely-
generated Z,[[Us]]-module. Furthermore, if E is Q-isogenous to an elliptic curve E’ for
which Selp/(Ls)[p] is finite, then assumption A is also easily seen to hold. However, the
converse is not known to be true. Our argument would also work in that more general con-
text, but only with our assumption about the vanishing of the p-invariant for £ over L.

Note that 7(E,m) depends only on the set of primes ¢ which divide m, and not on
ordy(m). The parity of 7(E, m) determines the parity of all the Ag(p)’s, where p is any
irreducible Artin representation of Gal(/C,,/Q) of degree divisible by p — 1. This follows
from the formula

Aelp) = 2 (Bm)

which holds for all such p’s, together with the fact that %pl) is a power of the odd prime p.
p

As a specific example, suppose that E is one of the elliptic curves of conductor 11 and
that p = 7. We know that Selg (L )[p| is finite and that Ag(Ls) = 1. The fact that wy; =3
implies that 7(E, m) is odd for all m. We have previously listed 20 values of [ for which
a(E, 1) = 0, starting with [ = 2, 3, 13, 23, and 29, which we refer to as H-trivial primes for
E and p. If m is any product of such primes, then 7(E,m) = 1. Otherwise, 7(F,m) > 3.
One has 7(E, m) = 3 for m = 11 and also for m = ¢, where ¢ is any prime where a(E, q) = 2,
w, = 6, and g, = 1. For example, 7(E,5) = 3. The next prime for which «(E,q) = 2 is
g = 19. One has wig = 6, but g19 = 49, and so 7(F,19) = 99. Thus, Ag(p) = 99 - Z(Tpl) for
any irreducible Artin representation p of Gal(K19/Q) of degree > 1. The reason this is so
large is that there are 49 primes of L., lying above 19.

9 Self-dual representations.

For any representation p of A over F, we let p denote the contragredient representation.
If W, denotes the underlying representation space for p, then W; = Hom(W,, F) is the
underlying representation space for p, where the action of A on W; is defined in the usual
way. We say that p is self-dual if p and p are isomorphic representations. Thus, there would
then be a non-degenerate, A-invariant pairing B : W, x W, — F. If p is also absolutely
irreducible, then one easily sees that this pairing B is unique up to a factor in F*. As a
consequence, if one composes B with the map (a,b) — (b,a) of W, x W, to itself, then one
obtains another non-degenerate, A-invariant pairing B’ and one must have B’ = ¢B, where
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e € {£1}. If e = +1, then B is symmetric and one then says that p is “orthogonal”. If
€ = —1, then B is skew-symmetric and one then says that p is “symplectic”.

9.1 Various classes of groups.

Certain groups A have the property that all elements of Irrz(A) are self-dual, and even
orthogonal. The dihedral groups and the symmetric groups have both properties. We will
see other examples of such groups below. If all elements of Irrx(A) are self-dual, then we
will say that A has property (SD). A simple characterization is:

(SD) FEvery element of A is conjugate to its inverse.

This condition is easily verified for the dihedral and symmetric groups. A group satisfying
(SD) is sometimes said to be ambivalent. An abelian group A is ambivalent if and only if
A is an elementary abelian 2-group. The alternating group A, is ambivalent if and only if
n=1,2,5,6,10 or 14. (See 1.2.12 in [J-K].)

We will say that A has property (SDO) if all elements of Irrz(A) are self-dual and
orthogonal. An equivalent characterization is the following counting property:

I

(SDO) d nlo) = {deA |8 =ida}

o

where o runs over Irrz(A) and ida denotes the identity element of A. This characterization
is an immediate consequence of a theorem of Frobenius and Schur. That result and its proof
can be found in proposition 3.7 in [Fei]. We will adopt the notation in [Ro07] to state it. Let

98) = S 0(0) = don(d) + Damp(A)

g

where o varies over Irrgfd)(A) in the sum, which we then break up into the separate sums

over the orthogonal and symplectic elements of Irr(]fd)(A). Proposition 3.7 in [Fei]
Dortn(D) = Dgymp(D) = {6 €A |5 =ida } .
We refer to this equation as the Frobenius-Schur identity.

If U, is the underlying vector space for a representation a of A over f, then the dual (or
contragredient) representation & gives the action of A on Uy = Hom(U,, f). A necessary and
sufficient condition to have 7 = 7 for all 7 € Irrj(A) is the following variation on (SD):
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(SDp) Every element of A of order prime to p is conjugate to its inverse.

For example, if A is a p-group, then Irr¢(A) consists just of the self-dual representation 7,
and (SD,) is obviously satisfied, but (SD) is not satisfied if p is odd (unless [A[ =1). It is
sometimes satisfied if p = 2. Obviously, for any p, (SD) implies (SD,) .

Proposition 9.1.1. For any odd prime p and for anyr > 0, the group A, = PGLy(Z/p"7Z)
satisfies property (SDO).

Proof. For A, = PGLy(F,), the elements of order 2 fall into two conjugacy classes, one

of cardinality %p(p + 1), represented by a diagonal matrix with eigenvalues 1 and -1, the

other of cardinality %p(p — 1), represented by a matrix whose eigenvalues are a, —a, where

= Fy, but o ¢ Fy. Thus, { § € A ‘ 62 = ida } has cardinality p?> + 1. On the other

hand, the results summarized in part A of section 7.2 show that Y _n(o) is also p* + 1.
Now assume that r > 1. We first sum over the primitive o’s, obtaining

|Alay + |Bolbr + [Cyle, = p2rt) — pr

Hence Y _n(c) = p**V + 1. If § € A has order 2, let §, denote its image in A,. Now d,
generates a subgroup of A, of order 2 and the inverse image of that subgroup under the map
A — A, is a subgroup of A of order 2p*". Call this subgroup Hg,. It contains a subgroup
of index 2, namely ker(A, — A,), which consists of elements represented by matrices of the
form I + pA, where A € My(Z/p"*Z). All elements of order 2 in Hg, (including ¢ itself)
map to J, and are conjugate in that group. The cardinality of that conjugacy class is the
index [Hy, : Zs), where Zs is the centralizer of ¢ in Hs,. The order of Zs can be determined
by a matrix argument and turns out to be 2p”. Thus, the conjugacy class of  has cardinality
p?". There are p* choices for §, and so, altogether, the cardinality of { § € A | 6% =idp } is
p?t1) 4+ 1. This verifies property (SDO).
The matrix argument alluded to above reduces to determining the cardinality of

{Ae My(Z/p*'Z) | DAD" = A} .

Here D is a matrix representing ¢ and so its square is a scalar matrix. Thus, D defines an
involution on My(Z/p"™'Z) by conjugation. The (41)-eigenspaces are direct summands and
both are isomorphic to (Z/p"™'Z)%. One checks this separately for both types of elements
dp of order 2 in A,. Noting that the Sylow p-subgroup of Zs (which has index 2 in Z; ) is
precisely the image of the group of matrices of the form I + pA, where A is in the (+1)-
eigenspace, and that the subgroup consisting of scalar matrices has order p”, the statement
about the order of Zs follows easily. O
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The fact that A, satisfies property (SD) could also be verified directly by a straightforward
matrix argument.

As we’ve already mentioned, the dihedral groups, symmetric groups, and elementary
abelian 2-groups also satisfy (SDO). An example of a group which satisfies (SD), but not
(SDO) is the quaternionic group of order 8. Its single 2-dimensional irreducible representa-
tion is symplectic. Of course, groups which do not satisfy (SD) are very common.

If A has odd order, then a theorem of Burnside states that Irrgfd)(A) consists only of
the trivial representation o,. Groups of odd order are simple examples of groups with the
following property: FEwvery self-dual irreducible representation of A is orthogonal. We will

refer to this as property (O). It can also be characterized by a counting property:
(0) HA) = {deA |8 =idy}.

The equivalence follows immediately from the Frobenius-Schur identity. In addition to groups
of odd order, finite abelian groups satisfy property (O). Another family of examples is
GLy(Z/p™™Z) for r > 0 and p odd. Most of the self-dual representations of that group
factor through PG Ly(Z/p"1Z), and so are orthogonal by proposition 9.1.1. For any others,
the restriction to the center must be the character of order 2. Such self-dual representations
exist, exactly one which is primitive for each r. These are described by Rohrlich in [Ro06].
They are all realizable over Q and so are certainly orthogonal. (We recall that any finite
subgroup of GL,(R) is conjugate to a subgroup of the orthogonal group O,,(R). Hence any
representation of a finite group which is realizable over R must be an orthogonal, self-dual
representation. )

9.2 [IIf) groups.

Certain subgroups of GLy(Z/p"1Z) satisfy property O. This question is studied in some
detail in [Ro07] for subgroups whose image in A, is contained in B,. Assume that G is an
open subgroup of GLy(Z,) and let G, denote its image in GLy(Z/p""'Z). Assume that the
elements of G, are upper triangular and that G, contains a matrix whose eigenvalues are
+1 and —1. Proposition 9 in [Ro07] implies that G, satisfies property (O). Rohrlich also
obtains asymptotic information on the behavior of ¥(G,) as r varies. This implies that the
number of r-primitive representations of GG, is bounded above and below by positive constant
multiplies of p". These same results apply to the image of GG, in A,. This image will be a
subgroup of H, by definition. As an example, the groups H, and B, (defined in section 7.4,
part D) satisfy property (O).
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We can verify these facts for H, by using proposition 7.4.4, which gives specific families
of orthogonal irreducible representations. All of the irreducible representations of H,., except
for those whose degree is a power of p, are self-dual. To see this, it is enough to consider
just the r-primitive representations. We know that each such p occurs as a constituent in
o|g, for some r-primitive irreducible representation o of A, and, if we assume that n(p) is
not a power of p, then p is the only constituent of its dimension. Since o is self-dual, so is
o|m,. It follows that p must be self-dual too. Furthermore, p must be orthogonal. To see
this, note that since ¢ is orthogonal, so is o|g,. Remark 9.3.2 below then implies that p
must be orthogonal. Therefore, H, indeed satisfies property (O). The number of self-dual,
r-primitive, irreducible representations of H, is 2p" according to proposition 7.4.4.

For the group H/, one can at least say something about the faithful, irreducible repre-
sentations p whose degree is b, = (p — 1)p”". Those representations also must be self-dual
and orthogonal. The reason is that each such p occurs with multiplicity 1 in o|g, for some
irreducible representation o of A, and is the unique irreducible constituent of degree b,.
Remark 7.4.5 points out that the number of such representations of H, is bounded above
and below by positive constant multiplies of p".

The situation is much simpler for the group B,. Referring to the discussion in D1
of section 7.4, there is a unique faithful, irreducible representation 7,. Obviously, 7, is
self-dual. If 0 < s < r, then we also get a self-dual representation of B, by regarding
vs as a representation of B, via the homomorphism B, — B,. All the other irreducible
representations of B, are of the form ~, ® ¢, where ¢ is a character of B, which has a
nontrivial restriction to the subgroup ker(B, — B;). That restriction has p-power order.
The contragredient of v, ® 1) is v, @4, The two representations are not isomorphic. This is
so because p is odd and hence the restrictions of ¢ and ¢! to ker(B, — Bs) will be different.
Therefore, the irreducible, self-dual representations of B, are just the representations -,
where 0 < s < r. The fact that those are all orthogonal follows by a simple application of
the Frobenius-Schur identity, or from the fact that -, is the restriction to B, (or B,) of a
representation o € B;.

The groups H,, H/, and B, have the property that all of their self-dual irreducible
representations, excluding the two of dimension 1, have degree divisible by p — 1. This
statement (for the first two groups, at least) is actually a special case of a general theorem
proved in [CFKS]. Consider an open subgroup G of PG Ly(Z,) whose image in A, is contained
in B,. Then G has a normal pro-p subgroup P such that G/P is isomorphic to a subgroup
of (Z/pZ)*. Consider an irreducible representation ¢ which factors through a finite quotient
group of G. Proposition 6.8 in [CFKS]| implies that if £ is self-dual and n(§) > 1, then &
is P-induced. This general theorem applies to the H,’s and H|’s by taking G to be Hy, or
H!_. Such a result implies that Ess is isomorphic to a multiple of the regular representation
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of G/P over f. The argument is the same as for the isomorphism (7.4.b). [CFKS] proves the
same result in corollary 6.9 and exploits it in a way which seems quite parallel to the way it
has been used in this paper.

The group H, has the unusual property that all of its irreducible representations of degree
divisible by p —1 are self-dual. This is not true for H, and B, if r > 1. We should also point
out a direct reason why the irreducible representations £y, o, of H, described in remark 7.4.3
are not self-dual. It is clear that the contragredient of g, 4 is &g, 41, which was shown not
to be isomorphic to &q, 4

Remark 9.2.1. If p = 3 (mod 4), then any I1Q-group A will satisfy property (O). This
follows from the lemma after proposition 3 in [Ro07], a very special case of which asserts
that if A is a finite group which contains a normal subgroup of odd order and index 2, then
A satisfies property (O). We can give another argument based on modular representation
theory if A is a II2-group. Of course, II is a normal subgroup of A and we will regard €2 as
a subgroup of A. Let €2 be the subgroup of 2 of order 2 and let A’ = I1€)’, which contains
IT as a subgroup of index 2. We let n, and 7; denote the two characters of A’/II.

We will first show that A’ satisfies property (O). This is true for any odd prime p. Suppose
that p is a self-dual irreducible representation of A’ over F. Assume that p doesn’t factor
through A’/II. Now II has odd order and hence its only irreducible, self-dual representation
is my = 1. Therefore, p|y is reducible. We must have p|p = 7 @ 7, where 7 € Irr#(II) and
™ # . Thus, it follows that p = Ind4’ (7). Now n( ) = p® for some a > 0. We then have
755 o2 77" as representations of IT over f. Since Ind (my) 2 n, @ 1, it follows that

e e
Now consider plo/. It follows that the multiplicities of 1,|qr and 71|o/ in p|o are both equal
to p®. Now we use proposition 9.3.1 below. The representation 7,|q: is orthogonal and occurs
with odd multiplicity in p|g. Therefore, the underlying representation space for p|q cannot
have a nondegenerate (Y-invariant, symplectic pairing. It follows that p itself cannot be
symplectic and hence is orthogonal.

If p =3 (mod 4), then [A : Al = 21 is odd. One can use proposition 9.3.4 below to
see that A indeed satisfies property (O). However, if p = 1 (mod 4), then one can easily
give examples of IIQ-groups which fail to satisfy property (O). For example, if II is cyclic
of order p and if one defines the map 6 : Q2 — Aut(II) so that ker(f) = ', then A =11 x4y Q
has just one element of order 2. Since €' is in the center of A, it is a normal subgroup. One
sees easily that A/ has at least one irreducible, self-dual representation of degree > 1, and
hence so does A. The two self-dual representations of degree 1 which factor through A/II
are obviously orthogonal. The Frobenius-Schur identity then shows that A must have at

least one irreducible, symplectic representation. O
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Remark 9.2.2. Assume that A is a [IQ2-group and let A’ =TI as defined in remark 9.2.1.

Thus, A/A" = Q/Q a cyclic group of order p;;. There is a certain subset of Irrgfd)(A)

which is closely related to Irrgfd)(A’ ). If o is any irreducible representation of A, then
o|ar decomposes as a direct sum of irreducible representations of A’ each occurring with
multiplicity 1. Those summands form an orbit for the action of /€Y. (These remarks
follow from propositions 9.10 and 9.12 in [Fei].) If 0 € Irrgfd)(A), then we will say that o
is “A’-orthogonal” if every irreducible constituent in o|as is self-dual. Those constituents
will be orthogonal since A’ satisfies property (O). It would be sufficient to require that just
one irreducible constituent be self-dual. Note that there are two self-dual 1-dimensional
representation of A. They factor through Q2 and will be denoted by ¢, and o;. Both are
A’-orthogonal by definition.

Proposition 9.3.1 below has the following consequence. Assume that ¢ is an irreducible,
self-dual representation of A. If ¢ is A’-orthogonal, then o is orthogonal. However, the
converse is not true in general.

Suppose that ¢ € Irrz(A). Let p be an irreducible constituent of o|a. Let 7 be an
irreducible constituent of p| and hence of o|. The set of irreducible constituents of o|y is
the orbit of 7 under the action of €2. The stabilizer for 7 under this action will be denoted
by Q. and will be called the Q-stabilizer for 7. If d = d(o) is the length of this orbit, then
n(c) = dp® for some a > 0. Furthermore, one has an action of Q on Irrz(A) defined by
tensoring. More precisely, the action is described by the map Q x Irrz(A) — Irrz(A) defined
by sending (x, o) to o ® x for y € Qand o € Irr£(A). The Q-orbit of o has cardinality %
and consists of the irreducible constituents in Ind (7). The stabilizer of ¢ under the action
of Q) is the unique subgroup of Q of order d. These facts are explained in part A of section
7.4. We let ©2(2) denote the Sylow 2-subgroup of .

Suppose that o € Irrgd)(A). With the above notation, we will show that the following
statements are equivalent:

1. The representation o is A’'-orthogonal and n(o) > 1.

2. The ratio S(;al) 15 odd.

3. The Q-stabilizer of ™ has odd order.

4. The Q-stabilizer of o contains Q(2).

5. The Q' -orbit of m has length 2 and consists of m and 7.

In statement 1, the inequality n(o) > 1 just means that o doesn’t factor through €. Thus,
T # m,. Statements 2 and 3 are obviously equivalent. As remarked above, the Q-stabilizer
of o is the subgroup of { of order d(c). Thus, statement 4 means that |§(2)| divides d(o),
which is equivalent to statement 2.
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Assume that statement 3 is satisfied. Let €2, denote the Q-stabilizer of 7. Then Q' ¢ €,
and hence the €2'-orbit of 7 has length 2. Since o is self-dual, the Q-orbit of 7 contains 7.
Thus, for some «a € €2, we have ™ = 7 o ¢,, where we let ¢, denote the automorphism of II
defined by conjugation by a. In fact, 7 = 7 o ¢, is true for all a’s in a certain coset of €.
The contragredient of o ¢, is 7 o ¢,. Thus,

T = Top, = 77090(2,( = T 0 Pu2
Thus o? € Q, and hence o € Q€. Note that # 2 7 since II has odd order and 7 # m,. It
follows that one can take o to be the nontrivial element of €)', and so statement 5 is true.
Conversely, if statement 5 is true, then the {2'-orbit of 7 has length 2. Therefore, ' ¢ Q.
which implies statement 3.

Statement 5 implies that Ind4 () is a self-dual, irreducible representation of A’. (See re-
mark 9.2.1.) Tt is the unique irreducible representation of A’ whose restriction to I contains
m as a constituent. Thus, Indﬁ,(ﬂ) is an irreducible constituent in o|a:. All the irreducible
constituents are of that form and hence are self-dual. Therefore, statement 1 is true. Con-
versely, statement 1 means that every irreducible constituent of o| is isomorphic to Ind%/ ()
for some 7 whose Q'-orbit contains 7. Clearly, 7 is an irreducible constituent in o|y. It is
clear that statement 5 is then true.

