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Abstract

Given an n by n matrix A, we look for a set S in the complex plane
and positive scalars m and M such that for all functions p bounded
and analytic on S and throughout a neighborhood of each eigenvalue
of A, the inequalities

meAnf{[| fllgoe sy + £(A) = p(A)} < p(A)]| < M-inf{]| fllcoo(sy : F(A) = p(A)}

hold. We show that for 2 by 2 matrices, if S is the field of values, then
one can take m = 1 and M = 2. We show that for a perturbed Jordan
block — a matrix A that is an n by n Jordan block with eigenvalue
0 except that its (n,1)-entry is v, with |v| € (0,1) — if S is the unit
disk, then m = M = 1. We argue, however, that, in general, due to
the behavior of minimal-norm interpolating functions, it may be very
difficult or impossible to find such a set S for which the ratio M/m is
of moderate size.

1 Introduction

In recent years there has been considerable interest in finding sets in the
complex plane that can be associated with a given square matrix or bounded
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linear operator A to give more information than the spectrum alone can pro-
vide about the norms of functions of A. Examples include the field of values
or numerical range [14, 3, 4], the e-pseudospectrum [19], and the polynomial
numerical hull of a given degree [16, 17, 11]. Let S be a set that contains
the spectrum of A. One might look for a scalar M (which might or might
not depend on A) such that for all functions p € H*(S), the Hardy space
of bounded analytic functions on S with norm ||p||ze(s) = sup,cg [p(2)| (and
with the additional requirement that p be analytic in a neighborhood of each
eigenvalue of A so that p(A) is well-defined), the upper bound

(A < M - [lpllzess) (1)

holds.

In this paper, we restrict our attention to n by n matrices A and let
|| - || denote the 2-norm for vectors and the corresponding spectral norm for
matrices: [|A| = supjy=; [[Av|. We look for sets S where (1) holds and
where there is a similar lower bound on ||p(A)|| involving a positive scalar m.

One’s first thought might be to look for a positive scalar m such that for
all p € H™(9),

m - [[plle=cs) < llp(A)l- (2)
If S is the spectrum of A, and if A is diagonalizable — A = VAV !, where
A = diag()\, ..., A,) is a diagonal matrix of eigenvalues and V' a matrix
whose columns are eigenvectors — then the following inequalities hold:

IPlle=csy < IP(AI < 6(V) - llpllecsy, (V)= IVI-IVTHL ()

Hence the scalars m and M in (2) and (1) can be taken to be 1 and x(V),
respectively. The scalar m = 1 is best possible since, for example, if p(z) = 1,
then p(A) = I and ||I|| = 1. If the columns of V' are taken to have norm 1
and if the eigenvalues of A are distinct, then the scalar M = (V) is within
a factor of n of optimal, since if p(A;) = 1, where J is the index of a row of
V= with maximal norm and p(\;) = 0 for i # J, then

lp(A) = 1VpMVH = IV DV = IV

where V(:,J) denotes the Jth column of V and V~!(J,:) denotes the Jth
row of V7!, while

" 1/2
(V) < WVile - IV Hlr = V- (X_: V=, :)||2> <n- [V,
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where || - || denotes the Frobenius norm.

It is easy to see, however, that if the set S contains points outside the
spectrum of A, then there is no positive scalar m for which (2) holds, since
if p is the minimal polynomial of A, then p(A) = 0 but p(z) = 0 only if z is
an eigenvalue of A.

One way to circumvent this difficulty is to note that if the degree of the
minimal polynomial of A is r, then any function p(A) can be written as a
polynomial of degree at most » — 1 in A: p(A) = p,—1(A), where p,_; is the
polynomial of degree at most r — 1 that matches p at the eigenvalues of A
and whose derivatives of orders up through ¢t — 1 also match those of p at
eigenvalues corresponding to a ¢ by ¢ Jordan block. Hence one might look
for a set S and a positive scalar m such that for all p € H>(S)

m - |[pr-lle=cs) < llp(Al, (4)

where p,_ is the polynomial of degree at most r—1 satisfying p,_1(A) = p(A).
The largest set S for which (4) holds with m = 1 is, by definition, the
polynomial numerical hull of degree r — 1 [16, 17, 11].

