Math 555, Winter 2009
Assignment 2. Due Friday, Jan. 25.

Reading: Course Notes, through p. 19.
Coddington and Levinson, Ch. 1, secs. 7-8.

The first two problems are uniqueness theorems with weaker hypotheses than the Lipschitz
condition.

1. One-sided uniqueness theorem (n =1, F = R)

(a) A real-valued function f(¢,u) is said to satisfy a one-sided Lipschitz condition in
u if there is a constant L such that (Vuq,us,t € R)

Ug > U1 = f(t, UQ) — f(t, Ul) < L(UQ — ul).

Show that if f is continuous in ¢ and u and satisfies a one-sided Lipschitz condition
in u, then there is at most one solution of the IVP u' = f(¢,u), u(ty) = 0, for
t> .

(b) Let f(¢,u) be real-valued, continuous in ¢ and u, and decreasing (not necessarily
strictly) in u for each ¢; i.e., ug > u; = f(t,uz) < f(t,u;). Show that if u(t) and
v(t) are both solutions of v’ = f(¢,u), then |u(t) — v(t)| < |u(s) —v(s)| for t > s.
Deduce uniqueness for the IVP v’ = f(t,u), u(to) = 0 for t > ty. Show, however,
that uniqueness may fail for ¢ < tg.

2. Let f(t,z) be continuous of [0, a] x R™ (mapping into R™) and satisfy the generalized
Lipschitz condition

[f(t,x) = f(t,y)| < k@)lz—y| (VEe0,a]) (Vz,y €R"),

where k(t) > 0 and « is continuous on (0, a] but possibly unbounded near t = 0. Show
that if [§' k(t) dt < oo, then the IVP 2’ = f(t, ), (0) = z, has at most one solution
on [0, a).

3. Integral Forms of Gronwall’s Inequality: Let ¢, ¥, and « be real-valued continuous
functions on the interval I = [a,b]. Suppose a > 0 on [ and

o) <60+ [ als)pls)ds (e D)
(a) Show that for each t € I,
o(t) < (t) + /at exp (/St a(r) dr) a(s)y(s) ds.

(Hint: Let u(t) = [ a(s)p(s) ds and show that v’ — cu < av).)



uppose ¥(t) = c 1s constant. ow that for each t € I, p(f) < cexp afs)ds).
b) S 0 i Show that f htel K d

. Let n =1, F = R. Suppose f(t¢,u) satisfies a Lipschitz condition for t > t5. Suppose
that u(t) satisfies the differential inequality v’ < f(¢,u) for ¢t > t, and v(t) satisfies
v' = f(t,v) for t > ty. Suppose u(ty) < v(ty). Prove that u(t) < v(t) for t > t.

. Show that if there are two distinct solutions of v’ = f(t,u) (n = 1, F = R) satisfying
the same initial condition at ¢y, then there are infinitely many.

. (2001 prelim, problem 4) Consider the equation of harmonic motion:
u' = —ku, u(ty) =wuo, u'(to) = vo.
Here u(t) represents the distance from equilibrium and £ > 0 is a spring constant.

(a) Write this as a system of two first-order differential equations, and show that the
right-hand side of your system satisfies a Lipschitz condition on R?. Determine
the (smallest possible) Lipschitz constant for the 2-norm.

(b) Use Gronwall’s inequality to derive a bound on the 2-norm of the difference be-
tween u(t) and a(t), t > ty, where @(t) satisfies the differential equation with
initial conditions @(ty) = ug + €, @' (ty) = vo + 0.



