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Abstract. We study the moduli spaces of surface pairs (X,D) admitting a log Calabi–
Yau fibration (X,D)→ C. We develop a series of results on stable reduction and apply
them to give an explicit description of the boundary of the KSBA compactification.
Three interesting cases where our results apply are:
(1) divisors on P1 × P1 of bidegree (2n,m);
(2) K3 surfaces which map 2 : 1 to Fn, with X = Fn and D the ramification locus;
(3) elliptic surfaces with either a section or a bisection.

The main tools employed are stable quasimaps, the canonical bundle formula, and the
minimal model program.
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1. Introduction

The study of moduli spaces and their compactifications is a central theme in modern
algebraic geometry. Compactifying the moduli of varieties fibered in log Calabi–Yau
(CY) pairs not only sheds light on the geometry of degenerations, but also connects with
a range of moduli theories. Our goal in this paper is to describe the boundary of certain
KSBA compactifications of surface pairs fibered in log Calabi–Yau curves, using methods
that avoid running explicit steps of the minimal model program (MMP).

While our results apply to a broader context, one can first focus on surface pairs

π :
(
X, 1

n
D
)
−→ C

fibered in log Calabi–Yau pairs of the form (P1, 1
n
(p1 + · · · + p2n)), under the following

mild assumptions:
(1) the divisor D restricts to 2n distinct points on a general fiber of π;
(2) the pair

(
X, ( 1

n
+ ϵ1)D + ϵ2F

)
is KSBA-stable for every 0 < ϵ1 ≪ ϵ2 ≪ 1, where

F denotes the fibers of π meeting D in fewer than 2n points.
Three notable examples falling within this framework are:

• divisors of type (2n,m) on P1 × P1 with m ≥ 4;
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• K3 surfaces that admit a 2 : 1 map to a Hirzebruch surface Fn for n ≤ 4, with D

the ramification divisor; and
• elliptic surfaces f : (Y,∆) → C with nodal irreducible fibers, with a section or a

bisection ∆, and no multiple fibers. The fibered log Calabi–Yau pair (X,D) is
obtained either by taking the quotient by the hyperelliptic involution in the case
of a section, or by taking the 2:1 map given by Proj(

⊕
Sym(f∗OY (∆))) with D

the ramification locus.

By the general KSBA moduli theory (cf. [Kol23]), there exists a proper Deligne–
Mumford stack MKSBA

n (ϵ1, ϵ2) parametrizing KSBA-stable pairs, where a general mem-
ber is of the form

(
X, ( 1

n
+ ϵ1)D + ϵ2F

)
, as described in the preceding paragraph. Our

first main result gives an explicit description of the KSBA-stable pairs parametrized by
MKSBA

n (ϵ1, ϵ2), with particular emphasis on those lying on the boundary.

Theorem 1.1. Let (X0, (
1
n
+ ϵ1)D0 + ϵ2F0) be a KSBA-stable pair parametrized by

MKSBA
n (ϵ1, ϵ2). Then there exists a nodal curve C0 such that the fibration structure

(X, ( 1
n
+ ϵ1)D + ϵ2F ) → C of a general pair in MKSBA

n (ϵ1, ϵ2) extends to a fibration
X0 → C0 with pure one-dimensional fibers. Moreover, for any irreducible component G
of C0, the reduced structure of X0|G is either:

(1) (Proposition 4.3) the coarse space of a projective bundle PG(V) over a smooth
orbifold curve G with coarse space G.

(2) (Proposition 4.4) the coarse space of a weighted blow-up of a surface PG(V) as
above.

(3) (Proposition 4.6) the coarse space of gluing a surface PΣ(V) ruled over a (possibly
disconnected) smooth curve Σ, glued along an involution of Σ→ Σ; see Figure 10.

When n = 2, the fibers of (X0, D0)→ C0 are classified in Section §4.2.1.

A key difference from previous approaches (e.g. [DH21, AB21, AH23]) is that our
method does not rely on describing the explicit steps of an MMP for the surface pair.
Instead, our proofs rest on three main tools:

(1) a general MMP result for log Calabi–Yau fibrations in arbitrary dimension;
(2) the theory of stable quasimaps to the moduli of points on P1 developed in [DLI24];
(3) the notion of a ruled model, which provides a convenient birational model for

controlling singular fibers.

Together, these ingredients allow us to track KSBA-stable limits through quasimaps
compactifications and to describe them explicitly via ruled models.

Theorem 1.2 (MMP for log Calabi-Yau fibrations). Let R be a DVR, and π : (X,D)→
(Y,BY +M)→ SpecR be a morphism of klt generalized pairs. Assume that

π∗(KY +BY +M) ∼Q KX +D
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and that D is π-ample. Then given an MMP with scaling for the generalized pair (Y,BY +

M) one can make it follow by a sequence of birational contractions for (X,D):(
X,D

) (
X(1), D(1)

)
· · ·

(
X(k), D(k)

)
(
Y,BY +M)

(
Y (1), B

(1)
Y +M(1)

)
· · ·

(
Y (k), B

(k)
Y +M(k)

)
q(0)

π

q(1)

π(1)

q(k−1)

π(k)

p(0) p(1) p(k−1)

.

Moreover, the following holds:

(1) the proper transform D(i) of D remains ample over Y (i);
(2) if π has relative dimension one, then π(k) has relative dimension one and

(π(k))∗(KY (k) +B
(k)
Y +M(k)) ∼Q KX(k) +D(k);

(3) if p(i) are morphisms, then
(
X(k), (1 + ϵ)D(k)

)
is a weak canonical model for(

X, (1 + ϵ)D
)

over Y (k), for 0 < ϵ≪ 1.

In particular, if KY (k) + B
(k)
Y + M(k) is ample and (X,D) → SpecR is locally stable

with stable generic fiber, then the KSBA-stable limit of
(
Xη, (1+ ϵ)Dη

)
is independent of

0 < ϵ≪ 1.

Stable quasimaps. Our second key ingredient is the moduli space of stable quasimaps
introduced in [DLI24].

Recall that a point [F ] ∈ P
(
H0(P1,OP1(2n))

)
is GIT-semistable for the PGL2-action if

and only if the corresponding pair
(
P1, 1

2n
(p1+ · · ·+p2n)

)
is semi log-canonical, where the

pi are the zeros of F . Thus, specifying a fibration (X, 1
n
D) → C as above is equivalent

to giving a morphism
ϕ : C −→ PGIT

n−1 ,

where PGIT
n−1 denotes the GIT moduli space of 2n points on P1.

An application of the main results of [DLI24] is the construction of a natural compact-
ification of the space of such morphisms. In this compactification, the boundary objects
parametrize morphisms

C −→ Pn−1,

where C is a twisted curve and Pn−1 is a suitable enlargement of PGIT
n−1 .

This has an important consequence for us. Given a family

πη : (Xη,
1
n
Dη) −→ Cη

over the generic point η of the spectrum of a DVR R, one can (after possibly replacing
SpecR by a ramified cover) extend it to a diagram

(Xη,
1
n
Dη) //

πη

��

(X tw, 1
n
Dtw)

π

��
Cη //

��

Ctw

��
{η} // SpecR

satisfying:
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Figure 1

(1) Ctw is a family of nodal curves,
(2) π has relative dimension one,
(3) KX tw + 1

n
Dtw is π-trivial and Dtw is π-ample, and

(4) the fibers of π over smooth points of Ctw → SpecR are slc.
In other words, if M denotes the moduli part of π, then the family(

X tw, 1
n
Dtw

)
−→ (Ctw,Mtw)

is of the type covered by Theorem 1.2. Hence, to run an MMP for (X tw, 1
n
Dtw) it suffices

to run an MMP for (Ctw,Mtw), which is much simpler since the latter is a surface.
By Theorem 1.2, this produces a sequence of birational transformations of (X tw, 1

n
Dtw)

ending in a weak canonical model.

To control explicitly how this MMP modifies (X tw, 1
n
Dtw), we introduce the notion of

a ruled model (Definition 3.8). Roughly speaking, a locally stable family (X , 1
n
D) → B

with X normal admits a ruled model if it is crepant birational to a locally stable family

(Y , 1
n
DY)

πY−→ C −→ B

such that the fibers of πY over smooth points of C → SpecR are slc pairs
(
P1, 1

n
(p1 +

· · ·+ p2n)
)
, and C → B is a family of nodal curves.

As an illustration, consider B = Spec k and Z = P1×P1. Let X be the (1, 2k)-weighted
blow-up of Z at a point, so that the exceptional divisor appears with multiplicity one along
a fiber of the projection π1 : P1×P1 → P1. Then X has an A2k−1-singularity at a point p.
IfD ⊆ X is a divisor such that (X, 1

2
D)→ P1 is fibered in slc log Calabi–Yau pairs, a ruled

model can be obtained by first extracting a divisor Z → X over p so that (Z, 1
2
DZ)→ P1

still fibers in slc log Calabi–Yau pairs and Z has two Ak−1 singularities; then contracting
the proper transforms of the two irreducible components of the singular fiber of X → P1.
The last three pictures in Figure 1 illustrate these birational transformations. Our third

main result is the following.

Theorem 1.3. Every pair (X(i), 1
n
D(i)) constructed from

(X tw, 1
n
Dtw) −→ (Ctw,Mtw)

using Theorem 1.2 admits a ruled model.

The advantages of Theorem 1.3 are threefold:
(1) ruled surfaces are more tractable geometrically,
(2) being crepant birational ensures control of the singularities of the fibers, and
(3) we can describe explicitly the birational transformations relating (X(i), 1

n
D(i)) to

its ruled model.
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In a forthcoming work, for surface pairs of the form (X, 1
2
D) → C with D → C

admitting a section, we will use our results to recover and reprove [Inc20, Theorem 1.2],
[AB22, Theorem 1.(a),(b)], and parts of [AB23]; and to study elliptic surfaces with a
bisection.

Interaction with other moduli stacks. In the last section, we use the explicit MMP of
Theorem 1.2 to construct a morphism from an appropriate modification of the quasimaps
moduli space of (1, 4)-curves in P1×P1 to the GIT moduli space of (1, 4)-curves in P1×P1,
and we compare these moduli spaces to the K-stability moduli space for (1, 4)-curves.

Theorem 1.4. Let MK
(1,4)(c), MGIT

(1,4) and Q(1,4) be the K-moduli stack, GIT quotient
stack, and the moduli stack of stable quasimaps of (1, 4)-curves on P1 × P1, respectively.

(1) There exists a natural isomorphism MK
(1,4)(c) ≃ MGIT

(1,4) for any 0 < c < 1
2
. In

particular, there are no K-moduli wall-crossing MK
(1,4)(c).

(2) After possibly a normalization and a root stack for Q(1,4), there exists a natural
stable reduction morphism

ϕ : Q(1,4) −→ MGIT
(1,4),

which descends to a birational morphism

ψ : Q(1,4) −→ M
GIT

(1,4)

between their good moduli spaces.
(3) The exceptional loci of ψ (resp. ϕ) are classified in Section §5.1.
(4) The explicit stable reduction of ϕ−1 :MGIT

(1,4) 99K Q(1,4) along a one-parameter fam-
ily is displayed in Section §5.3.

Explicit stable reduction and canonical bundle formula. In this subsection we
interpret how we use Theorem 1.2, in terms of the canonical bundle formula.

Recall that, given two locally stable families (X ,D) → SpecR and Y → SpecR over
the spectrum of a DVR, with a morphism π : (X ,D) → (Y ,M) of generalized pairs
such that KX + D ∼Q π∗(KY + M), it is not true that the canonical bundle formula
commutes with base change. In other terms, it is not true that the restriction of M

to the special fiber of Y → SpecR, is the moduli part of the morphism π restricted to
the special fiber of X0. For example, one can take a generic (4, 3)-curve D in P1 × P1

degenerating to V (x0x1(x0 − x1)(x0 − 2x1)y0y1(y0 − y1)) along SpecR. The projection
(P1

R × P1
R,

1
2
D) → P1

R has no boundary part generically, but on the special fiber there
are three points which contribute to the boundary part with coefficient 1

2
; and dually the

moduli part of the special fiber is trivial while it is not on the generic fiber. In particular,
if one has a fibration in log Calabi-Yau pairs (X,D)→ Y → η over the generic point η of
the spectrum of a DVR, and one completes this fibration to a fibration in log Calabi–Yau
pairs (X ,D) → Y → SpecR, there is no reason to believe that the limit of the moduli
part of the generic fiber will be the moduli part of the special fiber.

It turns out that this phenomenon does not happen if one takes a limit in the quasimaps
moduli space of [DLI24] instead. Indeed, the moduli part comes from a map from Y to
a compact moduli space of the fibers of π, and the quasimaps moduli spaces forces
(essentially by definition) this map to extend.

Now, to take the stable limits as in Theorem 1.1, our first step is to consider a limit
coming from stable quasimaps (X tw, 1

n
Dtw)→ (C,M)→ SpecR. For this limit, the limit
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Figure 2. An example of MMP for (C,B +M)→ SpecR
red = degree of moduli part; blue = degree of boundary part

of the moduli part is the moduli part of the limit. On the other hand, the Q-Cartier
divisor1 KC + M might not be ample over SpecR. The contractions which will make
KC + M ample are contractions which, on the special fiber, replace a rational tail with
boundary part, of the same degree as the degree of the moduli part on the contracted tail.
In other terms, as the degree of KC(i) +M(i) remains constant, whenever a contraction of
Theorem 1.2 contracts a tail T of the special fiber, the point of the special fiber to which
T is contracted will be in the support of the boundary part for the special fiber, with
coefficient deg(M |T ); see Figure 2.

Then we use the ruled model to control the fibers X(i) → C(i), and Section §4.2.1 to
classify the divisors on those fibers.

Prior and related works. The previous works which are most relevant to the current
paper are [LN02, AB19, AB21, Inc20, AB22, AB23, BFH+24], where the authors use
twisted stable maps of Abramovich and Vistoli to study the KSBA-compactification of
the moduli space of elliptic surfaces with a section, with a with a special emphasis on
elliptic K3 surfaces in [AB23] and rational elliptic surfaces in [AB22]. One of the main
challenges of the papers mentioned above is the explicit stable reduction algorithm to
classify the objects on the boundary. This relies on an explicit flip, called “flip of La
Nave”. Proving that, when running a specific MMP, the only type of flip occurring is the
one of La Nave is the main tool used by the authors to classify the objects in the boundary,
but it is arguably one of the most technical aspects in the papers above mentioned.

Now, if one takes the quotient by the hyperelliptic involution of an elliptic surface
(Y,ΣY ) → C with a section ΣY , one obtains a pair as the ones at the beginning of

1If the limit comes from quasimaps, then M is an actual Q-Cartier divisor rather than a b-divisor
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the introduction, of the form π : (X, 1
2
(Σ + D′)) → C with Σ is a section of πn and

Σ + D′ the ramification locus. Then the methods of this paper when n = 1 and when
D = Σ+D′ circumvent the need of running a specific MMP, hence removing many of the
technicalities needed in the papers mentioned above. The applications of our methods to
certain moduli of elliptic surfaces with either a section or a 2:1 section will be presented
in a forthcoming work.

There is some other existing literature on KSBA-moduli spaces of pairs of the form
(Y, (c+ ϵ)D) where KY +D ∼Q 0, D and 0 ≤ c < 1; see [ABE22, AET23, AE23, Hac04,
DH21, DeV22].

Outline of the paper. In Section §2 we review the basic notions used throughout the
paper, with an emphasis on the moduli of stable quasimaps, and give a detailed study
of stable quasimaps to log Calabi–Yau curves. Section §3 develops general results on the
MMP for varieties fibered in log Calabi–Yau pairs and applies them to fibrations arising
from stable quasimaps. In Section §4 we apply the results of Section §3 to describe the
boundary objects of the KSBA compactification for certain moduli spaces of surface pairs.
Finally, Section §5 presents a concrete example of (1, 4)-curves on P1 × P1 and compares
the corresponding moduli of stable quasimaps with the K-moduli and GIT moduli stacks.

Table of notations. For the reader’s convenience, we collect here the notations most
frequently used throughout the paper.

