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ABSTRACT. In this article, we construct an infinite sequence of irreducible components of Kolldr—Shepherd-
Barron (KSB-) moduli spaces of surfaces of arbitrarily large volumes, and describe the boundary of each
component completely. Moreover, we describe the stable reduction steps in finding the KSB-limits in an
explicit combinatorial way. Our main approach is to study the moduli spaces of elliptic surfaces with Kodaira
dimension one, fibered over rational curves, using the techniques of wall-crossing for KSBA moduli and

twisted stable maps.
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1. INTRODUCTION

The moduli spaces of smooth surfaces of general type admit Kollar-Shepherd-Barron (abbv. KSB)
compactifications, which allow smooth objects to degenerate to certain singular surfaces satisfying KSB-
stability ([IKKSB88]). The KSB-stable surfaces of a fixed volume v are parametrized by a proper Deligne-
Mumford stack MESB | whose coarse space is known as the KSB moduli space. Classical questions about the
classification of surfaces can be translated, via the moduli theory, to questions about the geometry of the
corresponding KSB moduli spaces. It is therefore an interesting and important endeavor to gain an explicit
understanding of irreducible components of this moduli problem.

Besides the classical case of the moduli of curves (see [DMG9]), there are currently few instances in
the literature where the geometry of an irreducible component of the KSB moduli spaces of varieties is
completely understood. Even fewer examples are known to admit an explicit combinatorial description of
the singular varieties parametrized by the boundary of their respective components of the moduli space. The
first examples in dimension higher than one, where the boundary was fully understood, include quotients or
special covers of a product of two curves (see [vO06, Liul2, Rol10]), followed by the Campedelli surfaces and
Burniat surfaces; see [AP23]. These are surfaces which admit a cover to some toric del Pezzo surface X
branched along a line arrangement > L;, so one can reduce the study to the description of moduli spaces of
pairs (Xo,c¢> . L;), where ¢ > 0 is a (rational) coefficient which makes the covering map crepant.

In this paper, we provide a novel example. We identify an infinite sequence of irreducible components P,,
of the KSB-moduli spaces of stable surfaces of volume @, depending on a parameter n € Z>3. Every
point in P,, represents a singular(!) pseudo-elliptic surface over a rational curve (not necessarily irreducible),

and a general such surface contains a unique quotient singularity of type %( 1,1). Moreover, we develop an
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explicit combinatorial description of the closed boundary, which parametrizes surfaces with worse singularities
than an isolated 1(1,1).

Moduli of Weierstrass fibrations. The objects we study in this paper are elliptic surfaces of Kodaira dimension
1, fibered over a rational curve with a section S such that S? = —n. They are projective surfaces X which
admit a proper equidimensional morphism f: X — C to a rational curve C' (not necessarily irreducible)
such that each fiber is a connected curve of arithmetic genus 1. A general such surface (f: X — C,S5)
satisfies that X is smooth, C' ~ P!, and the fibers of f are either smooth or nodal. The number n > 0 is
a fundamental invariant of the elliptic surface called the height. The moduli of elliptic surfaces was first
constructed using GIT by Miranda [Mir89]. It parametrizes Weierstrass fibrations (see Definition 4.1), which
are elliptic surfaces with integral fibers such that the total space has log canonical singularities. We denote
by W (resp. W) the moduli stacks parametrizing such Weierstrass fibrations with at worst log canonical
singularities (resp. Weierstrass fibrations with at worst canonical singularities).

The main observation is the following. Given a general elliptic surface of Kodaira dimension 1 over P!
(f: X — P, S) with a section S such that S? = —n, there are two natural constructions to perform:

e (KSB moduli). Contracting the negative section S results in a surface Y with klt singularities, and

2
the canonical divisor Ky is Q-Cartier and ample of volume v = (n=2)°

. Such a surface Y, called
a pseudo-elliptic surface, is represented by a point in the KSB-moduli stack MXSE (see Definition
2.17).

o (Twisted stable maps). Since the fibers of f are connected curves of arithmetic genus 1 with at worst
nodal singularities, and the section S intersects each fiber at a smooth point of the fiber, then by the
universality of M 1, one obtains a natural morphism C' — M ;. Such a morphism is parametrized
by the moduli stack of twisted stable maps K,, := Ko0(Mji,1,n) (see Definition 7.1), which was first

introduced in [AV02].

We establish a link between the KSB moduli stacks and the moduli of twisted stable maps, using the
KSBA moduli stacks MEIS)BA of log pairs (X, cS) (see Definition 2.14) as a bridge, where 0 < ¢ < =2 is a
rational coefficient. Now we state our first main theorem.

Theorem 1.1 (= Proposition 4.8 + Proposition 4.13 + Theorem 5.4 + Theorem 7.2 + Proposition 7.3).

2
Let n > 3 be an integer with n # 4, and let 0 < € < 1 be a rational number. Set v := @, c(e) = "7_2 — €,
and v(e) := v —ne. Then the following statements hold.

(1) For any 0 < e < =2, there is a natural morphism

)

Cpe s Wi — MESN, (1 X =08 = (X,c(e)9),

which is an open immersion.
(2) Let &, (resp. EX) be the image of W™ (resp. WI) under ®,, .. Then there is a natural morphism

T, 0 & — MESB (X, c(e)S) = Y,

which is an open immersion. Here, the surface Y is obtained from X by contracting the section S.
(8) The stack IC,, of twisted stable maps is irreducible and proper. Its normalization K¥ admits a natural
birational morphism =, : K/ — ?n,e, where En,e denotes the closure of €, C Mf(f)Bﬁ‘(e).

In particular, the moduli stacks IC,,, W and the irreducible components of Mgf?ﬁs) and MESB parametriz-

ing (pseudo)elliptic surfaces of height n over a rational curve.

Let P,, be the closure of the image P,, of ¥,,. Then each P,, and Enyg are irreducible components of their
respective KSB- and KSBA-moduli. The compactifications En,e are related by wall-crossing morphisms as €
varies, and we can view P,, as the moduli space at the wall e = 0 [AB21,Inc20, ABIP23, MZ23].
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We now summarize all the moduli stacks that we have introduced in one diagram.

Wrrznin
Ky W}f
=) P e v,
J{ birat. \
Ky -------=--—-- > Ene Pn
KSBA KSB
M@y ole) M,

To understand the surfaces parametrized by the boundary of P,,, we take a morphism from Spec R, where
R is a DVR, to the stack of twisted stable maps KC,,, and run the (relative) minimal model program (abbv.
MMP) for the family pulled back from the universal family over Mj ;. We can associate a graph T, called a
sliced tree, to each elliptic surface (f: X — C,S) derived from a twisted stable map (i.e. tsm-stable elliptic
surface) in such a way that each vertex of T represents an irreducible component of X and each edge between
two vertices means that the two corresponding components intersect (see Definition 7.15). Furthermore,
such a sliced tree includes the data of certain numerical decorations for its vertices (which encode the degree
of the j-map of each component) and decorations for its edges (which encode the gluing data for any two
given components). We show that the MMP steps (i.e. stable reduction) can be described as a pruning
process of the associated graphs. The main operations of the pruning process include cutting down edges
and adding klt-markings and lc-markings.

Theorem 1.2. The stable reduction in the KSB moduli spaces P,, is given by Algorithm 7.11, which computes
the KSB-stable limit. Moreover, the stable reduction corresponds to a pruning process of the graph associated
to the tsm-stable elliptic surfaces.

An immediate corollary of the above two theorems is the following.

Corollary 1.3. Let n > 3 be an integer with n # 4, and v := @ Then P, is an irreducible component
of MESB "is proper and of dimension 10n — 2. The interior of P,, parametrizes pseudo-elliptic surfaces with
an isolated %(1, 1)-singularity, and the boundary of P, parametrizes pseudo-elliptic surfaces whose associated

graph is a pruned tree of height n.

Finally, we state a more explicit result in the special case when S2 = —3: then the cohomology groups
encoding deformation theory can be computed explicitly (Section 6), and the combinatorics is relatively
simple.

Theorem 1.4. Let n =3 and X be a surface in Ps.

(1) The pruned tree I1 associated to X is a chain with at most six vertices.
(2) If X is in the interior Ps, then one has h*(X,Tx) = 28 and h?*(X,Tx) = 0. In particular, Ps is an

irreducible smooth stack of dimension 28.

Remark 1.5. We remark that for n = 4, we still obtain an irreducible component P4 of the KSB-moduli
space and the combinatorics of the set of boundary objects is still captured by pruned trees. However, the
deformation theory fails and so the map W™ — P, may not be birational. In particular, it is an open
question whether P, has generically non-reduced structure. See Remark 5.6.

Prior and related works. Beyond the relevant work that was mentioned before, this paper uses extensively
the results of [LN02, AB17, AB21,Inc20] on moduli of elliptic surfaces. In particular, the existence of the
morphism K% — &, follows from general wall-crossing phenomena studied in [AB21,nc20, ABIP23, MZ23],
whereas the understanding of the limits in P,, follows from [LN02, AB21,Inc20]. More precisely, the morphism
=, was studied in [AB21], as a special case of general wall-crossing phenomena of [ABIP23,MZ23]. The
explicit combinatorial gadget of Section 7.2 is instead an improvement of the refined numerical data defined

in [Inc20], for elliptic surfaces of Kodaira dimension one fibered over P*.
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Outline of the paper. In Sections 2 and 3, we compile some preliminaries on elliptic surfaces, KSB(A)-
stability and KSB(A)-moduli spaces. In Sections 4 and 5, we study different moduli spaces of elliptic surfaces
with sections, and prove Theorem 1.1(1-2). In Section 6, we give a more direct proof in the case when n =3
by computing explicitly the deformation theory of such surfaces. Finally, in Section 7, we introduce twisted
stable maps, prove Theorem 1.1(3), and develop a combinatorial algorithm for computing the KSB-stable
limits.
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2. PRELIMINARIES ON STABLE PAIRS

In this article, we work over an algebraically closed field k of characteristic 0. The reader may assume
that k = C.

2.1. Background definitions. We recall a few definitions that will be useful for the rest of the paper.

Notation 2.1. Consider a flat and finite type morphism g: X — Y of relative dimension n. If the fibers of
g are Gorenstein, then the relative dualizing complex is isomorphic to a complex of the form wgy[n] where w,
is a line bundle. If the fibers of g: X — Y are normal, then we have an explicit description:

wy = (A"0kyy)
where Q}( Iy is the sheaf of relative differentials. Indeed, both are reflexive sheaves: wy is a line bundle so
it is reflexive, while (A"Q% /Y)** is reflexive by virtue of being a dual. By flat base change for dualizing

complexes, they agree on the smooth locus of g, which has codimension at least 2 along each fiber, so they
are isomorphic by Hartogs’s lemma.

We now introduce a few standard definitions from birational geometry [KM98, Notation 0.4]. We refer
the reader to [KM98] for a more extensive treatment of what follows.

Notation 2.2. Given a normal variety X with two Weil divisors D1, Do, we write Dy ~ D5 to denote that
Dy and D5 are linearly equivalent.

Definition 2.3. Let X be a normal variety. A Q-divisor D = )" a;D; on X is a formal linear combination
of integral Weil divisors D; C X with rational coefficients a; € Q.

Definition 2.4. Let X be a normal variety, D a Weil divisor on X, and 7: X’ — X a birational morphism.
We use the same notation as [KM98, Notation 0.4 (11)] and write 7, 1(D) for the proper transform of D.
When 7! is defined on a dense open Dy C D, Then w7 1(D) is the closure of 771(Dg). The definition is
extended to Q-divisors by linearity.

Definition 2.5 ([KM98, Def. 2.11]). A normal variety X is said to have canonical singularities if

(1) there exists n > 0 such that nKx is a Cartier divisor, in other words, Kx is Q-Cartier, and
(2) for some resolution of singularities 7: X’ — X, we have 7, (Ox' (nKx/)) 2 Ox(nKx).

Definition 2.6 ([[K0123, Def. 11.5]). Let X be a normal projective variety, and D = Y a;D; be an effective
Q-divisor. Let i: X*™ < X be the inclusion of the smooth locus of X. Then (X, D) is called a log pair if
there is an integer n > 0 such that the sheaf

Z.* (W?}?m (?”LD ‘ Xsm ))

is a line bundle on X. We will denote the corresponding Cartier divisor by n(Kx + D) and call Kx + D
Q-Cartier. We say that a log pair (X, D) is Kawamata log terminal or klt (resp. log-canonical or lc) if the
following conditions are satisfied:



(1) the coefficients a; satisfy 0 < a; < 1 (resp. 0 < a; < 1), and

(2) given a log-resolution 7: X’ — X, denote by E; the integral components of the exceptional divisor.
Assume that 7 is such that the union of the supports of 77 *D and Y E; is simple normal crossing.
Then we require that b; > —n (resp. b; > —n) for every j, where the b; € Z are defined by

(1) n(Kx + 7 D)~ (n(Kx + D)) + 3 by .