The above equivalences have now been justified. As an additional comment, suppose
that p is an irreducible, self-dual representation of A’ and that n(p) > 1. We then have
pE Ind%/ (m), where 7 satisfies statement 5. The Q-stabilizer of w has odd order and therefore
every irreducible constituent o in Ind4(7) satisfies statement 2. Thus, the number of such
irreducible constituents is odd. Since Ind(n) is self-dual, at least one such constituent (say,
o) will be self-dual. The other constituents are isomorphic to twists o ® y, where x € Q. If

o®Y is also self-dual, then c®x? = o. Since the Q-stabilizer of o has index 5(;01)

odd, it follows that o ® x = . Therefore, Ind5(7) = Ind%, () has exactly one irreducible,
self-dual constituent. That is, there exists exactly one self-dual representations o of A such
that o|a has p an one of its irreducible constituents. By definition, that representation o is
A’-orthogonal. Both A and A’ have two 1-dimensional, self-dual representations, although
0, and o7 have the same restriction to A" if p =1 (mod 4).

We use the notation Oas_ o, (A) to denote > n(o), where o varies over all of the A’-
orthogonal irreducible representations of A. Since o and o|a, have the same degree, the
remarks in the previous paragraph give the following relationship:

, which is again

GA’—orth (A) = eorth (A/)

Note also that all the elements of order 2 in A are in A’. Furthermore, 6y,,(A’) = 0
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according to remark 9.2.1. The Frobenius-Schur identity then implies that

Horth(A> = QA’—orth(A) + esymp(A)

and hence that A satisfies property (O) if and only if every irreducible, self-dual represen-
tation of A is A’-orthogonal. O

9.3 Some parity results concerning multiplicities.

Our next results concern the parity of the multiplicity for o € Irrgfd) (A) in an F-representation
space V for A. In the formulation, saying that an F-bilinear form B on V is A-invariant
means that B(dvy,0ve) = B(vy,v2) for all § € A and all vy,v, € V.

Proposition 9.3.1. Suppose that V is a finite-dimensional representation space for A over
F and that there is a non-degenerate, skew-symmetric, A-invariant, F-bilinear form B on
V. Suppose that o is an orthogonal, irreducible representation of A. Then the multiplicity
of o in'V 1is even.

Proof. For any subspace W of V, we will let W+ denote the maximal subspace orthogonal
to W under the pairing for B. Suppose that the multiplicity of ¢ in V is positive. Let W
be a A-invariant subspace of V' isomorphic to W,, the underlying representation space for
0. The restriction of B to W is still skew-symmetric. Since o is orthogonal, that restriction
must be trivial. That is, W C W+. Now W+ is also A-invariant and so we get a non-
degenerate A-invariant pairing W x V/W+ — F. Thus, V/W is a representation space
for A isomorphic to Ws. Since o is self-dual, we see that the multiplicity of o in V' is at least
2. Let V! = W+ /W. Then V' is also a representation space for A and the multiplicity for o
has been reduced by exactly 2. Now B induces a bilinear form B’ on V' in the obvious way,
and that form is nondegenerate, skew-symmetric, and A-invariant. The proposition follows
by induction. 0

Remark 9.3.2. A virtually identical proof gives the following result.

Assume that V' has a A-invariant, F-bilinear, non-degenerate pairing which is symmetric.
Let o be a symplectic, irreducible representation of A. Then the multiplicity of o in' V' must
be even.

We also remark that the proofs of both results are valid for representations over any field
of characteristic 0, or even odd characteristic. We will later apply proposition 9.3.1 to a
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situation where V' is a Q,-representation for A. We obtain an F-representation space Vr
by extending scalars: Vr =V ®q, F. By definition, if o € Irrz(A), then the multiplicity of
o in V refers to the multiplicity of W, as a direct summand in V. Also, note that a Q,-
bilinear form B on V extends uniquely to an F-bilinear form Bz on Vz. Of course, Br is A-
invariant if and only if B is A-invariant. Similarly, Br is non-degenerate, symmetric, or skew-
symmetric if and only if B is non-degenerate, symmetric, or skew-symmetric, respectively.

O

Remark 9.3.3. If 0 € Irrgfd)(A), then its Schur index over Q, will be 1 or 2. This follows
from the Brauer-Speiser theorem which states that the Schur index over Q is at most 2 when
o is self-dual. If the Schur index for o over Q, is 2 and if V' is a Q,-representation space
for A,then the multiplicity of ¢ in V' will be even. The Schur index over Q, can turn out
to be 2 for either orthogonal or symplectic o’s. In contrast, if one considers an irreducible,
self-dual representation o over C, its character is real-valued and its Schur index over R is
1 if o is orthogonal and is 2 if o is symplectic. (See [Se77], chapter 13.2.) O

We end this chapter with some results which will be useful in chapters 10 and 12. In
particular, we will sometimes apply the next two propositions to the groups G = D and
N = A, in the notation of section 3.5.

Proposition 9.3.4. Suppose that G is a finite group and that N is a normal subgroup of
G such that G/N is a cyclic group of odd order. Suppose that p is a self-dual irreducible
representation of G. Let o be an irreducible constituent in p|y. Then o is self-dual. If p is
orthogonal, then so is o. If p is symplectic, then so is o.

Furthermore, if o is a self-dual irreducible representation of N, then there exists exactly
one self-dual irreducible representation p of G such that p|y has o as a constituent. If o is
orthogonal, then so is p. If o is symplectic, then so is p.

Proof. The irreducible constituents in p|x form an orbit in Irr#(N) under the action of G/N
defined by conjugation. Since p is self-dual, so is p|x. Therefore, if ¢ is one of the irreducible
constituents of p|y, then & is also an irreducible constituent. The number of constituents is
odd and therefore at least one must be self-dual. It then follows that they are all self-dual.

All of the irreducible constituents in p|y occur with equal multiplicity and that multi-
plicity is known to be 1 if G/N is cyclic. This is proved in proposition 9.12 in [Fei]. Now
if p is orthogonal (respectively, symplectic), then we can apply proposition 9.3.1 or remark
9.3.2 to p|ny to conclude that o is orthogonal (respectively, symplectic). We remark that we

only need to know that o has odd multiplicity in p|y, and this is known to be true if we just
assume that G/N has odd order.
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For the second part, note that if p is any irreducible constituent in Ind$ (o), where o is
an irreducible representation of N, then n(p) = dn(o), where d is the cardinality of the orbit
of 0. Each of those irreducible constituents has multiplicity 1 by Frobenius Reciprocity. The
number of such constituents is therefore odd. If ¢ is self-dual, then so is Ind§ (). Pairing
each of those constituents with their contragredients, it follows that at least one of them
is self-dual. Call that constituent p. By the first part, p is orthogonal if and only if o is
orthogonal.

Now suppose that p is a self-dual constituent in Ind$(c). Then p ® o/ is also self-dual.
We will show that p ® p’ contains 15 as a constituent, and therefore that p’ = p = p. First
of all, p® p/|y does contain 1y as a constituent. That is so because 0 ® o contains 1y. The
multiplicity is 1. This is true for all the irreducible constituents in p|y = p/|y. It follows
easily that p ® p/|x contains 1y as a constituent with multiplicity d. Thus, there exists at
least one irreducible constituent x in p® p’ such that x|y has 1y as a constituent. However,
using 9.12 in [Fei] again, it follows that x must be of degree 1 and so x|y = 1y. This means
that ker(y) contains N. The number of such constituents x in p ® p’ must be d. Each of
them can regarded as a character of G/N. Since d is odd, at least one of those x’s must
be self-dual. However, p ® p is self-dual. Hence, at least one of the x’s must be self-dual.
Since G/N has odd order, their is only one self-dual character of G/N, namely the trivial
character. Consequently, p ® p’ does indeed have 14 as a constituent. 0

The next result will be stated in terms of the usual multiplicity pairing (p, p')¢, which is
defined for all p, p’ € Rx(G). It is a Z-bilinear pairing. If p and p’ are absolutely irreducible,
one has (p,p')¢ = 1if p = p' and (p,p')¢ = 0 otherwise. The pairing (-,-)x on Rz(N),
where N is a subgroup of G, is defined in the same way.

Proposition 9.3.5. Suppose that G is a finite group and that N is a normal subgroup of G
such that G/N has odd order. Suppose that p and p' are self-dual representation of G. Then

(pln, PIn)N =2 {p, Ple  (mod 2)

Proof. Since N is a normal subgroup of G, Ind$ (1) is isomorphic to the regular represen-
tation of G/N, viewed as a representation of G. It follows that

nd(o'ly) = P @)™

13

where e runs over all the irreducible representations of G/N. We use Frobenius Reciprocity,
obtaining the following equalities:

(pl, P Iv)v = (p, ndS(p|n) Yo = (o, P @)@ )= n(e)lp, ¥ ®e)a -

3 3
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The term where € = ¢, gives the contribution (p, p')c. There is a theorem of Burnside which
asserts that a nontrivial absolutely irreducible representation of a finite group of odd order
cannot be self-dual. Thus, the terms where € # £, occur in pairs: € and €. However, since p
is self-dual, the contragredient of p’ ® € is isomorphic to p’ ® £. Also, since p is self-dual, we
have

(p. P®Ee = (p, @5

where we use the fact that (&, B)¢ = (a, B)¢ for any two representations a and ( of G.
The stated congruence follows immediately. 0

9.4 Self-dual representations and the decomposition map.

Let A be a finite group. There is a refinement of the theorem of Brauer asserting that
the decomposition map d : Rr(A) — Rj(A) is surjective. It will be useful in the proof of
corollary 12.1.3. As in Brauer’s theorem, we assume that F contains the m-th roots of unity,
where m is divisible by the orders of all elements of A. The groups Rz(A) and Rj(A) have
natural involutions defined by sending an irreducible representation to its contragredient.
Thus, both groups have an action of a cyclic group C of order 2. We denote Rx(A)¢ and
Ri(A)Y by R(;d)(A) and R;Sd)(A), respectively. If p € Repz(A), then [p] € 'R(de)(A) if and
only if p is self-dual. If v € Reps(A), then [v] € Rng)(A) if and only if 0% = v**. Now
consider the induced map
FICO R(}‘Ed)(A) _ Rng)(A)

It turns out that this map is also surjective. The proof relies on another well-known theo-
rem of Brauer - his characterization of elements of Rz(A) in terms of their restrictions to
elementary subgroups of A.

We can identify Rx(A) with the character ring for A. This is a subring of the ring of
class functions on A with values in Z[(], where ( is a primitive m-th root of unity. If p is
any representation of A over F, we will denote its character by x,. The elements of Rz(A)
are differences x,, — X,,, where p; and ps are representations of A. We could write this as
Xp; Where p = p; © py is a “virtual” representation. One identifies a virtual representation
p with its character x,. The ring Z[(] has an involution ¢ induced by ¢ — ¢~'. Let Z[(]*
denote the subring of Z[(] fixed by that involution. If f is any function with values in Z[(],
then we will let f denote ¢ o f. In particular, if p € Rx(A), then it is well-known that
X5 = X, Hence, p € R(}‘fd)(A) if and only if y, has values in Z[(]T. We then say that y, is
real-valued.
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Let A,¢, be the set of elements in A of order prime to p. The ring R{(A) can be identified
with the ring of Brauer characters, which is a subring of the Z[(]-valued class functions on
Ayeg. If v is a representation of A over f, then its Brauer character y, determines and is
determined by the isomorphism class of v*°, i.e., by the class [v] in Rj(A). We can define
Xv if v is a virtual representations for A just as above. It is again true that y; = X, and

SO v € Rng)(A) if and only if y, is real-valued. To show that d*? is surjective, it suffices

to show that if [v] € RESd)(A), then there exists a p € Rx(A) such that x, is real-valued
and x,|a,., = Xo- But this assertion is an immediate consequence of theorem 43 in [Se77].
One defines a class function xy on A as follows: If ¢ € A, one can write ¢ = rs, where
r € Ayeg, s has p-power order, and rs = sr. Obviously, r and s are uniquely determined by
g. Define x : A — Z[(] by x(9) = xu(r). It is clear that x is a class function on A, that
X is real-valued, and that x|a,., = Xo. Using the characterization theorem of Brauer, Serre
verifies that there is indeed a p € Rz(A) such that x = x,.

10 A duality theorem.

Suppose that K/F is a finite Galois extension and let D = Gal(K/F'). Suppose that E is
any elliptic curve defined over F'. Fix a prime p. The weak Mordell-Weil theorem tells us
that Selg(K), has finite Z,-corank. The Kummer map

E(K) ®z (Qp/zp> — Selg(K),

is an injective D-equivariant map. Its cokernel is isomorphic to Il (K),. Let Xg(K) denote
the Pontryagin dual of Selp(K), and Y(K) denote the Pontryagin dual of E(K)®z(Q,/Z,).
We then have a surjective map Xg(K) — Yg(K) which is D-equivariant. Therefore,
Yi(K) ®z, Qp is a quotient of Xp(K) ®z, Q, as a Q,-representation space for D. Of
course, the conjecture that III1x(K), is finite implies that those two spaces are isomorphic.

Both Xg(K) ®z, Qp and Yg(K) ®z, Q, are self-dual representation spaces for D. This
is obvious for Yg(K) ®z, Q, since it is dual to E(K) ®z Q, and the character of that
representation space has values in Q. The fact that Xp(K) ®z, Q, is self-dual is proved
in [Dok4] by studying the change in Selmer groups under an isogeny. One can also give
a proof based directly on the Poitou-Tate duality theorems. One must show that if p €
Irrz(D), then p and p have the same multiplicities in Xg(K) ®z, Qp. According to remark
4.3.2, those multiplicities are equal to the O-coranks of the Selmer groups Selgjp-s, (') and
Sel gppeeieps (), respectively. One can compare those O-coranks by using the duality theorems.
A proof of the equality of those O-coranks is found in [Nek2], proposition 12.5.9.5. Nekovar
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assumes that n(p) = 1, but this is not really necessary in his argument. Proposition 2 in
[Gr94a] also implies the equality, but that result is only proved for the base field F' = Q.
The argument is quite general in nature and can easily be modified to work over any number
field F.

Suppose that p € Irrz(D). Let rg(p) denote the multiplicity of p in the F-representation
space E(K) ®z F, or equivalently, in the representation space Yg(K) ®z, F. Let sg(p)
denote the multiplicity of p in Xg(K)®z, F. Of course, sg(p) might conceivably depend on
p. If the Tate-Shafarevich group IIg(K) turns out to be finite, then sg(p) = rg(p), which
is independent of p. Conjecturally, this is so. As a consequence of self-duality, we have

(10.0.a) re(p) = re(p),  and  sp(p) = se(p)

for all p € Irr£(D). One can extend the definitions of rg(p) and sg(p) to all representations
p of D so that those functions behave additively for direct sums. Clearly, the equalities
(10.0.a) will continue to be true.

10.1 The main result.

Now assume that E has good, ordinary reduction at p. The main result of this chapter
concerns the Qp-representation space V = Xp(K) ®z, Qp for G = Gal(K/F'), where K
is the cyclotomic Z,-extension of K. We will let I'x denote Gal(K/K). If Selg(K), is a
cotorsion Z,[['kx]]-module, then V is finite-dimensional. We will show that V' is then self-
dual. However, the result is more precise. In the formulation, let K, denote the n-th layer in
K. /K, where n > 0. Thus, Gal(K,/K) is cyclic of order p". We let I', = Gal(K/K,),
the subgroup of index p™ in I'k. It will not be necessary to make the assumption that
K NF, = F. As in section 3.5, we will continue to denote Gal(K/Fy) by A. We can
identify A with a subgroup of D. In particular, if K N F, = F, we will have A = D. Here
is our main result. It is true even if p = 2.

Proposition 10.1.1. Suppose that Selg(K ), is cotorsion as a Zy[[I'k]|-module. Let G and
V' be as defined above. Then V' is a finite-dimensional, self-dual Q,-representation space for
G. Furthermore, if t is chosen large enough so that corankg, (SelE(Kt)p) 1s maximal, then
the Q,-representation space

W = ker(V — VpKt)

for G admits a Qp-bilinear, non-degenerate, skew-symmetric, G-invariant pairing.

As we will point out in the proof, Vr, is isomorphic to Xp(K:) @z, Qp as a Q,-
representation space for Gal(K;/F') and is therefore self-dual. That fact is one ingredient in
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the proof. Another ingredient is the Cassels-Tate pairing on Ilg(K,), for n > ¢, which is
skew-symmetric. The existence of the skew-symmetric pairing on W will be derived from
the existence of the Cassels-Tate pairing for a sufficiently large value of n. The following
lemma is the key step in doing that. It concerns the existence of bilinear forms of a certain
type. We consider only skew-symmetric forms, which is what we will actually need, but
the analogous result is true for symmetric forms too, with essentially the same proof. We
will just assume that A is a finite group, that G is a profinite group which contains A as a
normal subgroup, and that G/A = T". 0f course, we have in mind the situation discussed in
section 3.5.

If R is a commutative ring and B is an R-bilinear form on some R-module N, then we will
understand implicitly that the values of B are in R. If B is symmetric or skew-symmetric,
then {n € N | B(n, N) =0 } will be called the radical of B. It is an R-submodule of N. If
R = 7, and the radical of B is trivial, then B extends to a non-degenerate Q,-bilinear form
on the vector space N ®z, Q,.

Lemma 10.1.2. Suppose that W is a Q,-representation space for A and that L is a A-
invariant Z,-lattice in W. For every n > 1, suppose that there exists a (Z/p™Z)-bilinear
form En on L/p™L which is A-invariant and skew-symmetric, and whose radical has bounded
exponent as n — oo. Then there exists a Qp-bilinear form B on W which is A-invariant,
skew-symmetric, and non-degenerate. Furthermore, suppose that W is a representation space
for G, that L is invariant under the action of G, and that the forms B, can be chosen to be
G-invariant. Then the form B can also be chosen to be G-invariant.

Proof. Let B be the Z,-module consisting of all skew-symmetric, Z,-bilinear forms on L.
Any element B € B induces a skew-symmetric Q,-bilinear form on W. The group A acts
naturally on 9B. If § € A, then the value of §(B) at (z,y) is B(6'z,d'y). We must prove
the existence of an element B € B which is A-invariant and such that the bilinear form on
W induced by B is non-degenerate.

For n > 1, let 9B,, denote the Z,-module consisting of skew-symmetric, (Z/p"Z)-bilinear
forms on L/p™L. The group A acts on 98,, and the natural reduction map 3, : B — B, is
a surjective, A-equivariant homomorphism. Suppose that §n~ € ‘B, satisfies the hypotheses
in the proposition. Let B! € B be any inverse image of B,, under the map [,. Define
B, = Na(B.), where Np is the norm map for the action of A on %B. Then B, is A-
invariant. The image of B, under 3, is |A|B,. We must just show that the radical of B, is
trivial if n is sufficiently large. Then we take B to be the extension of B,, to W.

If the radical M of B, is nonzero, then M is a Z,-submodule of L and must obviously be
a direct summand. Hence the image of M in L/p™L has exponent p". However, the image
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of M is contained in the radical of |A|§n, which has bounded exponent as n — oo. Thus, if
n is sufficiently large, the radical of B,, is indeed trivial.