Notation Definition/Description

PGIT
n GIT semistable pairs (P1, p1 + · · ·+ p2n+2)

Pn enlargement of PGIT
n

Pn,DM slc pairs (C, ( 1
n+1

+ ϵ)D)

PCY
n moduli of boundary polarized log CY pairs (P1, 1

n+1
D2n+2)

Pn good moduli space of Pn (and PGIT
n )

M′
n the Hodge line bundle on PCY

n

Mn the pull-back of M′
n along Pn →PCY

n

(Fm; e, f) the Hirzebruch surface Fm with a section e satisfying (e2) = −m
and the fiber class f

Qg,m;n,β closure of the locus parametrizing maps from smooth curves, in the
stack of stable quasimaps from genus g twisted m-pointed curves
C to Pn of class β. When there is no ambiguity, we will remove
the subscripts g,m;n, β

MGIT
(d1,d2)

quotient stack of the space |OP1×P1(d1, d2)|ss of GIT semistable
(d1, d2)-curves by PGL(2)× PGL(2)

M
GIT

(d1,d2)
GIT quotient of the space |OP1×P1(d1, d2)| of (d1, d2)-curves by
PGL(2)× PGL(2)
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MK
(d1,d2)

(c) irreducible component of the K-moduli stack generically
parametrizing (P1 × P1, cC) for (d1, d2)-curves C

M
K

(d1,d2)
(c) good moduli space ofMK

(d1,d2)
(c)

MKSBA
n (ϵ1, ϵ2) irreducible component of the KSBA-moduli stack generically

parametrizing
(
X, ( 1

n
+ ϵ1)D + ϵ2F

)
, where F are fibers of the log

CY fibration (X, 1
n
D)→ C

M
KSBA

(ϵ1, ϵ2) coarse moduli space ofMKSBA
(d1,d2)

(ϵ1, ϵ2)

Conventions. We adopt the following conventions throughout this paper.
(1) Every algebraic stack, unless otherwise stated, will be of finite type over C.
(2) A point of a variety/scheme/stack is a C-point if there is no extra assumption.
(3) In this paper, we widely use the language of log pairs from birational geometry.

For the definition of singularities of log pairs, see [KM98, Kol13].
(4) We call a pair (X,D) log Calabi-Yau if KX +D ∼Q 0. A pair (X,D) is (semi-)log

canonical Calabi-Yau (in short, slc Calabi-Yau) if it is log Calabi-Yau and has
(semi-)log canonical singularities.

(5) The coarse space of a Deligne–Mumford (abbv. DM) stack X is the coarse moduli
space X → X (cf. [Aut25, Tag 04UX]). We remove the word moduli as many
stacks have no modular meaning.

(6) A stacky curve is a proper, pure one-dimensional DM stack of finite type over C
which is generically a scheme.

(7) A twisted curve is a special stacky curve; see [AV02, Definition 4.1.2] and [Ols07,
Definition 1.2]. When, with the notations of loc. cit., we do not specify the gerbes
Σi, we mean that i = 0 (i.e. there are no gerbes).

(8) A pointed twisted curve is a twisted curve C together with m smooth distinct
points p1, . . . , pm.

(9) A fibration X → Y is a surjective morphism between normal projective varieties
with connected fibers, and dimX > dimY .

(10) Throughout this paper, for any DVR R, we denote by η (resp. 0) the generic
(resp. closed) point of SpecR. If f : X → SpecR is an object over SpecR (e.g. a
family of pairs), then we denote by Xη (resp. X0) the generic (resp. closed) fiber
of f .

Acknowledgments. We thank Dori Bejleri, Stefano Filipazzi, Yuchen Liu and Luca
Schaffler for helpful conversations. GI was supported by AMS-Simons travel grant, RS
was supported by the “Programma per giovani ricercatori Rita Levi Montalcini” of MUR
and by PSR 2022 – Linea 4 of the University of Milan. RS is a member of the GNSAGA
group of INDAM. JZ was supported by AMS-Simons travel grant.

2. Stable quasimaps to moduli of pointed rational curves

2.1. Fibrations in log Calabi-Yau pairs. We begin by recalling two moduli spaces
which will be useful later. Let n ≥ 1 be an integer. We denote the GIT moduli space of
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Figure 3. Three pairs parametrized by Pn

2n+ 2 unordered points on P1 by

PGIT
n :=

[
P(H0(OP1(2n+ 2)))ss/PGL2

]
.

Recall that every point of PGIT
n represents a degree 2n + 2 divisor D on P1 such that

multp(D) ≤ n + 1 for any p ∈ P1. Equivalently, this moduli space parametrizes log
canonical Calabi-Yau pairs of the form (P1, 1

n+1
D).

Notation. We will denote the enlargement constructed in [DLI24, Appendix A.2.1] by

ι : PGIT
n ⊆ Pn

and by Pn the good moduli space of Pn (or PGIT
n , see point (3) below).

Recall that the points of Pn parametrize pairs (C, 1
n+1

D) such that:
• C is a twisted curve with coarse moduli space C and D ⊆ C are 2n + 2 smooth

(schematic points of C);
• the pair (C, 1

n+1
D) is an slc log Calabi-Yau pair with D ample;

• either C ∼= P1 or C is a twisted curve, which is the nodal union of two µ2-root
stacks of P1 at ∞, glued along the Bµ2 closed substacks, and each branch has n
points.

We have the following relations between stacks.
(1) (ref. [DLI24, Proposition A.7]) the stack Pn is a µ2-root stack over the stack PCY

n

(ref. [ABB+23, Definition 16.7]), which parametrizes certain boundary polarized
Calabi-Yau (abbreviated by bpCY) pairs. The root stack is along the divisor
in PCY

n parametrizing nodal curves. The morphism Pn → PCY
n sends a pair

(C, 1
n+1

D) consisting of a twisted curve and the divisor D to the pair (C, 1
n+1

D)

where C is replaced with its coarse moduli space.
(1+) We briefly describe the stack PCY

n for the reader’s convenience: it parametrizes
slc pairs (X,D) which admits a smoothing to (P1, 1

2n+2
(p1 + · · · + p2n+2)), where

p1, ..., p2n+2 are distinct points, such that −KX is ample and

(2n+ 2) · (−KX −D) ∼ 0.

(2) (ref. [DLI24, Theorem A.4(1)]) The inclusion ι : PGIT
n ⊆Pn admits a retraction,

i.e. a morphism
π : Pn −→ PGIT

n
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T

∞ ←

↑

∞

↑

,

T

,
,

,

” …

Figure 4. Points of the stack P1 over its good moduli space P1

red (resp. orange) point = multiplicity 1 (resp. 2);
squiggle arrow = Gm-equivariant degeneration

such that π ◦ ι = Id, which sends each point corresponding to a nodal curve to
the point corresponding to the strictly polystable pair(

P1, (n+ 1)[0] + (n+ 1)[∞]
)
.

(3) (ref. [DLI24, Corollary A.8]) The stack Pn has the same good moduli space as
PGIT

n .
(4) The locus Pn,DM ⊆Pn parametrizing pairs (C, 1

n+1
D) such that there is an ϵ > 0

such that
(
C, ( 1

n+1
+ ϵ)D

)
is slc is an open and proper Deligne-Mumford substack.

We summarize these relations in the following diagram

Pn,DM
� � open // Pn

root stack
��πss

PGIT
n =

[
P(H0(OP1(2n+ 2)))ss/PGL2

]
� � //

' �

ι

11

good moduli space
��

PCY
n

good moduli space
ss

P(H0(OP1(2n+ 2)))ss//PGL2

2.1.1. Construction of the retraction π : Pn →PGIT
n . Let us provide more details on the

item (2) above, more explicitly on how the retraction π is constructed. For simplicity, we
will first stick with one-parameter families which intersect PGIT

n . After, we recall a more
global description that will be needed in this paper, and we refer the reader to [DLI24,
Theorem A.4(1)] for further details.

Let C →Pn be a morphism from a curve which sends the generic point of C to PGIT
n .

This corresponds to a surface pair (X , 1
n+1

D) → C whose nodal fibers have a twisted
node, namely a balanced node of a twisted curve (see [Ols07, Definition 1.2]) with a
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µ2-stabilizer, and whose generic fiber is smooth. Take the coarse space

(X , 1
n+1

D) (X, 1
n+1

D)

C.

cms

As the nodes of X have a µ2-stabilizer, the corresponding points of X will have A2k+1-
singularities. In particular, one can extract the divisors Z → X over each such singularity
so that the resulting family is obtained by replacing each nodal fiber with a chain of 3 P1s,
with two Ak-singularities, and with the divisor not intersecting the exceptional divisor;
see Figure 1.

We can then contract Z → Y the two irreducible components of the fiber intersecting
the proper transform of D, as in the picture above. The resulting family will be obtained
by replacing each nodal fiber with a fiber isomorphic to (P1, (n+ 1)[0] + (n+ 1)[∞]).

More generally, let C → SpecR be a family of twisted curves with normal generic fiber,
where R is a DVR. Let (X , 1

n+1
D)→ C be the family pulled back from PCY

n along the
composition C → Pn → PCY

n , where the first map is a stable quasimap sending the
generic fiber to PGIT

n . Then for every nodal point q of the fibers of ψ : X → C , there is
a smooth neighborhood of the pointed map

(X , q) −→ (C , ψ(q)),

which is isomorphic to a smooth neighborhood of the pointed map(
Spec(Am[x, y]/xy − f 2),V(m, x, y)

)
−→

(
Spec(Am),V(m)

)
.

Here, m is the maximal ideal of the local ring Am := OC ,ψ(q), and f ∈ m vanishes precisely
along the locus over which the family is singular. Then the birational transformation
X 99K Y corresponding to C → Pn → PGIT

n is constructed by first performing a
blow-up Z → X , which in the chart above is the blow-up of V(x, y, f), followed by a
contraction Z → Y which contracts the fiber components of reducible fibers of Z → C ,
which are not the exceptional divisor for this blow-up.

2.1.2. Moduli of stable quasimaps. We begin by recalling the following definition from
[DLI24].

Definition 2.1. Let (C ; p1, . . . , pm) be a pointed twisted curve of genus g, and β be the
class of a curve in Pn. A representable morphism ϕ : C → Pn, with the restricted
universal family π : (Y , 1

n+1
D)→ C , is called a stable quasimap of class β if

(Sing.) the subset ∆ of C consisting of points p such that (Yp, (
1

n+1
+ ϵ)Dp) does not

have semi-log-canonical singularities for any 0 < ϵ≪ 1 is a finite (possibly empty)
union of smooth points on C ∖ {p1, . . . , pm},

(Stab.) if R ⊆ C is an irreducible component such that deg(ωC (p1 + . . . + pm)|R) < 0,
then not all the fibers of π|R : (Y |R, 1

n+1
D |R) → R are S-equivalent; whereas if

deg(ωC (p1 + . . .+ pm)|R) = 0, then not all fibers of π|R are isomorphic, and
(Num.) the family π is the pull-back of the universal family along a map C →Pn of class

β from a twisted curve of genus g.
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The labels (Sing.), (Stab.) and (Num.) stand for singularity condition, stability con-
dition, and numerical condition. The following follows from [DLI24, Theorem 1]; see also
[DLI24, Theorem 2].

Theorem 2.2. There exists a proper Deligne-Mumford stack, denoted by Qg,m;n,β, whose
closed points parametrize stable quasimaps from a genus g twisted m-pointed curve C to
Pn of class β.

Remark 2.3.

(1) When the subscripts g,m;n, β are either clear or not relevant, we will suppress
them and simply denote Qg,m;n,β by Q.

(2) Being S-equivalent is an equivalence relation among isomorphism class of pairs in
Pn [ABB+23, §6.5], and the points of the good moduli space Pn of Pn are in
bijection (via the morphism Pn → Pn) to S-equivalence classes. In particular, a
morphism C → Pn from a curve satisfies that the composition C → Pn → Pn
is finite if and only if there are two points x1, x2 ∈ C which map to pairs in Pn

which are not S-equivalent.

Definition 2.4. A stable m-pointed quasimap ϕ : (C , p1, . . . , pm)→Pn is called smooth-
able if there is a DVR R with a morphism SpecR→ Q which sends the closed point ξ to
[ϕ], and the generic point η to a point [f : C →PGIT

n ⊆Pn], where C is a smooth genus
g curve.

Lemma 2.5. For any n ≥ 1, there exists a Cartier divisor ∆Pn ⊆Pn supported at the
set of points parametrizing pairs (R;x1, . . . , x2n+2) where at least two of the 2n+2 marked
points x1, ..., x2n+2 collide.

Proof. Observe that the locus in P(H0(P1,OP1(2n + 2))) where two of the 2n + 2 points
agree is a Cartier divisor; this is known as the discriminant divisor. This Cartier divisor
is PGL2-equivariant, and thus it descends to a Cartier divisor on P̃n, denoted by ∆P̃n

.
As PCY

n is smooth by [ABB+23, Lemma 16.8 (b)], then the closure of ∆P̃n
in PCY

n ,
whose closed points correspond to pairs (C, 1

n+1
D) where the support of D consists of at

most 2n+1 points, is also a Cartier divisor ∆PCY
n

. Now it suffices to take ∆Pn to be the
pull-back of ∆PCY

n
along the root stack Pn →PCY

n □

Remark 2.6. From Lemma 2.5, for every g,m and β, there is a Cartier divisor on the
universal curve Cuniv → Qg,m;n,β supported at the points p ∈ C which map to ∆Pn . We
will denote it by ∆g,m;n,β if we want to emphasize the numerical invariant g,m, n and β;
otherwise we will simply denote it by ∆.

2.1.3. Hodge line bundles and moduli divisors. We summarize several results concerning
the canonical bundle formula, which plays a central role in the study of lc-trivial fibrations.

Let (X ,D) → T be a family of lc-trivial fibrations; see [ABB+23, Definition 14.2].
Then, up to replacing T with a finite morphism T ′ → T and X by the normalization of
the main component of X ×T T ′, by [Amb05] there is a Q-linear equivalence

KX +D ∼Q f
∗(KT +DT +MT ),

where DT and MT are Q-divisors on T defined as follows:
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(1) DT is the discriminant divisor, which is defined by DT :=
∑

P (1 − bP )P , where
the sum runs through prime divisors P ⊆ T and

bP := max
{
λ ∈ Q | (X,D + λf ∗P ) is sub-lc over the generic point of P

}
.

(2) MT := G−KT−DT is the moduli divisor (class!), whereG is a Q-Cartier Q-divisor
on T such that KX +D ∼Q f

∗G.

Definition 2.7. Let f : (X,D)→ T be a family of boundary polarized CY pairs parametrized
by PCY

n . We define the Hodge line bundle associated to f as

λHodge,f := f∗ω
[n+1]
X/T

(
(n+ 1)D

)
.

By definition, this gives rise to the Hodge line bundle on PCY
n , denoted by M′

n, which
satisfies the following:

(1) (functoriality) for any morphism f : T →PCY
n from a smooth scheme T with the

pull-back family of pairs f : (X,D)→ T , the line bundle f ∗(M′
n) is isomorphic to

λHodge,f .
(2) (ref. [ABB+23, §14.4]) there is a positive integer N such that (M′

n)
⊗N descends

to an ample line bundle on Pn.
(3) (ref. [ABB+23, Proposition 14.7 (3)]) The Hodge line bundle associated to the

family f : (X,D)→ T agrees with the (n+ 1) multiple of the moduli part in the
canonical bundle formula for the morphism π.

We will denote by Mn the pull-back of M′
n via the root stack Pn →PCY

n .

Lemma 2.8. Let R be the root stack of a smooth curve R at finitely many points, and
ϕ : R → Pn be a morphism. Let π : (Y , 1

n+1
D) → R be the pull-back of the universal

family, and πR : (Y, 1
n+1

D)→ R be the induced morphism on the coarse spaces. Then the
following are equivalent:

(1) not all the fibers of π : (Y , 1
n+1

D)→ R are S-equivalent;
(2) the moduli part in the canonical bundle formula for πR has positive degree;
(3) the morphism R→ Pn is non-constant.

Proof. Consider a finite and generically étale morphism C → R from a smooth curve C,
and let (YC ,

1
n+1

DC) be the pull-back family. The moduli part in the canonical bundle
formula associated to the family (Y, 1

n+1
D) → R is, by definition, the push-forward

of the moduli part on C. In particular, it suffices to check the desired statement for
(YC ,

1
n+1

DC)→ C. But in this case it follows from Remark 2.3 and the fact (2). □

2.2. Four unordered points on P1. In this subsection, we collect some facts about P1

which we will use for constructing explicit examples in Section 4 and Section 5.
The following result is well-known, and we report it for convenience.

Lemma 2.9. The following holds true for P1,DM; see Figure 5.

(1) The k-point x3 in P1,DM corresponding (P1, [1] + [ζ] + [ζ2] + [∞]), where ζ is a
primitive third root of unity, has AutP1(x3) ≃ (Z/2Z)2 ⋊ (Z/3Z);

(2) The k-point x2 on P1,DM representing (P1, [1]+[i]+[−1]+[−i]) has AutP1,DM
(x2) ≃

(Z/2Z)2 ⋊ (Z/2Z).
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Figure 5. Points on the DM stack P1,DM

(3) The point x∞ ∈P1,DM, representing the union C of two root stacks of P1’s along
Bµ2 each having two distinct marked points, satisfies that

1 Z/2Z AutP1,DM
(x∞) (Z/2Z)2 ⋊ (Z/2Z) 1

ϕ

where the image of Z/2Z in AutP1,DM
(x∞)2 acts trivially on the coarse moduli

space of the twisted curve C, and the map ϕ is the restriction of the automorphisms
on C to its coarse space.