Remark 2.7. Often one divides Eq. (1) in Definition 2.6 by n and deals with the Q-Cartier divisor Kx + D
instead. Moreover, if k has positive characteristic, resolution of singularities is not known, and so the

definition of kit or lc singularities is slightly different from the one given above. We refer the reader to
[KM98, Def. 2.28, 2.34] for more precise definitions.

Definition 2.8. Let X be a projective variety and D be an effective Q-divisor. Then (X, D) is called a
semi-log-canonical pair (or an slc pair) if X is equidimensional and Ss, all points of codimension 1 are either
smooth or nodal, the irreducible components of D intersect the smooth locus of X, and the following hold.
(1) Denote by U C X the locus where X is Gorenstein and D is Cartier. We then require that, for some
n > 0, the sheaf i, (w}" ® Oy(nD|y)) is a line bundle on X. We denote the corresponding Cartier
divisor by n(Kx + D) and say that Kx + D is Q-Cartier.
(2) If v: X¥ — X is the normalization of X, A C X" is the preimage of the nodal locus, and D" is the
proper transform of D in X, then the pair (X¥, D” + A) is log canonical.

Definition 2.9. Let (X, D) be a pair such that Kx and D are both Q-Cartier and X is log-canonical. We
define the log-canonical threshold of (X, D), denoted by lct(X; D), to be

sup{a € R : (X, aD) is log-canonical}.
2.2. Canonical models.

Definition 2.10. Let (X, D) be an lc pair and assume that X is a surface. A canonical model of (X, D) is
a birational map 7: X — X’ to a variety X’ such that, if we write D’ := 7, D, then:

(1) (X', D) is an lc pair,

(2) there is n > 0 such that n(Kx, + D’) is ample, and

(3) given m such that both m(Kx + D) and m(Kx: + D’) are Cartier, if we write

m(Kx + D) - (m(Kx + D) ~ 3 a; B,
where E; are the components of the exceptional divisor of 7, then a; > 0.

Remark 2.11. The definition of canonical model extends to higher dimensional varieties. However, one
can no longer assume that 7 is a morphism, rather it has to be a birational rational map whose inverse does
not contract divisors. In this manuscript, we will only need the surface version, so we refer the reader to
[KMI8, §3.8] for more details on the higher dimensional case.

Theorem 2.12 (cf. [KM98, Thm. 3.52]). Let (X,D) be an lc pair with a proper X. Fiz m such that
m(Kx + D) is Cartier. Then a canonical model (X', D), if exists, is unique up to isomorphism and is given
by

X' = Proj @HO <X, Ox (rm(Kx +D))>
>0
Definition 2.13. More generally, if (X, D) is a normal but not necessarily log canonical pair, we can define
the canonical model of (X, D) as follows. Let pu: X’ — X be a log resolution with reduced exceptional
divisor E. By assumption Supp(u; D) U E is normal crossings, so the pair (X, u; 1D + E) is log canonical
and has a well-defined canonical model. We define this to be the canonical model of (X, D). One can check
by the above theorem that this is independent of a choice of u.

Definition 2.14. A pair (X, D) is called KSBA-stable if
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(1) it is slec and X is connected;
(2) Kx + D is an ample Q-Cartier Q-divisor.

The volume of a pair (X, D) is vol(X, D) = (Kx + D)dmX,

Theorem 2.15 (cf. [Kol23, Theorem 8.15)]). Fiz v € Q¢ and ¢ € [0,1]g. Then there is a proper Deligne-
Mumford stack MEEBA, whose closed points parametrize KSBA-stable surface pairs (X, cD) with volume
(Kx + D)? = v, where D is an integral effective divisor.

The complete definition of a family of KSBA-stable pairs is more subtle and we omit it. For this paper,
the following remark suffices, and it follows from Kollar’s definition [Ko0l23, 8.13] and [Ko0l23, Theorem 5.4],
noting that relative ampleness can be defined fiberwise for finite type morphisms [Gro66, 9.6.4].

Remark 2.16. Assume that X — B is a flat, pure dimensional, Gorenstein and projective morphism with
B reduced, and D C X is a Cartier divisor, flat over B, and such that for every b € B the fiber (X}, c¢Dy)
is a stable pair with (Ky, + ¢D,)4™* = v for some rational coefficient c. Then X — B is a family of
KSBA-stable pairs: namely, it corresponds to a morphism B — MEEBA.

Definition 2.17. A connected projective variety X is KSB-stable if (X,0) is KSBA-stable, i.e., X is slc

and K is ample. Its volume is defined as vol(X) := (Kx)dmX.

Theorem 2.15 is still applicable here as the special case when D = 0, and we get a moduli space which
_ (n=2)?

we denote MXSB. Through out this paper, when we refer to MX5B we take v to be the volume

of a pseudo-elliptic surface of with a %(1, 1)-singularity, where n > 3.

2.3. KSB-stable families. In this subsection, we introduce the notion of KSB-stable family.

Notation 2.18. Let X — B be a flat family with Sy fibers. For any reflexive sheaf £ on X which is a line
bundle over a dense open subset, we set L™ := (L2™)™ to be the reflexive hull of the m*" tensor power.

Definition 2.19. Let 7: X — B be a flat and proper morphism. We say that « is KSB-stable if for every
b € B, the fiber X, is KSB-stable, and 7 satisfies Kolldr’s condition: For every B’ — B and for every n € Z,
if we denote by p1: X xg B’ — X the first projection, then the natural map

Pl s) — Wit sm

is an isomorphism.

It was proven in [Kol09a] that Kolldr’s condition is an algebraic condition, i.e, the corresponding subfunctor
is represented by a monomorphism of schemes. When the base B is reduced, then Kollar’s condition can be
checked numerically as follows.

Theorem 2.20 (cf. [Kol23, Thm. 5.1]). Let 7: X — B be a flat, pure dimensional, proper morphism over
a reduced base scheme B. Suppose that for all b € B, the fiber Xy is KSB-stable. If the volume (Kxb)dlm X
is the same constant value for all b € B, then w is KSB-stable.

We now introduce an auxiliary tool, developed in [Hac04, AH11], which we will use to study the infinitesimal
structure of MXSB,

Definition 2.21. The covering stack of a KSB-stable family X — B is the quotient stack

X = [Specx (@ W%]B)/Gm

mEeZ

Note that the natural map m: X — X is an isomorphism on the open set U C X where wy,p is a line
bundle.

The main relevance of Definition 2.21 lies in the following result.
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Theorem 2.22 (cf. [AH11, Thm. 5.3.6]). Let X — B be a KSB-stable family. Then its covering stack
X — B is a flat and proper family of Deligne-Mumford stacks, and X, is the covering stack of X, for every
b € B. Conversely, if X — B is a flat and proper morphism, whose fibers & are the covering stacks of a
KSB-stable variety, then there is a KSB-stable family X — B whose covering stack is X — B.

In particular, if X is KSB-stable, to study the local structure of M5B around the point p corresponding
to X, one can either study flat deformations of X which satisfy Kollar’s condition, or, equivalently, study
flat deformations of the covering stack of X.

3. ELLIPTIC SURFACES

In this part, we will recall a few facts about elliptic fibrations from [Mir89] that are needed in the rest of
the paper. Throughout this section, let C' be a smooth curve.

Definition 3.1. An elliptic surface over C is a pair (g: X — C,S) where

(1) g: X — C is a flat proper morphism with connected fibers of arithmetic genus 1 such that the generic
fiber of g is smooth, and
(2) S C X is a section.

The elliptic surface is standard if S C X does not pass through a singular point of any fiber. A standard
elliptic surface (f: X — C,S) is minimal if X is smooth and there are no (—1)-curves contracted by g.

Given a standard elliptic surface (f: Y — C,Sy), one can always contract every fiber component not
meeting Sy to obtain a standard elliptic surface (g : X — C,S) with integral fibers, called the Weierstrass
model.

Definition 3.2 ([Mir89, I1.3.2]). A Weierstrass fibration is a standard elliptic surface whose geometric fibers
are integral.

The condition of integrality on the fiber implies that X admits a global Weierstrass equation. That is, X
is isomorphic to

(2) {yQZ — 23— Az — B2 = 0} - IP’(OC dL 2o 5_3)7

where £ is an effective line bundle on C and A € H°(C, £*), B € H°(C, L%) (see [Mir89, 11.5.1, 11.5.2]). In
particular, the fibers of g are either a smooth elliptic curve, a rational curve with a node, or a rational curve
with a cusp. The line bundle £ is called the fundamental line bundle of the fibration, and determines the
canonical bundle of X as follows.

Theorem 3.3 (Kodaira’s canonical bundle formula [BPVdV84, V.12.1], [Mir89, Prop. IIL.1.1]). Let (g: X —
C,S) be a Weierstrass fibration, and let L be the fundamental line bundle. Then we have

wx = g"(we ® L).

3.1. Minimal Weierstrass fibrations. We will be particularly interested in the case of canonical surface
singularities (also called du Val or ADE singularities). See [KM98, §4.2], especially [KM98, Thrm. 4.20], for
a description.

Definition 3.4. Let (X — C,S) be a Weierstrass fibration. We say it is a minimal Weierstrass fibration if
X has canonical singularities. We say it is an lc Weierstrass fibration if X has log-canonical singularities,
ie. (X,0) is lc.

The naming comes from the well-known fact that (X — C,S) is a minimal Weierstrass fibration if and
only if the minimal resolution of X is a minimal elliptic surface [Mir89, Def. I11.3.1, Prop. IIL.3.2]. In
particular, the minimal Weierstrass model is unique among birational models of the elliptic fibration since

the minimal model of surfaces is unique.



Remark 3.5 (cf. [Mir89, 111.3.2]). In terms of the Weierstrass data (£, A, B), the Weierstrass fibration is
minimal (resp. lc) if and only if for all p € C:

min {3ord,(A), 2ord,(B)} < 12.
)

Construction 3.6. We now describe a birational transformation that, given a minimal Weierstrass fibration
(g: X — C,S), produces a strictly lc Weierstrass fibration (¢': X’ — C,S’), i.e. one which is not minimal.
First, consider a fiber F of g over p € C, and let X’ be the blow-up of X at the intersection point F'N S.
Let F’, S’ be the proper transforms of F', S, respectively, and let F denote the exceptional divisor, then the
fiber of X’ — C over p is F U E. Assume that (X, S + F) is an lc pair, that is, F was chosen either smooth
or nodal. One can check that Ky, + 5" + F' is nef over C' by checking its intersections with F’ and E’ are
nonnegative (0 and 1, respectively). The canonical model of (X', S’ 4+ F”) over C contracts only F’, and the
resulting surface pair (X¢, S¢) is strictly log-canonical, as F’ is an exceptional divisor with discrepancy —1.
In particular, this process generates strictly lc singularities.

Recall that £ is the dual of the normal bundle of the section, so this process corresponds to replacing £
with £ ® Oc¢(p). Similarly, we are replacing (A, B) with (2*A, 26B), where z is a nonzero section of O¢(p)
vanishing at p.

Remark 3.7. The singular fibers of a minimal Weierstrass fibration are classified in terms of the dual graph
of a minimal resolution, which can be determined from the vanishing order of the Weierstrass data via Tate’s
algorithm. The classification of singular fibers is due to Kodaira and Nerén, and we use Kodaira’s notation
here. We refer the reader to [Mir89, Section 1.4] and [SS10, Page 66] for more details.

Remark 3.8. Let g: X — P! be a Weierstrass fibration with section S C X. It follows from [Mir89, 11.5.6]
that S < 0.

When S is rational and S? = —n, it follows from the adjunction formula that wx|s ~ Opi(n — 2).
Moreover, wy is trivial on the fibers, so by the see-saw lemma we can write w, = g*Op1 (k) for some k, and
we have

wx = g*w]pl ®wg = g*OPl(*2)®g*Opl(k)

We can combine these two observations to deduce that wx ~ ¢*Op1 (n—2) and wy ~ ¢*Op1(n). The canonical
bundle formula (Theorem 3.3) implies that £ = Op:(n) and w, = g*L.

Definition 3.9. Given an irreducible elliptic surface (X,S) — P! with fibers that are irreducible genus one
curves, we define the height of (X,S) — P! to be —(S)?.

Remark 3.10. The height n = 0 if and only if X = E x C for an elliptic curve E [Mir89, Lemma III.1.4].

3.2. Twisted fibers. Not all elliptic surfaces are standard. For example, one can start with a Weierstrass
fibration X — C as in Construction 3.6, but then fix a cuspidal fiber F instead of a smooth or nodal one,
and section S. One can then consider the minimal log-resolution (X', 8"+ F' + E) — (X, S + F), where
S’ F' are proper transforms of S, F’, respectively, and E is the reduced exceptional divisor. Now we may
assume the pair (X', 5"+ F' + E) is SNC, so one can construct its relative canonical model (X¢,S¢ 4 F€)
over C as in [AB17]. It is proven in loc. cit. that the new pair (X¢, S¢) is not a standard elliptic surface,
namely, X°¢ is singular at F° N S°. However, the singular fibers arising in this process are controlled.