For the second part, the group G is assumed to act on W continuously. Now G also acts
continuously on 9B and the Z,-submodule B is invariant under that action. The set B2
is a closed subset of B and hence is compact. It is sequentially compact. It is also a direct
summand of B as a Z,-module. The action of G on B> factors through I'. Let v be a
topological generator of I' and let T" = v — idr, viewed as a Z,-linear map on B2, Assume
that the forms én are G-invariant. Then B, as defined above, is in B84 and T'B,, € p"B~.
There exists a subsequence of the B,’s which converges. Let B, € B% be the limit of such
a subsequence. Then T'B,, = 0. It is clear that B, is G-invariant. Also, by using essentially
the same argument as above, one can verify that the radical of B, is trivial. We obtain the
desired B by extending B, to W. 0J

Proof of proposition 10.1.1. Mazur’s control theorem for the extension K /K asserts that
the restriction map
Sp ot Selp(K,), — Selg (K o)L xn

P
has finite kernel and cokernel, both of bounded order. (See [Ma72] or [Gr99].) It is also
a Gal(K,/F')-equivariant map. The assumption that Selp(K), is cotorsion as a Z,[['k]]-
module implies that the Z,-corank of Selg(kK,), is bounded as n — oo, and hence becomes
constant for sufficiently large n. Let M,, denote the maximal divisible subgroup of Selg(K,,),
and let A,, = Selg(K,),/M,, a finite group. It follows that if ¢ is chosen as in the proposition,
and if m > n > t, then the map M, — M, is surjective. Let M, = s,(M;) and let
As = Selp(Kw)p/Ms. The map s, induces a map a, : A, — As. The above remarks
imply that |ker(a,)| < |ker(s,)| for n >t and hence |ker(a,)| is bounded as n — oo. Let

A = corankg, (SelE(Koo)p), Ao = corankz, (Moo), A1 = corankz, (Aoo) )
Then A\ = rankz, (XE(KOO)) = dimq, (V) and A, + A = A.
Suppose that n > t. The restriction map s,, induces the dual map

§n: XE<Koo) — XE(Kn) )

Tk,

which also has finite kernel and cokernel. Since s,, is Gal(K,,/F)-equivariant, so is §,,. Hence,
Vig, =& Xp(Ky) ®z, Qp

as representation spaces for Gal(K,,/F). The theorem in [Dok4]| cited previously therefore
implies that Vp, is a self-dual representation space for Gal(K,,/F). For n > t, we have
dimq, (Vry,) = Ao Also, dimq, (W) = A1
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We now study W. Assume that n > t. From the definitions, we have

sn(M,) = My C Selp(Kxo) 5 C Selp(Ku)p

and correspondingly, we have surjective maps

—~

— My .

Xip(Ke) — Xp(Koo)r

Kn

The kernel of the second map is finite and the kernel of the composite map is isomorphic to
A. Therefore, we have an isomorphism

~

W =~ A, ®z,Q,

as representation spaces for G. If ,u(XE(KOO)) > 0, then the Z,-torsion subgroup of Xp(K)
would be infinite, but it would be of bounded exponent. Let A 4, be the maximal divisible
subgroup of Ay. Then A 4, has finite Z,-corank, which is equal to dimgq, (W), and the

corresponding quotient A, / Ao giv has finite exponent, say p*. Let L be the image of A

in W. It is clear that L is a Galois-invariant Z,-lattice in W and that L = fAloqdiv. We will
use lemma 10.1.2 to get a bilinear pairing on W with the stated properties.

Note that for any n > 1, L/p"L is the Pontryagin dual of A 4iv[p"]. To define a bilinear
form on L/p™L with certain properties, it suffices to define such a form on A 4,[p"]. We
will omit the justification, which is not completely trivial. One helpful remark is that if 95,
is as in the proof of lemma 10.1.2, then the Pontryagin dual of (%B,,)* is (%,)a, which may
have a different structure than (%\H)A. However, it is enough to show that the kernel and
cokernel of the map (B,)> — (B,)a has bounded order as n — oo, which is not difficult.

Now we have a map a,, : A, — A, whose kernel is of bounded order as n varies. The
Cassels-Tate pairing on the group A,, defines a non-degenerate, skew-symmetric, Z,-bilinear
form on that group. That form is Gal(K,/F)-invariant. We will use it to define a suitable
bilinear form on A. 4, [p"]. Note that a, (p“An) C Ao div- We will show that the subgroup
ay, (p“An) of A giv 18 an approximation to A 4,y [p"] in some sense.

Suppose that we have two sequences {G,} and {H,} of finite abelian groups and a
sequence of homomorphisms f,, : G,, — H,. We will say that this sequence {f,} of maps is
kc-bounded if the groups ker(f,) and coker(f,) have bounded exponent as n — oo. If such
a sequence {f,} exists, we will write {G,} ~ {H,}. One example we need is the following.
For brevity, we write Ax for Z,[[I'k]]. As usual, we can identify that ring with the formal
power series ring Z,[[Tk|], where Tk = vk — idr, and 7y is a fixed topological generator of
k. Suppose that X = Xg(K), a finitely generated, torsion Ax-module. One can use the
classification theorem for such modules to study the growth of the groups Xr, —as n varies.
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One does this factor-by-factor, reducing to modules of the form Ag /(6(Tk)), where 6(Tk)
is a power of an irreducible polynomial in Ag. This is rather straightforward to do. Some
special attention is needed for factors where the roots of (T ) are of the form (—1, { being a
p-power root of unity. We will omit the details. Applying this to X = Xg(K ), we see that
the Z,-rank of X, stabilizes and is equal to A, for n > ¢. For the Z,-torsion submodules,

one can show that {(Xr, )iwrs} ~ {(Z/ p”Z)/\l}. The corresponding kc-bounded sequence
of maps f,, is not canonical. A second example that we need is that {(XFKn)tors} ~ {A\n}

This follows from Mazur’s control theorem. Also, A\n >~ A, as a group. Hence, in summary,
we have {A,} ~ {(Z/p"Z)™}. Note that A g,[p"] = (Z/p"/Z)™.

The maps a, defined above are canonical, and hence Galois-equivariant. The above
discussion shows that one can choose an integer v > wu so that a,(p’A,) € Ax.ain[p"]-
Consider the map b, = p“a,, which is a Galois-equivariant map from A, to A gin[p"].
Furthermore, the sequence {b,} of maps is kc-bounded. The last fact follows from the
remarks in the previous paragraph and the fact that ker(a,) is of bounded order.

The assertion that W has a pairing with the stated properties is easily deduced from
lemma 10.1.2. We need to define (Z/p"Z)-bilinear, skew-symmetric, Galois-equivariant pair-
ings on the A 4iv[p"]’s and this can be done using the maps b,. One uses the following two
observations: (1) Assume that one has a non-degenerate, bilinear form B; on a finite abelian
group A; and that A} is a subgroup of A; of exponent e. Then eB; defines a bilinear form
Bs on Ay = A;/A). The radical of By will have exponent at most e. (2) Assume that one has
a bilinear form Bs on a finite abelian group A,, that the radical of By has exponent e, that
As is an abelian group containing A, as a subgroup, and that A3/A; has exponent f. Then
one obtains a bilinear form B3 on Az by composing the map A3 x A3 — Ay x A, defined
by multiplication by f with the form B;. The radical of the form B3 has exponent at most
ef?. One uses observation (1) for the form B; defined by the Cassels-Tate pairing on A, to
obtain a bilinear form By on im(b,). One uses the form By and observation (2) to obtain a
bilinear form Bs on Au 4in[p™]. It is clear that Bs will be skew-symmetric, Galois-invariant,
and that its radical will have exponent which is bounded as n varies.

Having shown that W has a non-degenerate, G-invariant, skew-symmetric, Q,-bilinear
form, it follows that W is self-dual as a representation space for G. Since V/W is also self-
dual, it follows that V' is self-dual. O

The following corollary includes the duality relation mentioned in section 1.2. For the
second part, recall that Ag(p) is defined for p € Irrz(D) by the formula (3.5.a).

Corollary 10.1.3. Suppose that Selp(Kw), is a cotorsion Zy[[I'k]|-module. If o is an
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irreducible representation of A = Gal(Kw/Fx), then Ag(d) = Ag(o). Also, if p is an
irreducible representation of D = Gal(K/F), then Ag(p) = Ag(p).

Proof. The fact that V is self-dual as a A-representation space gives the first assertion. The
second follows immediately because the contragredient of p|a is p|a. 0

10.2 Consequences concerning the parity of sg(p).

We want to now discuss the parity of sg(p) for self-dual representations p. We will assume
that p is odd. We continue to let D = Gal(K/F) and A = Gal(K/F). The first part of
the following proposition concerns self-dual, irreducible representations p of D. In the last
part, p may be reducible.

Proposition 10.2.1.  Suppose that p is odd and that Selg(Ky), is Z,[[I'k]]-cotorsion.
Suppose that p is a self-dual, irreducible representation of D and that p is orthogonal. Suppose
that o is an irreducible constituent in p|a. Then

56() = As(p) = Ap(o) (mod 2)
If p is any self-dual, orthogonal representation of A, then sg(p) = Ag(p) (mod 2).

Proof. We assume that p is irreducible until the last part of the proof. First of all, by
definition, we have A\g(p) = |Orb,|- Ag(c). Since |Orb,| is a power of p, and hence odd, the
second congruence is obvious. Let ¢ be as in proposition 10.1.1 and let A; denote the image
of A'in Dy = Gal(K;/F). We identify A with A;. Thus, A, is a normal subgroup of D, and
the order of D;/A; is a power of p. Consider the representation space Xg(K;) ®z, Q, for
Dy, which we will denote by p’ in this proof. We know that p’ is self-dual. Regarding p as a
representation of Dy, it is clear that its multiplicity as a constituent in p’ is equal to sg(p).
According to proposition 9.3.5, we have the congruence

SE(p) = <p7 p,>Dt = <p’At7 pI|At>At (HlOd 2)

However, regarding o as a representation of Ay, it is an irreducible constituent in p|a, and
its orbit under the action of D;/A,; is just Orb,. Also, if o7 and o, are in that orbit, then one
sees easily that sg(01) = sg(02), where these quantities are defined in terms of the action of
Ay on Xp(K;) ®z, Qp. Thus,

<IO|At’ pl|At>At - |Orb,0| ’ <07 p,|At>At = SE(U) (IIlOd 2)
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since |Orb,| is odd. Hence sg(p) and sg(o) have the same parity. We must prove that sg(o)
and Ag(o) also have the same parity.

We now use proposition 10.1.1. Let W be as defined there. Note that since p is or-
thogonal, proposition 9.3.4 implies that ¢ is orthogonal. Consequently, by proposition 9.3.1,
the multiplicity of o in the A-representation space W is even. Also, Vr, is isomorphic to
Xp(K:) ®z, Qp as a representation space for A. It follows that Ag(c) has the same parity
as the multiplicity of o in Xp(K;) ®z, Q,. Therefore, we indeed have

Ag(o) = sg(o)  (mod 2)

which implies the stated congruence.

For the final statement, the representation p is isomorphic to a direct sum of irreducible
representations. Symplectic irreducible representations of D must occur with even multiplic-
ity as constituents in p by remark 9.3.2. Their contributions to both invariants will therefore
be even. The contributions of each orthogonal irreducible constituent to Ag(p) and to sg(p)
will have the same parity. Any other irreducible constituent 6 in p which is not self-dual
occurs with the same multiplicity as 6. According to corollary 10.1.3 and (10.0.a), their total
contribution to both Ag(p) and to sg(p) will also be even. O

Remark 10.2.2. Suppose that L is a finite Galois extension of F' of odd degree. Let p be a
self-dual Artin representation of G and let p|; denote its restriction to G. Then we have
the following useful congruences:

re(ple) =re(p) (mod 2),  sp(plr) =sp(p) (mod2),  Ap(plr) =Ap(p) (mod 2) .

The last congruence makes sense only when the A-invariants are defined. Remark 10.2.5
below extends the definition to all cases. For the proofs of the first two congruences, one
just uses proposition 9.3.5, taking p’ to be the self-dual representation space Xg(K) ®z, Q,.
One must take K large enough so that p factors through Gal(K/F') and also so that L C K.
One takes G = Gal(K/F) and N = Gal(K/L). For the third congruence, one takes p/
to be the V' occurring in proposition 10.1.1 (or in remark 10.2.5), G = Gal(K,/F,), and
N = Gal(K«/Ls) in proposition 9.3.5. O

The situation if p is symplectic is interesting. The Schur index over Q for any such p is 2.
Consequently, it follows that rg(p) is even. Alternatively, if one regards p as a representation
over C instead of F, one could use the fact that the canonical height pairing on F(K) ®z R
is symmetric, nondegenerate and D-invariant. One can then apply the analogue of remark
9.3.2 to that representation space, replacing Q, by R and F by C. Since one expects that
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sg(p) = re(p), it should also be true that sg(p) is even whenever p is symplectic. However,
this is not known in general. There is a p-adic height pairing on the Pontryagin dual Xg(K) of
Selg(K),. It is symmetric and D-invariant. It is conjectured to be nondegenerate (modulo
the torsion subgroup). If that is so, then we can extend that pairing to a Q,-bilinear,
symmetric, D-invariant, nondegenerate pairing on the vector space Xg(K) ®z, Q,. Remark

9.3.2 would then imply that sg(p) is indeed even for every symplectic p € Irr(]fd)(D). The
next proposition shows the same thing for the Ag(p)’s.

Proposition 10.2.3. Assume that p is odd, that Selg(Kx), is Zy[[I'k]]-cotorsion, and that

—_—

the p-adic height pairing on Selg(K),®z, Q) is non-degenerate. Suppose that p is a self-dual,
irreducible representation of D and that o is an irreducible constituent in p|n. Then

s5(p) = Ap(p) = Au(0)  (mod 2)
for all p € Irrgd)(D). In particular, if p is assumed to be symplectic, then Ag(p) is even.

Proof. 1f we replace the base field F' by F,, = K N F,, and p by p|g,, then the congruences
to be proved are replaced by equivalent congruences. This follows from remark 10.2.2. Thus
we can assume at the start that K N F,, = F. Hence, we can write I' instead of ['x and
assume that G = AxI', D = A. Let X = Xp(K) and let V = X ®z, Q,, as in proposition
10.1.1. There is a non-degenerate, Q,-bilinear, G-equivariant pairing V' x V' — Q,. For any
o € Irrr(A), let W, denote the underlying F-representation space for 0. We regard W, as a
representation space for G' by letting I' act trivially. Let V ® o denote V ®q, W,, regarded
as an JF-representation space for G. We will also let X ® o denote X ®z, L., where L, is a
A-invariant, and hence G-invariant, O-lattice in W,. We have a non-degenerate, F-bilinear,
A-equivariant pairing W, x Wz — F. The pairing is G-equivariant too. Therefore, we get
a non-degenerate, F-bilinear, G-equivariant pairing (V ® o) x (V ® §) — F. We then get a
non-degenerate, F-bilinear, ['-equivariant pairing on the o,-components:

Voo x (Ves> - F .

Note that (V ® 0)® =2 (V ® 0)a = (X ® 0)a ®z, Qp, where the first isomorphism holds
because A is finite and acts semisimply on any F-representation space.

Now (X ®o0)a is the Pontryagin dual of (SelE(Koo)p@Jé)A. Let X5 denote the Pontryagin
dual of Selgp=)es(Fx) and let Vi = X; ®z, Qp. Using (4.3.b) for 7, we see that

(Veoo)® =V,

as F-representation spaces for I'. Proposition 4.3.1 asserts that dimz(Vs) = Ag(¢). If 0 and
¢ are interchanged, we have a similar isomorphism and so we get a pairing

(10.2.a) Vo x Vo — F .
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which is non-degenerate, F-bilinear, and I'-equivariant. If one picks a ['-invariant O-lattice in
V,, one can regard that lattice as a finitely-generated torsion Ap-module, where Ap = O[[T']],
and one can define the corresponding characteristic ideal I,. Now let ¢ be the involution of
' defined by ¢() = v!. This extends to an involution of the ring Ay, which we also will
denote by ¢. It is a continuous, O-algebra automorphism of that ring. If € Ay, its image
under ¢ will be denoted by 6*. The pairing (10.2.a) implies that I, = I..

Suppose now that o € Irrgfd)(A). Then V, is self-dual as a representation space for I'.
Also, the ideal I, is fixed by ¢. A rather easy argument (found in [Gr91], proposition 1)
shows that a generator 0, for I, can be chosen so that

9E70/9g,‘, c {£1}

This requires the assumption that p is odd. The ratio is uniquely determined by I,. We
temporarily denote it by W (FE, o). Choose a topological generator 7 for I and let T = y—~71,
a generator for the augmentation ideal in Ay satisfying 7% = —T. Then Ay can be identified
with the formal power series ring O[[T]]. It then follows that the expansion of 0, requires
only even powers of T if W(FE,o) = 1 and only odd powers of T" if W(E,o) = —1. In
particular, if T™#(?) is the highest power of T' dividing 0, in Ao, then W(E, o) = (—1)™&(),
Furthermore, the value of Ag(o) is determined by the first term where the coefficient is a
unit in O. Therefore, it follows that mg(c) = Ag(o) (mod 2). Hence W(E, o) = W,, (E,0)
and we have the “functional equation”

0p, = Wi, (E,0) 0g,

for each o € Irrgfd)(A).

Now it is believed that corankz, (Selg(Kw)[T]) = corankgz, (Selp(Ko)[T*]) for any k > 1,
a kind of semisimplicity statement for the A-module Xg(K.). In fact, Schneider proves in
[Sch] that this conjecture is equivalent to the nondegeneracy of the p-adic height pairing on
Selg(K),, which he also defined. Thus, we may assume that this is the case. This means
that if we view T as an operator on V, then ker(T') = ker(T*) for any k > 1. The same
statement will be true when viewing 7" as an operator on V. Therefore,

me(o) = dimg(V)) = dimz((Vo)r) -

The action of A and ' on V' commute. Thus, (V,)r =& (Vr ® 0)®. Furthermore, Mazur’s
control theorem implies that the restriction map Selg(K), — Selp(K.), has finite kernel
and cokernel. This implies that Vp = Xg(K) ®z, Qp. It follows that the multiplicities of o
in the A-representation spaces Vp and Xg(K) ®z, Q, are equal. That is, mg(0) = sp(0).
Since we also have mg(o) = Ag(o) (mod 2), the stated congruence follows. O
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Remark 10.2.4. A functional equation for a generator of the characteristic ideal of a Selmer
group like the one in the above proof first occurs in Mazur’s paper [Ma72]. The object of
study in [MaT72] is a Z,-extension F,,/F and a A-module closely related to Selg(Fi),. If the
p-adic height pairing for E/F is non-degenerate, then Mazur’s functional equation implies
the congruence corankyz, (Selg(F),) = Ap(Fx) (mod 2). It turns out that one can prove
that congruence just under the assumption that Selg(F.), is A-cotorsion. Such a proof is
given in [Guol. See also proposition 3.10 in [Gr99]. O

Remark 10.2.5. It is not essential to assume that Selp(K), is Z,[[['k]]-cotorsion in
proposition 10.1.1 and the parity results. Without that assumption, one has a pseudo-
isomorphism

Xp(Ks) ~ Zp[[Ik]]” ® YE(K)

as Z,[['k|]-modules, where r > 0 and Yg(K ) denotes the torsion submodule of Xpg(K).
We will consider the Q,-representation space V' = Yg(K) ®z, Q, for A = Gal(K./F),
which of course coincides with the V' in the proposition if » = 0. We want to show that
V' is self-dual. It will be helpful to consider V = Xg(K) @z, £, where £ denotes the
fraction field of Z,[[I'k]]. Thus, V is an £-representation space for A and its dimension is
r. We will also prove that V is self-dual. Let xy denote the character for V. Thus, xy is a
function on A. Its values are in £, but must be algebraic over Q,, and hence are actually
in Q, too. This will be clear for a different reason in the next paragraph. A representation
space for A over any field of characteristic zero is self-dual if and only if its character x has
the following property: x(8) = x(67) for all § € A.