Since p(A) can be represented in infinitely many ways as a function of
A —if f is any function satisfying f(z) = p,—1(2) + x(2)h(z), where x is
the minimal polynomial of A and h € H>(S), then f(A) = p(A) — it might
seem somewhat arbitrary to represent it in the form p,_;(A). To have the
best chance of finding a good lower bound, one might instead consider all
functions f € H>(S) such that f(A) = p(A) and choose one whose £*-norm
on S is as small as possible. One might then ask for a positive scalar m such
that for all p € H*(S5),

m - inf{|[ flle=(s) - f(A) =p(A)} < [p(A]- (5)

Note that if the upper bound (1) holds for all such p, then it also must be
the case that

[p(AN < M - inf{[| fllz=s) : f(A) = p(A)}, (6)

since p(A) could always be written as f(A), where f is a function that
achieves the infimum in (6) or comes arbitrarily close to it.

If A is diagonalizable, with eigendecomposition A = VAV ™! then f(A) =
p(A) if and only if f(A) = p(A). If S is the unit disk, then for given values

3



p(A), the infimum in (5) and (6) is attained by a unique function f and
the problem of finding this minimal-norm interpolating function is known as
a Pick-Nevanlinna interpolation problem. The function f is a scalar
multiple of a finite Blaschke product and can be written in the forms

i) = w20 <1 )
4 = _ ) « J
uk:ll_akz *

Yo+ Yz + ...+ Yuo12™L

prd ) _ :1. 8
et + Anaz+ -+ 0z 7 ®)

Using the representation (8), it was shown in [9] that the function f and its
L>-norm can be found by solving a simple eigenvalue problem (actually a
coneigenvalue problem [13, p. 245]). Similar results can be obtained when A
is not diagonalizable, in which case the interpolation problem becomes one
of finding the minimal-norm function f that matches p at the eigenvalues
and whose derivatives of order up through ¢ — 1 match those of p at eigen-
values corresponding to a t by ¢ Jordan block. For simplicity of exposition,
however, we will assume throughout the remainder of this paper that A is
diagonalizable with n distinct eigenvalues.

With this assumption, we look for a set S containing the spectrum of A
and positive scalars m and M such that for all p € H>®(S),

s - J(8) =P} < I < Mt llemisy S0 =)
When the ratio x(V)/1 in (3) is large, we hope to find sets S for which
M/m << (V).

If S is not the unit disk but is a simply connected open set (other than
the entire complex plane) then it can be mapped onto the open unit disk D
via a one-to-one analytic function g. In this case, the problem of finding the
minimal-norm interpolating function f can be translated to the unit disk,
since

inf{|llces) : S0) = p(A), 4 =1,...,n} =
inf{[[(f 0 4™ 0 glle=(s): (Foa™) 0 9)(A) =p(Ny), 4 = 1,...,m} =
inf{||Fll =) : Fo(\) =p(Ny), §=1,....n}.

Hence one can study the minimal-norm interpolating function (but interpo-
lating the values p(\;) = (pog~')(g(A;))) for the mapped matrix g(A) on the
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unit disk using the techniques in [9]. Some results about the minimal-norm
interpolating function are also known for multiply-connected sets S. See, for
example, [1, 20].