(4) A general point xt of P1,DM has µ2 × µ2 as its stabilizer.

Lemma 2.10. Let C be the root stack of a smooth curve C at a point, with a map
ϕ : C →P1 inducing f : C → P1 on good moduli spaces. Let x2 (resp. x3) as in Lemma
2.9.

• If p ∈ C is a schematic point mapping to x2, then f ramifies of order 2k at p.
• If p ∈ C is a schematic point mapping to x3, then f ramifies of order 3k at p.

In particular, if C is a scheme along ϕ−1(x2) (resp. ϕ−1(x3)), then 2| deg(f) (resp.
3| deg(f)).

Proof. Let ∞ ∈ P1 be the point in the good moduli space of P1 which is not stable, and
let A1 := (P1 \ {∞})×P1 P1. Then A1 is a smooth Deligne-Mumford stack with coarse
moduli space A1, so from [GS17, Theorem 1 and Remark 2] we can factor A1 → A1 as

A1 α−→ A1//G
β−→ A1,

where α is a gerbe and β is a root stack. We can now use Lemma 2.9 to control the
stabilizers of A1//G: the stabilizer of the geometric generic point in A1 is µ2 × µ2, and
there is a point x with µ4 as a subgroup of AutA1(x) (namely, x2) and a point y with µ3

as a subgroup of the automorphisms (namely, x3). In particular, one has

AutA1//G(x2) = µ2 and AutA1//G(x3) = µ3.

The conclusion follows since an affine curve D with a morphism ξ : D → A1 which factors
via D → A1//G→ A1 is totally ramified at ξ−1(xi) of order a multiple of i. □

Lemma 2.11. There is a morphismM1,1 →P1 that induces an injective map A1 → P1

on good moduli spaces.

Proof. Consider the universal elliptic curve C →M1,1 and its quotient D →M1,1 by the
hyperelliptic involution. If we denote by ∆ ⊆ D the ramification divisor, then the pair
2usually called the ghost automorphism; see [DLV21, §1.5]
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(D,∆) → M1,1 induces a morphism M1,1 → P1. To check that it is injective on good
moduli spaces, we use a test family. Consider the family of cubics

Y := V
(
y2z − x(x− z)(x− tz)

)
⊆ A1

t × P2
x,y,z

over A1
t with the constant section [0, 1, 0]. Away from t = 0, 1, this gives a morphism

A1
t \ {0, 1} → M1,1, whose composition with the coarse moduli space M1,1 → M1,1 is

generically 6:1 by [Sil09, Proposition 1.7]. The quotient by the hyperelliptic involution is(
A1
t × P1

x,z,
1
2
V
(
xz(x− z)(x− tz)

))
.

Now, observe that one can give an ordering to the four markings, and that the corre-
sponding morphism A1

t \ {0, 1} → M0,4 is injective. From this, we conclude that also
the morphism to P1 is generically also 6:1 onto its image: this follows from the fact that
given four ordered points on P1 with cross ratio k, the possible cross ratios of all the
permutations of these points are the six values{

k, 1
k
, 1− k, 1

1−k ,
k
k−1

, k−1
k

}
.

Therefore, the map between good moduli spaces M1,1 → P1 is injective. □

The following results will regard the moduli part in a fibration coming from a morphism
from a (twisted) curve to P1.

Lemma 2.12. Assume that ϕ : C → P1 is a morphism from the root stack C → C of
a smooth curve C, such that the composition f : C → P1

p−→ P1 is finite and such that
ϕ−1(P1,DM) is a scheme in C. Then deg(f) is divisible by 6. Moreover, if C = C is a
scheme and we denote by g : (X, 1

2
D)→ C the family of pairs induced by π ◦ϕ : C →P1,

then g has no boundary part and the moduli part is of degree 1
12
deg f on C. In particular,

one has
KX + 1

2
D ∼Q g∗(KC +M) and degM = deg(f)

12

Proof. The first part follows from Lemma 2.10. For the statement on the canonical bundle
formula, observe that the boundary part is empty as all the fibers of π ◦ ϕ are semi-log
canonical. From Section 2.1.3, to compute the moduli part it suffices to use a test family;
we choose the test family given by the quotient by the hyperelliptic involution on a pencil
of cubics in Weierstrass form. Choose A1, A2, B1, B2 be generic enough so that the pencil
of genus one curves

Y := V
(
s(y2z − x3 − A1xz

2 −B1Z
3) + t(y2z − x3 − A2xz

2 −B2Z
3)
)
⊆ P2

x,y,z × P1
s,t

is smooth. The second projection f : Y → P1 gives an elliptic surface with j map of
degree 12. Let q : Y → X be the quotient by the hyperelliptic involution, with morphism
f ′ : X → P1. This is the restriction to Y of the quotient map

P2 × P1 −→ P(1, 2, 1)× P1, ([x, y, z], [s, t]) 7→ ([x, y2, z], [s, t]).

For every point p = [s, t] ∈ P1 we have

(f ′)−1(p) = V
(
Y Z −X3 − αXZ2 − βZ3

)
⊆ P(1, 2, 1)

for an appropriate choice of α and β, where X,Z have weight 1 and Y has weight 2. In
particular, one can check that the fibers of f ′ are isomorphic to P1. Observe that the
ramification divisor ∆ ⊆ X is such that (X,∆) → P1 induces a map ψ : P1 → P1.
Namely, for every p ∈ P1, the pair ((f ′)−1(p), 1

2
∆|(f ′)−1(p)) is log canonical. Applying the



16 GIOVANNI INCHIOSTRO, ROBERTO SVALDI, AND JUNYAN ZHAO

canonical bundle formula for minimal elliptic surfaces with a section, we have that

f ∗(2KP1 + 1
6
deg j) ∼ 2KY ∼ q∗(2KX +∆) = q∗(f ′)∗(2K1

P + ψ∗M)

where j : P1 → M1,1 is the j-map associated to f : Y → P1 and 1
2
M is the moduli part.

Taking the push-forward of the left-hand side and the right-hand side both to P1 and
using f∗OY = OP1 , we have that 2KP1 + 1

6
deg j = 2K1

P +ψ∗M. By Lemma 2.11, one has
that deg f = deg j, and thus the moduli part has degree deg(f)

12
as desired. □

Corollary 2.13. Assume that C ⊆ P1×P1 is a smooth curve of class (n, 4), such that for
every x ∈ P1, the pair

(
π−1
1 (x), 1

2
C|π−1

1 (x)

)
is log canonical. Then the pair (P1 × P1, 1

2
C)

induces a morphism ϕ : P1 →PGIT
1

i−→P1, such that the composition f : P1 →P1
p−→ P1

has degree 6n.

Proof. One can compute the canonical bundle formula explicitly, and the moduli part has
degree n

2
. The desired statement follows from Lemma 2.12. □

Lemma 2.14. Let ϕ : P1 →P1 be a morphism such that the composition P1 →P1 → P1

is finite. Let π : P1
π−→ PGIT

1 be the retraction morphism, and f : X → P1 be the
P1-bundle induced by π. Then X is isomorphic to a Hirzebruch surface Fn such that
6n ≤ deg f .

Proof. First observe that X is a P1-fibration over P1, and hence X ≃ Fn for some n. We
may assume that n ≥ 1. Let e ⊆ X be the negative section, and f be the class of a fiber
of X → P1. One has that KX ∼ −2e+ (−n− 2)f. By Lemma 2.12, one has

KX + 1
2
D ∼ f ∗KP1 + deg(f)

12
f

and thus
D ∼ −2KX + 2f ∗(KP1) + deg(f)

6
f = 4e+ (2n+ deg(f)

6
)f.

Assume by contradiction that n > deg(f)
6

. Then (D.e) < 0, and as both are effective
divisors, we must have that e ⊆ D. However, if n > deg(f)

6
, we also have that (D−e).e < 0,

so 2e ⊆ D. This is impossible: since C → P1 was finite, the generic fiber of f |D : D → C

consists of four distinct points. □

We end this section with the following lemma which will be used in Section §3.2 to
guarantee that certain minimal models are canonical models.

Lemma 2.15. Let R be the µk-root stack of P1 at a point p, and ϕ : R → Pn be a
morphism such that ϕ(p) ∈Pn,DM and that the induced morphism between coarse spaces
P1 → Pn is finite. Assume that if there is q ∈ R∖ {p} such that ϕ(q) represents a nodal
curve, then the image of every point of R represents a nodal curve. Then there is a point
x ∈ R \ {p} such that ϕ(p) represents a pair with divisor supported on less than 2n + 2

points.

Proof. We argue by contradiction. Let f : (X , 1
n+1

D) → R be the pull-back along ϕ of
the universal family over Pn. If all the fibers of f had 2n+2 distinct markings away from
p, then the divisor D would be étale over R∖ {p}. As the only étale cover of R∖ {p} is
the trivial one, then D consists of 2n+ 2 disjoint sections. Observe that there is a finite
cover P1 → R, which is étale over p: indeed, the µk-root stack of P1 at two points is
isomorphic to the quotient stack [P1/µk], where µk acts on P1 by

ξ ∗ [a : b] := [ξa : b].
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Then [P1/µk] admits a map to the root stack of order k at a single point p: there is a
morphism [P1/µk]→ R which is the root stack at a point q ∈ R∖ {p}.

Now pulling back the universal family of Pn along P1 → R→P1, one gets a surface
pair (X, 1

n+1
D) where D consists of 2n + 2 distinct sections. Observe also that, as by

assumption ϕ(p) ∈ Pn,DM, if the fiber over p is P1 then at least three of these 2n + 2

sections are disjoint, and if the fiber is nodal at least four are disjoint. We distinguish
three cases.

Case 1: the fiber over p is P1. Then by assumption X → P1 is a P1-fibration. As
D consists of at least 3 disjoint sections, it has to be that X ≃ P1 × P1, and D ∼
OP1×P1(2n+ 2, 0), i.e.

(X,D) ≃ (P1, p1 + · · ·+ p2n+2)× P1,

and hence the moduli part is constant. But the moduli part on P1 is the pull-back of
the one on C , so the moduli part on C has degree 0 which contradicts the finitedness of
C →P1 → P1.

Case 2: the fiber over p is nodal, and the generic fiber is smooth. Then we can
contract one of the two branches, let E be such branch. The new surface is a ruled
surface with 2n + 2 sections, with at least three of them disjoint, so it is again P1 × P1.
Moreover, if we denote by F1, . . . , Fn+1 the connected components of D which intersect
E, then the images of Fi intersect once contracting E, while not intersecting the image
of D−F1− . . .−Fn+1. This is not possible as two fibers of the same fibration in P1 have
the same numerical class.

Case 3: the generic fiber is nodal. This is not possible as the nodal locus in Pn is
a single point, and by assumption R → Pn induces a finite morphism on good moduli
space. □

2.3. Addendum. The following lemmas, familiar to experts, will be invoked in the fore-
going discussion. We state them here separately, as they are of a different nature.

Lemma 2.16. Let C be a smooth curve, and C → C be a sequence of root stacks so that
C is smooth. Then any P1-fibration f : S → C over C is the projectivization of a rank 2

vector bundle.

Proof. Let U ⊆ C be the open subscheme restricting on which C → C is an isomorphism,
and the morphism f |U admits a section σU . Since the composition S → C → C is proper,
then by [BV24, Theorem 3.1], σU can be extended to a (representable) section C ′ → S,
where C ′ → C is a (unique) root stack. As both C ′ → S and S → C are representable,
then so is the composition C ′ → C, and hence by Zariski’s main theorem C = C ′. In
particular, S → C has a section Σ, so S is the projectivization of f∗OS(Σ). □

Lemma 2.17. The good moduli space of a seminormal algebraic stack is seminormal.

Proof. The good moduli space X → X of an algebraic stack X is, étale locally on X,
of the form [SpecA/G]→ Spec(AG), and being seminormal can be checked étale locally.
Therefore, it suffices to prove that SpecAG is seminormal for any seminormal affine scheme
SpecA with an action by a reductive group G. As SpecA is reduced, then so is SpecAG.
Since SpecA is seminormal, then the quotient SpecA → SpecAG factors through the
seminormalization ν : Spec(AG)sn → Spec(AG). By the universal property of categorical
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quotients, ν has a section s : SpecAG → Spec(AG)sn, which has connected fibers as ν is a
homeomorphism. By [FI24, Lemma 2.3], there is an isomorphism

s∗OSpecAG
∼= OSpec(AG)sn .

In particular Spec(AG)sn has the same underlying topological space as SpecAG with the
isomorphic structure sheaf, thus Spec(AG)sn ∼= SpecAG. □

Lemma 2.18. Let π : (X,D)→ (Y,BY +M) be a morphism of lc generalized pairs such
that KX +D ∼Q π

∗(KY +BY +M). Let τ st : Y → (Y st, L) be a morphism to a polarized
normal variety such that

(τ st)∗L ∼= OY (m(KY +BY +M))

for some m > 0. Let 0 < |ϵ| ≪ 1 and τ : (X, (1+ ϵ)D)→ (X ′, (1+ ϵ)D′) be a contraction
of an extremal ray. Then there is a morphism π′ : X ′ → Y st and m(KX′ +D′) ∼Q (π′)∗L.
In particular, τ : (X,D)→ (X ′, D′) is crepant.

Proof. First observe that any curve contracted by τ is also contracted by τ st ◦ π, as L is
ample, |ϵ| is small, and

KX + (1 + ϵ)D ∼Q π∗(KY +BY +M) + ϵD ∼Q
1
m
π∗(τ st)∗L+ ϵD.

Therefore, there is a morphism π′ : X ′ → Y st. As τ is a birational contraction, and

KX +D ∼Q π∗(KX +BY +M) ∼Q
1
m
π∗(τ st)∗L,

then the two Q-Cartier divisors KX′ + D′ and 1
m
(τ st)∗L agree on the normal variety

X ′. □

3. Minimal models for fibered log Calabi-Yau pairs

The main objective of this section is to establish the following two results. First, we
show that if π : (X,BX)→ Y is a fibration whose fibers are log Calabi-Yau pairs, and if
a step of the MMP Y 99K Y ′ for a generalized pair on Y (induced by π) is given, then
this step can be followed by a corresponding step of the MMP X 99K X ′ as stated in
Proposition 3.2.

We then apply this to the case where the fibration arises from a stable quasimap
C →Pn over the spectrum of a DVR R. In this setting, we obtain a structural description
of the morphism X ′ → Y ′ in terms of ruled surfaces; see Theorem 3.13.

3.1. An MMP for fibrations in log Calabi-Yau pairs. In this subsection, we estab-
lish certain results concerning fibrations in log Calabi–Yau pairs. Roughly speaking, we
show that if

π : (X,BX) −→ (Y,B +M)

is a fibration of a log Calabi-Yau pair onto a generalized pair (Y,B +M) satisfying

π∗(KY +B +M) ∼Q KX +BX ,

then, under mild assumptions, any MMP for (Y,B + M) can be accompanied by a
birational modification for (X,BX) such that each step of the MMP for (Y,B + M)

still admits a fibration in log Calabi–Yau pairs given by a birational model of (X,BX);
see Proposition 3.2.
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Lemma 3.1. Let (Y,B+M) be an lc generalized pair, let p : (Y,B+M) −→ (Y ′, B′+M′)

be a birational contraction of a (KY +B+M)-negative extremal ray with exceptional locus
Ex(p) ⊆ Y . Let π : (X,BX)→ Y be a morphism from an lc pair (X,BX) such that

π∗(KY +B +M) ∼Q KX +BX ,

and Ξ ⊆ X be a divisor which maps surjectively to Ex(p). Let π′ : (X ′, BX′)→ (Y ′, B′ +

M′) be a weak canonical model of (X,BX) over Y ′. Then Ξ is contracted via the rational
map X 99K X ′.

W

Ξ (X,BX) (X ′, BX′)

Ex(p) (Y,B +M) (Y ′, B′ +M′)

q q′

⊆
(p◦π)-MMP

π π′

⊆
p

Proof. Assume by contradiction that Ξ is not contracted. Let q : W → X and q′ : W → X ′

be a common resolution of X 99K X ′. Then we have

q∗(KX +BX) = (q′)∗(KX′ +BX′) + E,

where E is an effective q′-exceptional divisor which does not contain ΞW , the proper
transform of Ξ in W . As Ξ maps surjectively to the exceptional locus of π, and as Ξ is
not contracted, there is an integral curve C ⊆ ΞW which:

(1) is not contained in SuppE;
(2) maps finitely to Ex(p) and X ′; and
(3) the class of C := π∗q∗C is contained in the p-extremal ray, and thus

(C. KY +B +M) < 0.

It follows that
0 >

(
C. q∗(KX +BX)

)
=

(
C. q′∗(KX′ +BX′) + E

)
≥

(
C. q′∗(KX′ +BX′)

)
=

(
q′∗C. (KX′ +BX′)

)
,

which contradicts the nefness of KX′ +BX′ . □

Proposition 3.2. Let (X,BX) be a klt pair with a fibration π : (X,BX)→ (Y,BY +MY )

to a klt generalized pair such that

KX +BX ∼Q π∗(KY +BY +MY ) and π∗OX = OY .