Let Zp(Kx) = XE(KOO)/YE(KOO), which is a torsion-free Z,[[I'x]]-module. It is pseudo-
isomorphic to a free Z,[[I'x|]-module of rank r. We obviously have V = Zp(K) @z, £
as L£-representation spaces for A. Now Zg (Ko )r is a finitely-generated Z,-module of rank
r. The character xy is precisely the same as the character for the Q,-representation space
Zp(Kx)rx ®z, Qp. Thus, we again see that its values are in Q,. For any n > 0, let
on : 'k — Qp(ppn)* be a homomorphism whose kernel is I',. Then ¢,, can be extended
to a unique, continuous Z,-algebra homomorphism Z[[I'k]] — Z,[p,], which we also denote
by ¢,. Let I, = ker(¢,), an ideal in Z[[['x]]. We then obtain a representation space
(Z5(Kso)/1.Z5(Kx)) @z, un]) Qp(ppn) for A of dimension 7 over Q,(ppn). If n = 0, then
this representation space is the same as Zp(Ko)r, ®z, Q, mentioned above. For any n > 0,
its character is again xy. But viewing it as a Q,-representation space, the character is a,, - xv,

where a, = [Q,(1pn) : Q-
Let M, be exactly as in the proof of proposition 10.1.1. If » > 1, then the Z,-corank of
M,, will be unbounded. Define M, to be J,, sn(M,). For any n > 0, the control theorem
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implies that the map
Sy M, — Mcl:o”

has finite kernel and that s, (M,,) is precisely the maximal divisible subgroup of ML». It then
follows that the Z,-corank of M, is equal to rp™ + A, for all n > ¢, where t is chosen so that
dimq, (Vr,) is maximal and ), is that dimension. It also follows that the Q,-representation
spaces

XE(KH) ®zp Qp, and (ZE‘(Koo)FKn ®zp Qp) ) VFK”

for A are isomorphic for all n > 0. Note that Vry, stabilizes when n > ¢ and its di-
mension is A,. Also, note that Zp(Ku)r, ®z, Qp is isomorphic to the direct sum of the
Q,-representation spaces (Zp(Koo)/InZp(Kso)) @z, u,m) Qp(ipm) for A, where m varies in
the range 0 < m < n. Thus, the corresponding character is p™xy.

If we use the fact that both Xp(K;) ®z, Qp and Xp(Ki1) ®z, Q, are self-dual A-
representation spaces (using the result in [Dok4]), then we see that (p*™' — p!)yy is the
character of a self-dual representation for A, and hence so is xy itself. Thus, V is indeed a
self-dual £-representation space for A. It then follows that Vr, is self-dual.

Now define A,, exactly as in the proof of proposition 10.1.1 and let A, = SelE(Koo)p/Moo.
As we've already said, the control theorem implies that s,(M,,) is the maximal divisible
subgroup of MIr. Tt follows that the quotient MZIr/s,(M,) is finite and has bounded
order. This suffices to deduce that the maps a,, : A, — A induced by the s,’s have finite
kernel of bounded order. Choose n sufficiently large so that Vr, stabilizes. The proof that
W = ker(V — Vr,) has a non-degenerate, skew-symmetric, G-invariant pairing is now just
as before. We conclude again that V' is self-dual.

For any o € Irrx(A), we define Ag(o) to be the multiplicity of o in the Q,-representation
space V and wg(o) to be the multiplicity of o in the £-representation space V. Of course,
in both cases, one may have to extend scalars suitably to define the multiplicity. Since V'
and V are both self-dual, we have

)\E(ﬁ) :)\E<0'), and wE(ﬁ) ZWE(U)

for all o € Irr£(A). Also, if p is an irreducible representation of Gal(K/F'), then one can also
define Ag(p) and wg(p) in terms of p|a. As in corollary 10.1.3, one finds the same equalities.

The above argument is valid even if p = 2. We will now assume that p is odd. One can
prove a congruence like the one in proposition 10.2.1 even if one omits the assumption that
Selg(Kw)p 18 Z,[[I'k]]-cotorsion, namely that

(10.2.b) sp(o0) = Ag(o) + wgr(o) (mod 2)
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for all o € Irr(;d)(A) which are orthogonal. This follows easily from the earlier comments in
this remark. One uses the fact that the multiplicity of ¢ in Zp(Ku)r,, ®z, Q, is p"wgp(0),
which has the same parity as wg(o). Furthermore, if p is a self-dual, orthogonal, irreducible
representation of Gal(K/F'), then we obtain the same congruence. O

11 p-modular functions.

Suppose that f : Rg(A) — A is a group homomorphism, where A is an abelian group.
Such a homomorphism is determined by specifying a, = f(0) € A for each o € Irrg(A).
Since Irrz(A) is a basis for Rz(A), the a,’s in A can be specified arbitrarily. If p is an
arbitrary representation of A over F, then

fo) = [ ag@

where m, (o) denotes the multiplicity of o in p, the product varies over o € Irrz(A), and we
are using a multiplicative notation for A. As previously, we let Repz(A) denote the set of
representations for A over F.

Definition. We will say that f is p-modular if the following statement is true:  If
p1. p2 € Repr(A) and p1™ = po™, then f(p1) = f(p2) -

Equivalently, f is p-modular means that f factors through the decomposition homomorphism
d: Rz(A) — Ri(A). This means that one can define a homomorphism g : R¢(A) — A such
that f = g od. One then has the formula

flo) = [Ta(m*m

for all o € Irrz(A), where the product varies over all 7 € Irrj(A).

One type of example is the following. Suppose that X is a finitely generated Z,[A]-
module. We can define a homomorphism f = Ax as in the introduction and chapter 2.
Proposition 2.1.5 is just the assertion that f is p-modular if and only if X is quasi-projective.

11.1 Basic examples of p-modular functions.

We now describe some very simple examples of p-modular functions which will turn out to
be useful in chapter 12. In addition to defining f, we will also give the corresponding g. We
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specify f by giving f(p) for all p € Repz(A) and g by just giving the values g(7) for all
T € Irrp(A).

11.1.1. Suppose that a € A. Define f by f(p) = a™®). Define g by g(7) = a™(7.

11.1.2. For any representation p of A over F, det(p) is a 1-dimensional representation of
A over F. If 7 € Irrj(A), then det(7) is a 1-dimensional representation of A over f. Suppose
that A is a group of roots of unity in F of order prime to p and that det(p) has values in A
for all p. Suppose that § € A. Define f by f(p) = det(p)(d). To define the corresponding
function g, note that the reduction modulo m defines an isomorphism ¢ : A — Av, where
A is a subgroup of {*. Also, one can show that det(7) has values in A. This can be proved
by using the fact that the decomposition map d : Rz(A) — R;(A) is surjective. We can

define g by g(7) = ¢ (det(7)(8)). This works because det(p) = det(p**).

11.1.3. Suppose that A, is any subgroup of A and that ¥ is some fixed element of Irrj(A,).
If p € Repx(A), let p, denote p|a,. Then we obtain a semisimple representation p,** of A,
over f by reduction modulo m. Let A be the additive group Z. Define f by letting f(p) be
the multiplicity of ¥ in p,**. Define g by letting g(7) be the multiplicity of ¥ in 7, = 7

Ay

11.1.4. Suppose that A, is a subgroup of A of order prime to p. Let A be any group
and let f, : Rr(A.) — A be any homomorphism whatsoever. We again let p, denote p|a,
for any p € Repx(A). Define f by f(p) = f«(p«). Then f is p-modular and one can take
g to be defined by g(7) = f.(d;'(7.)). Here we use the fact that the decomposition map
d. : Rr(AL) — R;(A,) is an isomorphism because p { |A.|. The map d;! is the inverse map
to d. and 7, denotes 7|, for any 7 € Irrg(A).

The term p-modular will also be used in the following context. As in the introduction, we
let Irrg‘;d) (A) denote the set of irreducible, self-dual representations of A over F. Let Rgﬁd) (A)
denote the subgroup of Rx(A) generated by self-dual representations. Thus, Rgﬁfd)(A) is a

free Z-module with basis consisting of (i) all ¢’s in Irr(;d)(A) together with (ii) all elements

of the form o @ &, where o € Irrz(A), but o is not self-dual. One makes similar definitions
for representations over f: a subset Irr§3d)(A) of Trr(A) and a subgroup Rng)(A) of Ri(A).
We let Repg_‘?d)(A) denote the set of self-dual elements of Repz(A).

Now suppose that f : Rg‘_fd)(A) — A is a group homomorphism, where A is an abelian

group. Such a homomorphism is determined by specifying f(o) € A for each o in Irrgfd)(A)
and f(oc@a) for all other o’s in Irr £(A). Often, one simply defines f(oc@®&) = id 4 for the non-

self-dual o’s. We can restrict the decomposition homomorphism d to the subgroup Rgﬁfd)(A)
obtaining a homomorphism d*® from that group to RESd) (A). We will say that f is p-modular

if it factors through d®¥. This means that there is a homomorphism g : Rng)(A) — A
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such that f = god®?. An equivalent characterization is just as in the definition given above,
but restricting p; and py to be self-dual representations.

11.2 Some p-modular functions involving multiplicities.

The above group-theoretic observations will be useful in chapter 12. However, the arguments
in that chapter will require a more subtle ingredient which involves the parities of certain
multiplicities. We now consider the following arithmetic situation. As in chapter 5, let
G, = Gp,,, where v is a non-archimedean prime of I’ not lying over p. Let ¢ be an
absolutely irreducible representation of G,. We are primarily interested in the ¢’s for which
(pEw, ) > 0. Depending on the reduction type, such a ¢ is usually one-dimensional and of
order relatively prime to p. We will first study that case. The decomposition subgroup A,
of A is a quotient of G,. If p € Repr(A), we let p, denote the restriction p|a,, regarded
also as a representation of G,. The multiplicity (p,, ) will play an important role and our
approach to studying it is to relate it to the multiplicity (p?*, ). We assume throughout
this chapter and the next that p > 3. Here is one result that we will need.

Proposition 11.2.1. Suppose that ¢ and 1 are characters of G, of order prime to p and
that i = wl for some integer j. Define a homomorphism

fiRED(A) — {£1}
by f(p) = (=1)Peelevt) for all p € Repgfd)(A). Then f is p-modular.

If A, has order prime to p, then this result is quite obvious. For if x is any irreducible
constituent in p,, then (x,¢) < 1 and equality simply means that xy = ¢, and that is
equivalent to X = ¢. However, if |A,| is divisible by p (i.e., if v € ®k,p), then it is possible
to have (x**,9) > 1 even if x % . The proof of the proposition requires studying the

58S

difference (x**, ) — (x,®). A crucial role in the proof is played by the set

E={e| 8 >1}),

where the £’s are assumed to be absolutely irreducible representations of G, and &, is the
trivial representation.

The next lemma shows that = is an infinite set which can be described completely. We
use the notation from the beginning of section 8.2. Thus, M, is a normal subgroup of G,,
the kernel of w,. We have w, =[G, : M,]. We also consider the unique subgroup 7, of M,
characterized by the isomorphism M, /7, = Z,. Then J, is also a normal subgroup of G, and
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has profinite order prime to p. Furthermore, the natural action (by inner automorphisms)
of G,/ M, on M, /J, is given by the character w,. Thus, we will write M,/J, = Z,(1).
This action is faithful. The group G,/M, also acts faithfully on the Pontryagin dual of
M, /T,. Consequently, one sees easily that if 7 is any nontrivial character of M, /J,, then
the orbit of 7 under the action of G,/ M, will have length w,. For any such 7, it turns out
that & = Ind/g\flv(ﬂ) is in =. We include the easy verification of that fact in the proof of the
following lemma. The trivial character &, of G, is clearly in =. The following lemma is valid
for any prime p.

Lemma 11.2.2. The nontrivial elements of = are of the form & = Ind/g\jtv(ﬂ) for some
nontrivial character m of M, factoring through M,/ J,. The isomorphism class of £ depends
Just on the orbit of m under the action of G,/ M,. We have £ ® w, = & for any nontrivial
element of Z. Furthermore, we have <§SS,§0> =1 foraléez=.

Proof. We recall an easily proved result about induced representations. Suppose that M
is a normal subgroup of a group G and has finite index. Let w = [G : M]. Suppose that
1 is an absolutely irreducible representation of M. If ¢ € G, then the inner automorphism
of G defined by g, restricted to M, is an automorphism of M. Composing ¢ with that
automorphism of M gives another absolutely irreducible representation of M which de-
pends (up to isomorphism) only on the coset gM. Thus, one obtains absolutely irreducible
representations 1, ..., ¥, of M. Then

Ind/g\/l (v) is an absolutely irreducible representation of G if and only if 1y, ..., 1y, are mutually
non-isomorphic representations of M.

It follows that & = Ind%ﬁlv(w) is an absolutely irreducible representation of G, if 7 is a
nontrivial character of M, factoring through M,/J,. The dimension of this representation
is w,. If m, denotes the trivial representation of M,, then Ind%,v (m) also has dimension w,,,
but is isomorphic to the regular representation of G,/ M,,, a direct sum of the 1-dimensional
representations w’/, 0 < j < w,-1. This is reducible if w, > 1. Since T = 7,, the trivial
representation of M, /7, over f, it follows that E %5 is just the regular representation of G,/ M,
over f, which is semisimple. That is, we have

(11.2.a) &~ P,

and so (ESS,{D) = 1 since the characters w,’ for 0 < j < w, are all distinct. Hence, & € Z.
For £ = &,, it is obvious that (£%%,§,) = 1, and so &, € =.
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We next prove that each nontrivial ¢ € = is induced from some 7. First we show that
if € € Z, then J, C ker(§). Now J, is a normal subgroup of G, and has profinite order
relatively prime to p. Therefore the restriction &| 7, factors through a finite quotient group
of J, of order prime to p. Since £ is absolutely irreducible, that restriction is isomorphic to a
direct sum of irreducible representations of J, over F, all of which are conjugate under the
action of G,/ J,. Their reductions modulo m remain irreducible. Since £ is assumed to have
50 as a composition factor, & ] 7, must have §0| 7, as a direct summand. It follows that one
and hence all of the irreducible constituents of £| 7, are trivial and therefore ker(¢) indeed
contains J,. Thus, ¢ factors through G,/J,.

Since M, /J, is abelian, |, is a direct sum of 1-dimensional characters, all conjugate
under the action of G,/M,. If 7 is one of them, then ¢ is a direct summand of Ind%jlv(ﬂ).
If 7 # m,, then that induced representation is absolutely irreducible and therefore we have
€= Ind%jlv (m). If m = m,, then the induced representation is isomorphic to the direct sum
of all of the distinct 1-dimensional representations of G,/M,, only one of which is in =,
namely &,. Thus, £ = &, in that case. The first assertion in the lemma is proved. The second
assertion is clear. For the third assertion, note that { ®w, = Indy (T ®wy|um,). Since wy|a,
is trivial and 1-dimensional, we have £ ® w, = &. The final statement is a consequence of
(11.2.a). OJ

The next three lemmas follow from Lemma 11.2.2 and are needed to prove proposition
11.2.1. The first two are almost immediate. Note that if £ is an absolutely irreducible
representatlon of G, and x = § ® ¢, where ¢ is a character of QU of order prime to p, then
(X%, @) = (€%,€5). Hence (X**, @) is positive if and only if £ € Z.

Lemma 11.2.3. Assume that ¢ is a character of G, which has order prime to p. Assume
that x is an irreducible representation of G,. Then (x**,9) =1 if x 2 £ Q¢ for some £ € =.
If x doesn’t have that form, then (x**,p) = 0.

Lemma 11.2.4. Assume that ¢ is a character of G, which has order prime to p. Assume
that x =2 £ ® ¢ for some nontrivial £ € Z. Then x @ w, = x. Furthermore, (x**,w0,” ) =1

for all integers j.

Lemma 11.2.5. Suppose that ¢ and i are as in the proposition and that p € Repgfd)(A).
Then (p,™, ¢) = (pv, ) = (™ 1) = (o, V).

Proof of lemma 11.2.5. The restriction p, is still self-dual. We write
@ ")
X
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where x varies over Irrz(A,) and m(x) = (py, X). Since p is assumed to be self-dual, we
have m(x) = m(x), where x denotes the contragredient of y. For any character ¢ of order
prime to p, we have

(55™,3) = (purp) = > mO)(X*, )

XFp

A similar formula is valid for . If x factors through a quotient group of A, of order prime
to p, then (\**, @) # 0 if and only if y = . Thus, we can consider the above sum as a
sum over all x’s which do not factor through such a quotient group. We denote that subset
of Irrz(A,) by J, in this proof. The only nonzero contribution comes from x’s of the form
X = £ ® o, where £ is a nontrivial element of =. For each such term, we have (x**, ) = 1.
As x varies over J,, so does ¥. Note that if y = £ ® ¢ as above, then £ is also a nontrivial
element of Z and Y = € ® ¢'. One then has (x,7') = 1. By lemma 11.2.4, we have
(X701 = 1. Since ¢ = wip?, it follows that (Y*,3) = (X, ) for all y € J,. The
equality stated in the lemma follows from these observations. O

Proof of proposition 11.2.1. We use lemma 11.2.5 in the weaker form of a congruence

(11.2.b) (o @) + (por ) = (5", @) + (5™, 8)  (mod 2).

under the assumptions in the proposition. Consequently, we have

Flp) = (=1)@@rt@d)

To finish the proof, it is sufficient to note that the function fy : Sd)(A) — Z defined by

flp) = {py, 19) is p-modular for ¥ = @ or ¥ = ¢. This follows immediately from 11.1.3, where
we take A, = A,. O

As one example where the hypotheses in proposition 11.2.1 are satisfied, suppose that F
has good reduction at v. One can then take ¢ = ¢, and ¢ = ¢,,. We have p,¢, = w,. More
generally, one can just assume that E has potentially good reduction at v, that pg,(G,) is
abelian, and that ¢, and v, are the 1-dimensional constituents in pg,,.

Remark 11.2.6. The assumption that ¢ and 1) have order prime to p is not needed in
the above proposition and lemmas. The proposition is trivial if ¢, and therefore v, have
order divisible by p. In that case, Fii, would have a cyclic extension with ramification index
divisible by p. By local class field theory (or ramification theory), this is only possible if F ,
contains y,. This means that w, is trivial. Hence 1 = ¢! and any self-dual representation p,

contains both ¢ and ¢ with equal multiplicity, and therefore f(p) = 1 for all p € Rep(;d)(A).
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Also, the multiplicities of ¢ and {/}V in p, are equal and hence lemma 11.2.5 is still valid. One
also sees easily that lemmas 11.2.3 and 11.2.4 still hold. O

We will use some additional properties of the representations in =. First note that if
¢ € Z, then £|uy, is a direct sum of distinct characters of M, /J,, the characters in one orbit
under the action of G,/ M,. If & # &, then the orbit has cardinality w,. If 7 is in that
orbit, then m # 7, and £ = Indiﬁlv (7). If we assume that p is odd, then that orbit contains
71 if and only if w, is even. Hence if £ is a nontrivial element of Z, and p is odd, then £ is
self-dual if and only if w, is even. We can now prove the following proposition concerning
two-dimensional ¢’s.