Since multiplying p(A) by a nonzero scalar maintains the inequalities in
(9), one can consider only values p(A) for which max;—1,.,[p(};)| = 1. Let-
ting w = (w1, ..., w,)" denote the vector of values w; = p();) and diag(w)
denote the diagonal matrix whose (j, j)-entry is w;, one can write the largest
scalar m and the smallest scalar M for which (9) holds for all p € H*(S) in

the form
||V diag(w)V ! ||

. (
inf - ;
Iwlleo=1 inf{|| fl| goosy = f(A;) =wy, j=1,...,n}
||V diag(w)V |
Myn(A,S) = sup - , . (11)
Pt wlleo=t iNF{| Fllzoo(sy : f(A) =wj, §=1,...,n}
Let S be the unit disk D, and let Cy denote the supremum over all vectors

w with ||w||« = 1 of the denominator in (10) or (11):

Ch= sup inf{||fllzem): f(Xj) =w;, j=1,...,n}. (12)

w ‘0021

mopt(Aa S) = (10)

This quantity also has been studied and is known as the constant of inter-
polation [6]. Using (10), one can give upper and lower bounds on mgy(A, D)
in terms of Cy:

1 k(V)
— < A D)< ) 1
CA =~ mopt( ) ) = CA ( 3)
Define
0= 14
)\ Ak (14)

The following theorem can be found in [6, p. 278]:

Theorem. The number ¢ in (14) and the constant of interpolation C, satisfy
the inequalities

c 1
< < —(1+log- 1
<Cn< S (1+10g5)., (15)

where c is some absolute constant.



Tight bounds on the constant ¢ in (15) are known. For example, it is
shown in [15, p. 268] that

2 4elog(1
Oy < e+ e(sog( /5) (16)
Substituting (15) and (16) into (13) gives
0
< < .
%6 1 delog(ifg) = Mo D) < wV)0 (17)

2 The Field of Values and Two-by-Two Ma-
trices

If S is the field of values of A,

S=W(A) ={(Aq,q) : |lqll =1},

then Crouzeix has shown that M, (A, W(A)) < 11.08 and he conjectures
that 11.08 can be replaced by 2. The bound M,y (A, W(A)) < 2 has been
proved in the case when W (A) is a disk or when A is a 2 by 2 matrix [3, 4].
Since the field of values is the polynomial numerical hull of degree 1 [11],
and since any function of a 2 by 2 matrix A can be written as a first degree
polynomial in A, it is also the case that for any p € H* (W (A)),

lp(A)]| = llp (A = [Ip1ll oo way = nf{|| fllzooway : f(A) = p(A4)}.

Hence mgu (A, W(A)) > 1 (and, in fact, myu (A4, W(A)) =1).

Thus, the norm behavior of functions of a 2 by 2 matrix A is determined,
to within at most a factor of 2, by the field of values (and the eigenvalues and
Jordan structure necessary to determine the functions f for which f(A) =

p(4)):
inf{[| fl| coqw(ay) : f(A) =p(A)} < |Ip(A)[| < 2-inf{|| f]|ceeway : f(A) = p(A)}.

Following is a simple 2 by 2 example:

A:(_%13>. (18)



Figure 1(a): Eigenvalues and Field of Values
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Figure 1: (a) Eigenvalues and field of values of 4; (b) ||e*4|| (solid) and upper
and lower bounds (dashed).

The eigenvalues of A are £0.1¢, and the field of values is close to a disk of
radius 0.5; more precisely, it is an ellipse centered at the origin with major
axis of length 1.01 along the imaginary axis and minor axis of length 0.99
along the real axis. These are pictured in Figure 1la. If we map this ellipse
conformally to the unit disk, with the origin mapping to itself, then the
eigenvalues are mapped to approximately +£0.2:. For a given function p,
we can then compute the function f of minimal £®-norm on the unit disk
that takes the values p(40.17) at the mapped eigenvalues. We consider the
functions p(z) = €'*, for t € [0,100]. Figure 1b is a plot of ||e*|| (solid)
together with the lower bound ||f||zes(py and the upper bound 2| f||zo(p)
(dashed).