Definition 3.11 ([AB17, Def. 4.9]). Let g: (X,S) — C be a relative canonical model of an elliptic surface
with section. A twisted fiber of g is an irreducible but non-reduced fiber.

Twisted fibers also appear as follows. Consider a Weierstrass fibration (X,S) — C. Let U C C be the
locus where the fibers of g are either smooth or nodal. Assume that U # C. There is a map ¢: U — My 1.
Up to replacing C' by some root stack v: C — C of C, with U C C the open locus over which 7 is an
isomorphism, we can extend ¢ to ®: C — My (cf. [AB19,BPS22,BV23]). Consider the pull-back of the
universal family via ®, denoted by (X,S) — C, and let ¢': (X', S’") — C be the corresponding map on coarse

8



moduli spaces. From [AB17] all the fibers of ¢’ over C'\ U are twisted, so this procedure replaces the fibers
of g away from U with twisted fibers.
In fact, these two constructions of twisted fibers are equivalent.

Proposition 3.12 ([AB19, Prop. 4.12]). Let (9: X — C,S) be a Weierstrass fibration with a cuspidal
fiber F. Then the relative canonical model (X¢,S¢+ F¢) of (X,S + F) over C is the twisted model (X', S")

obtained from the root stack construction above.

3.3. Stability for Weierstrass fibrations. For the remainder of this section, we assume that g: X — P!
is an lc Weierstrass fibration with section S, fiber class f, and height —S2 = n.

Lemma 3.13. Let (X — P, S) be an lc Weierstrass fibration as above with height n. Then the following
holds for the pair (X, cS).

(1) When n > 3, the pair is KSBA-stable if and only if 0 < ¢ < ”T_Q

(2) Its volume is vol(X, cS) = 2¢(n — 2) — nc?.

Proof. Assume first that 0 < ¢ < "7—:2 Since X has lc singularities, S is smooth and contained in the smooth
locus of X, and ¢ < 1, we conclude that (X, ¢S) is automatically lc, hence sle. As its volume is

(Kx +¢S)* = (n—2)f +¢9)* = 2¢(n—2) —cn,

and the inequalities on ¢ imply that (Kx + ¢S)? > 0. Now to check that Kx + ¢S is ample, it suffices to
show that Ky + ¢S intersects every irreducible curve D positively. Since g: X — P! has irreducible fibers
and (Kx 4 ¢S).f = ¢ > 0, we may assume that D is not a fiber. Then in particular we have (D.f) > 1.
Thus, it follows that

(Kx+¢S).D > n—24c¢-(SD) > n—2—cn > 0,
for 0 < ¢ < "=2. Here we have used that (S.D) > 0if D # S and (S.D) = —n if S = D. The converse
statement in part (1) is clear from the formula for (Kx + ¢S)2. O

Observation 3.14. Consider a pair (X, cS) as in Lemma 3.15. When ¢ = 222 we have that (Kx +¢S).S =
0. One can check that the canonical model of (X, "7725) is the surface Y obtained by contracting the section
S to a point. If we denote by m: X — Y such a contraction, then

n—2

Ky = Kx + S,

and thus the volume of Y is

n— n—2)2 n—2)2
(=2 oy =2t 2

(Ky) = 2-
VO( y) n n2

n

Remark 3.15. In [LN02, AB21], the surfaces obtained from a Weierstrass fibration by contracting the
section are also called pseudo-elliptic surfaces.

4. MODULI SPACES OF ELLIPTIC SURFACES

In this section, we introduce the three moduli spaces of elliptic surfaces we will be dealing with, and we
will present some of the relations between them.

4.1. Weierstrass fibrations. We begin by recalling a description for the moduli stack of Weierstrass
fibrations.

Definition 4.1. Fix n > 0. We define the stack W™ as the pseudofunctor

(1) f: X — C is flat projective of relative dimension 1;

(2) C — B is flat projective with geometric fibers P!;
wminpy .= { SC X ———— C | (3) SC X is a section of f;

(4) for each b € B, the fiber fp: (X4, 5,) — Cp is a

\ / minimal Weierstrass fibration of height —(S)? = n.
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Similarly, we let W,lf be the pseudofunctor of families as above, where we allow (fy: X, — C%,Sp) to be an
lc Weierstrass fibration for all b € B.

In the definition above, C' — B is a family of one-dimensional Brauer-Severi varieties and, in particular,
corresponds to a PGLg-torsor over B.

Theorem 4.2. (cf. [PS21, Main Theorem 1.2] & [CDLI24, Thm. 2.8]) Keep the notations as above.

(1) The pseudofunctors W™ and W are representable by smooth and irreducible Deligne-Mumford
stacks of finite type. Moreover, W™ is an open substack of W!¢

(2) There are nonempty open loci Wree Whed ¢ Wmin parametrizing those Weierstrass fibrations such
that X is smooth or that have at worst nodal fibers respectively.

Proof. The construction of W™ as a coarse moduli space is classical (cf. [Mir81,Sei87]) and the modern
stacky perspective is given in [PS21, §4] and [CDLI24, §2]. We sketch here the irreducibility, smoothness and
quasicompactness of the stacks. We refer the interested reader to the references (e.g. [PS21, Thm. 1.2(b)])
for the fact that the stacks are Deligne-Mumford.

Consider the pseudofunctor VNV}LC whose B-points consist of tuples

(f:X—>C, S, a: C = P}g),

where (f: X — C,S) is as above and « is an isomorphism of C' with PL. We call « a framing. There is a
PGLa-action on W', which precomposes the framing with an automorphism of P4, such that

Wi = W/ PGL, .
Thus, it suffices to show that Wif is representable by a smooth Deligne-Mumford stack and that the
corresponding subfunctors
W;eg C W;Llod C Wyr;lin C W}’LC
are all open. Let V,, := H°(P!, Opi(m)) be the space of degree m homogeneous polynomials and define

Vn = V4n EBVGn

Two Weierstrass equations give isomorphic surfaces over P! if and only if they differ by the G,,-action with
weights (4,6) on V,,. Thus there is a natural morphism

0 Wi — [V /Gl
which sends a framed lc Weierstrass fibration (f: X — P!, S) of height n to the coefficients of its Weierstrass

equation (4, B) € [V,,/G,,] as in Eq. (2). See [PS21, §4] for a description of this construction in families.
The image of ¢ is the open substack U'¢ defined by the condition

(3) min {3 - ord,(A4), 2-ord,(B)} < 12
for any o € P'. Similarly, one has that

(1) the image of ngi“ is the open substack U C U' defined by a strict inequality in (3),
2) the image of W2°4 is the open locus where the vanishing of A and the vanishing of B are disjoint,
n

(3) and the image of Wffg is open because smoothness is open in flat families (cf. [Harl3, Chap. I11.10]).

The construction, which sends a family of Weierstrass data (A, B) to the surface
X = V({Y?Z-(X*+AXZ* +BZ%) C P(Om &L ?&L3) — P!

with the section S = V(X, Z), defines an inverse U'¢ — VNVLC, which maps U isomorphically onto Wf{ﬂ“.
Finally, it follows from this construction that W™ and W!¢ are smooth, since they are given as quotients
of open substacks of V. O

Corollary 4.3. Let (f: X — C,S) — B be a family of lc Weierstrass fibrations. Then there exists a closed
subscheme

A(P C C
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such that for each b € B, x € A(f);™ if and only if the fiber f, () is cuspidal. Moreover, the formation
of A(f)P commutes with base change.

Proof. Tt suffices to define the closed substack AP C GV — W!C on the universal family and define
A(f)usP via pulling back. Moreover, we can do this smooth locally over W, so it suffices to work with
framed Weierstrass fibrations. Given a Weierstrass fibration (f: X — P!, S) over Speck, the cuspidal fibers
are given by the vanishing

{A=B=0}
where A and B are the Weierstrass data. Let A and B be the universal Weierstrass data on IP’I . Then the
closed substack
AP = {A=B=0} C Pl

descends to a closed substack AP C QUMY which does the job. O

Each point in OW := Wi\ Wit corresponds to a Weierstrass fibration (f: X — C,S) with some finite
number m > 0 of cuspidal fibers, where X has elliptic singularities. The associated minimal Weierstrass
model

(fmin: Xmin N C, Smin)
has height n —m, and (f: X — C,S) can be recovered from X™® by choosing m smooth or nodal fibers

Fy,...F,,, blowing up F; N S™" and contracting the strict transform of F; to an elliptic singularity as in
Construction 3.6. This yields a stratification of W!® which we extend to a compactification in Section 7.

Definition 4.4. Define the pseudofunctor W,,_,, ., by sending a base scheme T to

(1) (f: X - C,8) —» T is a family of minimal Weier-
strass fibrations of height n — m;
Wh—mm(T) =4 SCX 4> C>D | (2) DcC —Tis arelative effective Cartier divisor of

degree m which is étale over T,
(3) DNA(f)™P = .

Note in particular that W, o = W;L“i“.

The following result will not be used in the rest of the paper. However, it is of independent interest as it
describe the structure of W!¢.

Theorem 4.5. The stacks Wy, m are smooth, separated Deligne-Mumford stacks of finite type. There
exists a locally closed stratification

n
|| Waemm — W
m=0
such that the image of Wy m 15 the locus of Weierstrass fibrations of height n with exactly m strictly log
canonical elliptic singularities.

Proof. Analogous to the construction of W et anm,m be the PGLy cover of W, _,, ,, given by adding
the data of a framing a: C = PL. to the definition of W, . Then Wn_mm can be identified with the
substack of Wy_, x Sym™ P! sending any base scheme T' to the groupoid of pairs (f: X — PL S) in
W$f2 (T) along with a degree m relative Cartier divisor D € Sym™ P(T) that is étale over T and satisfies
the condition that A(f)°"P N D = &. Note that the étaleness of D — T is an open condition. On the other
hand, since

A(f)P C PL and D C PL

are both closed and P — T is proper, then the condition that A(f)°"P N D = & is open on T. Therefore,
Wi —m,m is an open substack of W,,_,, x Sym™ P!. By Theorem 4.2 for Wf{‘_”;n, this concludes the proof of

the first claim.
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Now we define natural morphisms ),/\V/nfm,m — W}f as follows. For any T-point of anm,mg let
Ag € H (P}, LY* W Op1 (4n — 4m))  and By € H° (P, L§® & Opa (6n — 6m))

be the minimal Weierstrass data associated to the height n — m fibration (f: X — PL,S), where Lo is a
line bundle on T, and let z € H°(P%,, Op1. (D)) be a defining polynomial of D. Note that

Op1 (D) = M K Op (m)

for some line bundle M € Pic(T) via the isomorphism Pic(PL) 2 Pic(T') x Pic(P!). Then we can define new
Weierstrass data

A= Apz* €e H° (P}, L¥* M Op1(4n)) and B = By2® € H (P}, L% K Op: (6n))

where L = Ly ® M. By assumption z has distinct roots and z # 0 whenever Ag = By = 0. Thus (A4, B) is

minimal away from D, and strictly log canonical along D. Therefore, the Weierstrass pair (A, B) defines a

family of framed lc Weierstrass fibrations over T with elliptic singularities over D by Construction 3.6.
This construction is functorial and PGLs-equivariant and hence defines natural morphisms

1
Pm anm,m — Wnc

for each m = 0, ...n, whose image is the locus of lc Weierstrass fibrations with exactly m elliptic singularities.
We claim that

n
It
|_| Wn—m,m — Wnc

m=0
is a locally closed stratification.
Afte passing to W', we are reduced to checking that

n

n
|_| Om - |_| Wn_mm — 17\//,15
m=0 m=0
is a locally closed stratification. It is surjective on closed points, because any lc Weierstrass data over P},
can be factored as A = Agz* and B = By2%, where (Ag, By) is minimal. Notice also that, at the level of
geometric points, we have that ¢,, is stabilizer preserving (the stabilizer consist of ug generically, py if B =0
and pg if A =0 for both the source and target stacks), so each ¢,, is representable. Furthermore, since the
factorization A = Agz* and B = Byz®, where (Ag, By) is minimal, is unique (up to scaling) at the level of
field-valued points, ¢,, is injective on geometric points. We claim that the morphism of smooth stacks ¢,, is
unramified. To see this, it suffices to check that ¢,, induces injections for tangent spaces for each geometric
point.
Set Vg := H(Op1(d)) for any given d. We note that )’/\V/nfm,m may be viewed as an open substack of

Nl = [(V4n74m X V6n76m)/Gm] X [Vm/Gm] s

where the first copy of G,, acts with weights 4 and 6 on the vector spaces V4, _4,m and Vg, _em, and the
second copy of G,,, acts with weight 1 on the vector space V,,,. A k-point of N7 consists of a triple of elements
(v, B, 2) in HY(Op1 (4n — 4m)) x H®(Op1 (6n — 6m)) x H°(Op1 (m)), and the tangent space of the stack at that
point is the cokernel of the linear morphism of k-vector spaces

1 0 kP2 — HO(Op (4n — 4m)) @ H(Op1 (6n — 6m)) @ H(Op1 (m))
given by (z,y) — (4xa, 6x5,yz). On the other hand, the stack erf can be viewed as an open substack of
NQ = [(V4n X Vﬁn) /Gm] )

where G,,, acts with weights 4 and 6 on the vector spaces Vg4, and Vg,. A k-point of N3 is given by a pair
(6,7) € (HY(Op1(4n)) x HY(Op1(6n)), and the corresponding tangent space is the cokernel of

o k — H(Op1(4n)) @ H°(Op1 (6n))



given by « — (420, 62v). We note that the morphism ¢,,, extends to a morphism @,, that sends a k-point
(a, B, 2) to (az?, B2%). A direct computation shows that the induced morphism of tangent complexes at the
k-point («, 8, z) is given by

K92 Yy HO(Op (40 — 4m)) & HO(Op1 (61 — 6m)) & HO(Op: (m))

y E

k Ve H(Op1 (4n)) @ HO(Op: (6n))

where p is the surjective morphism u(z,y) =  +y, and we have v(a,b,c) = (z*-a+4az3-¢, 25 b+ 652 ¢).
Notice that, if the k-point («, £, z) is in the open substack VNVn_m,m, then we must have (o, 8) #Z (0,0),z Z 0,
and furthermore the three sections «, 3, z don’t have a joint simultaneous zero in P! (because the divisor
cut out by z = 0 does not intersect the locus of cusps, which is the locus cut out by a, 8 = 0). It follows
then from the description above that the kernel of v is given by the subspace of (a, b, ¢) satisfying the linear
equations z-a+4a-c=0and z-b+68-c=0.