Proposition 11.2.7. Suppose that ¢ is an irreducible representation of G, of dimension 2,
that im(p) is finite and of order prime to p, and that p is odd. Define a homomorphism

fo : REV(A) — {£1}

by fo(p) = (—=1)$) for all p € Repg‘_fd)(A). Then:

(i) If wy is odd and ¢ = ¢ @ Wi for some integer j, then f, is p-modular. This is also valid
if @ is 1-dimensional.

(ii) If w, is divisible by 4, ¢|m, is reducible, and det(p) = wi for some integer j, then f,
18 p-modular.

(iii) If v = o @ w! for some integer j, then f,fy, is p-modular.
Proof. For (i) and (i1), we will prove the congruence

(po, ) = (P, @) (mod 2)

which together with 11.1.3 implies that f, is p-modular. Note that ¢ is an irreducible
representation of G,. To establish the congruence, it suffices to show that if x is an irreducible
constltuent in p, and x 2 ¢, then: (a) ¥ 2 x and (b) the multiplicities of ¢ in ¥** and in
X are the same. The contributions of those multiplicities to (p,, 3) — (pu, ) will then be
even. We will need the following lemma which will play the same role as lemma 11.2.3.

Lemma 11.2.8. Assume that ¢ is as in proposition 11.2.7, that x is an irreducible repre-
sentation of G,, that X % ¢, and that (X**, ) > 1. If ¢|m, is irreducible, then x = £ ¢ for
some nontrivial £ € Z. If p|am, is reducible, then y = Indg“v (rar) where o is a character of
M, which occurs as a constituent in p|r, and T is a nontrivial character of M, of p-power

order.
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We remark that one can have (Y**, @) = 2. One has w,’$ = @ if and only if wlp = . Such
an isomorphism can happen for one or two values of j.

Proof of lemma 11.2.8. If ¢| a4, is irreducible, then so is ¢|z,. This is so because im(p) has
order prime to p and hence ¢(J,) = ¢(M,). Assume that x is an irreducible representa-
tion of G, such that x** has ¢ as a summand. The same thing is true for their restrictions
to J,, which has profinite order prime to p. It follows that ¢|7, is a constituent in y|z,.
Consequently, there exists a subgroup N, of M, such that J, C N,, [M, : N,] is finite,
and ¢|y, is a constituent in y|y,. Frobenius reciprocity implies that x|, and Indy'*(¢|x;)
have an irreducible constituent in common. Now M, /N, is cyclic of p-power order. There-
fore, Indy7" (¢|w,) is a direct sum of the representations |, ® 7, where 7 varies over the
characters of M, /N,, and one of those representations is a constituent in x|,. Frobenius
reciprocity then implies that y is a direct summand in Indiﬁtv(ﬂ ® ¢lm,) = € ® ¢, where
£ = Ind%lv (7). If w is nontrivial, then ¢ is irreducible, and so we then indeed have y =2 {® ¢
for some £ € =. To see that m # 7, note that Ind/g\ﬁlv (79) ® p is isomorphic to the direct sum
of the representations w, ® . If x is one of the direct summands, then |im(x)| is prime to
p. Hence x 2 ¢ implies that (x**, ¢) = 0.

The argument when ¢|ay, is reducible is quite similar. One sees that for one of the
irreducible constituents « in ¢|aq,, and for some character 7 of M,/ 7,, the character wa of
M, is a constituent in x|ar,. Therefore, x is a constituent in Indﬁftv(ﬂa) for some character
7w of M, /J,. Again, m # 7, since x % . O

For the proof of part (i) of proposition 11.2.7, we first note that since ¢ has dimension
2 and [G, : M,] is odd, it follows that ¢|r, is irreducible. Hence, if (X**,p) > 1, then
X = &R for some € € =. If £ # &, we then have

X2 ERp 2wy 2

where the last isomorphism follows from lemma 11.2.2 since £ € Z. Assuming & # &, the
irreducible constituents of both y** and ;ZSS will be the irreducible representations ¢ ® w,’,
where 0 < i < w,. Hence, we have (x ,3) = (¥**, ). This proves assertion (b). To prove
(a), note that y = Ind{y (7®¢|r,) and ¥ = Ind/g\flv(w'1®gp|Mv) for some nontrivial character
m of M,/J,. Also, since im(y) has order prime to p, the isomorphism class of m ® ¢|um,
determines 7. Since conjugation by elements of G,/ M, obviously fixes ¢|rq, and the orbit
of m doesn’t contain 7!, it follows that indeed Y % x.

For part (ii), lemma 11.2.8 implies that if (x,$) > 1 and x % ¢, then xy = Ind%lu (rar),
where « is one of the two constituents in pay,. Since det(p)|m, is trivial, the other constituent
is al. One sees easily that o' # a. Now y = Ind/g\flu(ﬂ'lo[l). To show that x 2 y, it is
enough to show that o and 7ta! are not in the same orbit under the action (by conjugation)
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of G,/ M,. It is the assumption that 4|w, which implies this. The isomorphism class of 7a,
or of mla!, determines both 7 and « since the order of « is prime to p. Now G,/ M, is
cyclic and the action on the orbit {a, '} is through the unique quotient group of G,/ M,
of order 2. Suppose that conjugation by g € G, sends ma to mlat. Then conjugation by g
must send 7 to 7 and a to a'. The first property implies that g M, has order 2 in G,/ M,,.
Hence gM, is in the unique subgroup of index 2 and hence conjugation by g fixes a. But
a # o', This establishes (a). As for (b), that assertion follows by essentially the same
argument as in part (7). One can note that the orbit of 7'a™! contains a character of M,
of the form 7'av for some character 7 of M,/J, and hence ¥ = Ind%, (7 ® a). It is then

clear that the multiplicities of ¢ in x*s and Y s both are equal to the multiplicity of @ in
(3%, where [§ = Ind?\zv(a), which establishes (b).
Finally, to prove part (ii1), it suffices to prove the congruence

o)+ Gv) = 069+ (GY) (mod 2)

for all x € Irrr(A,). We may assume that ¢ 2 1, since the congruence is obvious otherwise.
If the right side is 0, then so is the left. Hence we may assume that at least one of the
irreducible representations @ or v is a constituent in Y, say . If y is isomorphic to ¢ or 1,
then im(x) has order prime to p, X is irreducible, and the two sides of the congruence are
clearly equal. Thus, we assume that x is not isomorphic to ¢ or ¥, but (), @) > 1. The left
side of the congruence is then zero. By lemma 11.2.8, either y = o ® ¢ for a nontrivial £ € =
or y & Ind/g\ﬁlv(ﬂa) for a suitable a. In either case, y ® w/ = y. Therefore,

(v) = Now), goa) = (X,9)
and so the right side of the congruence is also even. O

Remark 11.2.9. The special case of proposition 11.2.7(i) where ¢ = w, will come up in
remark 12.2.2 which in turn is used in part C of section 13.3. The argument can be made
almost transparent in this case. We assume that w, is odd. It suffices to show that (p,,w,)
and (p,,w,) have the same parity. One can assume that (p,,©,) is positive. The irreducible
constituents of p, which make a nontrivial contribution to (p,,©,) must be of the form { ®@w,,
where £ € Z. According to lemma 11.2.2, if £ # &, then £ ® w, = & Also, £ cannot be
self-dual. For ¢ is induced from some character m of M,, £ is induced from 7, and the
assumption that w, is odd easily implies that the orbit of = under the action of G, / M,

cannot contain 7!,

Now since p is assumed to be selt-dual, so is p,. Thus, if § occurs as a constituent in p,,
then so does &, and the multiplicities will be equal. If £ # &, then £ 22 €. The contributions
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to (py, w,) coming from & and ¢ will both be 1. The total contribution coming from all such
pairs £ and £ will be even and hence the parity of (p,,w,) is determined by the one remaining
contribution, which is from &, ® w,. That contribution is exactly (p,,w,). O

12 Parity.

This chapter will include results concerning the parity of Ag(p) and sg(p) under the hy-
pothesis that p is a self-dual Artin representation of Gg. The results are conditional in that
our approach requires the assumption that Selg(K)[p| is finite, where K is chosen so that
the representations being considered factor through Gal(K/F'). Roughly speaking, our main
result is that the standard parity conjectures are compatible with congruence relations. We
assume that p is odd throughout this chapter. We also assume that E has good, ordinary
reduction at the primes of F' lying above p.

For brevity, we let Art®?(F) denote the set of self-dual Artin representations of Gp. We
first introduce four functions from Art®®(F) to {#1}. Our results will primarily concern
three of them. One function is the so-called “root number” associated with the L-function
L(E/F,p,s) for E and p over F. The analytic continuation and functional equation for
such L-functions is still conjectural in most cases, but the corresponding root number has a
precise definition given by Deligne in [Del]. Our discussion will be based on formulas due to
Rohrlich which are derived from that definition. We denote the value of that function at p
by Wou(E, p).

One should note that the definition of W,,,(E, p) is really for a self-dual representation p
of G over the field C of complex numbers. For our arguments, and also for the statements
of the conjectures and propositions, the representations p which we consider are defined over
a field F which is a finite extension of Q,. We will arbitrarily fix an embedding of F into C.
Thus, if p is a self-dual representations over F, then we can also view p as a representation
over C. Rohrlich [Ro08] has proven that the value of Wy, (E, p) is independent of the choice
of embedding.

The other three functions are defined as follows:
Wil B, p) = (=1)"20 W, (E,p) = (=1)*®) W, (E,p) = (-1

for an arbitrary Artin representation p. The definitions of rg(p) and sg(p) can be found at
the beginning of chapter 10. The definition of Ag(p) is in section 3.5, extending the definition
in section 1.2. These definitions don’t assume that p is self-dual, but our propositions will
require that assumption.
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We will almost always require that p be orthogonal. Now p may be reducible, and we
say that p is orthogonal if the underlying representation space W, has a nondegenerate,
G p-invariant F-bilinear form which is symmetric. Equivalently, this means that if 8 is any
irreducible constituent in p, then either (i) 6 is self-dual and orthogonal, or (iz) 6 is self-dual,
symplectic, and occurs with even multiplicity, or (i) € is not self-dual and both 6 and 0
have the same multiplicity in p.

Assuming just that p is self-dual, the following equalities should be true:
WMW(E7 P) = WSezp (E7 p)a VVSelp (E7 P) = Wlwp (E7 p)a Wlwp (E> p) = WDel(E7 P) .

Actually, the first equality should hold for any p and is certainly true if Il (K), is finite,
where we choose K so that p factors through Gal(K/F). We will say nothing more about that
equality. Concerning the second equality, what we can say is covered by proposition 10.2.1
for orthogonal representations and 10.2.3 for symplectic representations. The assumption
in those results that p be irreducible is not important. One can easily reduce to that case.
We will study the third equality in this chapter. Our main result states that, under certain
hypotheses, the ratio W, (E,-) / Wpa(FE,-) defines a p-modular function.

If D is a finite group, we use the notation Repgfd)(D) to denote the set of all finite-
dimensional, self-dual representations of D over F. We let R(]fd)(D) denote the subgroup of

Rz(D) generated by Repgfd)(D). Thus, Rgfd)(D) is a free Z-module with a basis consisting
of (i) all p’s in Irrgfd)(D) together with (77) all elements of the form p@® p, where p € Irr£(D),
but p is not self-dual. If we have a function f with values in the group {£1} defined on

the set Irrgfd)(D), then we will automatically extend it to a group homomorphism f from

R_(FSd)(D) to {£1} by defining f(p ® p) = 1 for all the non-self-dual p € Irrz(D). This is
already built into the definitions of Wyw(E,-), Wy, (E,-) and W), (E,-), as one can see
from (10.0.a) and corollary 10.1.3, and is also a known property of Wy, (E,-). In that case,
it follows from proposition 8, part (4i), in [Ro96].

12.1 The proof of theorem 3.

Fix a finite Galois extension K/F. The following hypothesis will be needed in the proof of
proposition 12.1.1 for the primes v of F' lying over 2 or 3. It should be unnecessary, but the
formulas for the local root numbers that we use don’t cover all cases for such v’s. Only (i)
involves the field K.

Hyp,: Either (i) v € ®x/p, or (i) E is semistable at v, or (iii) E has potentially
multiplicative reduction at v, or (iv) Gal(F,(E[p])/F,) is abelian.
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The proof is rather long and uses results from chapters 9, 10, and 11 as well as the earlier
chapters. As before, we let D = Gal(K/F) and identify A = Gal(K,/F.) with a subgroup
of D by the restriction map.

Proposition 12.1.1. Assume that p is odd and that Hyp, is satisfied for all primes v of F
lying over 2 or 3. Assume that Selg(K)[p| is finite. Suppose that py, ps € Repgfd)(D) and
that p1** = p2*°. Then Wi, (E, p1) = Wou(E, p1) if and only if W, (E, p2) = Wpu(E, p2).

The following lemma will be used and may be of independent interest. We state it
for Wy.(E,-), but the analogous results for Wy (E,-), Wy, (E,-), and W,, (E,-) follow
immediately from remark 10.2.2. The proof reduces to a local argument which uses formulas
of Rohrlich for some of the primes v of F. For the primes v where E has potentially good
reduction, but not good reduction, we are grateful to Rohrlich for providing us with most of
the rather long argument, and an outline of the rest. In fact, his argument works for all primes
v, but requires some additional steps when E has multiplicative or potentially multiplicative
reduction at v. For those primes, we decided to directly use Rohrlich’s formulas instead. The
statement of the lemma is more general than we need. We will apply it to the case where
L = F,, a cyclic extension of degree p", where n will be chosen to be sufficiently large.

Lemma 12.1.2. Suppose that L is a finite Galois extension of F and that [L : F] is odd.
Let p € ArtCY(F) and let p|, denote the restriction of p to Gr. Then p|, € Art®Y(L) and
we have

WDel(E7 p’L) = WDel(E7 P)

Proof. The proof uses the factorization

(12.1.2) Wou(E,p) = [ Wu(E,p)

over all the primes v of F'. The factors W, (E, p) are in {£1}, the so-called local root numbers,
which we denote below by Wg, (E, p). Those factors are only defined when p is self-dual. We
also use the analogous factorization for W,.(E, p|.) over the primes of L. Suppose that v
is any prime of F'. We let L, denote the completion of L at any prime lying over v. Then
(L, : F,] is also odd. We will show that

(12.1.b) Wi, (E,plr) = Wk,(E,p)

for all self-dual p. Here we are using subscripts L, and F, to avoid confusion. These local
root numbers depend only on the restrictions of p to G, and G, , respectively. Establishing
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(12.1.b) for all primes v of F' will suffice because the quantities are £1 and there are an odd
number of primes of L lying over each such v. Hence the corresponding contributions to the
product formulas for Wy, (E, p) and W,,.,(E, p|;) will indeed be equal.

The results that we will need about local root numbers come mostly from [Ro96], theorem
2 and proposition 8. We need the formulas for both F, and L,, but state them just for F,,. If
v is archimedean, then one has W, (E, p) = (—1)" (from [R096], theorem 2). It is obvious
that W, (E,p|L) = Wg,(E, p). If we now assume that v is a nonarchimedean prime of F
where E has good reduction, then one has Wg, (F, p) = ¥(—1), where ¥ = det(p). Here 9 is
regarded as a character of G, and also identified with the character of F corresponding
to it by local class field theory. (See [Ro96], proposition 2.) A similar formula is valid if we
restrict p to G'r,. By local class field theory, the corresponding character of L} is 9o Ny, /p,,
where Ny, r, is the norm map. Hence, Wy, (E, p|.) = 9(Ny,/r,(—1)). Since [L, : F,] is
odd, Ny, /p,(—1) = —1, and so (12.1.b) is verified.

v< ’ ) (‘11})( ]‘).(10( 1>n( )‘(—I>< "1v>

Our notation differs from that in [Ro96]. Here we let pg, denote the restriction of p to Gg,,
and the character ¢ occurring in this formula is of order 1 or 2. Although it is not important
now, the character ¢ is determined by its restriction to G, and that restriction is precisely
the character ¢,w;! occurring in section 5.2. We view ¢ as a character of Gp, or of FX. A
similar formula is valid for Wy, (F, p|r). The roles of pp, and ¢ are then played by their
restrictions to G, which we denote by pp, and ¢y, respectively. Since pg, and ¢ are both
self-dual, we can use proposition 9.3.5, obtaining

(pLoror,) = (pr,¢) (mod2) .

The equality W (E, p) = Wk, (E, p) follows from this congruence and the previous argu-
ments given for the case of good reduction at v.

Assume now that ord,(jg) > 0. Thus, E has potentially good reduction at v. Let
n = n(p). The trivial representations of G, and G, will be denoted by 1p, and 1.,
respectively. Let n = [L, : F,]. Consider the virtual representations

aFv:va_n'va’ aLv:va_n.lLv

They have degree 0. The local root numbers behave well with respect to induction for virtual
representations of degree 0. The justification for this can be found in [Ro94], property €2 on
page 142. One should use that property in conjunction with equation (3.1) in [R096], noting
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that since we are assuming that £ has potentially good reduction at v, one can write g/,
in place of o IF,- This justifies the second equality below.

Wi, (E,plo)Wr, (E)™ = Wi (E,ar,) = Wg, (E,Ind}*(az,))

Here we write Wy, (E) for Wi, (E, 1), which is just the local root number for E over L,.
We can simplify the rest of the argument by using the fact that Gal(L,/F,) is a solvable
group. This is true because it is a local Galois group, (or, alternatively, because it has odd
order). Therefore, for the proof of the (12.1.b), it is enough to consider the case where the
extension L, /F, is cyclic of odd degree. We then have

(12.1.¢) Wi, (B, pl )W, (E)™ = [[Wr(E.ar ®¢) ,

where the product varies over the characters ¢ of Gal(L,/F,). There are [L, : F,] such
characters. The factor for € = &, is W, (E, ) = W, (E, p)W, (E) ™.
For any ¢, the definition of the corresponding local root number is

WFU(E,aFv@)s) = W(O’E®05Fv®€) s

where o is the canonical 2-dimensional representation of the Weil-Deligne group associated
to I, as defined on page 329 in [Ro96]. (It is denoted by og/p, there.) The function
W (-) is defined in [Ro94], chapter 12. The representation op is self-dual and has trivial
determinant. For brevity, let v,. = op ® ap, ® €, whose contragredient is 7, 1. This is a
virtual representation of the Weil-Deligne group and has degree 0. Its determinant can be
defined. Since ap, has degree 0, one sees easily that det(ap, ® €) = det(ap,). The values
of det(ap,) are in {£1} and since o has degree 2, we have det(y,.) = det(og) = 1p,. One
also has
W(VU,E)W(’YU,EJ) = det(fyv,a?)(_l) =1.