3 The Unit Disk and Perturbed Jordan Blocks

Let A be an n by n perturbed Jordan block:
0 1
A= R v| € (0,1). (19)
S
v 0
The eigenvalues of this matrix are the nth roots of v; if v = |v|e?, —7 < 0 <
7, and v/ = |[v|'/"e?/" and w = €™/ then
Aj = vt =1, n.
The corresponding eigenvectors are

1
p/npi—1
2/ ,26-1)

m=1)/n,(n=1)(~1)

The matrix V of eigenvectors is the Vandermonde matrix for the eigenvalues.
Its transpose is:

1 pi/n pn=1)/n 1 N ... Xf_l
T 1 e L pD/ngnet T A ... At
1 ptfngn=t D2 1 A ... Anl

(20)

Let p be a function analytic in the unit disk D and let w be the vector of
values of p at the eigenvalues of A. Then p(A) = Vdiag(w)V~!. It was noted
earlier that the function f which, among all analytic functions f satisfying
f(A\j) =wj, j=1,...,n, has minimal infinity norm on D is of the form (8).
The scalars v, and p are determined by the interpolation conditions:

n—1 n—1
M Z /Yk)‘_l; = Wy Z Wk)‘?_l_ka ] = 1a N2
k=0 k=0



Writing this in the form of a matrix equation, we have
pVTy = diag(w)VTIly,

where v = (70,...,Vn—1)T is the vector of unknown coefficients, V7 is the
same transposed Vandermonde matrix as in (20), and II is the permutation
matrix with 1’s along its skew diagonal. Equivalently,

V- Tdiag(w)VITTH = wy. (21)

It is shown in [9] that there is a positive scalar u for which (21) is satisfied
with a certain nonzero vector 7, and that the largest such value u is the £°°-
norm of f. Equating real and imaginary parts in (21) leads to the eigenvalue
problem described in [9]. Letting C = V~Tdiag(w)V”TI, this eigenvalue
problem can be written in the form

Re(C) Im(C) Re(7) \ _ Re(7) (22)
Im(C) —Re(C) )\ Im(y) ) =¥\ Im(y) )
Equation (21) itself is known as a coneigenvalue problem [13, p. 245].
Because the transposed Vandermonde matrix appearing in (21) is the

transposed eigenvector matrix of the corresponding perturbed Jordan block,
we are able to prove the following:

Theorem 1. Let A be defined by (19). The eigenvalues of the matrix in
(22) are plus and minus the singular values of p(A). Thus, for any function
p € H*(D),

[p(A) || = inf{[| fll.coe(p) : f(A) = p(A)}, (23)
and hence myp(A, D) = My (A, D) = 1.

Proof: By the previous discussion, equation (21) is the same as

(p(A))"TIy = pry. (24)

Note also that for j = 1,...,n — 1, (A")/II is symmetric: Since (A")’ has
v’s along its (n — j)th superdiagonal and 1’s along its jth subdiagonal and
zeros elsewhere, when the order of the columns is reversed by multiplying
on the right by II, the resulting matrix has v’s along the (n — j)th super-
skewdiagonal (running from upper right to lower left) and 1’s along the jth
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sub-skewdiagonal and zeros elsewhere. Since any function p(A) can be writ-
ten as a polynomial of degree at most n — 1 in A, it follows that (p(A))TTI is
(complex) symmetric and can be written in the form: (p(A4))T1l = XX X7,
where X is a unitary matrix and ¥ is the diagonal matrix of singular val-
ues. Since p(4) = ([IX)XXT, it has the same singular values. Letting
x; denote the jth column of X, we have the relations x}x; = x;X; = Jjx
and hence y in equation (21) can be taken to be x; and then p will be o;.
Thus the singular values of p(A) are eigenvalues of the matrix in (22). The
other eigenvalues are found by setting v = ix; in (21). Then ¥ = —ix;
and XXXy = —io;x; = —o0;y. Thus the eigenvalues of the matrix in
(22) are plus and minus the singular values of p(A), and the largest of
these eigenvalues is therefore both ||p(A)|| and, by the argument in [9],

inf{[[fllzeopy : f(A) =p(A)}. D
If we look again at the 2 by 2 example of the previous section with A de-
fined by (18), but now relate ||[p(A)|| to || f||ze(p) where f is the minimal-norm

function satisfying f(£0.17) = p(20.14), then instead of obtaining upper and
lower bounds on ||p(A)|| that differ by a factor of 2, we obtain an exact equal-
ity. In particular, when p(A) = e, the plot of || f]| coo(p) is identical to the
solid curve showing ||e*|| in Figure 1b.

