Where in the complex plane
does a matrix live?
(A question of L. N. Trefethen)

Connections Between Matrix Theory
and Complex Analysis



What can eigenvalues do?

e If A is normal (e.g., real symmetric) or
near normal (well-conditioned eigenvec-
tors) then eigenvalues describe behavior in
spectral norm perfectly or almost perfectly:

[FCA[| = max_[f(A)].

A€o (A)

e Even if A is highly nonnormal (e.g., not
diagonalizable, or diagonalizable but with
eigenvectors that are almost linearly de-
pendent), eigenvalues determine the asymp-
totic behavior of many functions of A:

|A¥]] > 0 as k — oo iff p(A4) < 1.

e = 0 as t — oo iff Re(c(A)) < O.



What can eigenvalues NOT do~?

e et4: Determines the stability of v/ = Ay.

lim; o0 ||€84]| = O if and only if the
eigenvalues of A have negative real
parts. But eigenvalues alone cannot

distinguish:




e AF: Determines stability of finite difference
schemes; determines the convergence of
stationary iterative methods for linear sys-
tems.

limg_, o [|A%|| = 0 if and only if p(A) <
1. But eigenvalues alone cannot dis-
tinguish:
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e A*: Markov chains.

yo = initial state; AFyy; = state af-
ter k steps. Akyo — v = eigenvector
corresponding to eigenvalue 1. For
k large, convergence rate is deter-
mined by second largest eigenvalue.
But eigenvalues cannot distinguish:

0.45
0.4\
0.35 \
03 \
0.25

e min ,cp  |[[p(A)|: Residual norm in ideal
p(0)=1
GMRES.

Any possible convergence behavior of
GMRES can be attained with a ma-

trix having any given eigenvalues. (G.,
Ptak, Strakos, '96)



Given an n by n matrix A4, find a set S C C
that can be associated with A to give more
information than the spectrum alone can

provide about the 2-norm of functions of A.

e Field of values:

W(A) = {(Aq,q) : (g,q9) = 1}.

® c-pseudospectrum:

oe(A) ={z€ C: zis an eigenvalue of A+ F

for some E with ||E|| < €}.

e Polynomial numerical hull of degree k:

Hi(A) ={2€ C: [[p(A)|l > |p(2)| Vp € Py}



Field of Values or Numerical
Range

W (A) is closed if A is finite dimensional
(continuous image of compact unit ball);
not necessarily so if A is an operator on
infinite dimensional Hilbert space.

o(A) C W(A).
Proof for eigenvalues: Aq = \q,
lgll=1 = (Ag,q) = .
W (A) is a convex set (Toeplitz-Hausdorf
theorem, 1918).

Method of Proof: Reduce to the 2
by 2 case.



e If A is normal then W(A) is the convex
hull of o(A); if A is nonnormal W(A)
contains more.



Eigenvalues
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e If y/ = Ay then for certain initial data,
|y (¢)|| initially increases if W (A) extends

into rhp; ||y(t)|| decreases monotonically if
W(A) lies in Ihp.

Proof:

©{y(0),y(8) = 2Re(y/(1), y(1)) = 2Re(Ay,y)

o If 0 ¢ W(A), then

min [Ip(A)] < /1 — d2/||A]2,

pEPq
p(0)=1

where d is the distance from 0 to W (A).



e-Pseudospectrum

e 1974, Landau, Varah, Godunov; more
recently Trefethen.

Ac(A) {(zeC: ||I-A)7Y >}
{zeC: z€0(A+ E) for some E

with ||E|| < €}.

e Cauchy integral formula:

) = (G- A7) de

(zI — A)~1 is called the resolvent;
e-pseudospectra are level curves of the
resolvent norm. Take I = 9A¢:
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Crouzeix’s Conjecture: For any

polynomial p,

Al <2 :
Ip(A)] <2 max |p()

e "If true it would be astounding.” (Peter
Lax)

e Need only consider p = B og where g is a
conformal mapping from W(A) to D and
B is a finite Blaschke product. Show

[B(g(A)]| < 2.



Crouzeix proved

Ip(A)]] < 11.08 max,cyy(a)lp(2)|, but
proof is complicated and does not appear
to be extendable to vield smaller constant.

Constant 2 can be attained:

01

A= (23),

W (A) is disk of radius 1/2 about 0.
JAll = 1 =2max.ep, , |2

Another open question: If constant 2 is
attained, is W (A) necessarily a disk?
(Yes, for 2 by 2 matrices.)

For more information and interesting
open problems, see:

http://perso.univ-rennesl.fr/michel.crouzeix