Assume that
(1) BX is π-ample and Q-Cartier, and
(2) there is

• either a divisorial contraction p : Y → Y ′ of a (KY + BY + MY )-extremal
ray,
• or a flip p : Y 99K Y + of a (KY +BY +M)-extremal ray, which factors as

Y Y +

Y ′

p

p− p+ .
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Then there exists a weak canonical model (X,BX) 99K (X ′, BX′) over Y ′ such that

• if Y → Y ′ is divisorial, then one can make BX′ ample over Y ′;
• if Y 99K Y + is a flip, then one can choose (X ′, BX′)→ Y ′ such that it factors as
(X ′, BX′)→ Y + → Y ′ with BX′ ample over Y +;
• if KY ′ +BY ′ +MY ′ is ample (resp. nef), then the pair (X ′, (1+ϵ)BX′) is a (weak)

canonical model for (X, (1 + ϵ)BX) for any 0 < ϵ≪ 1.

Proof. Let (X, (1 + ϵ)BX) 99K (X ′, (1 + ϵ)BX′) be the relative canonical model over Y ′,
which by [HK10, Theorem 5.59] does not depend on ϵ as long as 0 < ϵ≪ 1. In particular,
(X,BX) 99K (X ′, BX′) is a relative weak canonical model over Y ′. Then the canonical
model of (X,BX) over Y agrees with that of (X ′, BX′) over Y ′, which is isomorphic to

ProjY ′
⊕

m p∗π∗OX(md(KX +BX)) = ProjY ′
⊕

m p∗OY (md(KY +BY +MY ))

for d positive and divisible enough. However, the latter is the relative canonical model of
(Y,BY +MY ) over Y ′, which is

(1) Y ′ if Y → Y ′ is a divisorial contraction;
(2) Y + if Y 99K Y ′ is a flipping contraction.

In particular, the relative canonical model (X ′, BX′)→ Xcan is

(1) X ′ → Y ′ if Y → Y ′ is a divisorial contraction;
(2) X ′ → Y + if Y 99K Y ′ is a flipping contraction.

As X ′ → Xcan is induced by KX′ +BX′ , then we have

KX′ + (1 + ϵ)BX′ ∼Q,Xcan ϵBX′ .

In particular, we have that BX′ is ample over Xcan. □

Remark 3.3. With the assumptions of Proposition 3.2, from Lemma 3.1, if Y → Y ′ is
a divisorial contraction and all the divisors Ξ ⊆ X mapping to Ex(p) map surjectively
onto it, then

(π′)∗(KY ′ +MY ′ +BY ′) = KX′ +BX′ .

Observe that the assumptions of Lemma 3.1 are automatic if X → Y is a fibration from
a threefold to a surface. In this case, X ′ → Y ′ is also of pure relative dimension one.

We end this subsection by invoking the following remark, which relates KSBA-stable
limits to the MMP.

Remark 3.4 (cf. [Kol23, Corollary 4.57]). If R is a DVR and (X,D)→ SpecR a locally
stable family with a stable generic fiber, then the canonical model of (X,D) over SpecR
will be the stable limit of the generic fiber of (X,D)→ SpecR.

3.2. From quasimaps limit to KSBA-limit. In this subsection, we will use the moduli
space Q discussed in Section 2 to construct certain weak canonical models that will allow
us to control limits in the KSBA-moduli space of stable pairs. More specifically, consider
a moduli space of surface pairs (X, 1

n+1
D) admitting a fibration

(X, 1
n+1

D) −→ C

with fibers isomorphic to log canonical Calabi-Yau pairs of the form (P1, 1
n+1

∆). Two
examples which are worth keeping in mind are the following:
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(1) the (non-compact) moduli space of (P1 × P1, 1
n+1

D) where D is a generic divisor
of class (2n, k) with k > 2n,

(2) the (non-compact) moduli space of Hirzebruch surface pairs (Fd, 1
n+1

D), where D
the union of the negative section e and a multisection not containing e of the class
(2n− 1)e+ (2n− 1)df with f the class of the fiber of Fd → P1.

When n = 1, pairs (X, 1
2
D) as in the second example appear as the quotient by the

hyperelliptic involution of an elliptic surface Y → P1.
The goal of this section is to establish a few general results on the KSBA-compactification

of these moduli spaces, using the moduli space Q. On a first approximation, we will use
the results of Section 3.1 on the total space of a family of surface pairs corresponding to
a one-parameter family in Q.

For doing so, the first step is to guarantee that such a one-parameter family has the
correct singularities, when we replace the coefficient of the divisor from 1

n+1
with 1

n+1
+ ϵ

(Lemma 3.5), and we add to the divisor some of the fibers with small coefficient (Corol-
lary 3.6).

Lemma 3.5. Let R be a DVR, C → SpecR a family of twisted curves, and let π : (X , cD)→
C a proper morphism of Deligne-Mumford stacks, with (X , cD) with slc singularities
where 0 < c < 1 is a rational number. Assume that

(1) D is a Q-Cartier divisor;
(2) for every point x ∈ Cη (resp. x ∈ C0) contained in the smooth locus of the family

of twisted curves C → SpecR,

lct(Xη, cDη; π
−1(x)) > 0 (resp. lct(X0, cD0; π

−1(x)) > 0); and

(3) there is an 0 < ϵ ≪ 1 such that (X , (c + ϵ)D) → C is locally stable, except
possibly along a proper closed subscheme ∆ ⊆ C contained in the smooth locus of
each fiber of C → SpecR.

Let (X, cD) be the coarse moduli space of (X , cD). Then KX is Q-Cartier, and the pair
(X, (c + ϵ)D +X0) is slc, where 0 < ϵ ≪ 1. In particular, if the generic fiber (Xη, cDη)

is klt and π is localy stable, then also (X, (c+ ϵ)D) is klt for 0 < ϵ≪ 1.

Condition (2) is automatically satisfied if either π is locally stable, or if it is a log
Calabi-Yau fibration and the boundary part in the canonical bundle formula appears
with coefficient less than 1 along Cη and C0.

Proof. It suffices to prove that (X , (c+ ϵ)D + X0) is slc. This follows as being slc is an
étale local property, and the map X → X étale locally is the quotient by a finite group,
so (X , (c+ ϵ)D + X0) being slc is equivalent to (X, (c+ ϵ)D +X0) being slc.

By adjunction, it suffices to prove that (X0, (c + ϵ)D0) is slc. By assumption and
adjunction, the pair (X0, (c+ ϵ)D0) is slc, except possibly along the fiber {F1, . . . , Fk} of
finitely many smooth points {x1, . . . , xk} ⊆ C ; we now show it is slc over each point xi.

The pair (X0, (c+ ϵ)D0) is not slc if and only if there is a divisor E whose center is on
the fiber (X0)xj for some j, such that the discrepancy a(E;X0, (c+ϵ)D0) < −1. However,
by condition 2 one has a(E;X0, cD0 + ϵ′Fj) ≥ −1 for 0 < ϵ′ ≪ 1. As Fj is a Cartier
divisor which contains the center of E on X0, then ordE(Fj) ≥ 1 and consequently

−1 ≤ a(E;X0, cD0 + ϵ′Fj) = a(E;X0, cD0)− ϵ′ multE(Fj) ≤ a(E;X0, cD0)− ϵ′,
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and hence a(E;X0, cD0) > −1. Therefore, for any 0 < ϵ≪ 1 we have that

a(E;X0, (c+ ϵ)D0) > −1

as desired.
The last part of the statement about klt follows from [Kol23, Theorem 2.80]: for locally

stable families over a smooth curve, the log-canonical center of the total space is flat over
the base. Therefore, if (Xη, cDη) is klt, then (Xη, (c+ϵ)Dη+ϵFη) is also klt for 0 < ϵ≪ 1,
and hence so is (X, (c+ ϵ)D + ϵF ). □

Corollary 3.6. Let πX : (X , cD)→ C → SpecR be as in Lemma 3.5 with (X , cD)→ C
locally stable, let cS ∈ (0, 1]Q and let S ⊆ C be a Cartier divisor such that (C , (cS + ϵ)S)

is slc for some 0 < ϵ ≪ 1. Then if we denote by F the fibers of πX along S, and by
roman letters the coarse moduli spaces of each Deligne-Mumford stack, the pair

(X, (c+ ϵ)D + cSF +X0)

is slc for 0 < ϵ ≪ 1. Moreover, if the generic fiber (Xη, cDη) is klt, then also (X, (c +

ϵ)D + cSF ) is klt for 0 < ϵ≪ 1.

F (X,D) (Xη, Dη)

F (X ,D)

S C

SpecR η

⊆ ⊇

cms

⊆

cms

π

⊆

⊇

Proof. As the fibration πX is locally stable and the base (C , (cS+ ϵ′)S+C0) is slc, where
C0 ⊆ C is the central fiber of C → SpecR, the pair (X, cD + (cS + ϵ′)F + X0) is slc
from [Pat16, Lemma 2.12] and the fact that finite quotients of an slc pair is slc. As
the coefficients of the pairs (X, (c + ϵ)D + cSF + X0) are a convex combination of the
coefficients of (X, cD+ (cS + ϵ′)F +X0) and (X, (c+ ϵ′′)D+X0), which are slc, also the
pair (X, (c + ϵ)D + cSF + X0) is slc for 0 < ϵ ≪ 1. The moreover part follows as in
Lemma 3.5. □

The following lemma is an useful observation which we will use the describe some of
the objects on the boundary of Q.

Lemma 3.7. Let (X , 1
n+1

D)
π−→ C → SpecR be as in Lemma 3.5, and assume that for

each point p ∈ Cη, the fiber π−1(p) is smooth. Then the sublocus in C over which the
π-fibers are strictly nodal consists of a finite union of irreducible components of the special
fiber of C → SpecR.

Proof. From the structure of the versal deformation space of a nodal singularity, the nodal
locus is of codimension one in C . As the fibers over Cη are smooth, it must be a finite
union of irreducible components of the special fiber of C → SpecR. □
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3.2.1. The ruled-model. From Section 2 there is a retraction morphism

ξ : Pn −→ PGIT
n

which, at the level of points, is given by

[
(C, 1

n+1
D)

]
7→


[
(C, 1

n+1
D)

]
if C ≃ P1

[
(P1, (n+ 1)[0] + (n+ 1)[∞])

]
if C is nodal.

We will use this morphism to define the ruled model of a surface pair (X, 1
n+1

D) → C

over a curve C. The ruled model will be the main tool which will allow us to control
the KSBA-stable limits of certain ruled surfaces as the beginning of this section, without
running explicitly any MMP.

Definition 3.8. (ref. Figure 6) Let C → B be a family of nodal curves, and let
π : (X, 1

n+1
D)→ C be a projective morphism (not necessarily flat) such that the compo-

sition (X, 1
n+1

D) → B is a locally stable family of surface pairs. Assume that U ⊆ Csm

is a dense open subset such that the restriction morphism (XU ,
1

n+1
DU)

π|U−−→ U is the
coarse space of the family pulled back along a morphism U → Pn. A family of pairs
πY : (Y , 1

n+1
DY )→ C is called a ruled model for π if:

(1) C → B is a family of twisted curves with coarse moduli space C over B;
(2) the fibers of πY are isomorphic to P1;
(3) there is a neighborhood V ⊆ C of each node of the fibers of C → B and a map

V := V ×C C → Pn such that (X|V ∪U ,
1

n+1
D|V ∪U) is the coarse space of the

family coming from V ∪U →Pn, and (Y |U∪V , (
1

n+1
DY )|U∪V ) comes from taking

the composition U ∪ V → Pn → PGIT
n where the map Pn → PGIT

n is recalled
in Item 2,

(4) if C0 is an irreducible component of a fiber of C → B with geometric generic
point η such that (Xη, (

1
n+1

+ ϵ)Dη) is not klt, then

(Yη, DYη
) ≃ (P1, (n+ 1)[0] + (n+ 1)[∞]);

(5) if the generic fiber ofX → B is smooth, then the coarse moduli space of (Y , 1
n+1

DY )

and (X, 1
n+1

D) are crepant birational.

Example 3.9. We introduce this example to help the reader navigate how the fibers of
X → C and Y → C differ. If B = Spec(k) is a point, a ruled model of (X, 1

n+1
D) is

obtained as follows.
(1) Let p ∈ C be a smooth point of C, and η be the generic point of the irreducible

component of C containing p.
(a) If

(
Xη̄, (

1
n+1

+ ϵ)Dη̄

)
is not klt, then (Yp, (DY )|p) ∼= (P1, n[0] + n[∞]).

(b) If
(
Xη̄, (

1
n+1

+ ϵ)Dη̄

)
is klt, and (Xp,

1
n+1

Dp) is the coarse space of a pair
ϕ(p) ∈ Pn, then the fiber of the corresponding ruled model is the point
ξ(ϕ(p)), where ξ : Pn →PGIT

n is the retraction morphism.
(2) Let p ∈ C be a node of C. Then the surface pair (X, 1

n+1
D) in a neighborhood

of p is the coarse moduli space of the surface pair coming from a map V →Pn,
and the ruled model replaces the fibers with those coming from the composition
V →Pn →PGIT

n .
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ruled

model

ruled

model

_

- …

f
→

Figure 6. Two typical ruled models

Another easy example of a surface pair admitting a ruled model is as follows.

Example 3.10. Let π : (X , 1
n+1

D) → C coming from the pull-back along a (pointed)
quasi-map ϕ : C →Pn, and (X, 1

n+1
D)→ C be the coarse moduli spaces. Then one can

post-compose ϕ with Pn → PGIT
n , so that the corresponding family (Y , 1

n+1
DY ) → C

is a ruled model (X, 1
n+1

D)→ C.

The goal of this subsection is to prove that given a threefold pair (X, 1
n+1

D) which is
the coarse space of the threefold pair corresponding to a morphism SpecR→ Q, one can
run a special MMP on (X, 1

n+1
D), most of the steps of which are explicit. The setup will

be the following.

Setup 3.11. Let R be a DVR, and let η (resp. 0) be the generic (resp. closed) point of
SpecR. Let

(X , 1
n+1

D)
πX−→ (C , x1, . . . , xm) −→ SpecR

be a family of m-pointed stable quasimaps over SpecR. Assume that Cη = Cη is smooth
and that ζη : Cη →Pn factors via Cη →PGIT

n →Pn (i.e., the fibers of πη are smooth).
We denote by πX : (X,D)→ C the morphism on coarse spaces induced by πX .

(X,D) (X ,D) (Xη,Dη)

C C Cη PGIT
n Pn

SpecR η

πX πX

⊇

πη

ζ

⊇

ζη

ξ

∋

Let S ⊆ C be a closed subscheme in the smooth locus of C → SpecR such that:
(1) it contains x1, . . . , xm, and
(2) the pair (C , (c+ ϵ′)S) is log canonical for some c ∈ Q ∩ (0, 1] and 0 < ϵ′ ≪ 1.

Let F := π−1
X (S). We finally assume that the pair(

Xη, (
1

n+1
+ ϵ)D + cF

)
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is KSBA-stable for 0 < ϵ ≪ 1. Then denoting by X(0) (resp. C(0), F (0), D(0) and S(0))
the coarse space of X (resp. C , F , D and S), we have that for 0 < ϵ≪ 1

(1) the pair
(
X(0), ( 1

n+1
+ ϵ)D(0) + cF (0)

)
is klt by Lemma 3.6;

(2) the divisor D(0) is ample over C(0);
(3) up to a base change of SpecR, we can take a Q-divisor H on C(0) such that that

the pairs(
C(0), cS(0) +H(0)

)
and

(
X(0), ( 1

n+1
+ ϵ)D(0) + cF (0) + (π(0))−1(H(0))

)
are KSBA-stable and klt, where π(0) : X(0) → C(0) agrees with πX : X → C; and

(4) there is a semiample divisor M(0) on C(0) so that (C(0), cS(0) +M(0)+H(0)) is a
generalized pair with KC(0) + cS(0) +M(0)+H(0) ample and

(π(0))∗(KC(0) + cS(0) +M(0)+H(0)) = KX(0) + 1
n+1

D(0) + cF (0) + (π(0))−1(H(0)).