Of course, equality (23) holds also for any matrix A that is unitarily
similar to the one in (19), and if B = ZAZ~! where A is the matrix in (19),
then one has the estimates

ﬁ nf{|| flle(p) : f(B) =p(B)} < |Ip(B)]| <

#(Z) - inf{{[| f[| ce(p) = f(B) = p(B)},

so that My, (B, D)/mep(B, D) < (k(Z))2.

Suppose ¢ is a conformal mapping from D onto some other set S C C.
If B = g(A), where A is defined by (19), then myy (B, S) = M, (B, S) =1,
since for any p € H>(S),

Ip(B)[| = [|(p o 9)(A)l| = inf{[| f[| () : F(A) = (pog)(A)} =
inf{[|(f 0 g7") 0 gllee) : (fog7") 0 g)(A) = (pog)(A)} =

inf{[|Fl| z(s) : F(B) = p(B)}- (25)
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Since the unit disk can be mapped conformally to any simply connected open
set S other than the entire complex plane, for any such set S there is a family
of matrices B = B(v, n) satisfying (25) for all p € H*(S). Since any function
g(A) can be written as a polynomial of degree n — 1 in A, these matrices
have the form

Co G Cn—1
Ch—1V (O
B = " ,
C1
v oo Cp1V Co
for certain coefficients cg, ..., ¢, 1-

The perturbed Jordan block in (19) is a special case of a companion
matriz. A general companion matrix with eigenvalues in D again has an
eigenvector matrix that is the Vandermonde matrix for its eigenvalues. Hence
equation (24) still holds, and we are able to obtain a lower bound on ||p(A4)||
with m = 1, but an upper bound may be more problematic.

Corollary 2. Let A be a companion matriz with eigenvalues in D:

0 1
0 0 1
0 0 0 1
Ch C1 ... Cph—2 Cp—1
where all roots of 2" — J"-:_(} ¢;z’ lie in D. Then for any function p € H*(D):
Ip(A)| = inf{[| fllcoo(p) : F(A) = p(A)}, (26)

and hence mp(A, D) = 1.

Proof: 1t is easy to see that the eigenvector matrix for A is the Vander-
monde matrix for its eigenvalues; the eigenvalues are the values A\ that sat-
isfy A" — Z}‘;Ol ¢;N = 0, and the corresponding eigenvectors have the form
(1,2, 2%,..., A" )T, Hence equation (24) holds in this case as well. Since
p(A)TTI is not necessarily symmetric, we cannot make the argument that if
7 is a singular vector of p(A)”TI then p is the corresponding singular value,
but since p(A)"Tly = py and ||I17]| = ||v]], it follows that ||[p(A)T|| > |u|.
Hence ||p(A)]| > |p| and mepn (A, D) =1. O
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Figure 2(a): Eigenvalues in the unit disk
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Figure 2(b): || A' || and Lower Bound
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Figure 2: (a) Eigenvalues of A in the unit disk; (b) ||A¥|| (solid) and lower
bound (dashed).

The following example illustrates the fact that for a general companion
matrix with eigenvalues in D, if one takes S to be the unit disk, then while
inequality (5) holds with m = 1, this is not necessarily a very sharp lower
bound on |[p(A)||, and M in (6) may have to be significantly larger. Here A
is an 8 by 8 companion matrix with eigenvalues randomly distributed in D
and we looked at p(A) = A% k =1,...,50. The eigenvalues of A are plotted,
along with the unit disk, in Figure 2a, and ||A*|| is plotted (solid) along with
the lower bound inf{||f||z=() : f(A) = A*} (dashed) in Figure 2b. Note
that the lower bound is always less than or equal to 1 since |2*| < 1 in D,
so if the powers of A grow in norm before starting to decrease, as in this
example, then the lower bound will not be very sharp.