This follows from part (i) in the lemma on page 144 in [R094], taking into account the fact
that 7, . has virtual degree 0. If € is nontrivial, then ¢ # &' since [L, : F,] is odd. Therefore,
grouping the factors for ¢ and for e together on the left side of (12.1.c), we have

WLU(E7p|L>WLU(E)_n - WFU(E7P)WFU(E)_n ?

and so (12.1.b) is equivalent to the assertion that Wy, (E)" = Wg, (E)".

We will prove that Wy, (E) = Wg,(E), which will then complete the proof of (12.1.b)
and hence of lemma 12.1.2. If E has good reduction over F,, then E has good reduction
over L,, and this implies that Wy (F) =1, Wg (E) = 1. (See the proposition in chapter 19
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of [Ro94].) Thus, no further argument is needed. We assume now that E has bad reduction
over F,. We will use a global argument (suggested by Rohrlich) to complete the proof.
Suppose that S = Vg, the set of primes of F' where E has bad reduction. The Grunwald-
Wang theorem ([NSW], 9.2.3) implies that there exists a cyclic extension L of F' with the
following properties: (7) there exists just one prime of L lying over v and the corresponding
completion of L is L,, (ii) all other primes in S split completely in L/F. It follows that
L : F| =L, : F,], which is odd. Denoting the global root numbers for E over L and over
F by Wy,(E/L) and W,,,(E/F), respectively, we have

WDez(E/L) = HWD61<E7€> = WDCZ(E/F) )

where € now runs over all the characters of Gal(L/F’). The first equality is a consequence of
the fact that the global root number is unchanged by induction from a subgroup. (A proof
of this can be found in [Ro09].) The first term is the root number for E and the trivial
representation 1, of G. The second term is the root number for £ and for the regular
representation of Gal(L/F), which can be regarded as Indgf (17). The second equality
follows by grouping the factors for € and e when ¢ is nontrivial. One can then use part (7:1)
in proposition 8 of [Ro96] together with the fact that ¢ &' is a symplectic representation.

On the other hand, W,,(F/L) and Wp,,(E/F) can both be expressed as products of local
root numbers over all the primes of L or of F'. The contributions from the unique prime of
L lying above v, and from v itself, are Wi (F) and Wg, (E), respectively. We prove that
Wy, (E) = Wg,(E), by showing that the contributions to the products from all other primes
w of F, and the primes of L lying above such a w, are equal. The contributions for any
w where E has good reduction, and for primes of L lying over w, are all 1’s. If w is an
archimedean prime of F' or a prime in S other than v, then w splits completely in L/F. For
any such w, the contribution to the product for W,,(E/L) is W, (E)¥F). Since [L : F] is
odd, this contribution is equal to Wg, (E), which is the corresponding contribution to the
product formula for W, (E/F). This completes the proof of lemma 12.1.2. O

Proof of proposition 12.1.1. By lemma 12.1.2 and remark 10.2.2, we are free to replace the
ground field F' by F}, for any n > 0. We make that replacement so that the restriction map
from A to D is an isomorphism. Thus, we can identify A with D. We will assume that the
primes in ®g/p are inert in Fig /F'. Letting A, = Gal(K»/Fs ) and D, = Gal(K,/F,), we
will furthermore assume that the restriction map defines an isomorphism from A, to D, for
all v € ®/p. Such a replacement is clearly possible. We make these simplifying assumptions
from here on. Thus, we can now identify representations of D with representations of A.
Similarly, we can identify the restrictions of those representations to D, and to A, for any
v E q)K/F
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Consider the homomorphism f : Rgfd)(D) — {£1} which is defined as follows: For a
self-dual representation p, let f(p) = W,, (£, p) / Wpa(E, p). Under the stated assumptions,
we must show that f(p;) = 1 if and only if f(py) = 1. This is equivalent to showing that f
is p-modular.

Let &, = @ p. We define Ag(p), A\°(p), 65°(p), and 6z, (p) for any p € Repx(D) by
making them additive for direct sums. They all have values in Z. We then have

o

(120d) W, (Bip) = (10 = (-)F 010 = (2180 T (~1)0)

VEYQ

We have used (5.0.b) from chapter 5 together with the fact that the g,’s are odd. As
mentioned before, we have W,, (E,p) = 1if p = 0 @ 6 for some § € Irrz(D). Note however
that the other factors occurring above are not necessarily all 1’s for such a p. For example,

it is not always true that dg () = dg.(6), or even that they have the same parity.
Using (12.1.d) and the product formula for W, (E, p), we have

(12.10) fo) = 0E0 I Wz [T (wep-1)

v€20 vEX)

We will show that each individual factor in the above product is p-modular. The quantity
within each large parenthesis in the last product must be taken together as one factor. For
the first factor, we only need to recall that the function f; defined by fi(p) = \2°(p) is
p-modular. This follows from proposition 3.2.1.

The p-Modularity for v ¢ »,. We first consider the primes v lying over p or oo. For an
archimedean prime v, one has W, (E, p) = (—1)"?) (from [R096], theorem 2), which certainly
defines a p-modular function (by 11.1.1). If v|p, then E has good reduction at v and one has
W,(E, p) = det(p)(—1) for all v|p, as stated in the proof of lemma 12.1.2. Thus, applying
11.1.2 with A = {£1} and using the assumption that p is odd, we see that the function
W, (E,-) is p-modular for all v|p.

Now assume that v doesn’t lie above p or oo, but still that v ¢ ;. The index of the
inertia subgroup of A, (in A,) is not divisible by p. Therefore, since v ¢ %, the order of
A, is also not divisible by p. Now W, (E, p) is determined by the restriction of p to D,, but
[D, : A,] is odd and so by applying (12.1.b) to v, it follows that W, (FE, p) is determined by
the restriction of p to A,. We can then use 11.1.4 for A, = A, to conclude that the function
W, (E,-) is p-modular. Thus, the subproduct in (12.1.e) over all v € ¥, defines a p-modular
function on R(;d)(A).

The p-Modularity for v € %,. The formulas found in [Ro96] are expressed in terms of
the restriction of p to D,. Some of the formulas only involve the degree or determinant
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of p, and the p-modularity then follows quite easily. For the primes v € X, our initial
reduction at the beginning of this proof allows us to identify A, with D,. Hence we can
state Rohrlich’s formulas in terms of p|a,, which we will denote by p, in the rest of this proof.
This identification is useful simply because various other representations which intervene in
the argument are only defined over Fi ,. It will also be convenient sometimes to regard p,
as a self-dual representation of G,.

For brevity, we use the notation
Au(p) = Wu(E,p)- (_1)6E’v(p)

We will also use the notation from section 5.2. Recall that we have defined an irreducible
representation ¢, there, and also 1, in some cases. Those representation(s) of G, occur as
subrepresentations of pg,, usually with multiplicity 1. The multiplicity will be 2 in the case
where F/ has good or potentially good reduction, ¢, is 1-dimensional, and ¥, = ¢,.

If E has good reduction at v, then we have W, (E, p) = det(p)(—1). The function W,(E, -)
is therefore p-modular by 11.1.2. On the other hand, in this case, we have

(12.1.f) 05.0(p) = (pv, 0u) + (v, ¥y)  (mod 2)

Since ¢, and v, have order prime to p, and ¢,v, = w,, we can apply proposition 11.2.1 to
conclude that the function f defined by f(p) = (—1)%#+) is p-modular. It follows that the
function A, () is p-modular.

If £ has multiplicative or potentially multiplicative reduction at v, then Rohrlich’s for-
mula (from theorem 2 of [R096]) is

Wo(E,p) = det(p,)(—1) - (pow;! (—1))"" - (—1)leesl )

The first two factors define p-modular functions by 11.1.2 and 11.1.1, but the third factor
might actually fail to be p-modular. However, we have 6z ,(p) = (pv, @) (mod 2) and so

(_1)<%w;17 pv>(_1)5E,v(p) — (_1)<pv7s0vw;1>+<puwv> :
which defines a p-modular function according to proposition 11.2.1. The hypothesis in that
proposition is satisfied because p,w;' is a character of order 1 or 2. It follows that the
function A,(+) is p-modular, as we wanted to show. Note that our arguments so far work
even if v divides 2 or 3.

Now we come to the case where E has potentially good reduction at v, but not good
reduction. Assume first that the image of G, under pg, is abelian. In that case, there are
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two (non necessarily distinct) characters ¢, and 1, which are constituents in pg,. We have
©uby = w,. Rohrlich proves the formula W,(E, p) = det(p,)(—1) - xo(—1)") in this case,
where Y, is a certain character of Gg,. This is proved in [Ro07]. If v doesn’t lie above 2 or
3, this was already proved in [Ro96], but the proof in [Ro07] includes all v’s if im(pg,) is
abelian. (See the proof of proposition 3, especially equation (1.6).) Such a formula defines a
p-modular function of p. The proof that A,(-) is p-modular is now just like the case where
E has good reduction at v, again just using proposition 11.2.1 and (12.1.f). This argument
works for p > 5. But if p = 3, it is possible that ¢, and v, will have order divisible by p. In
that case, one can apply remark 11.2.6.

It remains to discuss the case where v € 3, and E has potentially good reduction at v,
but where the image of pg , is non-abelian. The assumption in proposition 12.1.1 concerning
Hyp, implies that v doesn’t lie over 2 or 3. The inertia subgroup ©, of Gal(Fw ,(E[p])/Feo)
is then a cyclic group of order e, where e € {3,4,6}. The value of e is determined by
ord,(disc(E)). We then have the following formula from [Ro96]:

(12.1.g) W,(E,p) = det(p,)(—1)- <_€)n(P) . (_1)<pv7X0>+<Pv,77>+<Pu,a'e> ’

where € € {£1}, n is the unramified character of G, of order 2, and &, is a certain 2-
dimensional representation of G,. Rohrlich defines this on page 329 of [Ro96] as a repre-
sentation of G, which factors through a certain extension with Galois group isomorphic to
the dihedral group D,.. That extension is tamely ramified, the inertia subgroup is cyclic of
order e, and &, is the unique irreducible 2-dimensional representation of the Galois group.
Also, det(6.) =n. We can consider . as a representation of G,.

As before, 11.1.1 and 11.1.2 imply that the first two factors in (12.1.g) define p-modular
functions. We don’t need the definition of € for this. We will consider the functions a and b

on R(de)(A) defined by
a(p) — (_1)<Pv7X0>+<Pv77]>, b(p) — (_1)<pv,&e>

separately. If w, is even, then 7 is a power of w,, and so one can apply proposition 11.2.1 to
see that the function a is p-modular. If w, is odd, then one can apply part (i) of proposition
11.2.7 to both ¢ = x, and ¢ = 7 to conclude that a is p-modular function. The function b
is not necessarily p-modular. However, it is the function ¢ defined by
c(p) = (_1)<pm&e>+5E,u(p) :
which we must show is p-modular. The p-modularity of A,(-) follows from that.
Note that dg,(p) = (pv, o) (mod 2), where now ¢, coincides with pg, in the notation
of chapter 5. Thus, using the notation of proposition 11.2.7, we have ¢ = f;_f,,. Assume
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first that p > 5. We consider p = 3 later. The assumptions in the first sentence of that
proposition are then satisfied for both ¢ = 4. and for ¢ = ¢,. Now g, is self-dual and
has determinant 7. Also, det(y,) = w, and hence ¢, = ¢, @ w;l. If w, is even, then the
restriction of 6. to M, is clearly reducible. The same is true for ¢, since the action of
Gal(Fuow(E[p])/Foow) /O, on O, is through a quotient group of order 2. It follows that if w,
is odd or if 4 | w,, then both f5, and f,, are p-modular.

We now consider the case where w, is even, but w,/2 is odd. Thus n = ww”/ Tt is
clear that ¢, ® w/ has determinant 5 for some j. We will show that ¢, ® w/ = &, for that
j. The p-modularity of ¢ then follows from part (iii) of proposition 11.2.7. To see this,
let F*"" and F!"_ denote the maximal unramified and tamely rarmﬁed extensions of F,,,,
respectlvely Both ¢, ®wl and &, factor through Gal( (Fihe / Fy.). Their restrictions to the
inertia subgroup Gal(F) / F!'") are direct sums of the two characters of order e and hence
are isomorphic. It follows that gov®w{)' = 7.®¢ for an unramified character e. Comparing the
determinants, it follows that € has order 1 or 2. In that latter case, e = 7. But 6. ® n = ..
Thus, in either case, p, ® w/ is indeed isomorphic to &..

Now suppose that p = 3. The above argument applies if e = 4. Assume that e € {3, 6}.
Note that w, = 1 or 2. If w, = 1, then pg,(G,) is abelian, a case already settled. If w, = 2,
then both ¢, and 6. have determinant 7. Then we have ¢, = G.. Thus ¢(p) = 1 for all
pE Repgﬁfd)(A), and so ¢ is obviously p-modular. O

Theorem 3 is now proved. The consequence that we mentioned (in section 1.5) is a
special case of the following corollary. We assume that A contains a normal subgroup II
which is a p-group. We might as well assume that II is the maximal such subgroup. Since
we are identifying A with a normal subgroup of D, II is identified with a normal subgroup
of D. The subfield K™ of K will be denoted by K,. Then Gal(K,/F) can be identified with
D, = D/II. As previously, we let K, ., = K,F, which coincides with K go

Corollary 12.1.3. Suppose that p is odd, that Selg(K,~)[p] is finite, and that Hyp, is
satisfied for all primes v of F lying over 2 or 3. If the equality W, (E,p) = Wp.(E,p) is

true for all p € Irr(;d)(Do), then that equality is also true for all p € Irrgd)(D).

Proof. First of all, we have Irrj(D,) = Irrj(D). The assumption that Selp (K, )[p] is finite
together with proposition 4.2.5 implies that all of the Selmer atoms Selgp)e-(Fix) are finite
for 7 € Irrj(D). That same proposition then implies that Selg(K)[p] is finite. Thus, all the

hypotheses in proposition 12.1.1 are satisfied.

Assume that p € Rep$ (D). Then the class [5*] is in Rgscz)(D) = Rng)(DO). Therefore,

as shown in section 9.4, there exist p, and p, in Rep(]fd)(Do) such that

ﬁ(ss) @p;(ss) o ﬁ;)(ss)
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as representations of D. Assuming the equality in question for all the self-dual, irreducible
constituents of p, and py, it then follows that W,, (E,p.) = Wyru(E, p.) for ¢ = a and for
c = b. We see that W, (E,p) = Wp.(E, p) by applying proposition 12.1.1 to py = p @ pq
and py = py. This equality holds for all p € Rep's” (D). O

12.2 Consequences concerning W, (E, p) and W, (E, p).

We continue to assume that K, = KF,, where K is a finite Galois extension of F', and we
let D denote Gal(K/F'). Consider the following functions f,., fu.,, and fs,, defined by

fDez(p) = WDel(E7 p)> flwp (p) = Wlwp (E7 P)a fsezp (,0) = Wsezp<E7 ,0)

for all p € Repgfd)(D). One can ask whether those functions are p-modular. This is not
always so. However, the proof of proposition 12.1.1 gives the following result for the first
two functions. Note that the assumption that Wp () ®x/p is empty implies Hyp, and also
that E has good reduction at any v € Y, = ®g/p. With the additional assumption about
D, the p-modularity for the third function follows by using proposition 10.2.1.

Proposition 12.2.1. Assume that p is odd and that Vg (| @k p is empty. Then the function
foa is p-modular. Furthermore, if one assumes that Selg(Kx)[p| is finite, then f,, is p-
modular. If one assumes in addition that D satisfies property (O), then fs. is also p-
modular.

Remark 12.2.2. The proof of proposition 12.1.1 gives results about p-modularity for the
local root numbers. We continue to assume that p is odd. We need only assume that F
has good reduction at primes of F' lying above p. For any prime v of F', define f,, by
fw,(p) = Wy(E, p) for all p € Repgfd) (D). First of all, the proof shows that f,, is p-modular
if v & Vg Pk p. In addition, if £ has potentially good reduction at v and im(pg,) is
abelian, then f,, has also been shown to be p-modular.

Suppose that F has potentially good reduction at v and that im(pg,) is non-abelian.
We let ¢, = pg, in this case. Assume that v does not divide 2 or 3. Define a function

fo, exactly as in proposition 11.2.7. We have dg,(p) = (pv, py) (mod 2) and therefore
Ay(p) = fw.(p)fo,(p) for all p € Repg_fd)(D), where A,(p) is as defined in the proof of
proposition 12.1.1. Since A,(-) has been proved to be p-modular, it follows that fy, is p-
modular if and only if f,, is p-modular. In general, f, will not be p-modular. However, if
foo(p) # 1, then (p,, ,) # 0. This would imply that ¢, factors through A, and therefore
that A, has a non-abelian quotient. If p > 5, then A, would have a non-abelian quotient
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of order prime to p. Consequently, if A, has no non-abelian quotient of order prime to p,
p > 5, and v does not lie over 2 or 3, then f, (p) =1 for all p € Repgd)(D) and hence f,,
is p-modular. Under those assumptions, it follows that f,, is also p-modular.

Now assume that E has multiplicative or potentially multiplicative reduction at v. Just
as in the previous paragraph, the proof of proposition 12.1.1 shows that fy,, is p-modular
if and only if f,, is p-modular, where ¢, is either w, or w,e, for a certain character ¢, of
order 2. Again, if it turns out that ¢, does not factor through the quotient A, of G,, then
fou(p) =1forall p e Rep(;d)(D). In that situation, fy, will be p-modular. Furthermore, if
E has split, multiplicative reduction and w, has odd order, then f,, will be p-modular. This

follows from remark 11.2.9 which shows that f,, is p-modular when w, has odd order. ¢

Now we will consider Wy, (E,p) for p € Repgfd)(D). Assume that p is odd. The final
conclusion in proposition 10.2.1 asserts that Wy, (&, p) = W, (E,p) if p is assumed to be
orthogonal and Selg(K ), is assumed to be Z,[[I'x]]-cotorsion. Applying proposition 12.1.1
and corollary 12.1.3 gives us the following results.

Proposition 12.2.3. Suppose that p is odd, that Hyp, is satisfied for all primes v of F lying
over 2 or 3, and that Selg(Ky)[p] is finite. Assume that py and py are self-dual, orthogonal
representations of D = Gal(K/F) and that ;1™ = py*°. Then Wy, (E, p1) = Wou(E, p1) if
and only if W, (E, p2) = Wra(E, p2).

Corollary 12.2.4. Suppose that we are in the setting of corollary 12.1.5. In addition to the
hypotheses stated there, assume that D, satisfies property (O). If W, (E, p) = Wiru(E, p) for

all p € Irrgfd)(Do), then W, (E,p) = Wou(E, p) for all self-dual, orthogonal representations
of D.