We are now in the setting of Subsection 3.1: running an MMP for KC(0) + M (0) +

cS(0) with scaling by H(0) can be followed by a sequence of birational contractions for
(X(0), 1

n+1
D(0)+ cF (0)), so that the proper transform D(i) of D(0) remains ample over C(i)

and (X(k), ( 1
n+1

+ϵ)D(k)+cF (k)) is a weak canonical model for (X(0), ( 1
n+1

+ϵ)D(0)+cF (0)),
for 0 < ϵ≪ 1. The following diagram summarizes our situation
(3.1)(
X(0), D

(0)

n+1
+ cF (0)

) (
X(1), D

(1)

n+1
+ cF (1)

)
· · ·

(
X(k), D

(k)

n+1
+ cF (k)

)
(
C(0), cS(0) +M(0)

) (
C(1), cS(1) +M(1)

)
· · ·

(
C(k), cS(k) +M(k)

)
,

q(0)

π(0)

q(1)

π(1)

q(k−1)

π(k)

p(0) p(1) p(k−1)

where the existence of morphisms q(i) and π(i) is guaranteed by Lemma 3.2, and KC(k) +

cS(k) + M(k) is nef. We remark here that the bottom arrows are all solid as C(0) is a
surface and hence no flips occur.

Corollary 3.12. With the same notations as above. If KC(k) + cS(k) + M(i) is ample,
then the KSBA-stable limit of

(
Xη, (

1
n+1

+ ϵ)Dη + cFη
)

is independent of 0 < ϵ≪ 1.

Proof. From Remark 3.3 we have that for every i,

(π(i))∗(KC(i) + cS(i) +M(i)) = KX(i) + 1
n+1

D(i) + cF (i)

and D(i) is π(i)-ample by Proposition 3.2. In particular, if KC(k) + cS(k) +M(k) is ample,
then the pair (X(k), ( 1

n+1
+ ϵ)D(k)+cF (k)) is KSBA-stable for any 0 < ϵ≪ 1, and it is the

stable limit for (Xη, (
1

n+1
+ ϵ)Dη + cFη). So if KC(k) + cS(k) +M(k) is ample, the stable

limit of (X, ( 1
n+1

+ ϵ)D + cF ) remains the same for every 0 < ϵ≪ 1. □

The next theorem describes each pair (X(i), 1
n+1

D(i)). Instead of studying the MMP
for (X(0), 1

n+1
D(0)), what we use are ruled models γ(i) : (Y (i), 1

n+1
D (i)

Y ) → C (i), whose
existence is justified in Theorem 3.13. Denote by g(i) : (Y (i), D

(i)
Y ) → C(i) the coarse

spaces of γ(i). There could be some components of C(i)
0 over which the geometric generic

g(i)-fiber is isomorphic to (
P1, (n+ 1)[0] + (n+ 1)[∞]

)
.
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→

.
Λm

1
.

Figure 7. Interpolation with ruled models: fibers over 0 ∈ SpecR.
The map Z(i) → X(i) extracts the divisor Ẽj and Z(i) → X(i) extracts Γ̃j,i.

Figure 8. Interpolation with ruled models for normal surfaces

We denote by C(i)
0,1, ..., C

(i)
0,k all these components, and by E1, ..., Ek the preimages of them

under g(i), as in Figure 7.

Theorem 3.13 (ref. Figure 7). With the same notations and assumptions as in Setup 3.11,
the pair (X(i), 1

n+1
D(i)) admits a ruled model (Y (i), 1

n+1
D (i)

Y )→ C (i). Moreover, the three-
fold X(i) is obtained from Y (i) by:

(1) first extracting a sequence of divisors3 supported over the curves of Y (i)
0 where

1
n+1

D
(i)
Y has coefficient 1 and which are contained in some irreducible components

E1, . . . , Ek of the central fiber of Y → SpecR via a morphism Z(i) → Y (i); and
(2) then contracting the proper transforms of E1, . . . , Ek via a morphism Z(i) → X(i).

The pair (X(i), 1
n+1

D(i)) has discrepancy 0 with respect to the divisors Ej extracted in (1).
Moreover, for every smooth point p ∈ C (i)

0 of the central fiber C (i)
0 ⊆ C (i), the degree of

the boundary part for (Y (i), 1
n+1

D (i)
Y )|

Y
(i)
0
→ C (i)

0 is strictly less than 1.

3see more details in the Proof of Proposition 4.6
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Proof. We begin by observing that p(i) will only contract rational tails of the special fiber
of C(i) → SpecR, as if B ⊆ C(i) is not a rational tail, one has

0 ≤ deg(ωC(i))|B ≤ deg(ωC(i))|B + (cS(i) +M(i)).B.

We prove the desired result by induction. As c will play no role, to simplify the
notations we assume that c = 0. The initial morphism π(0) admits a ruled model by
Example 3.10. Assuming that there is a ruled model

(Y (m−1), 1
n+1

D (m−1))→ C (m−1)

for π(m−1), we now show that there is a ruled model for π(m). As each step of the MMP
is the contraction of a rational tail of the special fiber of C(i) → SpecR, there is a smooth
point x ∈ C(m) so that p(m−1) is an isomorphism on C(m) ∖ {x}. By the induction
hypothesis, it suffices to extend the ruled model over C(m)∖ {x} to the fiber over x. The
open embedding C(m) ∖ {x} → C(m−1) yields a twisted curve C (m) with coarse moduli
space C(m), which admits an open embedding C (m) ∖ {x} → C (m−1). The ruled model
on C (m) ∖ {x} gives a P1-fibration, which is equivalent to a morphism

C (m) ∖ {x} −→ BPGL2 .

By [DLI24, Lemma 2.1], as x is a smooth point, this extends to a map C (m) → BPGL2.
In particular, there is a P1-bundle

r(m) : Y (m) −→ C (m)

extending the one on C (m) ∖ {x} coming from the ruled model over C (m−1). The divisor
D (m−1) on Y (m−1) gives a divisor on Y (m)∖{x} whose closure we denote by D (m). This is
a Cartier divisor on a neighborhood of (r(m))−1(x) as Y (m) is smooth around (r(m))−1(x).
One can check that (Y (m), 1

n+1
D (m)) → Cm is indeed a ruled model. By induction it is

a ruled model away from the fiber over x, and it is a P1-bundle over x. So it is a ruled
model. Indeed, point (3) of Definition 3.8 is automatic as Y (m) agrees with Y (m−1) on
the nodal locus of C (m) and the latter is a ruled model. Point (4) holds as it holds for
Y (m−1) and Y (m−1) agrees with Y (m) over the generic points of the special fiber of C (m).
Finally point (5) follows from the canonical bundle formula: let M(m) be the moduli
part for (X(m), 1

n+1
D(m)) → C (m). Then it suffices to check that KY (m) + 1

n+1
D (m) and

π∗
Y (m)(KC (m) +M(m)) agree in codimension one, which is true as it is true by indiction at

the step m− 1.
We prove now the moreover part. For m = 0, it follows from how the retraction

morphism Pn → PGIT
n is constructed in [DLI24, Theorem A.4(1)], which is recalled

in §2.1.1. In particular, one can go from Y (0) to X(0) by first performing a blowup
Z(0) → Y (0) as in the statement of the theorem, followed by a contraction Z(0) → X(0)

of the proper transform in Z(0) of the irreducible component of the special fiber of Y (0)

which intersects the locus that was blown-up via Z(0) → Y (0) in codimension one, as in
Figure 7.

The resulting pair is (Y (0), 1
n+1

D
(0)
Y ): the coarse moduli space of the ruled model Y (0). If

we denote by E1, . . . , Ek the divisors extracted by Z(0) → X(0) and by Γ1, . . . ,Γk′ the one
extracted by Z(0) → Y (0), one can check that the pairs (X(0), 1

n+1
D(0)) and (Y (0), 1

n+1
D

(0)
Y )

are crepant birational. In particular, the divisors Ei and Γi have discrepancy 0 for both
one of them. Again from how the map Pn → PGIT

n is constructed, for each divisor Ej



28 GIOVANNI INCHIOSTRO, ROBERTO SVALDI, AND JUNYAN ZHAO

we can associate a set of at most two divisors {Γj,1,Γj,2}, with possibly Γj,1 = Γj,2
4 such

that Ej, Γj,1 and Γj,2 map to the same irreducible component of C(0).
For the inductive step we proceed as follows. Let G be an irreducible component of

the central fiber of C(i) over which C(i−1) → C(i) is not an isomorphism. In other terms,
the map C(i−1) → C(i) contracts a tail T , and G is the irreducible component to which
it is attached. If X(i−1) and Y (i−1) are isomorphic over the generic point of G there is
nothing to prove: they are isomorphic over G as D(i) and D(i)

Y are both ample over C(i),
so X(i−1) and Y (i−1) are the projectivization of the same algebra in a neighbourhood of
G. We now assume they are not isomorphic over the generic point of G.

The proof proceeds by first extracting the divisors {Γj,ℓ}ℓ via a morphism Z(i) → Y (i)

in Step 1. We will then study and refine the space Z(i) in Steps 2 and 3. We will finally
argue that there is a morphism Z(i) → X(i) which is as in the statement of the theorem
in Steps 4 and 5.

Step 1. We extract the divisors {Γj,ℓ}ℓ which map to the irreducible component of
Y (i) mapping surjectively to G via Z(i) → Y (i), and we study Z(i).

From [Mor20, Corollary 1] one can extract the divisors {Γj,ℓ}ℓ which map to the irre-
ducible component of Y (i) mapping surjectively to G, via a morphism Z(i) → Y (i). The
main observation for Step 1 and 2 will be that (Y (0), 1

n+1
D

(0)
Y ) and (Y (i), 1

n+1
D

(i)
Y ) are

isomorphic over the generic point of G, and the fact that we can extract {Γj,ℓ}ℓ over Y (0)

explicitly, as in §2.1.1.
Observe first that each irreducible component of Γj,ℓ maps surjectively to G, as in

Figure 7. As the divisors Γj,ℓ have discrepancy 0 for (Y (0), 1
n+1

D
(0)
Y ) and as (Y (0), 1

n+1
D

(0)
Y )

and (Y (i), 1
n+1

D
(i)
Y ) are isomorphic over the generic point of G, we have:

• the divisors Γ̃j,ℓ have discrepancy 0 for (Y (i), 1
n+1

D
(i)
Y ) so the map

ψ :
(
Z(i), 1

n+1
D

(i)
Z

)
→

(
Y (i), 1

n+1
D

(i)
Y

)
is crepant birational, where 1

n+1
D

(i)
Z (resp. Γ̃j,ℓ) is the proper transform of 1

n+1
D

(i)
Y

(resp. Γj,ℓ) and
• the (at most two) divisors {Γ̃j,ℓ}ℓ contracted by Z(i) → Y (i) have as centers curves

in D(i)
Y , so the non-empty fibers of Γ̃j,ℓ → D

(i)
Y are one dimensional.

Step 2. We study the pair (Z(i), D
(i)
Z ) over the generic point ηG ∈ G. More explicitly,

we prove that D(i)
Z is ample for Z(i) → Y (i) over ηG.

Indeed, let A := OC(0),ηG
and let Z(0) → Y (0) be the space as in the statement of the

theorem, obtained using §2.1.1. Observe that A is a DVR. Let (Z
(0)
A , 1

n+1
D

(0)
Z,A) (resp.

(Z
(i)
A ,

1
n+1

D
(i)
Z,A)) be the restriction of (Z(0), 1

n+1
D

(0)
Z ) (resp. (Z

(i)
A ,

1
n+1

D
(i)
Z )) to SpecA.

Then the two pairs (
Z

(0)
A , 1

n+1
D

(0)
Z,A

)
and

(
Z

(i)
A ,

1
n+1

D
(i)
Z,A

)
are of dimension two, normal and isomorphic in codimension one as we extracted the same
divisor from (Y (0), 1

n+1
D

(0)
Y )|SpecA

∼= (Y (i), 1
n+1

D
(i)
Y )|SpecA. Then they are isomorphic. As

4Indeed, Γj,1 and Γj,2 are the irreducible components of X(0)
0 which map to a component G ⊆ C

(0)
0 , such

that the geometric fiber of π(0) of the generic point ηG of G is non-normal. If the Gal
(
k(ηG)/k(ηG)

)
acts

by swapping the two irreducible components of (π(0))−1(ηG), then (π(0))−1(ηG) has a single component.
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the desired statement holds for (Z(0)
A , 1

n+1
D

(0)
Z,A) by the explicit construction of Z(0) → Y (0),

it holds for (Z
(i)
A ,

1
n+1

D
(i)
Z,A).

Step 3. We improve the pair (Z(i), D
(i)
Z ) over the nodal locus of C(i)

0 .
Up to replacing (Z(i), ( 1

n+1
+ ϵ)D

(i)
Z ) with its canonical model over Y (i), we can also

assume that D(i)
Z is ample over Y (i). Observe that such a canonical model exists as

(Z(i), ( 1
n+1

+ ϵ)D
(i)
Z ) is klt, and it does not contract the divisors Γ̃j,ℓ from Step 2. We now

describe the threefold Z(i) over the nodal locus of C(i).
By §2.1.1, there is Z(0) → Y (0) and Z(0) → X(0) as in the statement of the theorem. Let

UX ⊆ X(0) (resp. UY ⊆ Y (0)) the locus where X(0) ∼= X(i) (resp. Y (0) ∼= Y (i)). Observe
that this locus includes the preimage of the nodal locus of C(i), as our MMP contracts
only tails of C(0). Let U (0)

Z the preimage of UY in Z(0), and U (i)
Z its preimage in Z(i). We

summarize the notation

X(0) ⊇ UX ⊆ X(i), Y (0) ⊇ UY ⊆ Y (i), Z(0) ⊇ U
(0)
Z , and U (i)

Z ⊆ Z(i).

We now argue that also U (0)
Z
∼= U

(i)
Z . As we extracted the divisors Γj,ℓ

(U
(i)
Z , D

(i)
Z |U(i)

Z
) agrees with (U

(0)
Z , D

(0)
Z |U(0)

Z
) in codimension one.

Moreover, the divisors D(i)
Z |U(i)

Z
and D

(0)
Z |U(0)

Z
are both ample over UY : the former one

as we took a canonical model at the beginning of this step, and the latter by explicit
construction of §2.1.1. In particular, as they are both S2, they are isomorphic over UY as
they are the projectivization of the same graded algebra.

Step 4. We argue that, if the boundary part for (X(i)
0 , 1

n+1
D

(i)
0 )→ C

(i)
0 over a smooth

point for C(i)
0 is less than one, the pair (Z(i), ( 1

n+1
+ ϵ)D

(i)
Z + Z

(i)
0 ) is lc.

Observe that, from how Z(i) is constructed in Steps 1 to 3 and from §2.1.1, the pair
(Z(i), ( 1

n+1
+ ϵ)D

(i)
Z + Z

(i)
0 ) is lc away from the fiber over finitely many smooth points

of C(i); let p be one of those points and let W be the irreducible component of C(i)

containing p. If the pair (Z(i), ( 1
n+1

+ ϵ)D
(i)
Z + Z

(i)
0 ) was not lc at the fiber over p, as

(Z(i), 1
n+1

D
(i)
Z +Z

(i)
0 ) and (X(i), 1

n+1
D(i)+X

(i)
0 ) are crepant birational, there is an lc center

for (X(i), 1
n+1

D(i) + X
(i)
0 ) over p. So by adjunction [Kol13, Theorem 4.9], there is an

lc center for (X(i), 1
n+1

D(i))|W . To rule out this possibility, it suffices to show that the
boundary part for the canonical bundle formula for (X(i), 1

n+1
D(i))|W → W is strictly less

than one over p.
Step 5. We prove that the boundary part for (X

(i)
0 , 1

n+1
D

(i)
0 ) → C

(i)
0 over a smooth

point for C(i)
0 is less than one.

The pair (X(i), 1
n+1

D(i)) is constructed by running an MMP with scaling for the gen-
eralized pair (C(0),M(0)) and using §3.1. This MMP contracts certain chains of rational
curves which are tails of the central fiber of C(0). In particular, let

p ∈ W ⊆ C(i)

be a point p contained in an irreducible component W ⊆ C
(i)
0 of the central fiber C(i)

0 to
which a chain of rational curves R ⊆ C(0) is contracted via C(0) → C(i). As the degree of
M(i) remains invariant through this MMP,

deg(M(i) |W ) = deg(M(0) |W (0)∪T )
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where we denoted by W (0) ⊆ C(0) the proper transform of W in C(0), and T the tails
of rational curves of C(i) which contract to W via C(0) → C(i). From how the family
(X(0), 1

n+1
D(0)) is constructed (i.e. from a map to Pn), we have that M(0) |W (0) agrees with

the moduli part of (X(0), 1
n+1

D(0))|W (0)). Then from the canonical bundle formula, the
degree of the boundary part p for (X(i), 1

n+1
D(i))|W → W agrees with deg(M(0) |Tp) where

Tp are the chain of rational curves of C(0) mapping to p, as in Figure 2. Then observe that
the MMP never contracts tails which are chain of rational curves where deg(M(i−1) |T ) =
1, as in this case deg(KC(i−1) +M(i−1) |T ) would be zero so KC(i− 1)+M(i−1) |T would be
already nef. So the boundary part in the canonical bundle formula for (X(i), 1

n+1
D(i))|G

at p is less than 1.
End of the argument. We prove that the pair

(
Z(i), ( 1

n+1
+ ϵ)D

(i)
Z

)
is minimal over

C(i) for 0 < ϵ≪ 1, and we finish the argument.
The fibers of Z(i) → C(i) are one-dimensional, as the divisors extracted map to hori-

zontal curves in Y (i), and

KZ(i) +
(

1
n+1

+ ϵ
)
∼Q,C(i) ϵD

(i)
Z .