Equation (21) together with (14) and (17) provides one more interesting
piece of information:

Corollary 3. The 2-norm condition number of the n by n Vandermonde
matrix for the points A\q,..., A, € D satisfies

1— XX

k(V) > max H —,

. (27)
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Proof: 1f A is the companion matrix whose eigenvalues are A1, ..., A, € D and
whose eigenvector matrix is the Vandermonde matrix V for these points, then
Corollary 2 states that mey (A, D) = 1. From (17), k(V) > meu(A, D)/6,
and the desired result follows from substituting expression (14) for §. O

A number of estimates have been derived for the condition number of a
Vandermonde matrix. See, for example, [12, p. 428] for a summary of results.
It is shown in [7, 8], for instance, that

1, A 1+ )
max [ [ max(1, | A1) < IV oo < max 1+ Al ) (28)
Gk ‘/\ _)‘j‘ k j;,gk‘/\k_)‘j‘
where || - ||o denotes the operator norm corresponding to the co-norm for

vectors. Since the 2-norm of an n by n matrix is greater than or equal to
n~1/2 times the co-norm of the matrix, and since ||V||s > ||VTe1ll2 = n'/?,
the left-hand side of (28) is also a lower bound for the 2-norm condition
number £(V). Sometimes (27) is a larger lower bound and sometimes (28)
is, depending on the exact distribution of the points Ay, ..., A,.

4 Relation to the Polynomial Numerical Hull

The following problem received considerable attention in the complex anal-
ysis literature during the early part of the last century [18, 10]:

(*) Suppose f(z) = ") ¢j2? + 2"h(z) where h € H*®(D), is a
function analytic in D and bounded in modulus by 1 there. In
what region must its nth partial sum ;‘;& ¢;2’ be bounded in
modulus by 17

One might generalize this question as follows:

(**) Let x be a given polynomial of degree n. Suppose f(z) =
"0 €77 + x(2)h(z) where h € H>(D), is a function analytic in
D and bounded in modulus by 1 there. In what region must its
nth partial sum Z?;& ¢jz’ be bounded in modulus by 17?
Let A be an n by n companion matrix with eigenvalues in D and with
minimal polynomial x of degree n, or, more generally, let A be any matrix
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with eigenvalues in D and minimal polynomial x that satisfies inequality (26).
Any function p(A) can be written in the form p, 1(A) + x(A)h(A), where
Pn—1 is the polynomial of degree at most n — 1 satisfying p,_1(A) = p(4)
and A is any function in H*(D). By Corollary 2, since the infimum in (26)
is attained, we can write

[P = llpa-r (Al = min sup [pn_1(2) + x(2)h(2)],
EH>(D) zeD

or, dividing each side by ||p,—1(4)||,

L2, min  Sup pn1(2)/|[pn-1 (Al + x(2)h(2)]
The answer to (**) is a region in which |p,_1(2)|/||[pn-1(A)|| < 1, or, |pp_1(2)| <
lpn—1(A)]| for all p,_1 € IL,_1; hence it is a subset of the polynomial numer-
ical hull of degree n — 1 for A. In general, the polynomial numerical hull
of degree n — 1 for an n by n companion matrix A is not known, and the
question (**) remains unanswered as well.

In the special case where x(z) = 2", as in the original question (*),
however, the answer is known. This corresponds to the case where A is an n
by n Jordan block with eigenvalue 0. Although Theorem 1 was derived here
only for |v| € (0,1), it follows from a theorem of Carathéodory and Fejér [2]
and results in [5] that it holds also for v = 0. Hence, in this case as well,
for any p € H™(D), if p,_; is the polynomial of degree n — 1 that satisfies
Pn-1(A) = p(A), then