Remark 12.2.5. A result proved in [Dok5] has a similar flavor to corollary 12.2.4, but
requires no Iwasawa-theoretic hypothesis such as the vanishing of a p-invariant. We will use
the same notation as in corollary 12.1.3. It is assumed that p is odd, but no assumption
about the reduction type of E at primes over p is needed. For primes v over 2 or 3 where F
has additive reduction, it is assumed that v is unramified in K/F. No other assumptions are
needed. Theorem 1.4 in [Dok5| then asserts that if the parity conjecture for the Z,-corank
of the Selmer group for E over all extensions of F' contained in K, is valid, then the same
statement is true for all extensions of F' contained in K. One can restate their result as
follows:

If Weo, (E,p) = Wou(E, p) for all permutation representations p of D,, then Wy, (E,p) =
Woa(E, p) for all permutation representations of D.
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By definition, a permutation representation p of a finite group G is isomorphic to a direct
sum of representations of the form IndIG{(l H), where H is a subgroup of G. Such represen-
tations are obviously realizable over Q and therefore are orthogonal. More directly, these
representations can be realized by permutation matrices, and such matrices are already or-
thogonal. O

13 More arithmetic illustrations.

We end this paper with a number of illustrations concerning the growth of the Z,-corank of
Selg(K), as K varies over some collection of fields. We will not strive for generality. We
always take the base field F' to be Q. It is in this case that we have the best chance to verify
the hypotheses in the propositions and corollaries from chapters 3 and 12. We will also
discuss results of J. Nekovar, of Mazur and Rubin, of Coates, Fukaya, Kato, and Sujatha,
and of T. and V. Dokchitser. The illustrations that we consider are situations where one can
calculate Wy, (E, o) for some interesting family of irreducible, self-dual Artin representations
0. One certainly expects that

(13.0.a) W, (E,0) = Wyi(E,0)

as we already mentioned in the introduction. This is especially interesting when it turns
out that W, (F,0) = —1. For it then would follow that sg(o) is odd and hence nonzero,
contributing at least n(o) to the Z,-corank of Selg(K),. The Galois groups that occur in our
illustrations will at least satisfy property (O). Most often, we will refer to corollary 12.2.4.
It will be clear in each illustration that Hyp, is satisfied for all v lying over 2 or 3. We
always assume that p is an odd prime and that F has good, ordinary reduction at p. We will
describe the predictions arising from (13.0.a), the unconditional results that can be proven,
and then the conditional results which one can obtain from sets of hypotheses which seem
significantly weaker than (13.0.a).

The simplest case for such root number calculations is when the conductor of E, which
we will denote by ng, and the discriminant of the extension K /F', which we denote by dx/p,
are relatively prime. One then has the formula
(13.0.b) Wou(E,0) = Wou(E/F)"?) - det(a)(ng) - [] det(o,)(d)

'UEZOC
for all o € Repgid)(D), where D = Gal(K/F). This is proposition 10 in [Ro96]. Here
Wyu(E/F) denotes the root number for the Hasse-Weil L-series for E over F' and ¢, denotes
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the generator of D, for each v | co. The factor det(o) (nE) is interpreted as follows. Let D
denote the maximal abelian quotient of D and let dz € D® denote the image of ng under
the Artin map. Then det (o) factors through D and det(o) (ng) is defined to be det(c) (0r).
Note that it isn’t necessary to assume that o is irreducible to apply (13.0.b). We do need to
assume that o is self-dual.

It is worth pointing out that formula (13.0.b) implies that the function fp,, is p-modular.
This follows immediately from 11.1.1 and 11.1.2. However, proposition 12.2.1 asserts this in
somewhat greater generality. Also, for the special case where F' = Q, formula (13.0.b) takes
the following simpler form:

(13.0.c) Wou(E,0) = Wyu(E/Q)™) . det(o)(—Ng)

where Ny is the conductor of .

In the rest of this chapter, we will assume that F is an elliptic curve defined over Q,
that p is an odd prime where E has good, ordinary reduction, and that F' = Q. In sections
13.1 and 13.2, the extensions K of Q to be considered will satisfy K N Q.. = Q. Hence
there will be no real need to distinguish between D = Gal(K/Q) and A = Gal(K/Qu).
We will simply write A. However, the illustrations in section 13.1 will require distinguishing
between the two Galois groups. The situation will be the one discussed in section 3.5..

13.1 An illustration where V() Qg is empty.

We will consider a situation where we can apply formula (13.0.c). As one favorite illustration,
we take F' = Q and consider a tower of number fields K, such that A, = Gal(K,/Q) is
isomorphic to PG Ly(Z/p"™Z) for all r > 0. We continue to assume that p is odd. In order
to use formula (13.0.c), we further assume that the elliptic curve E has good reduction at
all the primes of Q which are ramified in K,/Q. According to proposition 9.1.1, A, satisfies
property (SDO). Also, A? is of order 2. Hence, for every p € Repy (4,), det(p) = o, or
o1 in the notation of sections 7.2 and 7.3. Note that o; corresponds to a certain quadratic
Dirichlet character for Q whose conductor involves only primes which are ramified in K,/Q.
We denote that Dirichlet character by 1. If the K, ’s arise as subfields of Q(A[p™]) for some
elliptic curve A, as in the illustrations of sections 8.1 and 8.2, then 7 is the unique quadratic
Dirichlet character of conductor p.

Now n(p) is even for all p € Irrg, (A,) and for all » > 0, with the exception of the four
representations oy, 01, 0p1,0p2. When n(o) is even, the value of W, (E, o) is determined
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completely by det(o) and Ng according to (13.0.c). This is not true for the odd-dimensional
o’s, but we do have

(13-1-3) WDel<E7O_O)WDel(EaO—p,2) = WDel(an—l)WDel(E70-p,1) = 51(_NE) .

Howe [How| determines the set {o | det(0) = 01, n(o) even } precisely. It is an infinite
set and the subset of primitive elements of level r is precisely A, U B, for any r > 1. (See
remarks 7.3.4 and 7.4.8 for an argument using modular representations.) We will use the
notation A, to denote the subset of Irr£(A,) consisting of ¢’s of degree p+ 1 and B, for the
subset consisting of ¢’s of degree p — 1. For those ¢’s, we also have det(c) = o7.

A. Predictions. First we note one prediction from (13.0.a) that doesn’t depend on the
value of €1(—Ng) or on Wp,,,(E/Q). It should be true that W, (F,o) = 1, and hence that
sg(o) is even, for all o € C, and r > 1. This is because those ¢’s have even degree and
det(0) = 0,. (See remark 7.3.4.) In particular, Wi, (F, ag)) =1 for all r > 1.

If e(—=Ng) = 1, then W, (E,0) = 1 for all the even-dimensional ¢’s. Thus, (13.0.a)
predicts that sg(o) is even for all o’s except possibly the four odd-dimensional o’s, for which
we will have Wy, (E, o) = W,,(E/Q).

Assume now that e1(—Ng) = —1. For the four odd-dimensional irreducible representa-
tions of A,, it follows that W, (E,0) = —1 for two of them, one of dimension 1 and one
of dimension p. For each ¢ € A, U B, for r > 0, one has W,,(E,0) = —1. The sum of
the degrees, where o varies over A, U B, and r varies from 0 to n > 1, turns out to be

p?t2 — p?*tl — p — 1. Thus, assuming (13.0.a) for all the relevant o’s, one gets the lower
bound
(13.1.b) corankz, (Selp(K,),) > p*"* —p*!

under the assumption that €1 (—Ng) = —1. Equality in (13.1.b) is equivalent to the assertion
that sg(o) = 1 if det(o) = o1, sg(o) = 0 if det(o) = o,.

B. Unconditional results. There are hardly any. Nekovar proved the parity conjecture
for E over Q. Thus, (13.0.a) is true for 0 = 0,. This has been extended in [Dokl] to all
quadratic twists of £, and so (13.0.a) holds for ¢ = o7 too. For p = 3, one has A, = Sy
which has a unique quotient isomorphic to S3. The irreducible, 2-dimensional representation
of that quotient is ¢ = 0,11 and (13.0.a) follows for that ¢ from theorem 7.1 in [MRO7] or
theorem 1.4 in [Dokb5].

One very specific result concerns the following especially interesting example where one
can show that rE(ag)) > 1 for r > 1. This example is discussed in [Gr01], pages 419-
421, and was first mentioned by L. Howe. Let A be either one of the two elliptic curves
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of conductor 1225 which have an isogeny of degree 37 defined over Q. One can verify that
pa: Gq — Aut (Tp(A)) is surjective for all p > 5, except for p = 37. Let E be any one of
the elliptic curves of conductor 37. We assume that p > 5 and that E has good, ordinary
reduction (which excludes p = 37). Since py is surjective, Q(A[p™]) contains a tower of
fields K, with Gal(K,/Q) & PGLy(Z/p"'Z) for r > 0. The modular parametrization
X,(37) — E then provides a construction of points on E(K,) (due originally to M. Harris

[Har]). Examining that construction, one can show that Ug) has positive multiplicity in

E(K,)®zQ, for all r > 1. Thus, it follows that TE(ag)) is positive, and hence so is sE(Ug)).

C. Conditional results. In the situation we are now considering, ®r, /q N Vg is empty
and therefore Hyp, is certainly satisfied for K = K, and all primes v. To apply corollary
12.2.4, it would suffice to assume that Selg(K, ~)[p] is finite and that (13.0.a) holds for the
p+ 2 elements of Irr(A,). As mentioned above, it is known that (13.0.a) is valid for o = o,
and oy. If one could verify (13.0.a) for the remaining o’s in Irrz(4A,), and also verify the
finiteness of Selg(K, ~)[p], then (13.0.a) would actually hold for all o € Irrx, (A,) and for
all 7 > 0. The lower bound (13.1.b) would follow. Unfortunately, both of these verifications
seem quite inaccessible at present.

Now assume that r > 1. For certain o’s, one can establish (13.0.a) with much less
information. In addition to assuming that Selg (K, ~)[p| is finite, we will make the following
assumption in the rest of this illustration:

(13-1-C) Wsezp(Eyap,l) = WDez(EaUp,1)> Wsezp(EvapQ) = WDel(EaUp,Q) .

As mentioned above, (13.0.a) also holds for o, and o;. For the representation s of A, defined
in part D of section 7.2, we have

Wsezp(Ea /f) = WDel(E7"<‘:) =1

The first equality follows immediately from the definition of x and assumption (13.1.c). For
the second, one can use (13.0.c) together with the facts that n(x) is even and that det(k) = o,.
Propositions 7.3.1 and 12.2.3 therefore imply the first of the following equalities:

Wsezp<E7U) = WDez(Eva) =1

for all o € C, and r > 1. The second equality was pointed out before. Furthermore, one can
apply those same propositions to the irreducible representations o = aér) and o = O'ér) ® o1,
where 6 is a character of B, of order p”. These are elements of A, which were defined in

remark 7.3.5. The present assumptions again suffice to establish (13.0.a) for those o’s.
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Assuming that €1(—Ng) = —1, and continuing to make the assumptions in the previous
paragraph, (13.1.a) and (13.1.c) imply that

(13.1.d) W (E,00)Weu, (E,0p2) = Ws (E,00)Ws (E,0p1) = —1 .

For any character 6 of B, of order p", it follows that W, (E,0) = —1 for 0 = aér) and
o= ag") ® o1. Letting 0 vary, one gets the following lower bound from those two families of

o’s and the four irreducible representations of odd dimension:
(13.1.e) corankyz, (SelE(Kn)p) > pP

for n > 1. Following the notation in section 8.1, consider the field J, C K,, the fixed subfield
for the Borel subgroup B, C A,, and let JOﬁ denote the fixed field for the subgroup of B, of
index 2. Then (13.1.d) is equivalent to the equations Wi, (E/J,) = —1, W, (E/J8) = +1.
Those equations simply mean that corankgz, (Selg(J;),) is odd and corankzp(SelE(Jg)p) is
even. If one could somehow verifies those two parity statements, then one can obtain (13.1.e)
just by using the last part of proposition 12.2.1, and without even considering root numbers.
Alternatively, since Xg(K.) is quasi-projective under the present assumptions, one can
simply use remark 7.3.5 together with proposition 10.2.1.

As we’ve indicated, the above considerations show that under the assumptions that we are
now making, s E(aég)) will be even for r > 1. In particular, for the specific example mentioned
previously (where E has conductor 37, p > 5 is a prime where E has good, ordinary reduction,
and the fields K, are constructed by adjoining p-power torsion points on a certain elliptic
curve A/Q of conductor 1225), one gets the interesting (but conditional) statement that

s E(ag)) is even and positive for all » > 1. This behavior seems quite remarkable.

13.2 An illustration where K C Q(E[p™]).

We again take F' = Q and assume that p is odd. We also make the following assumptions
throughout this illustration:

(i) The conductor N is squarefree. Thus, £ has multiplicative reduction at all I| Nz and
so F is a semistable curve over Q.

(i1) We have Gal(Q(E[p™])/Q) = GL3y(Z,). Thus, Q(E[p™]) contains a tower of subfields
K, such that A, = Gal(K,/Q) = PGLy(Z/p"'Z) for r > 0.

(11i)) We have ord;(jg) Z 0 (mod p) for all [|Ng.

We then have @, /q = Vg for all r > 0. Actually, (3) and (i) imply (%) for p > 7. (See
proposition 21 in [Se72].) Although formula (13.0.c) cannot be applied, root numbers for
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all self-dual representations have been calculated by Rohrlich under the above assumptions.
Rohrlich actually does those calculations in [Ro06] when F is arbitrary.

We will mention just part of Rohrlich’s calculations. First of all,

- N
WDel(E>U§t)) = (?E)

for all » > 1. Rohrlich’s formulas for the four odd-dimensional irreducible representations
imply that

p-1

(13.2.a) Woal B, 00)Woa(E,0p2) = Woa(E,01)Wpa(E,0p1) = (—1)2

As in section 13.1, we let £; be the Dirichlet character corresponding to o;. But now the
conductor of €1 is p, which is prime to Ng, and so we have

where s denotes the number of primes where E has split multiplicative reduction. This follows
from (13.0.c) and a well-known formula for the root number W, (E/Q) = W,.(F,c,) for
semistable elliptic curves over Q. Furthermore, Rohrlich gives the following formula for
o€ A, UDB,, where r > 0:

1

Wou(E,0) = (-1)'%
For o € C,, excluding the Steinberg representations, Rohrlich shows that W,,(F, o) = 1.

A. Predictions. Assuming that (13.0.a) holds, the above formulas give infinite families
of irreducible representations o of the A,’s for which sg(o) should be odd when Ng is a
quadratic nonresidue modulo p or when p = 3 (mod 4). In the first case, the infinite family
consists of the Steinberg representations ag) for » > 1. In the second case, the family is
A, U B, for r > 0. These families are disjoint.

B. Unconditional results. As mentioned before, it is known that (13.0.a) holds for o = o,
and ¢ = o1. However, (13.0.a) is also known to hold for the two o’s such that n(c) = p.
This follows easily from one of the main results in [CFKS], their corollary 2.2, as we will
now explain. Those authors prove that if £ has a cyclic isogeny of degree p over a number
field .J, then the parity conjecture for the Z,-corank of Selg(.J), is true. The result is proved
under very broad assumptions on the reduction type for E at primes over p.

We will again use the notation from section 8.1, where fields J, and J! were defined for
r > 0. In particular, J, = K is indeed the field of rationality for a cyclic isogeny of E of
degree p. Now corankz, (SelE(JO)p) is equal to the multiplicity of 1p, in Xg(K,) ®z, Qp,
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viewed as a representation space for B,. Frobenius Reciprocity implies that this multiplicity
is in turn equal to sg(0,) + Sg(op2). This is because Indgg (1 Bo) is isomorphic to o, @ op 2.
(See the second part of remark 2.1.8.) Thus, corollary 2.2 in [CFKS] implies that (13.0.a)
holds for that reducible representation. Since (13.0.a) holds for oy, it holds for o, 2 too. Now,
E also has an isogeny of degree p over any field J containing J,. Taking J = J? , one can
again use Frobenius Reciprocity, the parity result in [CFKS] mentioned above, and the fact
that (13.0.a) holds for o = 0,01, and op, to conclude that (13.0.a) holds for o = 0.

Furthermore, applying corollary 2.2 in [CFKS] to the fields J = J,, one deduces (13.0.a)
(

nonresidue modulo p, then W, (E , og)) = —1. One obtains the lower bound

inductively for 0 = o Z) and all > 1. As a consequence, it follows that if Ng is a quadratic

(13.2.b) corankz, (Selp(K,),) > p"'+p"—p—1

for n > 1. This is unconditional. One gets a better lower bound by including the odd-
dimensional representations. Indeed, one can augment the above lower bound by p+ 1 when
p =1 (mod 4) or by either 2 or 2p when p = 3 (mod 4), assuming still that Ng is a quadratic
nonresidue modulo p.

C. Conditional results. Let us now assume that p = 3 (mod 4). We make no assumption
about N except for (i). Conjecturally, sg(o) should then be odd for all ¢ € A, U B,.
We make the assumption that Selg(K,)[p] is finite. We can then use propositions 7.3.1
and 12.2.3 to prove that sg(o) is odd for a certain subset of A,, namely for all o’s of the
form o = aér) or o = aér) ® o1, where 6 is of order p” and r > 1. (See remark 7.3.5
too.) One thereby obtains the lower bound (13.1.e), which is considerably stronger than the
unconditional inequality (13.2.b). We can make a further improvement in the lower bound
if we also assume that (13.0.a) holds for o = o,y ; for some j. If we make that assumption
for all j’s, 1 < j < ’%3, then it would follow that sg(o) is odd for all 0 € A, and r > 1.

13.3 An illustration where Gal(K/Q) is isomorphic to B, or H,.

This section will continue the discussion of the illustrations in sections 8.3 and 8.4. We
assume as before that p is an odd prime and that E has good, ordinary reduction at p.
Suppose that L = Q(u,) and that K is a finite, Galois extension of Q containing L. We will
assume that [K : L] is a power of p. Let Q = Gal(L/Q), D = Gal(K/Q), P = Gal(K/L),
which is the Sylow p-subgroup of D. It will also be useful to consider the Galois groups
Y =Gal(L/F) and D' = Gal(K/F'), where F is the maximal real subfield of L. Thus, €' is
the unique subgroup of §2 of order 2, D’ is the unique subgroup of D of index p%l, the Sylow
p-subgroup of D' is also P, and D'/P = ().
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The two irreducible, self-dual representations of Q are o, = w° and o7 = wp2;1, the
quadratic character of conductor p. We denote the two characters of €2’ by p, and p;. The
fact that Xp(L) ®z, Qp is a self-dual representation space for {2 implies the congruence
below. The equality is obvious.

(13.3.a)  sp(py) + se(p1) = corankzp(SelE(L)p) = sg(o,) + sg(o1) (mod 2) .

Since E has good reduction at p, one can apply (13.0.c) to o, and oy, obtaining

—N
(13.3.h) WoulE, 0))Wou(E,01) = ( p E)
Nekovai’s parity theorem for £/Q and the generalization for quadratic fields proved by T.
and V. Dokchitser show that (13.0.a) holds when o is o, or o1. Therefore, corankg, (Sel E(L)p)
is odd if and only if — N is a quadratic nonresidue modulo p. These remarks are the starting
point for most of the results that we will now discuss.

Assume that E has semistable reduction at the primes 2 and 3. Theorem 1.3 in [Dok5]
then implies that (13.0.a) holds if ¢ is any irreducible orthogonal representation of D. Their
theorem is actually valid if L is any finite, abelian extension of Q, K is a Galois extension of
Q containing L, and K/L is a p-extension. No additional assumption (such as ordinariness)
on the reduction type of E at p is needed. It is valid even if p = 2.