Any effective divisor on a (possibly singular) curve is nef so our pair is minimal over C(i).
We proved that the pair (

Z(i), ( 1
n+1

+ ϵ)D
(i)
Z + Z

(i)
0

)
is log canonical and minimal over C(i), so one can take its canonical model, which will
be a morphism rather than a rational map. As the KSBA-moduli space is separated, the
morphism which takes the canonical model (Z(i), ( 1

n+1
+ ϵ)D

(i)
Z ) over C(i) agrees with the

pair (X(i), ( 1
n+1

+ϵ)D(i)), and the canonical model Z(i) → X(i) contracts Ẽj as desired. □

Corollary 3.14. With the notations of Theorem 3.13, if G ⊆ C
(i)
0 is an irreducible

component of the special fiber C(i)
0 of C(i) such that the generic fiber of X(i)|G → G is

normal, then (X(i), 1
n+1

D(i)) and (Y (i), 1
n+1

D
(i)
Y ) are isomorphic over G \ C(i)

0 .

Proof. This follows from part (i) in the moreover part of Theorem 3.13, as every closed
subscheme one blows up along maps to a nodal point of C(i)

0 . □

Corollary 3.15. Let (X(k), 1
n+1

D(k) + cF (k))→ SpecR be as in Diagram (3.1). Assume
• for each point p ∈ Cη, the fiber π−1(p) is smooth, and
• KC(k) +M (k) + c′S(k) is ample for some c′ ≤ c.

Fix 0 < ϵ ≪ 1 such that (X(k), ( 1
n+1

+ ϵ)D(k) + cF (k)
)

is KSBA-stable. Then there is a
weak canonical model(

X(k), ( 1
n+1

+ ϵ)D(k) + c′F (k)
)

99K
(
X ′, ( 1

n+1
+ ϵ)D′ + c′F ′)

over SpecR such that X(k) 99K X ′ is obtained by a sequence of flips. If KC(k)+M (k)+c′S(k)

is ample for every 0 < c′ ≤ c, every flip as above is a flop for KX(k) + 1
n+1

D(k).

In other terms, as long as there is no divisorial contraction on the family of curves
going from c to c′, if one fixes ϵ and decreases the coefficient of F (k), taking the minimal
model does not contract divisors on X(k).

Proof. By Corollary 3.12, for any fixed c′, the pair
(
X(k), ( 1

n+1
+α)D(k)+c′F (k)

)
is KSBA-

stable for any 0 < α ≤ α0, where α0 depends on c′. Therefore, one can recover X(k) by
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(1) first running an MMP rescaling c to c′ in (X(k), ( 1
n+1

+ϵ)D(k)+cF (k)), which leads
to the weak canonical model X ′, and then

(2) running an MMP rescaling ϵ to α, which gives back X(k).

Neither of these MMP contains a divisorial contraction, as the composition is IdX(k) .
The last sentence follows from Lemma 2.18, as there is a morphism τ st : C(k) → Cst

contracting all the curves where KC(k) +M (k) has degree 0. □

4. Applications to explicit KSBA moduli spaces

In this section, we apply the results of Section §3 to describe the objects on the bound-
ary of the KSBA compactification of certain moduli spaces of surface pairs.

Given a normal and irreducible moduli stack U of surface pairs (X,D) admitting a
non-isotrivial fibration (X,D)→ C over a smooth curve C, satisfying that

• the fibers of X → C are P1s;
• the restriction of D on each fiber P1 is

∑
nipi, where pi are distinct points, 0 ≤

ni ≤ n+ 1 are integers such that
∑
ni = 2n+ 2;

• the generic fiber of (X, 1
n+1

D)→ C is klt, i.e. ni ≤ n; and
• the pair

(
X, ( 1

n+1
+ ϵ1)D + (c⃗ + ϵ2)F

)
is KSBA-stable for any 0 < ϵ1 ≪ ϵ2 ≪ 1,

where F are some general fibers of X → C marked with a weight vector c⃗ with
0 ≤ c⃗ ≤ 1.

One can keep in mind the following two examples:

(1) the moduli space parametrizing (P1 × P1, 1
n
C) with C a general (2n,m)-curve,

with 2n ≤ m and F = ∅,
(2) the moduli space parametrizing Hirzebruch surfaces X which are quotients of

elliptic K3 surfaces by an involution, with D the ramification locus.

As the coefficient vector c⃗ does not play any significant role in what follows, we will
suppress it. For any ϵ1, ϵ2 > 0 such that

(
X, ( 1

n+1
+ ϵ1)D + ϵ2F

)
is KSBA-stable for a

general point [(X,D)] ∈ U(C), by possibly shrinking U , one has a morphism

Φϵ1,ϵ2 : U −→ MKSBA
n (ϵ1, ϵ2)

to the KSBA-moduli stack with fixed numerical invariants and marked coefficients (ϵ1, ϵ2).
We denote by UKSBA

(ϵ1, ϵ2) the closure of its scheme-theoretic image.
One can collect all admissible coefficients (ϵ1, ϵ2) together to get a 2-dimensional do-

main. By [ABIP23, MZ23], up to passing to the normalization of UKSBA
(ϵ1, ϵ2), there are

wall-crossing morphisms so that one can compare the normalizations of different com-
pactifications; see Figure 9.

In Section §4.1, we will apply the results in Section §3 to study the wall crossing along
the red path from the purple point to the pink point in Figure 9.

4.1. KSBA-moduli space with a marked multi-section. Let

(X ,D)
π−→ C −→ U

be the universal family over U . By Remark 2.6, there is an intrinsic Cartier divisor
∆ ⊆ C . whose support consists of points p such that fibers of π|D : D → C over p are
supported by less than 2n + 2 points, i.e. where at least two points collide. We denote
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㉗母
Figure 9. Wall crossing of KSBA moduli stacksMKSBA

n (ϵ1, ϵ2)

by ∆u the restriction of ∆ on the fiber over u ∈ U . Then by Corollary 3.6 the family(
X , ( 1

n+1
+ ϵ1)D + ϵ2π

−1(∆)
)
−→ U

is a family of KSBA-stable pairs for any 0 < ϵ1 ≪ ϵ2 ≪ 1. The following result, in
particular, verifies that

UKSBA
:= UKSBA

(ϵ1, ϵ2)

does not depend on the choice of 0 < ϵ1 ≪ ϵ2 ≪ 1, which justifies our notation.

Theorem 4.1. Keep the notations as above. Assume one of the following holds:
• either n = 1; or
• there exists a point u ∈ U(C) such that the all fibers of

(
Xu, (

1
n+1

+ ϵ1)Du

)
→ Cu

over ∆u are slc.
Then the surface pairs (X, ( 1

n+1
+ ϵ1)D + ϵ2F ) parametrized by UKSBA

(1) admit a ruled model (ref. Definition 3.8), and
(2) do not depend on the choice of ϵi, as long as 0 < ϵ1 ≪ ϵ2 ≪ 1.

Proof. The results hold for the pair represented by the geometric generic point η of UKSBA.
It suffices to prove the theorem for any stable limit of η over SpecR for a DVR R. We
first construct a limit using moduli of stable quasimaps, where the discriminant divisor
∆ extends to the smooth locus.

If n = 1, consider the morphism U → Qg,0;1,β, and take an arbitrary limit of Cη in
Qg,0;1,β, denoted by Cu. By Lemma 2.5, the limit of ∆η over any one-parameter family is
supported at those points whose images to P1 represent pairs with divisor supported at
most three points. When n = 1, those points are not in P1,DM, and hence the support of
the limit of ∆η is contained in the smooth locus of Cu by the stable quasimap condition
(Sing.).

When n > 1, this argument does not work, as the stable quasimap condition does
not guarantee that the limit of ∆η is contained in the smooth locus of Cu, since there
are curves with two points colliding in Pn,DM for n > 1. Instead, we use pointed stable
quasimaps as follows. By our assumptions, there is an étale morphism U ′ → U with
U ′ ̸= ∅ such that:

• the cardinality of the points of ∆U ′ is constant,
• the support of ∆U ′ consists of disjoint sections σ1, . . . , σm, and
• the fibers of (X , ( 1

n+1
+ ϵ)D)|U ′ → C |U ′ are slc over σi for every i.

These data yield a morphism

Φ(q) : U ′ −→ Qg,m;n,β
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for a certain choice of β. Then by definition, the support of the limit of ∆η in Qg,m;n,β is
contained in the smooth locus, as desired.

Now, let R be a DVR as above,

(Y ,DY ) −→ (C , x1, . . . , xm) −→ SpecR

be the stable quasimap limit construct as above, where m = 0 if n = 1, and let

(Y,DY )
π−→ (C, x1, . . . , xm) −→ SpecR

be the coarse spaces. Denote by η and u the generic point and the closed point of SpecR
respectively as above. As the limit of π−1(∆u), which we denote by F , will not intersect
the double locus of the central fiber of Y → SpecR, then the pair (Y, ( 1

n+1
+ ϵ1)DY + ϵ2F )

satisfied the assumptions of Setup 3.11. Therefore, we can take a relative weak canonical
model of

(
Y, ( 1

n+1
+ ϵ1)DY + ϵ2F

)
over SpecR as in Section §3.2. Then we may assume

claim that
(
Y, ( 1

n+1
+ ϵ1)DY + ϵ2F

)
→ SpecR is already a weak canonical model, and we

claim that it is a canonical model for 0 < ϵ1 ≪ ϵ2 ≪ 1.
Let (C, ϵ2∆′ +M) be the generalized pair defined by the canonical bundle formula for

(Y, 1
n+1

DY + ϵ2F ). By Corollary 3.12, it suffices to check that KC + ϵ2∆
′ +M is ample.

Notice that it is already nef, and the only possible components of Cu, the restriction of
KC + ϵ2∆

′ +M to which is not ample, are

(1) either a rational bridge R, or
(2) a rational tail T .

From the stability condition (Stab.) for stable quasimaps, a rational bridge R must
contain a point in the closure of ∆η; this addresses case (1) as ϵ2 > 0. By Lemma 2.15,
∆ intersects every rational tail at the beginning of the MMP, and hence the same holds
at the end of the MMP. As KC + ϵ2∆

′ +M is nef for any 0 < ϵ2 ≪ 1 and ∆′ intersects
every rational bridge, then the restriction of KC + ϵ2∆

′ + M must be ample for every
0 < ϵ2 ≪ 1 as desired. □

Fix g and β as above. Assume the following condition holds: for every point in Qg,0;1,β
parametrizing maps C → P1 from a smooth curve such that for every surface pair
(X, 1

2
D) → C corresponding to a point in U , there exist 0 < ϵ1 ≪ ϵ2 such that (X, (1

2
+

ϵ1)D + ϵ2π
−1(∆C)) is KSBA-stable. Then the following holds.

Corollary 4.2. There exists a choice of 0 < ϵ1 ≪ ϵ2 ≪ 1, and a natural morphism

Φϵ1,ϵ2 : Qn
g,0;1,β −→ MKSBA

2 (ϵ1, ϵ2)

from the normalization of Qg,0;1,β, which generically is given by[
(X, 1

2
D)→ C

]
7→

[
(X, (1

2
+ ϵ1)D + ϵ2π

−1(∆C))
]
.

The surface pairs in the image of Φϵ1,ϵ2 do not depend on ϵi as long as 0 < ϵ1 ≪ ϵ2 ≪ 1,
and they admit a ruled model.

Proof. This follows immediately from wall-crossings for KSBA-stable pairs of [ABIP23,
MZ23], Theorem 4.1, together with the fact that one can pick ϵ1 and ϵ2 uniformly due to
the boundedness of Qg,0;1,β. □



34 GIOVANNI INCHIOSTRO, ROBERTO SVALDI, AND JUNYAN ZHAO

4.2. Irreducible components of KSBA-stable limits. The next three propositions
are established under the following setup. Consider(

X(i), 1
n+1

D(i) + cF (i)
) π(i)

−→ C(i) −→ SpecR

as in Diagram (3.1). Let G be an irreducible component of C(i)
0 , and let S := (π(i))−1(G)

with the reduced scheme structure. The propositions that follow analyze the geometry
of S in this context.

Proposition 4.3. If X(i) agrees with the coarse moduli space of its ruled model in a
neighborhood of S, then there is a stacky curve G with coarse space G, and a vector
bundle V on G such that S is the coarse moduli space of PG(V).

Proposition 4.4 (ref. Figure 8). Suppose S is normal but X(i) does not agree with its
ruled model in a neighborhood of S. Then there is a stacky curve G with coarse moduli
space G, and a vector bundle V on G such that (S, 1

n+1
D(i)|S) is crepant birational to the

coarse space of (PG(V), 1
n+1
D). Moreover, (S, 1

n+1
D(i)|S) is obtained by

(1) (weighted) blowing up PG(V) along zero-dimensional subschemes, whose support
map to the nodes n1, ..., nℓ of C(i)

0 on G, then
(2) contracting proper transform of fibers over n1, ..., nℓ, and taking coarse space.

Remark 4.5. If G is a rational tail or a rational bridge in Proposition 4.3 or Proposition
4.4, then we can assume that V = OG ⊕ L for a line bundle L of non-positive degree.
Indeed, by [MT12, Theorem 2.4], any vector bundle on a root stack of P1 at at most two
points is the direct sum of two line bundles L1, L2 with deg(L1) ≤ deg(L2); one can twist
L1 ⊕ L2 by L−1

2 .

Proof of Proposition 4.3 and Proposition 4.4. Both propositions follow from Lemma 2.16
and Theorem 3.13. □

Proposition 4.6 (ref. Figure 10). Suppose that S is not normal. Then it is isomorphic
to the coarse space of the push-out S of the following diagram

Σ PΣ(V)

G S

i

2:1 ,

where

• G and Σ are stacky curves,
• Σ→ G is a finite morphism of degree 2,
• V is a rank 2 vector bundle on Σ, and
• i is a section of PΣ(V)→ Σ.

Let F ⊆ S be the sublocus along which S is glued to its nearby components in X
(i)
0 .

If (S, 1
n+1

D|S + F ) is log Calabi-Yau, then each component of the coarse space of Σ is
rational.

Proof. Consider the ruled model Y → C of X → C. As C has An−1-singularities, then
one can resolve them by taking their canonical smooth covering stack C ′ → C , which
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.
Figure 10. Push-out diagram defining S

étale locally replaces Spec k[[x, y, t]]/(xy − tn) with [Spec(k[[u, v]])/µn], with the action
being

ζ ∗ u := ζu, ζ ∗ v := ζ−1v.

Observe that C ′ → C is an isomorphism on the locus where C → SpecR is smooth. It is
straightforward to check that C ′ → SpecR is also a twisted curve, with the same coarse
moduli space as C . The pull-back of the universal family (Y ,DY ) → C along C ′ → C
will be a P1-bundle over C ′, so it is smooth. To simplify the notation, we will still denote
C ′ by C and Y ×C C ′ by Y ; this will cause no confusion. Recall also that G is an
irreducible component of the central fiber of C; we will denote by G the corresponding
irreducible component in C .

We now extract the divisors Γℓ,i of Theorem 3.13 in several steps. By Theorem 3.13,
there is a curve Ξ ↪→ Y → C , supported on DY , which is a 2:1 multisection of the
morphism

E := G ×C Y −→ G,
and such that S is obtained by extracting a divisor over this multisection (the divisors
Γ̃ℓ,i in Figure 8), and contracting the proper transform of E . These transformations are
performed as follows, where we will denote by E the coarse moduli space of E .