IPCA = llpn—1(A)]| =, min sup [pny(2) + 2"A(z)],

or, dividing each side by ||p,_1(4)||,

L=, in  sup o1 (2)/|[pn-1(A)] +2"h(2)]
The answer to (*) is a region in which |p,_1(2)|/||pn-1(A)|| < 1, or, |pr-1(2)| <
|pr—1(A)|| for all p,_; € I1,_;; hence it is a subset of the polynomial numeri-
cal hull of degree n—1 for A. For any larger region R, (*) implies that there is
a polynomial p,_; € II,,_; for which min,ecyeo(py sup,cp |Pn-1(2) + 2"h(2)| <
1, but sup,cp [Pn-1(2)| > 1. Hence ||p,—1(A)|| < 1, but sup,cp [pn-1(2)| > 1,
so R is not a subset of the polynomial numerical hull of degree n — 1. Thus,
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question (*) is equivalent to the question: What is the polynomial numerical
hull of degree n—1 for an n by n Jordan block with eigenvalue 07 The answer
is given in [18, 10, 5]: It is a disk about the origin of radius 7,_1, where, for
n even, r,_1, is the positive root of 2r™ +r —1 =0, and for n odd rp_; 5 is
greater than or equal to the positive root of this equation and is the largest
value of r that satisfies

[1 —cos(d/(n—1))]+ r[l — cos(m — d)/n)]

1—7r—2r" 427"
1+7r

>0

bl

for all d € R; in either case, for large n,

log(2n) N log(log(2n)) 5 (l) .

Th—1n = 1-—

5 More General Matrices

While the norm behavior of functions of perturbed Jordan blocks is perfectly
described by that of the minimal norm interpolating function on the unit
disk, it appears very difficult, perhaps impossible, for general matrices A to
find a set S in the complex plane for which (5) and (6) hold with M/m of
moderate size. The intuitive reason is that the minimal norm interpolating
function may oscillate wildly between the interpolation points; that is, the
constant of interpolation C in (12) may be huge. For example, if there is an
interpolation point, say A, at the origin, then ¢ in (14) is less than or equal to
[17_5 |Aj], so Cy is greater than or equal to [T}_o(1/[);]). This number grows
exponentially with n unless all but a fixed number of the A;’s approach the
boundary of D as n — oc.

Suppose the eigenvector matrix of A is ill-conditioned but its condition
number is still much much smaller than Cj. It follows from (13) that mgy; will
be very small if we take S to be the unit disk. We can choose a different set
S which, when conformally mapped to the unit disk, brings the eigenvalues
closer to the boundary, in such a way as to make Cj smaller, but then M,
may be very large.

Suppose, for example, that the eigenvalues of A are uniformly distributed
about a circle of radius r < 1. One can derive an expression for ¢ in (14) as
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follows [6, p. 284]: A finite Blaschke product with zeros at Ay, .

"1 — |\? 2=\
B'(2) = - S
(2) g(l—Akz)zjl;[,Cl—/\jz
it follows that . ) )
B'(\) = U
() 1—r2j1;[k1—AjAk’

and
§=(1-r? min |B'(A\g)]-

Differentiating the second expression for B(z) in (29) shows that

2

_ n
0 =nr 1o

coy A 18

(29)

(30)

Now, we have already seen that if A is a perturbed Jordan block with v =
r™, then its eigenvalues are uniformly distributed about the circle of radius
r and its eigenvector matrix is the Vandermonde matrix for the eigenvalues;
in this case, taking S = D, we found mg,y = M, = 1. Suppose now that
n is even and A is a block diagonal matrix with two n/2 by n/2 diagonal
blocks, one of which is a perturbed Jordan block with » = ™2 and the other

of which is a perturbed Jordan block with v = —r™/2:
0 1 |
0 1 |
/2 0 |
A= - - - - = = - - =
| 0 1
|
| 0 1
| —rn/2 0
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Then A again has n eigenvalues uniformly distributed about the circle of
radius r, but its eigenvector matrix is block diagonal with the blocks being the
Vandermonde matrices for the even-numbered eigenvalues and for the odd-
numbered eigenvalues (numbering them counterclockwise around the circle),
respectively. The transposed diagonal blocks of the eigenvector matrix can
each be written as the product of a unitary matrix and a diagonal matrix:

1 1 .- 1 1

211 w . w2t ret?

n : : . !
1 wn/2-1 . w(n/2—1)2 yn/2=1(n/2-1)i6

where § = 0 for the first block and § = 27 /n for the second and w = e*™/",
The condition number of the eigenvector matrix is therefore 7/~ It follows
from (12), (15), and (30) that muu(A4, D) < nr*/271(1 — r?)/(1 — r?"). For
any fixed r < 1, this approaches 0 exponentially with n.