Corollary 12.2.4 also implies (13.0.a) for all orthogonal o € Irr(]fd)(D), but only under
the following assumptions: One assumes that F has good ordinary reduction at p and that
p is odd (which will be assumed throughout this section anyway), one assumes that Hyps
and Hyps are satisfied, and one assumes that Selg(Ls)[p] is finite. That last assumption is
crucial for the approach in this paper. Note that Lo, = Q(fpe). We also remark that Hyps
and Hyps are certainly satisfied if E is assumed to have semistable reduction at the primes
2 and 3.

A. Lower bounds. Suppose that we are in a situation where Wy, (E,0) = —1 for all

o€ Irrgfd)(D) which are orthogonal and have degree > 1 (which excludes just o, and oy).

Assuming that F is semistable at 2 and 3, one can then apply the theorem from [Dok5] just
cited to obtain the following inequality:

(13.3.c) corankzp(SelE(K)p) > corankzp(SelE(L)p) + Opin(D) — 2

where 0,4, (D) is as defined in chapter 9. Furthermore, one can get the following lower bound
for 0,4 (D) by using the Frobenius-Schur identity and the last part of remark 9.2.2:

(133(1) eorth(D) Z HD’—orth(D) = eorth(D/) = [PP+] + L.
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To explain the last equality, note that all of the elements of order 2 in D’ are conjugate under
the action of P. If ¢’ is one of them, then the number of elements of order 2 in D’ is the index
[P : P*], where P denotes the centralizer of ¢’ in P. The last equality in (13.3.d) follows
by applying the Frobenius-Schur identity for D’ and using the fact that 8,y,,,(D’) = 0, as
pointed out in remark 9.2.1. We remark that a self-contained proof of an equivalent equality
is given in [MROS]. It is part of their proposition 4.4. They also study the value of [P : PT]
in a variety of cases.

The inequality in (13.3.d) is an equality if and only if D satisfies property (O) in chapter
9. This equivalence was pointed out at the end of remark 9.2.2. In particular, we have
equality if D is one of the groups B,, or H,. Those groups have the stronger property that
all irreducible, self-dual representations have degree divisible by p — 1, apart from the two
one-dimensional representations o, and o1. Recall also that if 0 € Irrg(D), then n(o) is
divisible by p — 1 if and only if ¢ is P-induced. (See part A of section 7.4.)

To illustrate the lower bounds that one can obtain, consider a tower of Galois extensions
K, of Q such that Gal(K,/Q) is isomorphic to either H, or B,, for all » > 0. Propositions
8.3.3 and 8.3.7 show the existence of H,,-towers for certain primes p. The Kummer extensions
discussed in section 8.4 provide many B,-towers for any odd prime p. Those towers corre-
spond to false Tate extensions of Q. The representation theory for H,, and B, is described
rather precisely in parts D1, D2, and D3 of section 7.4. Both those groups satisfy property
(O) and hence (13.3.d) will be an equality. . One can use the Frobenius-Schur identity to
calculate 6,.4,(D) when D = H, or D = B,. The calculation of [P : P*] for D = H, is
contained in the proof of proposition 9.1.1. It is easy for D = B,,. Alternatively, one can use
the results in part D of section 7.4 to calculate 0.4, (D) directly. In particular, if D = H,,
proposition 7.4.4 makes that calculation easy. One finds that

(1338> eOTth(Hn) -2 = p2n+1 —1 ) eorth(Bn> -2 = Pn+1 -1 .

We then get an explicit lower bound for corankyz, (Selg(K,),) from (13.3.c) if we are in the
situation where all of the relevant root numbers are equal to —1. The rest of this section
discusses some situations where those root numbers can be determined.

B. First situation. One situation to consider is the following. Suppose that —Ng is
a quadratic nonresidue modulo p. Suppose also that the function f,, turns out to be p-
modular. (That function is defined just before proposition 12.2.1. Recall that its domain of
definition is Rep(]fd)(D).) Furthermore, suppose that all self-dual irreducible representations
of D, except for o, and o1, have degree divisible by p — 1. This last assumption is satisfied
when D = H, or D = B,,. It means that if ¢ is a self-dual, irreducible representation of D
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and n(o) > 1, then o is P-induced and therefore

a

(13.3.f) A= (5 fu")p :

=0

where p* = %. The assumption that f;,, is p-modular then implies that

a

j2 ~Ng P
WDel(E7U) = (WDez(EaUO)WDez(Eaal)> = ( D ) = —1

for all o € Irrgﬁfd)(D) with n(o) > 1. For the first equality, we are using the fact that

Woa(E, x @ x) = 1 for any irreducible representation x of D. One applies this when y is a
power of w which is not self-dual. The other equalities follow from (13.3.b).

C. p-modularity. It is not always the case that f,., is p-modular. This will soon be quite
clear. We will study this question by making use of remark 12.2.2. In the notation of that
remark, we have

fralo) = H fw. (o)
l

for all o € Rep(;d)(D). The product is over all primes ¢ of Q, including ¢ = co. We will now

discuss various sufficient conditions for fy, to be p-modular. We refer the reader to remark
12.2.2 for their justifications. Assume that p > 5 and that E is semistable at 2 and 3. First
of all, if £ € Wi Pk/q, then fy, is p-modular. Now A = Gal(K/Qo) is isomorphic to a
subgroup of D and hence so is the decomposition subgroup A, for any prime ¢. It follows
that A, has a normal Sylow p-subgroup and that the corresponding quotient group is cyclic
of order dividing p — 1. Thus, A, cannot have a nonabelian quotient of order prime to p.
Therefore, fy, is p-modular for any prime ¢ where E has potentially good reduction.

If ¢ has potentially multiplicative reduction at ¢, but not multiplicative reduction, then
the character ¢, is ramified at ¢ and of order prime to p. It certainly cannot be a power of
wy and hence cannot factor through A,. Therefore, f,, is p-modular for any such ¢. Only
the primes ¢ € ®x/q where £ has multiplicative reduction remain to be considered.

Assume that ¢ has odd order modulo p. That means that the order of w, is odd. If £
has split, multiplicative reduction, then f,, is p-modular, as explained in remark 12.2.2. If
E has nonsplit, multiplicative reduction at ¢, then ¢, has even order and therefore cannot
factor through A,. It follows that fy, is p-modular in that case too.

Let \I’St) denote the subset of Uy consisting of the primes where F has semistable reduc-
tion. Thus, ¢ € \I/St) if and only if F has either split or nonsplit multiplicative reduction at
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(. For brevity, we denote ®x/q () \I/(St) by Sk in this illustration Let \IJ ) consist of the
primes ¢ € Vg which have even order modulo p. Let \If ") denote the subset of ¥ g consisting
of primes ¢ which are quadratic nonresidues modulo p. Thus, we have \Ifgw) C \IISU). Note

that ¢ € \Ifgr) if and only if % is odd, where w, denotes the order of ¢ modulo p Hence

the sets \If(m and W' are different when p = 1 (mod 4). We let S eq% and S K denote
Sex () glev p ) and S e \If( , respectively. Obviously, we have S P, K C ng} The two sets
are equal if p =3 (mod 4).

The above discussion shows that fy, is p-modular if ¢ ¢ Sgl})( Now fp., is clearly p-
modular if fy, is p-modular for all ¢. Thus, we have the following result.

Proposition 13.3.1. Assume that p > 5, that E has semistable reduction at 2 and 3, and
that the set S};z})( is empty. Then fp., is p-modular.

Note that Sﬁfl})( C Px/qN \Iffbf”). The hypothesis that ng?( be empty is therefore very
closely related to the following hypothesis occurring in theorem 1.1 in [MROS|:

If | € Wg, then either | is unramified in the p-extension K/L or 1 is split in the quadratic
extension L/ F.

This means that ®x/q ﬂ\I/S”) is empty, and hence implies that SSQ})( is also empty. The
conclusion in that theorem of Mazur and Rubin is that

(13.3.g) sg(p) = corankg, (Selg(L),) (mod 2) .

for every irreducible, self-dual representation p of D’; excluding p, and p;. This is a certain
congruence relation for D’. Their result is equivalent to saying that the function fs., on
Repf (D’ ) is p-modular. If one also assumes that corankyz, (Selp(L),) is odd, then their
result implies the following lower bound.

corankzp(SelE(K)p) > corankzp(SelE(L)p) + O (D) —2

One should compare this with (13.3.c). Mazur and Rubin also prove the formula for ,,.,(D’)
in (13.3.d) and study its value in a variety of cases. Note that their results don’t actually
involve root numbers. Also, just as with theorem 1.3 in [Dok5], theorem 1.1 in [MRO08] is far
more general than the special case under consideration here.

It is worth pointing out that if o € Irr(Sd)(D), if o is D’-orthogonal, and if p is an
irreducible constituent in o|p/, then

sp(0) = sg(p) (mod 2)
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This congruence follows from Frobenius Reciprocity by using the facts that Xg(K)®z, Q, is
a self-dual representation space for D, that ¢ is the only irreducible constituent in Ind%,(p)
which is self-dual, and that the multiplicity of o in Indb,(p) is 1.

D. Towers with Galois groups H, and B,. In the rest of this illustration, we will consider
a tower of extensions K, such that Gal(K,/Q) is isomorphic to H, or B, for n > 0. We
continue to assume that p > 5 and that E has semistable reduction at 2 and 3. Furthermore,
we will make the following restrictive assumption concerning ramification:

(13.3.h) Pr.ja = Pro/q

for all n > 0. Thus, the sets qu}){n and S(En;gn will also be independent of n. To simplify
notation in the discussion, we will just write K for any one of the fields in the tower and
identify D = Gal(K/Q) with either H,, or B,,. In particular, U,, will be regarded as a specific
subgroup of D. The above ramification assumption then implies that the inertia subgroup
I;(K/Q) of D for any prime ¢ € ®g/q is conjugate to U,. Thus we can simply assume
that I,(K/Q) = U,. Under these assumptions, we can weaken the hypothesis in proposition

13.3.1 by restricting f,., to the following subset of Repgfd)(D):

Rep$? (D) = {0 € Rep$ (D) | @01 >0} .

Note that if o € Irrgfd)(D) and n(c) > 1, then o € Repgfd)(D)ﬁ. In fact, o ® x = o for all

X € Q since ¢ is P-induced. In addition, Repgfd)(D)ti contains the regular representation of
2, which we will denote by o and consider as a representation of D. We have n(oq) = p—1.

The representation g, & oy is also in Repgfd)(D)ﬁ.

Proposition 13.3.2. In addition to the above assumptions, assume that SJ(E"Q 15 empty.

Then the restriction of fp, to Repgfd)(D)jj 1s p-modular. Furthermore, assume also that

o€ Irr(]fd)(D) and that n(o) > 1. Then

—N,
WDEl(E’U) = WDel(E7U(])WDel(E,Ul) = ( pE)

In particular, if —Ng is a quadratic nonresidue modulo p, then Wy, (E o) = —1 for all

o€ Irrg_‘fd)(D) such that n(o) > 1. As a consequence, corankz, (Selg(L),) is odd and the
lower bounds for corankz, (Selg(K,),) given by (13.3.c) and (13.3.¢) hold.

Proof. As discussed above, if ¢ ¢ Sg k, then fy, is p-modular on Repgﬁfd)(D), and hence on
the subset Repg{fd)(D)ﬁ. We are now assuming that if £ € Sg g, then £ is a quadratic residue
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modulo p. This means that w, divides ’%1. We can also assume that wy is even since we
already know that fy, is p-modular otherwise. As before, we let A = Gal(K+/Qx). Then
wy = w|a, has order wy, where A, is a decomposition subgroup of A for a prime above /.
To show that f, is p-modular, we refer to the discussion in remark 12.2.2. It suffices to
show that the function f,, defined in proposition 11.2.7, where ¢, is a certain power of wy,

is p-modular when restricted to the set Repgfd)(D)ﬁ. We will simply prove that f,,(0) =1

for all o € Repg‘_fd)(D)ﬁ. Equivalently, we will show that (o, ¢;) is even for such o, where o,

denotes the restriction of o to Ay.
p—1

The assumption about ¢ means that w,? 1is trivial. Recall that we are also assuming
that I,(K/Q) = U,. Thus, U, is a normal subgroup of A,. The normalizer of U,, in D is B,
and so Ay is a subgroup of B,. As in part D1 of section 7.4, we let €2,, denote the subgroup
of B, consisting of elements represented by diagonal matrices of order p — 1. Thus, €2,, can
be identified with by the projection map D — €. Then A, is a subgroup of €,U,, the
unique subgroup of B,, containing U,, as a subgroup of index p — 1.

Suppose that o € Rep(;d)(D)ﬁ. Consider the restriction of o to €, U,,. The 1-dimensional
constituents of o|q,y, are trivial on U,. They are of the form w’|q,y, and can be identified
with the corresponding character y = w’ of €. Since 0 ® o7 = o, where 07 = w%, it
follows that if x is a constituent in olg,p,, then so is pr%l. Also, the multiplicities are
equal. The characters y and xwp_gl have the same restriction to A,. Therefore, each power
of wy occurs with even multiplicity in o,. In particular, (o, ¢,) is indeed even. This proves
the p-modularity of fy, on the set Repgfd)(D)ﬂ for ¢ € Sg i, and hence for all . The stated
assertion about f,., is a consequence.

Now suppose that o € Irrgfd)(D) and that n(o) > 1. Then o is P-induced. The isomor-
phism (13.3.f) and the remarks after it then imply the following equalities.

fDel(O) = fDel(OQ) = fDel(UOEBJI)

This gives the assertion concerning the root numbers. The final statement concerning coranks
of Selmer groups then follows from the results of J. Nekovar and of T. and V. Dokchitser
discussed at the beginning of this illustration. O

We continue making all the assumptions in proposition 13.3.2, except for the assumption
that Sg@ be empty. Suppose that ¢ € Sgl}g In particular, ¢ has even order modulo p.
Suppose that o € Irrgﬁfd)(D) and n(o) > 1. Recall that f, (o) = (=1)°%¢) Applying
proposition 8.3.8 to o, we obtain

dim F (Wg ")

5E,£(U) = T )
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where we have used the fact that a(E,¢) = 1. The fact that o ® y = o for all x € Q implies
that dimz(W2) is divisible by p — 1. We will write this dimension as (p — 1)b(c), where
b(o) is a nonnegative integer. Applying proposition 8.3.8 to oq gives

p—1

Wy

5E,€<UQ) =

Referring to remark 12.2.2, we know that fy, f,, is p-modular. Using that fact together with
(13.3.f), we obtain

Fud )/ F(00) = o)/ foloa) = (—1) (o) dmeto0)

Thus, we have Wy(E,0) = Wyu(E,00)Wha(E,01)(=1)%) = (=££)(-1)%?), where

p

ale) = > (dimfgvan) - p;;) = (bo)—1)- ) p;gl .

14

In the sums, ¢ varies over the set S};Q However, note that if a prime £ is a quadratic residue

modulo p, then pw;ll is even. Therefore, if one wishes, one can allow the above sums to be
over all primes ¢ € Sg i instead. The extra terms are even.

Thus, we have the congruence a(o) = (b(c) — 1) - |S](3"2| (mod 2) and therefore the value

of Wy, (E, o) is determined by (%) and the parities of b(c) and |SSE"2 . The results of
Nekovar and T. and V. Dokchitser then imply the following congruence:

(13.3.1) sg(0) = corankg, (Selg(L),) + (b(o) —1)- \Sglgl (mod 2) .

We now reintroduce the subscripts on the K’s. If the right hand side in (13.3.i) is odd for
all o € Irrgﬁd) (Gal(K,,/Q)), then the lower bounds on corankg, (Selg(K,),) discussed earlier
will hold. These remarks are valid under the assumptions that we are now making. In
particular, assumption (13.3.h) is needed.

Suppose that D = B,,. The self-dual irreducible representations of D of degree > 1 are
the v,’s defined in D1 of section 7.4, where 0 < r < n. The irreducible constituents of .|y,
are the characters of U,, of order p"*! and hence are all nontrivial. Hence dim;(WWI{") = 0.
Thus, b(7,) = 0. The above discussion leads us to the following formulas for root numbers:

WoalE, y) = (_gE) I1 (é) _ (_1)corankzp(SeIE(L)p). I (%)

ZGSE,KO ZESE1K0
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We write K, here because we continue to assume (13.3.h). If one also makes the assumption

that corankyz, (Selg(L),) + |SgL20| is odd, then the above formula and theorem 1.3 in [Dok5]
give the following inequality:

corankzp(SelE(Kn)p) > corankzp(SelE(L)p) + pttt -1

For example, we might have K, = Q(ppn+1, /m ), where m is an integer. The
ramification assumption (13.3.h) means that if ¢|m and ¢ # p, then p { ordy(m). If that
assumption is satisfied, then

Sek, = Serx, = {{ | (divides m, and { € \Ilgt)}

The above formula for the root numbers Wy, (E, 7, ) was proved in this case by V. Dokchitser
and is mentioned in (A.33) in the appendix to [Dok6]. If one allows ord,(m) to be divisible
by p for some ¢’s dividing m, then the formula for Wp,,(E, ) is still valid if r is sufficiently
large if one replaces K, by K,, where n > r. This is so because the index of I,(K,/Q)
in U, will become constant as n increases. Consequently, one still gets a lower bound for
corankz, (SelE(Kn)p) of the form p"*! — ¢, where c is a constant.

Suppose now that D = H,,. Suppose that 0 < r < n. According to proposition 7.4.4, H,
has certain self-dual irreducible representations o of degree (p — 1)p". They are the faithful
irreducible representations of H,. Up to isomorphism, there are p” such representations.
Regarding any such representation o as a representation of H,,, we have o|g, = +,. Therefore,
dimf(WgU") = 0 and hence b(c) = 0. As a consequence, the corresponding root number is
given by the same formula as the one given above for W, (F,~,.). That is, assuming that
(13.3.h) is satisfied and that o is r-primitive and has degree p"(p—1), the value of W,,,(E, o)
is determined by the parity of the quantity corankyz, (SelE(L)p) - |S](5"20| If that quantity
is odd, then we get the following inequality:

p2n+2 -1

p+1

This bound is not as good as (13.3.c). It only includes some of the terms in 6,4, (H,) — 2.

In contrast, consider the non-faithful irreducible representation ¢ of H, which occurs
as a constituent in 0'7(=St)| g, according to proposition 7.4.4. Then n(c) = (p — 1)p™'. For
1 <r <n, we can regard o as a representation of D = H,,. For such o, we have

Qs (WE) = (o, 15) = (p— DD

corankzp(SelE(Kn)p) > corankzp(SelE(L)p) +

as mentioned in section 8.2. Therefore, b(o) is odd, a(o) is even, and we have the formula

Woul E,0) = (_NE>

p
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If —Ng is a quadratic nonresidue modulo p, or equivalently if corankz, (SelE(L)p) is odd,
then all of these root numbers are —1 and one gets the inequality

corankzp(SelE(Kn)p) > corankz, (SelE(L)p) L1

even if |Sg20| happens to be odd. Of course, if |Sg”20| is even, one obtains a much better
inequality because of the contribution from the r-primitive representations considered in the
previous paragraph.
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