Claim: If (a,b,c) is in the kernel of v, then it is of the form (4za, 6z, —zz) for some constant x € k.

Let us prove the claim. We may change coordinates in P! so that none of «, 8, z vanish at oo, and then
we view «, 3, z as elements of k[t]. We may assume furthermore for the sake of the following argument that
a, B,z are monic. Set g1 := ged(a, z) and go = ged(, z). The solutions to the equation z - a 4+ 4a - ¢ =0 are
of the form (a,c) = (xp-4a/g1, —ap-2/g1), where x € k and p is a monic polynomial. Similarly, any solution
of z-b+68-c=0is of the form (b,¢) = (yq(68/92), —yq(z/g2)), where y € k and ¢ is a monic polynomial.
If we want (a, b, ¢) to be a solution to both equations, then we have —xp(z/g1) = ¢ = —yq(z/g2), which, in
view of the polynomials being monic, implies = y. Therefore, we have —ap(z/g1) = ¢ = —xq(z/g2), which
implies that pgs = qg1. Now, the polynomials g; and g2 cannot have a common root, because that would
yield a simultaneous root of a, 8 and z, contradicting our assumptions. Therefore g; and g, are coprime,
and the equation pgs = ¢qg1 forces p = g1 and ¢ = go. We conclude that (a, b, ¢) = (dza, 6x5, —xz), as claimed.

Now, observe that any element of the kernel (4za, 620, —x2) is of the form 1 (z, —z). From this we
conclude that the induced morphism on tangent spaces Coker(t);) — Coker(t)s) is injective, and therefore
©m is unramified. By [Sta24, Tag 05VH], we conclude that ¢, is a monomorphism. To complete the proof,
we will apply the valuative criterion for locally closed embeddings (cf. [[Kol09a, Prop. 42]).

Let T = Spec R be the spectrum of a DVR and let T — )/NV}LC a map whose image is contained in
<,0m()7\//n_m7m). This is equivalent to a family of lc Weierstrass data (A, B) over T such that for each t € T,
the pair (A, By) defines a fibration with exactly m elliptic singularities. Let n € T denote the generic point.
There is a canonical subscheme D4 of the generic fiber IP’}, whose support consists of the locus of points
where the section A, has a zero of multiplicity > 4 (Zariski locally around every vanishing point of 4,, it
is given by the vanishing of the 37¢ differential of the section). Similarly, there is a canonical subscheme
Dp where B, has a zero of multiplicity > 6. Consider the reduced subscheme D,, := (D4 N Dg)"¢ of the
intersection D 4 N Dp, which is a Cartier divisor on ]P’}]. We denote by D C P the flat closure of the reduced
subscheme D,. By construction, there exist factorizations A, = (Aog), + 4D, and B,, = (By), + 6D, for
some Cartier divisors (Ag), and (Bo), on P}. By taking flat closures in P, we get factorizations of relative
Cartier divisors A = Ay + 4D and B = By + 6D. To conclude the proof of the valuative criterion, it suffices
to show that the tuple (Ag, Bg, D) yields a T-point of Wn—m,m- This amounts to showing that D is etale
over T, and that the fibers of Weierstrass fibration defined by (Ag, Bp) are minimal. By the assumption that
the original Weierstrass fibration T — W,lf was log canonical, it follows that for each geometric T-fiber there
is no point where the section A has a zero of order > 5 and simultaneously the section B has a zero of order
> 7. Therefore, from the factorizations A = Ag+4D and B = By + 6D it follows that the geometric T-fibers

of D are forced to be reduced, and hence D is étale over T. On the other hand, by construction we have
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arranged so that at the generic point the pair ((Ao)y, (Bo)y) yields a minimal Weierstrass fibration. By our
assumption that the image of 7 is contained in @m(Wn_mm), it follows that the order of the Cartier divisor
D, is m. If we denote by s € T the special point, then the order of the special fiber D is also m. Since
the image of s is also contained in @k(VN\/n_m,m), the factorizations A; = (Ag)s +4Ds and B = (By)s + 6D
with Dy of degree m force ((Ao)s, (Bo)s) to define a minimal Weiertrass fibration (otherwise we would be
able to factor out a further divisor D, D D, which would mean that (A, B) is actually in the image of
©m for some m’ > m; this would be disjoint from ¢y, (Wn_mm)). We conclude that the tuple (Ag, By, D)
yields the desired T-point of anm,m- [l

4.2. Locus of elliptic surfaces in the KSBA moduli. Let us start by fixing some notations.

- : " n2 _ (=2)*—(ne)? - -
Notation 4.6. Write c(e) := 22 —¢ and v(e) = =" Then v(e) is the volume of the pair (X, c(¢)S5)
as in Lemma 3.13.

By Lemma 3.13 and Remark 2.16, for any 0 < € < ”T*Q, there is a morphism
(4) Ope: WY — MESN, (X —=C.8) = (X,c(e)S),

which forgets the fibration structure. Note that the moduli stacks Mc(e) (e) Bre not isomorphic for different
c(e). However, we will show now that ®, . is an open immersion for any choice of € € (0, ”772) The
parameter € determines the target of the morphism ®,, .

Definition 4.7. We denote by Eme the seminormalization of the scheme-theoretic image (cf. [Sta24, Tag
0CMH]) of ®,, .

Proposition 4.8. For anyn > 2 and 0 < € < ”T_Q, the morphism ®, .: Wi — MQEFAC) is an open
1Mmersion.

Proof. It suffices to prove that ®,, . is smooth, induces a bijection on automorphisms of geometric points,
and is injective on isomorphism classes of geometric points, since this would jointly imply that it is an étale
monomorphism, hence an open immersion.

®,, . is injective. This follows from [Inc20, Lem. 3.6]. This lemma is stated only for minimal Weierstrass
fibrations, however the argument works for our case of lc Weierstrass fibrations of Kodaira dimension 1.

®,,  is representable. It suffices to check on geometric points. We need to show that if o is an automorphism
of the Weierstrass fibration (f: X — P!, S) which induces the identity on (X, S), then it is the identity.
Indeed, from the proof of injectivity above, the map f is uniquely determined from (X, S), and since f is
surjective, the only (set-theoretic) function o which makes the following diagram commutative is the identity,
as desired

Pt —Z Pl

D, is surjective on automorphisms of geometric points. We need to check that any automorphism of
(X, S) extends to an automorphism of (f : X — P!, S), namely, to one of the fibration. But this follows
since wx = f*Oi(n — 2) so the global sections of wy induce the morphism f, and any automorphism of X
extends (by functoriality) to an automorphism of wy and therefore to its global sections.

®,, . is smooth. Smoothness is smooth local on the source so it suffices to check that the composition
W}f — MXSBA i5 smooth. We use the infinitesimal lifting property (cf. [Sta24, Tag 0DP0], [Sta24, Tag
02HTY]), which applies to our case since the source and the target are stacks locally of finite type over a field.

Let A’ — A be a surjection of local Artinian rings with residue field k such that the kernel I satisfies I? = 0.
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Given a diagram of solid arrows as below, we will show that we can find a lifting, marked as a dotted arrow.

Spec(d) —— 17\//,11C

Spec(A’) —— ./\/lf(ffﬁ‘(e)

In other words, we need to show that for any family
(X', c(e)S") —> Spec A’

in Mﬁffﬁ(e) whose restriction to Spec(A) is a Weierstrass fibration, there is a morphism X’ — P, such

that (X’ — P%,8’) is a Weierstrass fibration. Namely, the deformation problem is the following:
(X,8) —— (¥, )

L

PL > PL,
Spec(A) —— Spec(A’)

From [BHPS13, Prop. 3.10], it suffices to prove that Hom (4., R' f,Ox) = 0. We have R'f,Ox =
Op1(—n) by Lemma 4.9, so

Hom(Qh:, R'f,0x) ~ H° (P!, 0p:1(—n+2)) = 0.

Lemma 4.9. Let (f : X — PL,S) be an lc Weierstrass elliptic fibration with S?> = —n. Then
le*OX = O]pl(—n).

Proof. This follows because h'(P*, R f.(Ox)) = n — 1, as seen from the Leray spectral sequence for f and
the computations h?(X,Ox) = h°(X,wx) =n — 1, and h°(P!, R?f.Ox) = h*(P!, f.Ox) = 0. O

Notation 4.10. We denote by £ (resp. &,) the image of W (resp. W™in) under ®,, .. We denote by
®,,: W — El¢ the corresponding isomorphism.

Corollary 4.11. The moduli space £ is smooth and irreducible. O
Proof. This follows from Theorem 4.2 and Proposition 4.8. O

Remark 4.12. It follows from [ABIP23, MZ23] that the compactification &, C Eme of the image does not
depend on € for any € close enough to either 0 or anz More generally, there are finitely many critical values

n—2
n

0 <t < -+ <ty <
such that En,t is independent of ¢ for ¢; <t < t;41.

4.3. Locus of pseudo-elliptic surfaces in the KSB moduli. Consider the moduli stack &, constructed
in the previous subsection. The closed points of &, parametrize KSBA-stable pairs

(x (52 -))

such that there is a map X — P! which makes (X — P!, S) a Weierstrass fibration. Moreover, we proved

that these pairs above do not depend on €, as long 0 < € < "T’Q Therefore, it is natural to ask what happens
if e = 0. In this case, there is a morphism

U, 2 & — MPSP
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for v = ";2

(X , ”T*QS), which is the surface obtained by contracting the negative section S (cf. Observation 3.14). The

% which, on the level of points, sends a pair (X, (

—¢€) S) to the log canonical model of

construction of such a morphism follows from some of the results [ABIP23,MZ23], which we recall here for
the convenience of the reader.

Proposition 4.13. Letn > 3 and v = @ Then there is a natural morphism W,,: £ — MESB,

Proof. Let (X , ”T_QS) be a pair parameterized by a closed point of £!°. This is an lc pair whose lc centers
are isolated points, namely the cusps of any strictly lc fibers. Since Kx + "7_25 is big and nef, then by
Kawamata-Viehweg vanishing for lc pairs [Fuj14, Thm. 1.10] we have that H' (X, m(Kx + 2-25)) = 0 for
any m > 0 such that m(Kx + "T_QS ) is an integral divisor and for any i > 0. Then cohomology and base
change applied to the universal family 7: (X,S) — £!¢ implies that for any positive integer m such that

m(Kx + "=25) is an integral divisor, the formation of

. -2
y:PrOngzc @W*C)X (dm(KX/glf"'nn 8))

d>0

commutes with base change, and the push-forwards 7,0 (dm(K x/gl + "T_QS )) are vector bundles. It gives

rise to a projective morphism ) — £!¢ which fiberwise is the canonical model of (X , ”T_LQS), and which is

flat since we are taking Proj of a £:°-flat algebra. Moreover, since the base is smooth (Corollary 4.11) and
2

the volume of every fiber is v = @ (Observation 3.14), then the family ) — £ is a KSB stable family

by Theorem 2.20. Therefore, it induces a morphism &€ — MXSB by the universality of MKXSB, O
Definition 4.14. We denote by P,, the image of ¥,,, and by P,, its scheme-theoretic closure.

5. LOCAL STUDY OF THE CONTRACTION MORPHISM ¥,

In this section, we will prove that ¥,,: ¢ — MKSB is an open immersion when n = 3 or n > 4. To this
end, we need a few observations on deformations of local models of the covering stack at the contracted
point. We record the necessary lemmas first.