In order to get a larger value for m,,;, one might consider a smaller disk D,
of radius s € (r,1). Unless s = s, — 1 as n — oo (in which case m (A, D;)
will approach 0), however, the value for M, (A, Ds) will approach oo as
n — oo. To see this, consider the function p(A) = A™2~!. This matrix has
a 1 in the upper right corner of each diagonal block and 4r™/2 on the first
subdiagonal of each diagonal block. Its norm is clearly greater than or equal
to 1. Yet the maximum absolute value of the minimal norm interpolating
function on D; is certainly less than or equal to the maximum absolute value
of 2"/~ on D;, which is s"/27L. Tt follows that M, (A, Ds) > 1/s%/27L
which, for fixed s < 1, grows exponentially with n.

Thus, for n large, if we take S in (9) to be any disk centered at the origin,
the ratio M/m for the matrix A in (31) will be huge. Perhaps there is a set
on which this ratio is of moderate size, but we have not found such a set. In
any case, the values M,y and mgy will likely be extremely sensitive to small
changes in the set S, since the constant of interpolation C is so large.

6 Future Directions

For many matrices A, it seems difficult or impossible to find a set S for
which (9) holds with M/m of moderate size. The reason has to do with
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the possibly highly oscillatory behavior of even minimal-norm interpolating
functions. In a sense, as the matrix size increases, one is allowing more and
more complicated functions — every function of a 2 by 2 matrix is really an
affine linear function in that it can be written as a first degree polynomial in
A, and every function of a matrix A of small dimension is really a low degree
polynomial in A. Thus for matrices of small dimension, say, n < 10, the
constant of interpolation (12) is usually of moderate size and the minimal
norm interpolating function cannot have extremely large £°°-norm. But for
large n this is not the case; the constant of interpolation is typically huge.

In applications, the functions of interest — A*, e4, etc. — usually are not
highly oscillatory. Thus a more productive exercise might be to limit the
class of functions in some appropriate way and look for a set S for which (9)
is satisfied only for this limited class of functions. In studying the polynomial
numerical hull of degree k, one limits the class of functions to polynomials
of degree k or less, but one also relates ||p(A)|| to the size of the polynomial
p at points in C rather than to the size of the minimal norm interpolating
function on some set S C C. It might prove interesting to look for sets S
where (9) holds for polynomials of some fixed degree or for other appropriate
classes of functions.

Another option is to consider two different sets in the complex plane — one
to give lower bounds on ||p(A)|| and the other to give upper bounds. Based
on Crouzeix’s results [3, 4], the field of values is certainly one appropriate set
to consider for upper bounds: ||p(A)|| < 11.08||p||ze(w(a))- His conjecture
that ||p(A)]| < 2||p||zew(a)) is truly fascinating. Note from the arguments in
this paper that we need only consider functions p of the form B o g, where g
is a conformal mapping from W (A) to D and B is a finite Blaschke product
(of degree n — 1 if A is an n by n matrix), since other functions p will satisfy
p(A) = uB(g(A)) for some scalar p and some such B and g and will have
larger oo-norm on W(A) than puB o g. Thus the conjecture is equivalent
to the statement that ||B(g(A))|| < 2, for all conformal mappings g from
W(A) to D and for all Blaschke products of degree at most n — 1. We
too have attempted to prove this conjecture or to disprove it by finding a
counterexample numerically, so far without success in either direction.
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