Step 1. First we show that Ξ is smooth.
Indeed, away from the fibers over a finite set of smooth closed points {x1, . . . , xr} ⊆ C ,

the surface pair (Y , 1
n+1

DY ) → C comes from a morphism C → PGIT
n . The curve G

maps to the polystable point (P1, (n + 1)([0] + [∞])) of PGIT
n , so the fibers of Ξ → G

consist of two reduced points away from {x1, . . . , xr}. We now argue that Ξ is also smooth
over xi. Indeed, the curve C is a scheme around xi, and the two pairs (X, 1

n+1
D) and

(Y, 1
n+1

DY ) are crepant birational over the family of curves C. So if we denote by σi
a section of C → SpecR through xi (which exists up to replacing SpecR with an étale
cover) and by Fi (resp. FY,i) its preimage in X (resp. Y ) also the two pairs

(X, 1
n+1

D +X0 + ϵFi), (Y, 1
n+1

DY + Y0 + ϵFY,i)

are crepant birational. By the last part of Theorem 3.13, for 0 < ϵ ≪ 1 the pair
(X, 1

n+1
D +X0 + ϵFi) is lc so also (Y, 1

n+1
DY + Y0 + ϵFY,i) is lc. Then (E, 1

n+1
(DY )|E +

ϵ(FY,i)E) is lc, and as Ξ has coefficient one in 1
n+1

(DY )|E it cannot be singular over xi.
So Ξ is smooth as desired.
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Then Ξ is a local complete intersection in Y . We can blow it up to get Y1 → Y . Let
then DY ,1 be the proper transform of DY , and E1 the exceptional divisor (which could
be two irreducible components if Ξ is disconnected) with coarse space E1. Let finally Ξ1

be the intersection DY ,1 ∩ E1.
Step 2. We describe the blow-up Y1 → Y explicitly.
Over the geometric generic point ηG of G, we replaced

(P1
ηG
, 1
n+1

((n+ 1)[0]ηG + (n+ 1)[∞]ηG)

with a chain of three rational curves, and the proper transform of the divisor has is
supported at the two tails. Moreover, from how the ruled model is constructed gener-
ically over C (i.e. via the morphism Pn → PGIT

n as in §2.1.1), the geometric fiber
(Y1,

1
2
DY ,1)|ηG → ηG over the geometric generic point ηG of G, is a chain of three P1s

with 2n + 2 points marked with coefficient 1
n+1

. Moreover, it has a point of coefficient
one if and only if it has two points of coefficient one. In other terms,

either ⌊( 1
n+1

DY ,1)|ηG⌋ = 0 or ⌊( 1
n+1

DY ,1)|ηG⌋ = ( 1
n+1

DY ,1)|ηG .

This follows as the geometric fiber of X → C over ηG has an Ak-singularity for k odd
(see Figure 1). In particular there are two cases:

(1) Ξ1 has still an horizontal irreducible component of coefficient one, or
(2) over Ξ the central fiber (DY ,1)0 of DY ,1 has no horizontal irreducible component

of coefficient one.
Step 3. We now extract the proper transforms of Γℓ,i.
In case (1), observe that that Ξ1 is smooth. Indeed, the blow-up (Y1,

1
n+1

DY ,1) →
(Y , 1

n+1
DY ) is again crepant birational, and Y1 is again smooth. So we can repeat the

argument above. Then we blow-up Y2 → Y1 along Ξ1, and iterate this process until we
arrive at case (2)

(Ξm ⊆ Ym)→ (Ξm−1 ⊆ Ym−1)→ . . .→ (Ξ1 ⊆ Y1)→ (Ξ ⊆ Y )

So after a sequence of blow-ups, we extract the divisors which in the proof of Theorem 3.13
and in Figure 8 we denoted by Γ̃ℓ,i: the proper transforms of the irreducible components
of X mapping over the coarse space of G ⊆ C . From how Γ̃ℓ,i are constructed, they are
the exceptional divisor of the blow-up of a smooth stacky threefold over a smooth stacky
curve. We will denote such a smooth stacky curve by Σ. So Γ̃ℓ,i ∼= PΣ(V) for a vector
bundle V on Σ.

There are maps PΣ(V) → X and Σ → G → X which map PΣ(V) to the irreducible
components Γℓ,i and Σ to the double locus of the central fiber of X → SpecR over G. This
follows as in the proof of Theorem 3.13: proceeding as in loc. cit. we observe that the pair
(Ym, (

1
n+1

+ ϵ)Dm) is slc, and its canonical model (Ym, ( 1
n+1

+ ϵ)Dm)→ (Y c, ( 1
n+1

+ ϵ)Dc)

over Y contracts all but the last exceptional divisors we extracted. As in Theorem 3.13,
one can study the structure of Y c over the nodal locus of C, and check that the pair
(Y c, ( 1

n+1
+ ϵ)Dc + Y c

0 ) is slc using the canonical bundle formula. From separatedness of
the KSBA moduli space, the canonical model for (Y c, ( 1

n+1
+ ϵ)Dc + Y c

0 ) is X, and there
is a morphism Y c → X. This induces maps PΣ(V) → S and Σ → G → S where S are
the irreducible components of X over G.

Step 4. We claim that Γ1,i ∪ Γ2,i agrees with the coarse space of a pushout diagram,
as in the statement.
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By [AHHLR24, Theorem 1.8], one can take S to be the push-out of the diagram as in the
statement of the corollary, which admits a morphism S → S by the universal property of
pushouts. Then S is seminormal, as the pushout of seminormal Deligne-Mumford stacks
is seminormal from the universal property of morphisms between seminormal Deligne-
Mumford stacks. As S is proper by [Ryd14, Theorem A.4(viii)], it admits a coarse moduli
space S ′. Then there is a morphism ϕ : S ′ → S from the universal property of coarse
moduli spaces. As the fibers of S ′ → S are connected and from how S ′ is constructed,
the map S ′ → S does not contract any curve. In particular, it induces a bijection on
closed points, and S is seminormal as it is an irreducible component of an slc pair. Since
S ′ is seminormal by Lemma 2.17, then ϕ is an isomorphism by the universal property of
seminormalizations.

The last paragraph of the proposition follows from the canonical bundle formula. De-
note by P the coarse moduli space of PΣ(V), and by σ the coarse space of Σ. Then
the pair (P, σ + 1

n+1
D|P + F |P ) is the normalization of (S, 1

n+1
D|S + F |S). In particular,

there is a fibration (P, σ + 1
n+1

D|P + F |P ) → G in log Calabi-Yau pairs, and the pair
(P, σ+ 1

n+1
D|P+F |P ) is Calabi-Yau: from the canonical bundle formula G is rational. □

4.2.1. Non-slc fibers and boundary part. We now classify the non-slc fibers of(
X,

(
1
2
+ ϵ1)D + ϵ2F

)
−→ C

over the smooth locus of C, for a fibration parametrized byMKSBA
2 (ϵ1, ϵ2). Coupled with

Section §4.2, this gives a complete characterization of the surface pairs on the boundary
ofMKSBA

2 (ϵ1, ϵ2), completing the proof of Theorem 1.1.
Let R be a DVR and let D be a divisor on P1

R such that the pair (P1
R,

1
2
D) is klt

and fibered in log Calabi-Yau over SpecR. From Theorem 3.13 the boundary part in
the canonical bundle formula appears with coefficient 0 < b < 1 over the closed point
0 ∈ SpecR. Then Supp(D|F ) is at most two points, where F = F0 is the fiber over
0 ∈ SpecR. We first display the cases whenD has unibranched singularities; the branched
singularities are the combination of unibranched singularities.

Proposition 4.7. Suppose that the support of D ∩ π−1(p) consists of two points x1 and
x2. Then up to swapping the indices, the local intersection number (D.F ) is 1 at x2 and
3 at x2. Moreover, the following holds.

(1) If D is smooth at x2, then D → SpecR is ramified of ramification index 3 and
b = 1

6
.

(2) If D is singular at x3 of multiplicity 2, then the analytic local defining polynomials
for (D,F ) are (y2 − x3, y), and b = 1

3
.

(3) If D is singular at x3 of multiplicity 3, then the analytic local defining polynomials
for (D,F ) are (y3 − xm, x), where m = 4 or 5; in these two cases, one has b = 2

3

and b = 5
6

respectively.

Proof. By assumption, one has that (D.F )x1 + (D.F )x2 = 4. If (D.F )x1 = 2, then D

is either smooth at x1, or x1 is a double point of D; in both cases (P1
R, F + D) is log

canonical at x1 (and similarly at x2) by inversion of adjunction. Thus it has to be that
(D.F )x1 = 1 and (D.F )x2 = 3, up to possibly swapping the indices.

If D is smooth at x2, then the analytic local defining polynomial of (D,F ) is (y−x3, y),
in which case one has that lct(P1

R,
1
2
D;F ) = 5

6
, and hence b = 1

6
.
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If multx2 D = 2, then analytic locally, D is defined by the polynomial y2 − xm. As
(D.F )x2 = 3, then it has to be that m = 3 and the (analytic) defining polynomial of F is
y. In this case, one has that lct(P1

R,
1
2
D;F ) = 2

3
, and hence b = 1

3
.

Now assume that multx2 D = 3. Since D is assumed to be unibranched, then analytic
locally, the defining polynomial of D is y3 − g(x, y), where g(x, y) is a polynomial with
every monomial having degree at least 4. Take a blow-up of P1

R at x2 and denote by E
(resp. D̃ and F̃ ) the exceptional divisor (resp. proper transform of D and F ). Since D
is unibranched at x, then Supp(D̃ ∩ E) is a single point, denoted by p.

(1) If multy D̃ ≥ 3, then (P1
R,

1
2
D) is not klt: the log discrepancy with respect to the

exceptional divisor of blow-up at p is at most 0.
(2) If multp D̃ = 2, then analytic locally at y, D̃ is defined by polynomial u2 − vm.

Since

(D̃.F̃ + E) = (D̃.F̃ + E)p = (D̃.E)p = (D.F )x2 = 3,

then it has to be the case that m = 3 and E is defined by the polynomial u,
analytic locally at p. Therefore, (D.F ) has local polynomial (y3 − x5, x), and
b = 5

6
.

(3) The similar argument shows that if multp D̃ = 1, then (D.F ) has local polynomial
(y3 − x4, x), and b = 2

3
.

□

Analogously, one has the following.

Proposition 4.8. Suppose that the support of D ∩ π−1(p) consists of a single point x.
Then multx(D) = 1 or 3, and the following holds.

(1) If D is smooth at x, then D → SpecR is ramified of ramification index 4 and
b = 1

4
.

(2) If D is singular at x (of multiplicity 3), then the analytic local defining polynomials
for (D,F ) are (y3 − x4, y), and one has b = 3

4
.

Index Multiplicity Local equation lct b

3 1 (y − x3, y) 5
6

1
6

3 2 (y2 − x3, y) 2
3

1
3

3 3 (x3 − y4, y) 1
3

2
3

3 3 (x3 − y5, y) 1
6

5
6

4 1 (y − x4, y) 3
4

1
4

4 3 (y3 − x4, y) 1
4

3
4

Table 2. Boundary part: unibranched case
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Index Multiplicity Local equation lct b

3 2
(
x(y − x2), y

)
3
4

1
4

3 3
(
x(x− ay)(x− by), y

)
1
2

1
2

3 3
(
x(x2 − y3), y

)
1
4

3
4

3 3
(
(x+ ay)(x2 − ym), y

)
1
2

1
2

4 2
(
x(y − x3), y

)
2
3

1
3

4 2 (y2 − x4, y) 1
2

1
2

4 3
(
(y−x2)(y−ax)(y−bx), y

)
1
2

1
2

4 3
(
x(y2 − x3), y

)
1
3

2
3

Table 3. Boundary part: non-unibranched case

Remark 4.9. The contribution for the boundary part on the normalization of a surface as
in Proposition 4.6 is 1

2
. This happens if either the divisor is tangent to the horizontal dou-

ble locus, or if the divisor has two transverse branches which both intersect transversally
the double locus.

Remark 4.10. We remark that in this subsection we study the horizontal part of the
divisor. It could (and in fact, in some cases it does) happen however that the divisor has
vertical components. For example, a smooth (4, 4) curve in P1×P1 can degenerate to the
sum of four fibers for each of the two fibrations of P1 × P1.

5. GIT quotients, K-moduli and quasimaps moduli spaces

The goal of this section is to compare the GIT, K-moduli, and quasimap compacti-
fication of the moduli stack (resp. space) of smooth (1,4)-curves in P1 × P1. We will
show that the K-moduli is isomorphic to the GIT moduli, and there exists a birational
morphism from the moduli of quasimaps to the GIT moduli.

5.1. Quasimap and GIT compactifications of (1, 4)-divisors. We begin with de-
scribing the objects parametrized by the quasimap moduli stack and the GIT moduli,
respectively.

Let β be a class in P1 such that Q0,1,β generically parametrizes maps P1 →P1, which
induces a family

p1 : (P1 × P1, 1
2
D) −→ P1,

where D is a (1, 4)-divisor, i.e. OP1×P1(D) ≃ p∗1OP1(1)⊗ p∗2OP1(4).

Notation. We denote by Q the closure of the locus in Q0,1,β parametrizing maps P1 →
P1 corresponding to a divisor of class (1, 4) in P1 × P1.

Proposition 5.1. A quasimap [ϕ : C → P1] ∈ Q satisfies one of the following (ref.
Figure (11)):

(1) C ∼= P1, and the map ϕ induces a family P1 × P1 → P1 with divisor (1, 4), or



40 GIOVANNI INCHIOSTRO, ROBERTO SVALDI, AND JUNYAN ZHAO

(1) (2) (3)

(4) (5) (6)

2
2 2 2

2 2
2

2

0

4 3 3

3

1

6

☆ ☆ ☆

⑦

∴
戒

Figure 11. Classification of quasimaps
red = stabilizer; blue = degree

(2) C is a nodal union of two irreducible components C4 ∪ C2 with a µ3 stabilizer as a
node, and the map ϕ on good moduli spaces has degree 4 (resp. 2) on the coarse
moduli space of C4 (resp. C2), or

(3) C is a nodal union of two irreducible components C3,1 ∪ D3,2 with a µ2 or µ4

stabilizer as a node, and the map ϕ on good moduli spaces has degree 3 on the
coarse moduli space of C3,1 and D3,2, or

(4) C is a nodal union of four irreducible components C2,1 ∪ C2,2 ∪ C2,3 ∪ D with a µ3

stabilizer at each node, and the map ϕ on good moduli spaces has degree 2 on the
coarse moduli spaces of C2,i for every i and contracts D, or

(5) C is a nodal union of three irreducible components C2,1 ∪ C2,2 ∪ C2,3 with a µ3

stabilizer at each node, and the map ϕ on good moduli spaces has degree 2 on the
coarse moduli spaces of C2,i for every i; or

(6) C is a nodal union of three irreducible components C2∪pC1∪qC3 with a µ3 stabilizer
at p and a µ4 stabilizer at q, and the map ϕ on good moduli spaces has degree i
on the coarse moduli spaces of Ci for every i.

Proof. Assume first that C is smooth, i.e. C ≃ P1. By Lemma 2.14, the pair (X, 1
2
D)

satisfies that either X ≃ P1 × P1 or X ≃ F1. However, P1 × P1 cannot degenerate
to F1: a ruling f1 of P1 × P1 would degenerate to a fiber of F1 → P1, and the other
ruling f2 of P1 × P1 would degenerate to a curve class in F2 of the form e + af; but
(e+ af)2 = −1 + 2a ̸= 0.

We now assume that C is not smooth. Let D ⊆ C be an (irreducible) tail of C, i.e. it
corresponds to a leaf in the dual graph of C. Since ϕ is stable, there must be another
irreducible component D′ which is a leaf in the dual graph. Denote by D (resp. D′) the
coarse moduli space of D (resp. D′). As ϕ is stable, the map D → P1 is finite, and D
and D′ have exactly one node, n and n′. We know that deg(f |D) + deg(f |D′) ≤ 6 and
1 ≤ min(deg(f |D′), deg(f |D′)), so there are only a few possible cases. We may assume
that deg(f |D) ≤ 3.

(i) deg(f |D) = 1 is impossible: as C has at most one twisted note on D, then D at most
one stacky point, which contradicts Lemma 2.10.
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(ii) If deg(f |D) = 2, then Lemma 2.10 implies that D has a node over x3, and the map
D → P1 is totally ramified over x3. From the stability condition, one can check that
there is at most one irreducible component of C over which the degree of f is zero,
and this component must be attached to the point on C mapping to x3. Thus, the
only possible cases are those listed as (2), (4), (5) and (6).

(iii) If deg(f |D) = 3, then Lemma 2.10 implies that D has a node over x2. Since deg(f) =
6 and each irreducible component which is a leaf on the dual graph of C maps finitely
to P1, from (i) there is exactly one other leaf. This is case (3).

□

Proposition 5.2. Let C0 := V(x40y0 − x41y1) and C1 := V(x0x1(x20y0 − x21y1)) be two
curves on P1

[x0:x1]
× P1

[y0:y1]
. Then under the G := PGL(2) × PGL(2)-action, a curve

C ∈ |OP1×P1(1, 4)| is
(1) GIT stable if and only if it is smooth and does not isotrivially degenerate to C0

or C1;
(2) strictly GIT polystable if and only if it is in the same G-orbit of [C0] or [C1].