Lemma 5.1. Letn be an even positive integer. Consider the action of G = p,, /e on Z = Spec(klx, y, 2|/ (zy—
22)) defined by £ - = &%x, €y =E%y and £ - 2 = £22.
(1) If n > 4 then
Ext,, /,,(Q,02) =0
and the only infinitesimal deformation of [Z/G] is the trivial one.
(2) If n =4, then
Ext,, /., (2%, 0z) =k

and [Z/G] admits a unique formal smoothing direction.

Proof. Let R := k[z,y,2]/(zy — 2?) and consider the G-equivariant presentation of Q}, given by

R®! = Re;, 12WT ) po3 _ Rz @ Rdy ® Rdz — QL — 0.
A generator { € p, acts with weight 2 on dz, dy and dz and with weight 4 on ey. To compute
EXth/m (QL,0z), we dualize the sequence above

¢:R(dx)" @ R(dy)” @ R(dz)" — Rey,

and the cokernel of 9 is k with the action with weight n—4. So there are no invariants if n # 4. If n = 4, then
the invariants are one-dimensional and equal to the group Extl(le, Oz) whose nonzero element corresponds
to the unique smoothing direction of the A; singularity of Z. O

Lemma 5.2. Let R be an Artinian local ring over k, and consider the action of p, on A% = Spec(R[z,y])
defined by £ -x = Ex and -y = &y. Let f: T — A% be the pullback of the inertia stack of [A%/uy] along the
smooth cover A% — [A%/u,]. Then the scheme-theoretic support of the cokernel of OA% — f:O7 is defined

by the ideal (x,y).
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Proof. The group scheme Z — A% fits into the following fiber product:
IT— A% xu,

|

diag
2 2 2
A2, 55 A2 X A2,

If we write p,, = Spec(k[t]/(t™ — 1)), then T = Spec(R|x,y,t]/(t" — 1,tx — z,ty — y)), and the morphism f
induces the inclusion R[z,y] — R[z,y,t]/(t"™ — 1,tx — x,ty — y) on global sections. In particular, we have

n—1
1:07/0u = DR = (Rlz.y)/(z,9)™"
i=0
as an R[z, y]-module, which has scheme-theoretic support defined by the ideal (z,y) as desired. O

Lemma 5.3. Let R be an Artinian local ring, and consider the action of p,, on Z := Spec(R|[z,y, 2]/ (zy—2?))
defined by £ -x =&x, E-y=&y and £ -z =Ez. Let f: T — Z be the pullback of the inertia stack of [Z/ ]
along Z — [Z/ ). Then the support of the cokernel of Oz — f.Oz is the vanishing of the ideal (z,y, z).

Proof. The argument is the same as in Lemma 5.2: in this case we have that
T = Spec(R[z,y, z,t]/(zy — 2°,t" — 1, tx — x,ty — y,tz — 2))
and f is induced by the following inclusion on global sections
Rlz,y, 2]/ (zy — 2*) = Rlx,y, 2,t]/(xy — 22, 4" — 1, tx — x,ty — y,tz — 2).
We can conclude similarly as before. (I

Theorem 5.4. Suppose that n > 2 and n # 4 is an integer. Then the morphism
W, £ MESE
defined in Proposition 4.13 is an open immersion.

Proof. In this proof, we will denote by Y the pseudo-elliptic surface obtained by contracting the section S of
an elliptic surface X with S? = —n, and by p be the point to which § is contracted. From [KM98, Remark
4.9 (2)] the singularity is determined from the dual graph associated to its minimal resolution, and by the
local analysis of Lemma 3.13 we have that Y has a %(1, 1)-singularity at p.

U, is injective on isomorphism classes of geometric points. It suffices to check that there is an inverse on
sets of geometric points. As all the singularities of Y away from p are either Du Val or strictly log-canonical
(see Remark 3.5), we can identify X with the minimal resolution of Y around its unique klt but not canonical
singularity, and S with its exceptional divisor.

W, is injective on automorphism groups. Let (f: X — P! S) be a Weierstrass fibration associated to a
geometric point of £ and let Y be its image via ¥,,. It suffices to observe that any automorphism on X
which induces the identity on Y agrees with the identity on the dense open subset X \ .S, so it must be the
identity.

U, is surjective on automorphism groups. This is because any automorphism of Y must fix p as it is the
unique strictly klt singularity. Thus, any such automorphism lifts to the blowup of Y around p, which is
exactly (X, S).

U,, is smooth: we apply the infinitesimal lifting property of smoothness (cf. [Sta24, Tag 0DP0], [Sta24, Tag
02HT]). We need to show that if A’ — A is a quotient of an Artinian local rings with residue field k& and with
square-zero ideal, and if we have a diagram of solid arrows as below, then one can find the dotted arrow:

Spec(A) ——— &le

T

Spec(A’) ——s MESB,
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The morphism Spec(A’) — MESB induces a KSB-stable family Y’ — Spec(A’), and let J' — Spec(4’) its
covering stack (cf. Definition 2.21). As mentioned at the beginning of the proof, the singularity at p is
formally locally isomorphic to

(0 € Speck[z, y]/pn)

with the action £ - = &z and £ -y = &y.
The canonical covering stack Vi — Yj, on a neighborhood of p, is formally locally isomorphic to:

(1) [Spec(k[x,y])/mn] for n odd with the action & -z = £z and € - y = £y; and
(2) [Spec(k[x,y, 2]/zy — 2%)/(pn/p2)] for n even, with the action & - o = €2z, £ -y = 2y and £ - 2 = &4z,

Indeed, formally locally around p, the covering stack ) is the relative coarse moduli space of the map
[Spec k[z, y]/pn] — BG,, given by the line bundle with section dz A dy. More explicitly, it is the stacky
quotient of Spec k[x,y] by the kernel of the representation of p,, on dz Ady. As € acts on dz Ady as

£-(dxAdy) =& dzndy,

the kernel is trivial if n is odd and ps if it is even.

Since [Spec(k[x,y])/pn] is smooth, by Lemma 5.1(1), the small deformations of the analytic local singular-
ity of V) at the preimage of p are trivial for n > 2 and n # 4. In particular, for n odd, there is roof diagram of
pointed stacks as follows, with all the arrows étale and inducing an isomorphism on automorphisms groups:

([Spec(A'[z,y])/1n], 0) — (U, u) — (V' ).
Similarly, for n even, we have a diagram as follows

([Spec(A'[z,y, 21/zy — 2°)/(pn/ 12)], 0) +— (W,w) — (V' y).

From Lemma 5.2 and Lemma 5.3, the support of the inertia is the closed substack which on U is the pull-back
of the vanishing of (z,y) and on W is the vanishing of (z,y, z). Hence, we can perform the blow-up along
the closed substack given by the support of the inertia stack, which étale locally corresponds to performing
the blow up of (x,y) in [Spec(A'[x,y])/pn] and (z,y, ) in [Spec(A’ [z, y, 2]/2y — 2%)/(n/p2)]. In particular,
from the analogous computation on the local charts, this blow-up, denoted by X’ — ), is flat and commutes
with base change. Taking the coarse moduli space commutes with base change, so if X’ — X’ is the coarse
moduli space of X’, then X4 := X, — X4 := X/, is the coarse moduli space of X4. Then it follows from
[Kol09b, Section 2.4 page 86] that the surface X4 is a minimal resolution of Y4 around the strictly klt
singularity: we have that X 4 is the elliptic surface associated to Spec(A) — £I¢. The desired family giving
the morphism Spec(A’) — I is the pair (X', S") — Spec(A’) where S’ is the coarse moduli space of the
exceptional divisor of X/ — ).

In particular, M¥5B is smooth along the image of ¥,,, which is open since W,, is smooth. Therefore, it
follows that W,, is an étale monomorphism, and hence an open immersion. (I

Corollary 5.5. The scheme-theoretic image P,, is an irreducible component of MXSB forn =3 and n > 4.

Remark 5.6. In fact, the conclusion of the previous corollary holds even for n = 4. Indeed, the proof of
Theorem 5.4 shows that any deformation of Y which is locally trivial around p is in the image of ¥,, for any
n. Thus, if P4 is not an irreducible component of MXSB  then there is a large deformation of Y which is
not locally trivial around p. By 5.1(2), this deformation must be a Q-Gorenstein smoothing of Y, but it is
well known that Y cannot admit a projective Q-Gorenstein smoothing since such a smoothing would violate
the Noether inequality: indeed, one has

K?=1, and p, =h°(X,Kx)=3.

On the other hand, it is an interesting question whether this irreducible component of MXSB has some

non-trivial generic non-reduced structure for n = 4.
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6. THE CASE WHEN n =23

In this section, we present a more explicit proof of some of our results in the case when n = 3. Throughout
most of this section, we will adopt the following assumptions.

Context 6.1. Let (g: X — P, S) be a Weierstrass fibration with X smooth, with S = —3 and with 36
singular nodal fibers. Let 7: X — Y be the contraction of S, and p; be the nodal points on the singular
fibers of g.

Lemma 6.2. The locus in W™ where the conditions of Context 6.1 are satisfied is open.

Proof. A Weierstrass fibration (g : X — P!, S) of height 3 has 36 nodal singular fibers if and only if all the
fibers are of Kodaira type I;. The condition of ¢ having only I; fibers is equivalent to g having only nodal

fibers and X being smooth. Thus, the locus satisfying the required condition is exactly the intersection
wied N W5 C Wit which is open by Theorem 4.2(2). O

The following two exact sequences will be useful:
36
(5) 0— Qk/p1 — wy — P ky, — 0,
i=1

(6) 0 — grwpr — Qx — Uy /p — 0.
We begin with the following preliminary computations.

Lemma 6.3. In the situation of Context 6.1, we have the following:

(7) Ext!(g*wp1, Ox) = H' (P!, Op1(2)) @ H'(PY, Op1(—1)) =0
(8) Ext!(wy, Ox) = H' (P!, Op1 (—3)) ® HO (P!, Op1 (—6)) =~ kP2
9) H'(X, g*wer ® g*Op1 (1)) = H' (P, Op1 (1)) & H(P', Op1 (—4)) = 0

Proof. These follow from the Leray spectral sequence for g : X — P!, the fact that w, = g*Op1(3), the fact
that R'g.Ox = Op1(—3), and the projection formula. We will compute the first one to illustrate this. First
note that

Ext!(g*wp1, Ox) = H' (X, g*wph) = HY(X, g*Op1(2)).
Then by the projection formula, g.g*Op1(2) = Op1(2) and R'g,g*Op1(2) = Op1(—1) and the Leray spectral

sequence yields the following exact sequence and the claim.

0 — HY(P', 0p1(2)) — H(X, g*Op1(2)) — HO(P', Ops (~1)) = 0

Lemma 6.4. In the situation of Context 6.1, we have
(X, Tx(—S)) =0 and h'(X,Tx) = 30.

Proof.
Proof of h?(X,Tx(—S)) = 0. From Serre duality, it suffices to show that h%(X, Q% ®wx (5)) = 0. Twisting
(6) by wx(S) and taking the induced long exact sequence, we get the following.
0= H(X, g*wpr @ wx () = H'(X, Q% ® wx(9)) — H (X, Q) p1 @ wx () — H'(X, g*wpr @ wx (9))

Note that g.Ox(S) = ¢.0x = Op [CDLI24, Lem. 2.5], R'g.Ox(S) = 0 by cohomology and base
change, and wx = ¢*Op:(1) by the canonical bundle formula (Theorem 3.3). By the projection formula,
9x (g wpr @ wx (S)) = Op1(—1) so

H(X, g*wp @ wx(S)) = H (P!, Op1 (—1)) = 0.

Similarly, from the Leray spectral sequence, we have H' (X, g*wp1 @wx (S)) = H*(P', Op1 (1)) = 0. Therefore

HO(X? Q}X ®wX(S)) = HO(X? Q}){/Pl ®WX(S))
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So it suffices to show that H°(X, Qﬁ(ml ®wx(9)) = 0. Twisting (5) by wx(S) and taking the associated
long exact sequence, leads to

0 — HY(X, Q p1 ® wx (S)) = HO(X,wy @ wx (9)) = @D ky,.

But
HY(X,wy @ wx (5)) = H(X, " Op1(3) © g* Op1 (1)(5)) = H (P!, Op1 (4) ® g.Ox (S)) = H*(P', Op: (4)).

We can identify the map « as the evaluation of a quartic polynomial on P' on the 36 points on P whose
fibers via g are singular. Then « is injective, as a quartic polynomial on P! that vanishes at 36 points has
to be zero. Hence, we have the desired vanishing.

Proof of h!(X,Tx) = 30. Observe first that h?(X,Tx) = 0. Indeed, we have an exact sequence
0— Tx(=S) = Tx — (Tx)|s — 0.

As S has dimension 1, we have that h?(S, (Tx)|s) = 0. The desired vanishing follows from the previous
point, and the long exact sequence in cohomology. Moreover, we have

o Ext'(®3,k,,, Ox)=0,

o Ext?(Q} p1, Ox) =0, and

e H'(X,0%) =0.
Indeed, the first bullet point follows from the local-to-global spectral sequence for Ext, and since the points
p; are smooth points of the surface X. The second one follows by applying Hom(e, Ox) to the short exact
sequence (6), Lemma 6.3(7), and the fact that Ext*(Q%,0x) = H*(X,Tx) = 0 we just proved. The third
bullet point follows since there is an injection H(X, Q%) — H(X, Q% ® wx(S)) and above we prove that
the latter is 0.

Then, if we apply Hom(e, Ox) to the short exact sequence (5), using the previous two vanishings we get

0 — Ext'(wy, Ox) — Extl(Qﬁ(/]pl,OX) — Ext?(23%,k,,, Ox) — Ext?*(w,, Ox) — 0.

From Lemma 6.3(8), ext!(wy,Ox) = 2 and ext?(w,, Ox) = 5. By Serre duality, ext?(®k,,,Ox) =

h° (X, ®k,,) = 36, therefore
extl(Q}(/Pl, Ox) = 33
Applying Hom(e, Ox) to the sequence (6), using H’(X,Qx) = 0 and Lemma 6.3(7), we obtain
0 — Hom(g*wp1,O0x) — Extl(Qﬁ(/Pl,OX) — Ext'(Q%,0x) — 0.
As we have
Hom(g*wp1, Ox) = H (P!, Op1(2) @ 9.0x) = H (P!, Op1(2)) ~ kD3,
then h'(X, Tx) = 33 — 3 = 30. O
Corollary 6.5. In the situation of Context 6.1, we have
(Y, Ty) =28, and h*(Y,Ty) =0,

where we denote Ty = m, Tx.

Proof. First, we prove that R'm,Tx = kP?, where p € Y is the point to which S is contracted. As 7 is

an isomorphism away from p, the sheaf R'w,Tx is a skyscraper sheaf supported at p. We now compute
its length. Let S,, be the m-th thickened neighborhood of S, and let Z be the ideal sheaf of S = 57 in X.
Notice that we have

I/T* ~ N§x ~Op(3), and I™/T"' ~ (T/T°)™ ~ Op: (3m).
Also, notice that Ts ~ Op1(2) and we have the exact sequence

0 —Ts — Tx|s — Ng/x — 0,
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then Tx|g =~ Op1(2) ® Op1 (—3) since the extension has to be trivial (as Ext!(Op1(—=3), Op1(2)) = 0). Taking
cohomology of the exact sequence

0— (Z™/7"") @ Tx — Txls,,,, — Txls,, — 0,

m+1

we see that H' (T'x
k92, Tt follows from the theorem on formal functions that

Sm.1) is canonically isomorphic to H! (Tx|s,,), which is in turn isomorphic to Hl(TX ls) =

(R'm.Ty), = lmH' (S, Tx]s,) ~ k%2
m

Taking the five-term exact sequence associated to the Leray spectral sequence
EY?:=HIUY, R, Tx) = HPTY(X, Tx),
we get an exact sequence
0 — HY(Y,Ty) — H (X, Tx) — H(Y, R'7,. Tx) — H*(Y, Ty) — H*(X, Tx).

Since H?(X, Tx (—S)) = 0 by Lemma 6.4, the map H' (X, T'x) — H' (X, Tx|s) is surjective. As a consequence,
the morphism
H' (X, Tx) — H(Y, R'7.Tx)

is surjective. The desired statement now follows from Lemma 6.4. (]

Proposition 6.6. Set U := X \ S and denote by i : U — X the corresponding inclusion. Then we have
W*TX = W*i*Tu.

Proof. Since we have wy = ¢*Op1(1), then there is an exact sequence
0 — wy — Ox — O — 0

where F is a (general) fiber of g. Twisting the previous sequence by Q% and applying Ty ~ Q% ® w)_(l, we
get that

0—Tx —Q — 0pre0k —0.
Consider now the following diagram, where V' is a Zariski open neighborhood of S, and the vertical arrows
are restrictions to U := V' \ §

0——T(V,Tx) — T(V,Q%) —— T (VN F,Q%|Fr)

L |
0—— F(U,TU) — F(U,Qllj) —— T(UNF, Q_lx|FﬂU)

The map f3 is injective, as QY is a vector bundle on an integral scheme, so the restriction to the generic
point is an injective morphism. The morphism « is an isomorphism by [GKKP11, Obs. 1.3, Thm. 1.4], so
from diagram chasing the first map is an isomorphism. In particular, m,Tx = m.i.1}, as desired. [l

Proposition 6.7. The moduli stack Ps is smooth of dimension 28 at the points Y arising from Context 6.1
as above.

Proof. From Theorem 2.22, if we denote by ) the covering stack of Y, it suffices to check that

(1) Y is smooth,

(2) h2(Y,Ty) =0, and

(3) RH(Y,Ty) = 28.
Indeed, (1) follows from the proof of Theorem 5.4. The second one holds true since, if we denote by ¢ : ) — Y
the coarse space map, then

H*(V, Ty) = B*(Y,q.Ty), and H'(Y,Ty)=H(Y,q.Ty)

as ¢. is exact (cf. [AV02, Lem. 2.3.4]). But as Y is smooth, if we denote by j: & — Y the inclusion of the
schematic locus of Y (namely, ) without a single point), then

Ty = j*Tu and q*Ty = q*]*Tu
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From Proposition 6.6, ¢.Ty = 7. Tx, and the desired statements now follow from Corollary 6.5. O
Theorem 6.8. The morphism V3 : X — MESB js an open embedding at the points (X, S) as in Context 6.1.
3

Proof. We apply Zariski’s main theorem, which requires that W3 is representable, injective, and birational.

To check that 3 is representable, we need to check that if o is an automorphism of (X, .S) which induces
the identity on Y, then it is the identity. This is clear, as if o is the identity on a dense open subset (namely,
the complement of S), then it has to be the identity.

To check that W5 is injective: we can construct X as the minimal resolution of Y, and S is the exceptional
divisor. Since the minimal resolution is unique, V3 is injective.

To check that W3 is birational: from Proposition 6.7 the dimension of P3 is 28. From the isomorphism
between & and Wj, we have dim(&;) = dim(Ws), and the latter is 28 from the explicit description of W;
as a quotient stack given in [CDLI24, Section 2].

As both & and P3 are smooth (hence normal), from Zariski’s main theorem the map W3 is an open
embedding at the points (X, .S) as above (which is an open locus in & from Lemma 6.2). ]

6.1. Case n > 3. It is natural to wonder if the (naive) purely cohomological methods of this section can be
applied even when n > 3. Unfortunately, the answer is no.

For this subsection X will be a smooth Weierstrass fibration with 12n singular fibers, and n > 4. As
before, we have the exact sequence

(10) 0 — grwpr — Qx — Uy /p — 0,
where the points p; are the nodes in the singular fibers of g.
Lemma 6.9. The cohomology group H?*(X,Tx) is non-zero when n > 4.

Proof. Using Serre duality, it suffices to check that H°(X, QL ® wyx) # 0. Twisting (10) by wy and
taking the induced long exact sequence on cohomology, one sees that H°(X, QL ® wx) contains a subgroup
H(X,wx ® g*Op1(—2)). Using that wx ~ ¢*Op1 (n — 2) and g.Ox =~ Op1, we conclude that:

H(X,wx ® ¢g*Op1(—2)) ~ H°(P*, Op1 (n — 4)).
and hence this group is nonzero for n > 4. [l
Lemma 6.10. The cohomology group Extz(Q}((log S),Ox) is non-zero when n > 4.
Recall that the obstruction to a deformation of (X, S) lies in Ext?(Q% (log S), Ox).

Proof. We utilize the long exact sequence obtained by applying R Hom(—, Ox) to the short exact sequence
0— QL% — QL (logS) — O — 0,
the last terms of which are
o — Ext?(0g,0x) — Ext?(Q% (log S), Ox) — Ext*(Q4, 0x) — 0.

The final term Ext?(Q, Ox) = H?(X, Tx) is non-zero when n > 4 by Lemma 6.9 and the result follows. [J

7. COMPACTIFICATIONS

In this section we discuss the natural compactification of &, (resp. P,,) given by taking the closure in the
proper moduli stack Mﬁfff(e) (resp. M?SB). By the main theorem, these compactifications are irreducible
components of the KSBA (resp. KSB) moduli spaces for n # 4.

We use two tools to understand these compactifications: twisted stable maps and wall-crossing as developed
in [AVI7,AV02,AB19,AB23] and [AB21,Inc20, ABIP23,MZ23] respectively.

The starting point is the observation that an elliptic surface (X — C,S) with at worst Ij fibers is
equivalent to a morphism

g: C— ﬂlJ
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to the moduli stack of pointed elliptic curves. The I}, fibers lie over the preimages of oo € M 1 and k is
the ramification of g at a given preimage. The composition to the coarse moduli space j: C' — Ml,l is the
j-invariant of the elliptic surface. The degree of the j-map satisfies deg(j) = 12n, where n is the height. The
space of maps admits a compactification by a proper Deligne-Mumford stack

Ky = Koo(Mi,n)
parametrizing O-pointed, genus 0 and degree n twisted stable maps (cf. [AV02]).

Definition 7.1. A 0-pointed twisted stable map of genus g and degree n is a commutative diagram

’

C *j> ﬂl,l

|

C ﬁﬂl,l

such that

(1) C is a stacky curve with at worst nodal singularities, and 7: C — C'is the coarse moduli space;
(2) = is an isomorphism over the non-singular locus of C;
(3) C is formally locally isomorphic around each node to

[(Speck[z,y]/(zy)) /pr] by (z,y) = (&2, - y);
(4) j' is a representable morphism which induces the map j; and
(5) j is a stable map of genus g and degree 12n.
Since the bottom half of the diagram is determined by the top half, we often just write (j’ :C—= M, 1).

)

Theorem 7.2. The stack K,, is irreducible.

Proof. By [AB23, Thm. 5.6], any genus 0 twisted stable map go: Co — Mj 1 can be deformed to a family
of maps

C —q> ﬂl,l

|

Spec R
over the spectrum of a DVR R with closed point 0 and generic point 7 € Spec R such that C,, is a smooth
genus 0 curve. Thus, the locus of maps with smooth source is dense in C,,. On the other hand, by definition,
if C is smooth, then C — C'is an isomorphism and so C = P*. We conclude that the space of twisted stable
maps to Ml,l of degree n and genus 0 with smooth source curve is simply the space W5i°4 of Weierstrass
elliptic fibrations of height n with at worst nodal fibers, which is irreducible by Theorem 4.2(2). O

Proposition 7.3 ([AB21]). There exists a commutative diagram
K
/ ®,,
_ b, —
Kn Ene — Py
where K% is the normalization of K,, 0 < e < 1 and ®,, and ¥,, extend <I>n|W30d and V,, respectively.
7.1. From twisted stable maps limits to KSBA limits. There are two stability conditions that we

will consider for elliptic surfaces. The first one comes from twisted stable maps, as in Definition 7.1, and the
second one from KSB, as in Section 2.3.

Definition 7.4. An elliptic surface (X, S) — C is twisted stable maps-stable (abbv. tsm-stable) if there is
0-pointed twisted stable map (j': C — M 1) of a certain genus such that:

(1) C is the coarse moduli space of C;
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(2) if we denote by (X,8) — C the pull-back of the universal curve and the universal section to C, then
(X, 5) is the coarse moduli space of (X,8); and

(3) the projection morphism X — C coincides with the induced morphism between coarse moduli spaces
of X — C.

Remark 7.5. One can check that the locus where C is a stack (but not a scheme) can be determined from
the data of X — C': it is along the nodes n € C such that the fiber of X — C' is non-reduced. Indeed, the
fibers of X — C are parametrized by M, i, so if we take the reduced structure on the geometric fiber of
X — C over n, the resulting curve is a quotient of a Deligne-Mumford stable 1-pointed genus 1 curve (E, p),
by a subgroup I' of Aut(E,p), and I' = {1} if and only if C is a scheme at the node n; see [AB19].

The morphism ®,, is described as follows. For each point p € KV, consider a one parameter family
Spec(R) — K over the spectrum of a DVR R, which maps the generic point 1 to the locus parametrizing
minimal Weierstrass fibrations in C,,, and the special point, which we denote by 0, to p. One has the
resulting family of tsm-stable elliptic surfaces:

(X,8) — € — Spec(R).
Choose 0 < € < 1, and consider the canonical model
(X, e8°) — Spec(R) of (X,e8) — Spec(R).

From [Inc20, Thm. 1.2], for e small enough, the special fiber of such a canonical model will be an elliptic
surface X¢ — € with a section § and irreducible fibers. The image of p via ®,, will be obtained by contracting
8¢ C X¢, and its special fiber will be obtained by contracting the section 8§ of each irreducible component
of X§. It turns out that it is slightly easier to understand X rather than the threefold obtained from it by
contracting 8¢, so we will focus on X¢. To obtain the canonical model (X¢,e8¢), one has to run an MMP
and use the abundance theorem; this is worked out in [AB21,Inc20], we report the salient steps.

In loc. cit. it is proven that there is a specific MMP with scaling that one can run, such that only a
specific type of flip is needed, the so-called flip of La Nave (see [AB21, Appendix A]; see also [LN02, Thm.
7.1.2], [AB21, Sec. 6.2.2] or [Inc20, 3.2] for a description of the flip of La Nave). More specifically, it is
proven in [Inc20, Thm. 6.5] that the specific MMP mentioned above can be factored as

(X,8) = (XM, e8M) -5 (X@) 83)) ——5 . ——5 (X™) 8™ = (X, e8°)

where f; : X —-5 X+ is either a flip of La Nave, or a divisorial contraction of some irreducible component
of DC,(f). Via these steps, it is proven in [AB21, Section 6] and [Inc20, Cor. 6.7] that the central fiber of X(*)
is a nodal union of irreducible components which are either:

(1) pseudo-elliptic surfaces, or
(2) elliptic surfaces.

The flip of La Nave contracts an irreducible component of the special fiber of the section 8(%); this will result
in a pseudo-elliptic component attached to a so-called intermediate fiber (cf. [AB17, Def. 4.9]).

Now, to control how the special fiber of (X(*), 8()) change after each step of the MMP, we have to control
the intersection pairing on some elliptic surfaces; this is the goal of the remaining part of this section.

Lemma 7.6. Assume that X --» XUtV is o flip of La Nave, which contracts a section Sp C X9 and flips
out the curve A C XUt Let ST be the section of the elliptic surface given by the irreducible component

Et C f)CéiH) containing A, and let S~ be the section in the elliptic surface E~, given by the proper transform
of ET in I)Cél). Then one has

_ 1 1
(S )2 = (S+)2—E and 5123 = —P
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FIGURE 1. Special fibers x(()i) - xgi“) of a flip of La Nave

Proof. Let 8U) be the proper transform of the section on X9) for every j. Then, if Si, ..., Sy, are the irreducible
components of Sf)j ), we have that

k

k
S(]) Z 5(]’)_&) = Z(Sﬂ?)x(”’
=1

{=1

where S%j) is the restriction of 8U) to the generic fiber of X(*) — Spec(R), and the last intersection pairing
is computed on each irreducible component DCl(j ) of XU). The first equality follows from the flatness of
8U) — Spec(R), and so its self-intersection is constant along the fibers of X(*) — Spec(R).

Now, from how the flip of La Nave is constructed, there are exactly two irreducible components of X(*)
where f; is not an isomorphism. One is E~, the proper transform of ET, and the other is P~, the irreducible
component whose section Sp will be contracted after the flip. Denote by S (resp. S™) the section on ET
(resp. E7). Then we have that

(S7)2+(Sp)?* = (87)%
Moreover, there is a morphism p : ET — E~ which contracts A, and p,S™ = S~. So
(S7)* = (S7.p.ST) = (*S. 87) = (ST +ad. 5T).

Here, we can compute

(S++aA. A):() SO 04:;1—;.

Therefore one has (S‘)2 = (S+)2 - % as desired. O

It follows from [Inc20, Thm. 9.9] that when 0 < € < 1, there are no pseudo-elliptic surfaces among the
irreducible components of X¢. Therefore, all the pseudo-elliptic surfaces which appear after a flip of La
Nave will eventually get contracted, and the corresponding intermediate fiber along which the pseudo-elliptic
component is attached will become a cuspidal fiber (cf. [AB17]). Moreover, from [Inc20, Prop. 4.14], the
type of intermediate fiber that appears after a flip of La Nave is uniquely determined by A2. Combining
this with [AB17, Thm. 1.1] and [AB21, Table 2], where the authors compute the log-canonical threshold of
a cusp in a minimal Weierstrass fibration, we obtain the following result.

Lemma 7.7. Suppose that f; : X — X0+ contracts a pseudo-elliptic surface. Let A C X be the

intermediate component of the intermediate fiber along which is attached the pseudo-elliptic surface contracted
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by fi. Let A° be the cuspidal fiber given by the proper transform of A in XUtV and X be the irreducible
component of DC(()ZH) containing A¢. Then we have that
1 (&
= 1 —let(X; A9).

Proposition 7.8. Let (X',5) — C’ be a tsm-stable elliptic surface, and let (X,S) be an irreducible
component of X'. Let

(1) C be the irreducible component of C' such that X maps to C;

(2) f:X — C be the corresponding map;

(8) p1,....pr be the nodes of C' along C;

(4) Fi:= (f*p;)™%, and m; be the multiplicity of F; in f*p;.

If j: C — M is the corresponding j-map, then one has

. k .
($2) = —defz(” and (KX+ZFi). S = 29(0)—2+k+delg2(j).

Moreover, if we denote by Y the surface obtained by replacing Fi, ..., F, by cuspidal fibers FyY,...,FS, and

n’

denote by Sy the proper transform of S on'Y, then one has

k k n
(Ky + Yy F) Sy = (KX +3 F) S =S let(Y; EY)
=1 =1

1=n—+1

and

(5y) = _delg2(j) - Z (1 —1ct(Y; FY)).

=1

In particular, when g(C) = 0, we have that

k .
d
(KX+§ F>S — k—2+4 eng(]), and
=1

k
<KY+ZFi>.S:k—n deg +Z —1et(Y; FY)).

1=n—+1

When we say that Y is obtained by replacing Fi, ..., F,, with cusps, we mean the following. One can take a
resolution of X around the intersection point of S and F;. The resulting surface will admit a morphism to
C' and if one can contract all the irreducible fiber components not meeting S, the fiber F' gets replaced by a
singular fiber. For example, it is shown in [AB17] that if one takes the minimal resolution, the new singular
fibers are cusps.

Remark 7.9. Proposition 7.8 is the reason it is simpler to work with X¢ rather than with the threefold
obtained by contracting 8¢ C X¢: we can use the canonical bundle formula on X9, as X(¥) admits a fibration
with irreducible fibers which generically are elliptic curves.

Remark 7.10. Observe that in the formula computing (5% ), if all the fibers of Y are reduced (e.g. when
n = k), then (S%) € Z, since in this case the section of Y is contained in the smooth locus of Y.

Proof of Proposition 7.8. Recall that the fibers of f : X — C are either one-pointed genus one stable curves,
or the twisted fibers of Section 3.2. In particular, they are irreducible, so from the canonical bundle formula
[FL20, Ex. 2.7] one has

KXf*<Kc+deg +21* >

where {p1, ..., pr} are points in C' where the fibers of X — C could be worse than nodal singularities (which
by assumption are supported on the nodes of C'). From canonical bundle formula m} = lct(X;m;F;). In
[AB17], the authors compute it explicitly, and it is shown that m] = %, or in other terms, (X, F;) is

log-canonical.
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Similarly, it is proven in [AB19, Prop. 5.3] that

k
(KX+S+ZF1'>.S = 29(S) — 2+ k.

i=1
Since ) )
F;.5 = 7f71(pz) S=—
mg 7
putting this together leads to
deg(j) : 2 -
2 -2 1—my i = 2 -2
9(8) =2+ = +;( m;) + (S )+;ml 9(S) =2 +k
and thus dea(i)
2y . 4degly
(57) = 12

The other equality now follows similarly, and the “moreover” part follows again from the canonical bundle
formula. 0

Algorithm 7.11 (explicit construction of (X¢, 8¢)). We are finally ready to explain how to compute the
canonical model (X¢,e8¢), starting from (X,8). From the explicit descriptions of the steps of the MMP,
one can proceed as follows. Let S be an irreducible component of 8(9) which is a leaf on the dual graph of
8() and which belongs to the irreducible component X C f)C((f). We can use Proposition 7.8 to compute
(KX +> F,. S). There are two cases:

(1) If (Kx + > F;).S <0, we flip the irreducible component X via a flip of La Nave. Since S is a leaf,
there is a unique irreducible component X’ C DC((f) to which X is attached along a fiber F. The flip
of La Nave will replace F' with an intermediate fiber. We know that the resulting pseudo-elliptic
component P (namely, the proper transform of X) has to be contracted by taking the canonical
model (X¢, 8), either by a step of our special MMP (if there is a (K + €8())-extremal ray, whose
contraction will contract P) or by taking the canonical model of our minimal model (i.e. by f(m=1).
We choose to contract it right away, so that the resulting contraction will replace F' with a cusp,
whose log-canonical threshold can be computed using Lemma 7.6, and so that each irreducible
component of the resulting special fiber will be an elliptic surface with a section and with irreducible
fibers (which will allow us to use Proposition 7.8 once again).

(2) If (Kx +>_ F;).S > 0 we do nothing and move to the next leaf.

The previous propositions explain how the intersection pairing change after point (1) above, so we can
iterate the step above until for each S we have (Kx + > F;).S > 0. At this point, the resulting elliptic
surface will be the special fiber of (X¢, e8°).

Remark 7.12. One might wonder how the algorithm would change if we were to consider other coeflicients
for the section 8. It turns out that, for that case, the control on the steps of our special MMP will provide
other (slightly more complicated) combinatorial invariants that one has to consider; see [Inc20, Thm. 1.4
and Def. 7.3].

7.2. Combinatorial description. The goal of this subsection is to introduce a combinatorial data which
will package all the information in Algorithm 7.11. We will first introduce objects that correspond to the
locally closed strata of K,, — the compactification of the Weierstrass locus W24 by twisted stable maps.

Definition 7.13. A sliced tree T' = (V, E, Ey, jdeg) is a graph with vertices V and edges E, which is a tree,
together with the following structure. We choose a jdeg function

1
jdeg: V —7Z
jaeg — 12 >0,

a subset Ey C F of sliced edges, and for each e € E connecting v and w, we assign a pair (e,, e,,) of fractions,
called slicings, from the following list:

G2 G (D GO
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As usual, a vertex v € V is called a leaf if it is adjacent to only one other vertex. We define
jdeg(T) = > jdeg(v).
veV
Moreover, we define E(v) (resp. Ep(v)) to be the set of edges (resp. sliced edges) adjacent to v € V', and we
require that for each vertex v we have that

jdeg(v) + Z ey, € Z.
e€Ey(v)

Definition 7.14. We say that a sliced tree T' = (V, E, Ey, jdeg) is tsm-stable if

(1) jdeg(v) >0 for all v € V; and
(2) |E(0)| > 3 if jdeg(v) = 0.

Definition 7.15. Let (X, S) — C be a tsm-stable elliptic surface. The sliced tree I' associated to (X, S) — C
is given as follows.

(1) Each irreducible component of X corresponds to a vertex of T'.

(2) The jdeg of each vertex is the degree of the corresponding j-map divided by 12.

(3) There is an edge between vertices v and w if the corresponding irreducible components intersect.

(4) The edge connecting v and w is sliced if the corresponding irreducible components are glued along

a non-reduced fiber.

(5) The slicing is defined as follows. If two irreducible components X, and X, of X intersect along a
non-reduced fiber F, let Y,, — X, (resp. Y,, — X,,) be the minimal resolution of X, (resp. X,)
along SN F, and let Y, — Z, (resp. Y,, — Z,) be the surface obtained by contracting all the
fiber components not meeting S. Then the fiber F is replaced with a different fiber F,, C Z,, (resp.

F, C Z,). The slicing adjacent to v (resp. w) is 1 — lct(Z,; F,) (resp. 1 —lct(Zy; Fu)).

Remark 7.16.

(a) The surfaces Z, and Z,, of Definition 7.15 (5) can also be constructed by taking the minimal Weierstrass
fibration birational to X, and X,, respectively, if X, and X, are normal. The fibers F; and F,, would
be the cuspidal fibers which replace F'.

(b) The condition jdeg(v) + > ¢ gy () €0 € Z follows from Remark 7.10.

(¢) One might wonder why the possible markings are only those listed in Definition 7.13, for example, why
(3, %) is not allowed. This follows from Definition 7.15 (4). Indeed, it turns out that if the action is of
the type (z,y) — (£ - 2,671 - y), then the only slicing allowed are those of Definition 7.13.

The following proposition is now straightforward.

Proposition 7.17. The stack KC,, admits a locally closed stratification with strata labeled by the stable sliced
trees of jdeg(T") = n:
K= || Kr

T, jdeg(I")=n

Remark 7.18. Table 1 explains what is the slicing (and so 1— the minimal log-canonical threshold) of each
type of cusp which appears in a minimal Weierstrass fibration. Moreover, if one replaces a cuspidal fiber
f~1(p) with a twisted fiber as in [AB17], the corresponding elliptic surface in a neighborhood of p comes
from a twisted stable map ¢: C — M ;. From the analysis in [AB17] and [BPS22, Thm. 1.6 & Sec. 7],
the denominator d of each slicing corresponds to the order of the stabilizers of p € C, and the numerator
comes from the character of the irreducible representation of gy on ¢*O(1). For example, type III* cusps
get replaced with twisted fibers such that C has automorphism group g4, with the action on the fibers of
#*O(1) being ¢ - v = 3.

Remark 7.19. Some of these strata may be empty. For example, one can consider a tree with a vertex

whose jdeg equal to %, and with 5 edges exiting from it, each sliced with coefficient %. This should correspond
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TABLE 1. Correspondence between Kodaira fiber types and slicings

Kodaira type | Slicing, or 1 — lct Kodaira type | Slicing, or 1 — lct
I 0 I* 3
IT : IT* s
111 i IIT* %
v 3 IV* 2

to an elliptic surface, with j-map of degree 2, and with five non-reduced fibers. One can replace this elliptic
surface with its minimal Weierstrass fibration, and one would have a Weierstrass fibration with five type II
cusps and j-map of degree 2. But such a Weierstrass fibration would be given by

AcH(Opi(4)) and B e H(Opi(6)),

where the polynomial A should vanish along the five points corresponding to cuspidal fibers. This forces
A to be identically 0. By [BPS22, Thm. 1.6], if the edges are sliced with coefficient %, the corresponding
cusp will be such that B cannot have a double root. So B should vanish at six distinct points, and therefore
there should be six cusps rather than five, which is the desired contradiction.

Example 7.20. Consider a tsm-stable elliptic surface (7: X — C,S), whose associated sliced tree I is as
on the right. Then it should be interpreted as providing the following information.
e C has 6 irreducible components C,,, v € {a, b, c,d, f, h}, each isomorphic to P!.
e jdeg(I') = 6, hence g € Kg, i.e. it is a degeneration of a Weierstrass fibration .
jdeg( ) g 6 g a—][b—o—g
whose j-map has degree 72.

e The degree of the j-map restricted to C, and divided by 12 is the label jdeg(v) 2 Ul 3/.2

——
o
=

of the vertex v.
In this example, the sliced edges are (bc), (bd) and (dh), where the slicings are (%, %), (%, %) and (%, %)
respectively.

In order to describe boundary strata in the closure of the KSBA moduli space, we need to contract
certain irreducible components of surfaces via Algorithm 7.11. This will reduce the number of vertices, but
create singularities on the surfaces, which can be tracked combinatorially by attaching half-edges. Since the
contraction process resembles the process of pruning trees, we name the corresponding object accordingly.

Definition 7.21. A pruned tree Il = (V, E, Eyp, jdeg, F,T) is a sliced tree (V, E, Ey, jdeg) together with a set
K, called klt-markings, a set L called lc-markings, and the following additional structure. Each klt-marking
and lc-marking is attached to one vertex, and similar to the notation in Definition 7.13, we denote the set
of klt-markings (resp. lc-markings) attached to a vertex v € V by T'(v) (resp. F(v)). Each klt-marking
t € T'(v) attached to v € V is assigned a number

e 1121315
! 2733 4°46°6f°
Remark 7.22. The numbers in Definition 7.21 are (1 — lct of cuspidal fibers) in minimal Weierstrass fibra-

tions, see [AB17].

Definition 7.23. The weight of a vertex v of a pruned tree is defined as follows:

wt(v) := #{edges adjacent to v} — 2 4 jdeg(v) + Z ty + |F(v)].
t, €T (v)

Definition 7.24. A pruned tree Il = (V, E, Ey, jdeg, F,T) is stable if each vertex v € V has wt(v) > 0.
Remark 7.25. We now explain the reason behind the previous definition. We will associate to each KSBA-

limit, as in Section 7.1, a pruned tree II. More explicitly, if (X,8) — Spec(R) is a one-parameter family of
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tsm-stable elliptic surfaces, whose generic fiber is a Weierstrass fibration, we explained in Section 7.1 how
to take the relative canonical model of (X,eS) — Spec(R). If T' is the sliced tree associated to (Xo,8p),
each step of the algorithm flips and contracts a component of (Xg,8¢) and that corresponds to removing
a leaf of I" and replacing it with an lc cusp or a klt cusp. From Algorithm 7.11, the algorithm terminates
when each irreducible component of such a canonical model will satisfy that (Kx + > F;).S > 0, and from
Proposition 7.8 this translates into a condition that wt(v) > 0 for every vertex in the resulting graph.
Moreover, the lc markings (resp. klt markings) should correspond to strictly lc cusps (resp. klt cusps).

The discussion in Algorithm 7.11 leads to the following.

Proposition 7.26. Let ®,,: K — &, be the same as in Proposition 7.3. LetT' = (V, E, Ey, jdeg) be a stable
sliced tree parametrizing a stratum Sr in KY. Let II be obtained from I' by the following process of pruning:
(1) Set I =T with F =T = @.
(2) If there is a leaf v € V' of weight < 0, denote by w the vertex adjacent to it, and do the following:
replace V' by V' \ {v}, and let ¢t := wt(v) + 1.
(a) If t =1 then replace F(w) by F(w) U {v};
(b) if t =0, do nothing; otherwise
(c) replace T(w) by T(w) U {wt(v) + 1}.
If there are no leaves of weight < 0, stop.
(3) Repeat (2).
The resulting pruned tree, denoted ®,,(T) := 1, is stable as a pruned tree. Moreover, the image of the stratum
®,,(T') parametrizes surface pairs (X, S) with sliced tree given by I1 and whose components have lc cusps
(resp. kit cusps) of given type indexed by F(w) (resp. T(w)).

Since ®,, is surjective, every point of £,, is in the image of some stratum. Thus, the combinatorial data of
any surface pair (X, S) parametrized by &,, is encoded by a stable pruned graph ®,,(I') = II for some stable
sliced graph T.

4/3
Example 7.27. Let I' be the sliced tree exhibited in Example 7.20. Then the pruned X—]/F

L. . . 3/2
positive weight, hence it is stable and does not need to be pruned any further. 2_0.._._4

f d g

tree ®g(T) is the one on the right. Every leaf of the pruned tree on the right has

Example 7.28. We now give another example of pruning, where each squiggly arrow corresponds to pruning
. . 11 11 12 15 .

all outermost leaves once. The sliced edges have coefficients (5, 5), (5, 5), (3, 5), (5, 5) respectively, the

edges labelled with (y) represent a klt marking with marking y, whereas the edges labelled with an x represent

lc markings.

/2 1 3/2 1/6 1/6

12 1/2 1 3/2 1/6 1/6 1/6 N (1/2) (1/6)
AN M (1/3) A~y ﬂ (1/2)

Proof of Proposition 7.26. As mentioned above, the klt-markings (resp. le-markings) of a given vertex, corre-
spond to the klt (resp. lc) cuspidal fibers in the corresponding irreducible components. From Proposition 7.8,
the weight of a vertex v on a pruned tree corresponds to the intersection number (K. Sy), where S, is
the irreducible component of S(()i) contained in the irreducible component of Xy corresponding to the vertex
v. Therefore from Algorithm 7.11, the only thing we need to check is the following. Let v be a leaf with
non-positive weight, attached to a vertex w, and let X, be the irreducible component corresponding to v
with X the irreducible component attached to it. Then after a flip of La Nave and a contraction of the
pseudo-elliptic component, if we denote by X" the proper transform of X i and by F' the cuspidal fiber to
which the pseudo-elliptic surface given by the proper transform of Xt is contracted, then we claim that

1 —let (X2 F) = wt(i) + 1
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where X (P is the proper transform of X, containing F'.

>
&
>
]
X
+
>
g+

7

s

F1GURE 2. Notations as in the proof of Proposition 7.26.

This is because from Lemma 7.7, the log-canonical threshold is given by the reciprocal of the self-
intersection of a certain intermediate component, which from Lemma 7.6 is given (up to sign) by (S2), where
Sy C X, is the section component. Since X, is attached only along a single fiber, the desired statement now
follows from Proposition 7.8. (]

Corollary 7.29. The value ), wt(v) remains constant during the pruning process.
Proof. This follows from how the algorithm of Proposition 7.26 works. ]

Corollary 7.30. Let X be a KSB-stable surface parametrized by Ps3, and II be the pruned tree associated to
X. Then II has two leaves (i.e. I is a chain), and has at most siz vertices.

Observe that one can construct an element with six irreducible components. It suffices to construct a
twisted stable map with the following tsm-stable graph I', and with slicings (%, %) , (%, %) , (%, %) , (%, %) , (%, %)
in order from left to right.

7/6  1/6 1/6 1/6 1/6 T7/6
—F——F——F+——+——+—@

Such a twisted stable map exists, or in other terms, the stratum in K3 corresponding to the graph above is
not empty; we briefly sketch how to construct it. First, for each vertex v of the diagram above, we consider
a map from a root-stack of P — M ; such that the corresponding map on coarse moduli spaces has degree
12 jdeg(v). Then we glue the corresponding maps along the stacky points, in a way so that the resulting
morphism is balanced.

For example, for the first two vertices on the left, one can proceed as follows. For the leftmost vertex, we
start by considering an elliptic K3 which we denote by Y — P!, with a single klt cusp, and from the slicing
and Table 1, this should be of type II*. From [Mir89, Table (IV).3.1], one can construct it explicitly via its
Weierstrass equation, taking two polynomials

A c H(Op(8)), B € H(Op1(12))

which have all distinct and single roots, except for a single point p € P! where A has a zero of multiplicity 4,

and B has multiplicity 5. This is clearly possible, and the two polynomials A and B will induce a morphism

P! — [A2?/G,,], with the action with weights 4 and 6, inducing f : P! \ {p} — M ;. By [BPS22, Thm. 1.6

& Thm. 3.3] (see also [BV24]), one can construct a root stack P! — P! so that f extends to P* — Mj ;.
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We can check that P! has pg as automorphism group on the stacky point. Indeed, the two sections A and
B give a map P! — [A2/G,,] which locally is of the form 2z — (2%, 2%), and its G,,-orbit in A? is of the form

G x P {p} — A2 (), 2) = (\12%) 2025),

Extending this map to P! boils down to replacing A with 2’7, so that the two sections (z4+4%,25+6%) do
not have a pole at p and do not vanish simultaneously. The smallest positive d that one can take will lead to
a representable morphism P! — M, 1, and it is d = 6 with m = —5; so P! will have a g as stabilizer group
on the stacky point. Since the morphism P — M ; is representable, such a stacky point will go to the only
point of ﬂm with g as automorphisms. Similarly, for the second leftmost vertex, one can consider two
homogeneous polynomials A, B of degree 4 and 6 respectively, which have distinct and single roots on P!,
except at two points p; and py. From the slicings, Table 1 and [Mir89, Table (IV).3.1], we require that at p;
the polynomials A and B must vanish of order 1 (this will correspond to a type II fiber), and at py instead A
should vanish with multiplicity 3 and B with multiplicity 4. This is again possible, and proceeding as before
this will lead to a stacky P!, which we denote by P3, with two stacky points. As before, one can check that
Pi has, at p;, automorphism group which is pg, and at ps which is puz. We can glue P* and P} along the
point with automorphism pg, and the corresponding maps to Mj ; will glue. On the glued point, one can
check that we will have a twisted vertex. We can proceed with this recipe to get the desired twisted map

C— M.
Proof of Corollary 7.30. We begin by observing the following;:
wt(II) = wt(I)
= Z (#{edges containing i} — 2 + jdeg(i))
ieV ()

= Z (#{edges containing i} — 2) + jdeg(T)
ieVv(T)
= jdeg(T") —2=1,
where we used that the Euler characteristic of T, defined by #{vertices} — #{edges}, is equal to 1 since T is
a tree. As a consequence, one has

(11) > (Jdeg STt |FG) ) =

i€V (IT) ;€T (4)

Let us prove that II can have at most two leaves. If not, let ¢, j, k three leaves. The stability condition

jdeg(0) +Z\F N+ >t > 1,

guarantees that

€T (0)
jdeg(j +Z|F )|+ Z t, > 1
i€T(j)
jdeg(k) + > [F(k)[+ > t > 1.
i ieT (k)

Since the graph is connected, there is no edge between 4, j and £. Then if we add up the previous inequalities,
we get a contradiction of Equation (11). We conclude that II has at most two edges, and thus II is a chain.
We now prove that there cannot be more than four internal vertices in the chain.

Let’s label the edges on the chain as follows: let [1, Iy be the leaves and nq,...,n, the internal vertices.
‘We know that
jdeg(l; +Z|F |+Ztl > 1
€T (0)

for each leaf 7 = 1,2, and from how the numbers t; are defined, we have that

jdeg(l; +ZIF W+ >t > 6
€T (1)
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Similarly for 1 <i <k,

1
d ? F 7 tn Z .
jdeg(n;) + Z [Fa)l + D ta, > ¢
€T (n;)
Combining this with Equation (11), we get that k < 4. O
More generally, the previous proof shows that the quantity
Z jdeg(4) Z t; +|F ()| | = wt(Il) 4+ 2 = jdeg(T")

i€V (II) t;€T(3)

whenever ®,(I') = II. The latter quantity is constant in families of twisted stable maps and thus agrees with
the height of a surface parametrized by the generic point of K,. This motivates the following.

Definition 7.31. The height of a stable pruned tree is defined by

ht(II) = Z jdeg(1) Z ti+|F(i)| | €N,

ieV(II) t;€T(3)
Proposition 7.32. The pruned tree associated to any KSB-stable surface parametrized by P,, has height n.
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