Proof. Observe that a (1, 4)-curve on P1 × P1 is singular if and only if it is reducible.
For any (1, 4)-curve C = V(f), consider the convex hull ∆(C) in the following diagram
spanned by all monomials in f with non-zero coefficients, where the red bullet point P
is the barycenter of the 10-vertex-diagram.

x40y0

•

x30x1y0

•

x20x
2
1y0

•

x0x
3
1y0

•

x41y0

•

•

•

x40y1

•

x30x1y1

•

x20x
2
1y1

•

x0x
3
1y1

•

x41y1

Then a curve C is
• GIT semistable if and only if P is contained in ∆(C ′) for any curve C ′ in the same
G-orbit of C;
• GIT polystable if and only if it is GIT semistable and there exists a C ′ in the

same G-orbit of C such that ∆(C ′) is a line segment through P ;
• GIT stable if and only if P is contained in the interior of ∆(C ′) for any curve C ′

in the same G-orbit.
The only two strictly GIT polystable points up to the G-action are [C0] and [C1]. □

To understand the interpolation between the GIT moduli and the moduli of quasimaps,
let us classify the smooth divisors on P1×P1 of bidegree (1, 4). Let C ⊆ P1×P1 be such
a divisor. Then

• the projection p2 : (P1×P1, 1
2
C)→ P1 induces a morphism P1 →PGIT

1 , i.e. every
point on C has ramification index ≤ 2 with respect to p2|C : C → P1; or
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• p2|C : C → P1 has a branch point with ramification index either 3 or 4. Consid-
ering all possible combinations, one of the following cases occur:
(1) there is a unique ramification index 3 point;
(2) there are two ramification index 3 points;
(3) there are three ramification index 3 points;
(4) there is a unique ramification index 4 point;
(5) there is a unique ramification index 4 point and a unique ramification index

3 point;
(6) there are two ramification index 4 points.

Denote by Zi the sublocus parametrizing curves satisfying item (i), where i = 1, ..., 6.
Then these loci have the following specialization relation:

Z6 = {Q} Z5 Z4 Z1

Z3 = {P} Z2

⊆ ⊆
⊆

⊆

⊆
⊆ ,

where Zi is the closure of Zi.

5.2. From quasimap moduli space to GIT moduli space. The goal of this subsec-
tion is to relate the quasimap moduli space with the GIT moduli space of (1,4)-curves
in P1 × P1. More precisely, let B be the normalization of a root stack of Q, which is
defined in Section §5.2.2; we will construct a morphism from B to the GIT moduli stack
of (1, 4)-curves in P1 × P1.

Proposition 5.3. There exists a morphism

Bn −→ MGIT
(1,4).

We divide the argument into three steps, by modifying the universal family of surface
pairs over Q, temporarily denoted by (X ,D)→ C → Q.

Step 1. Using the classification of Proposition 5.1 and the wall crossing of KSBA
moduli spaces (ref. [ABIP23, MZ23]), we replace the family of surface pairs over the
normalization of Q with a family obtained by a birational contraction which contracts
the irreducible components of X over irreducible components of C that map to P1, the
coarse space of P1, with a map of degree 2. These appear in Proposition 5.1 as the
cases (2), (4), (5) and (6). The end result will be a family of surface pairs over the
normalization of Q.

Step 2. The transformation of Step 1 leaves a certain locus on X unchanged, as
it only contracts irreducible components which map to tails of degree 2. Specifically, it
leaves a neighborhood of the nodal locus in each irreducible component mapping to a
tail of degree 3 unchanged. In Step 2, we study the local behavior of C on this locus,
and then perform a root stack followed by a specific blow-up to add a (stacky) rational
bridge over the nodes of C , which have µ2 or µ4 as stabilizers. This modifies the family
of surface pairs by adding an irreducible component which is isotrivial.

Step 3. Apply the wall-crossing results of [ABIP23, MZ23] to perform a birational
contraction. The resulting family of surface pairs, which will be over the normalization
of a root stack of Q, will give the desired morphism to the GIT moduli stack MGIT

(1,4) of
(1, 4)-curves in P1 × P1.
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5.2.1. Step 1. We begin by simplifying the family of surface pairs

(X , 1
2
D) −→ C −→ Qn

over the normalization Qn of Q, contracting via a birational contraction X 99K X ′ the
irreducible components of X which map to an irreducible component of C with a node
with stabilizer µ3.

Let B be a normal scheme of finite type over C, let ψ : C → B be a family of twisted
curves, and ϕ : C →P1×B be a family of stable quasimaps parametrized by Q. Assume
that the generic fiber of ψ is smooth. Let (X , 1

2
D)→ C be the universal family of surface

pairs with coarse spaces π : (X, 1
2
D) → C, and let f : C → P1 be the induced morphism

between the coarse spaces of C →P1.

(X , 1
2
D) (Xuniv,

1
2
Duniv)

(X, 1
2
D) C P1 ×B P1

C B P1

π

ϕ

ψ

p2

p2

f

Lemma 5.4. Let Fa := (f ◦ π)−1(a) be the fiber over a ∈ P1. Then for three general
points a, b, c ∈ P1, the family

ξ :
(
X, (1

2
+ ϵ)D + 1

6
(Fa + Fb + Fc)

)
−→ B

is KSBA-stable. In particular, there is a morphism Q →MKSBA to the moduli space of
KSBA-stable pairs.

Proof. As a, b, c are general, and all the nodes of a family in Q are over either x2 or x3 by
Proposition 5.1, then the pair is locally stable. Using the canonical bundle formula and
the classification of Proposition 5.1 one can check that each fiber of ξ is KSBA-stable. □

When B is normal, one can use the results in Section 3.2 together with the wall-crossing
results to construct the relatively stable model of

ξ :
(
X, (1

2
+ ϵ)D + (1

9
+ ϵ)(Fa + Fb + Fc)

)
−→ B,

which we denote by
ξ′ :

(
X ′, (1

2
+ ϵ)D′ + (1

9
+ ϵ)F

)
−→ B.

The next lemma follows from the results in Section 3.2. In particular, to find the stable
replacements, it suffices to run an MMP for the generalized pair given by the family of
curves over B.

Lemma 5.5. Let p ∈ B be a closed point. Then the relative stable model is given by the
following (ref. Table 4):

(1) if ξ−1(p) ∼= P1, then (ξ′)−1(p) ∼= (ξ)−1(p);
(2) if ξ−1(p) is as in Proposition 5.1(2), then (ξ′)−1(p) ≃ (P1×P1, 1

2
D), whose bound-

ary part is supported at a single point with coefficient 1
6
;

(3) if ξ−1(p) is as in Proposition 5.1(3), then (ξ′)−1(p) ∼= (ξ)−1(p);
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(4) if ξ−1(p) is as in Proposition 5.1 (4), then (ξ′)−1(p) ≃ (P1 × P1, 1
2
D), whose

boundary part is supported at three points each with coefficient 1
6
;

(5) if ξ−1(p) is as in Proposition 5.1(5), then (ξ′)−1(p) ≃ (P1×P1, 1
2
D), whose bound-

ary part is supported at two points each with coefficient 1
6
; and

(6) if ξ−1(p) is as in Proposition 5.1(6), then (ξ′)−1(p) has two irreducible components,
and is isomorphic to (ξ)−1(p) away from the component of (ξ)−1(p) which maps
to the irreducible component of degree 2.

ξ−1(p) (ξ′)−1(p) boundary part

(1) (ξ)−1(p) ≃ (P1 × P1, 1
2
D) 0

(2) (P1 × P1, 1
2
D) 1

6
p

(3) (ξ)−1(p) 0

(4) (P1 × P1, 1
2
D) 1

6
(p1 + p2 + p3)

(5) (P1 × P1, 1
2
D) 1

6
(p1 + p2)

(6) (ξ)−1(p) with degree 2 component contracted 1
6
p

Table 4. Relative stable model of ξ

Proof. It suffices to observe that this MMP contracts precisely all the degree 2 tails of
C → B, because of our choice of the coefficient 1

9
+ ϵ. Here, by degree two, we mean

those components Γ of fibers of C → B satisfying that the morphism Γ → P1 induced
by the C →P1 has degree 2. In particular, the fibers of ξ′ have at most two irreducible
components, and the map X 99K X ′ is an isomorphism along the non-normal locus of
the fibers of ξ′. □

Lemma 5.6. Let (Y, 1
2
D) be a pair as in Lemma 5.5 cases (1), (2), (4) or (5). Then [D]

is GIT semistable.

Proof. This follows from the classification given in Proposition 5.2. For any (1, 4)-curve C
on P1×P1 and any point p ∈ P1, if (P1×P1, 1

2
C) is log canonical but (P1×P1, 1

2
C+p−1

1 (p))

is not, then the local defining polynomial of C along the fiber p−1
1 (p) is one of the following:

y − x3, y − x4, x(y − x3), x(y − x2), x2y, x2(y − x2),

and the local log canonical threshold lct
(
P1 × P1, 1

2
C; p−1

1 (p)
)

is equal to
5
6
, 3

4
, 2

3
, 3

4
, 1

2
, 1

2

respectively. The only one which contributes 1
6

to the boundary part is y − x3, which
gives a smooth point at (0, 0). Moreover, this point is of ramification index 3 with respect
to p1 : C → P1, and all the other ramification points of p1 has index 2. Therefore, C is
GIT semistable. □
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5.2.2. Step 2. Keep the notation in the last subsection. As X and X ′ are isomorphic over
the nodal locus of X ′ → B, then there is an open substack U ⊆ C satisfying that

(1) the coarse space of XU := U ×C X is an open subscheme XU ⊆ X, along which
X 99K X ′ is an isomorphism, and

(2) the image of XU in X ′ contains the nodal locus of the fibers of X ′ → B.
In other terms, in a neighborhood of the nodal locus of X ′ → B, the family X ′ → B is
the coarse space of a family of P1s over U .

XU X X X ′

U C C C ′ B

open

ζ ξ′

open

σU

σ

Definition 5.7. Define C ′ → B to be the family of twisted curves
(1) with C ′ → B as its coarse moduli space, and
(2) which is isomorphic to C → B over U .

Equivalently, one can define C ′ → B to be constructed by gluing U → B with C ′ \ N ,
where N ⊆ C ′ is the singular locus of C ′ → B. In other terms, we replace the nodal
locus of C ′ → B with the corresponding twisted nodes of C → B.

We can define a family of curves over C ′, which we denote by

XC′ −→ C ′,

by gluing XU → U with X ′ \ζ−1(N)→ C ′ \N , where ζ : X ′ → C ′ is the morphism above.

We first study the local geometry of U → B. By [Ols07, Proposition 2.2 (b)], ev-
ery geometric nodal point n ∈ U admits two morphisms as below, which are the strict
henselization inducing an isomorphism on residual gerbes at the closed points

(5.2)
[
Spec

(
Osh
B,σU (n)[x, y]/(xy − f)

)
/µn

]
←− [SpecOsh

C,n/µn] −→ C

where f is an element of Osh
B,σ(n), and a generator ζ ∈ µn acts trivially on Osh

B,σ(n) and
acts by

ζ ∗ x = ζ · x, ζ ∗ y = ζ−1 · y.
From the classification of the stabilizers of a point in C ′ given in Proposition 5.1, we see
that either n = 2 or n = 4. In particular, if we do not force that the maps in Equation (5.2)
induce isomorphisms on the residual gerbes, we have the usual local description of a nodal
singularity

(5.3) Spec
(
Osh
B,σU (n)[x, y]/(xy − f))←− SpecOsh

C,n −→ C

Although f is not be unique, the following lemma asserts that the vanishing locus V(f)
is intrinsically defined.

Lemma 5.8. There exists a closed subscheme Z ⊆ B such that for every local chart
SpecOsh

B,p near p ∈ B as above, Z agrees with V(f).

Proof. In fact, one can take Z to be the scheme-theoretic image of the singular locus of
the family of curves C → B, which is defined by the first Fitting ideal of ΩC/B. □
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Keeping the notation as above, we proceed as follows.

Notation. Let B → B be the µ2-root stack of B along Z.

This root stack replaces the local description around a node of Equation (5.3) as follows

(5.4)
[
Spec

(
Osh

B,σU (n)[x, y]/(xy − r2)
)
/µ2

]
←− SpecOsh

C ,n −→ C := C ×B B

where Osh
B,σU (n) = Osh

B,σU (n)[r]/(r
2 − f), and µ2 acts by (−1) ∗ r := −r.

Notation. We will denote by C (resp. C ′) the pull-back C ×B B (resp. C ×B B). Let
also C ′′ → C ′ be the blow-up along the locus V(x, y, r).

Observe that C ′′ is intrinsically defined, as (x, y, r) is the sum of the ideals (x, y)

and (r), which are intrinsically defined as (x, y) is the first fitting ideal of Ω1
C ′/B and r

is intrinsically defined from Lemma 5.8. A quick computation shows that the blow-up
along (x, y, r) of Spec(Osh

B,σU (n)[x, y]/(xy − r2)) is covered by the following three charts:

(i) Spec(Osh
B,σU (n)[u, v]/(uv − 1)) ∼= Spec(Osh

B,σU (n))×Gm with x = ur and y = vr;
(ii) Spec(Osh

B,σU (n)[w, y]/(r − wy) with x = w2y;
(iii) Spec(Osh

B,σU (n)[z, x]/(r − zx)) with y = z2x.
It is straightforward to check that:
(1) this blow-up replaces the singular locus consisting of a chain of two (stacky)

rational curves with three (stacky) rational curves (see Figure 12); and
(2) the relative coarse space C ′′

B of C ′′ → B is projective over B.
Observe that these procedures only change C ′ over U := U ×B B. In particular, we can
pull back XC′ along these transformations. We set XC ′ := XC′×C′C ′ and XC ′′ := XC′×C′C ′′.
The subscripts C ′, C ′ and C ′′ denote the family of curves, over which XC′ , XC ′ and XC ′′

are fibered respectively. Denote by Y → B the relative coarse moduli space of XC ′′ → B.
See Equation (5.5) and Figure 12 for a diagram including all these transformations.

The same modification goes with the divisor (1
2
+ ϵ)D′, and we denote the resulting

divisor by (1
2
+ϵ)DY on Y . Observe that the surfaces on the fibers of Y → B are obtained

by introducing an isotrivial family on the nodal locus.

(5.5)

XC ′′ XC′′ =: Y

C ′′ C ′′

XC ′

U ′ C ′ B

XC′

U ′ C ′ B

relative cms

relative cms

blow-up

µ2−root

open neighborhood
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典
∞ ㉗

B》 A

Figure 12. Birational modification performed in Equation (5.5). The
curve in blue is the exceptional divisor for C ′′ → C , whereas XC ′′ is the

pull-back of XC ′ → C ′ via C ′′ → C ′.

Remark 5.9. We make a few comments on the diagram in Equation (5.5).
(1) All squares are Cartesian except those with an arrow labeled by relative cms,

which stands for relative coarse moduli space.
(2) The most efficient way to read the diagram is to first ignore the family of surfaces,

and focus on the family of curves, as all the action happens on C ′.
(3) We summarize the modifications for the reader’s convenience.

• We first perform a root stack B → B to get C ′ by taking fiber product with
C ′ → B, and then we perform a blow-up C ′′ → C ′.
• The family of surfaces XC ′′ is the pull-back X ×C′ C ′′.
• Take the relative coarse moduli space of XC ′′ → B, denoted by Y → B.

(4) The step of root stack guarantees that the fiber of XC ′′ → B is reduced: indeed,
blowing up a node on the fiber, which is a smooth point of the total space, leads
to a non-reduced fiber on the new family.

5.2.3. Step 3. Finally, we perform some birational transformations for the family(
Y, (1

2
+ ϵ)DY

)
−→ B

to construct the morphism Bn → MGIT from the normalization Bn → B. As we will
only work with the normalization of B, we will abuse notation and denote Bn by B.

We will perform a birational transformation which (possibly after a sequence of flips)
contracts the irreducible components of the singular fibers of Y → B which lie over
rational tails (ref. red components in Figure 12). To this end, we first replace B with
an étale cover V → B, where we can add an appropriate ample divisor H on Y |V , and
perform the desired birational contraction on Y |V via a relative MMP over V . Then we
show that the birational contraction above glues.

Let C ′′ → B be the family of nodal curves as above. We denote by CV the pull-back
of C ′′ to an étale cover V → B so that there are 9 disjoint sections, which we denote by
{σi : V → CV}9i=1. Assume that each irreducible component of a singular fiber of CV → V
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has three markings. Set YV := Y ×B V and πV : YV → CV We will denote by DYV the
pull-back of DY to YV . Then

H := π−1
V (σ1(V) + . . .+ σ9(V)) + ϵDYV

is ample over V , and the family

(YV ,
1
2
DYV +H) −→ V

is KSBA-stable. By [MZ23, Theorem 1.5], one can run an MMP for τ : (YV , 12DYV ) −→ V
with a scaling by H. Recall that, if one denotes by MKSBA

I the KSBA-moduli space of
surface pairs with coefficients in a set I, one can obtain the end result of this MMP by
composing the morphism V →MKSBA

1
2
,1

induced by τ , with the wall-crossing morphism

NKSBA
1
2
,1

−→ MKSBA
1
2
,t0

for a certain 0 < t0 < 1, where:

(1) we reduce the coefficients on H, and
(2) NKSBA

1
2
,1

is the normalization of the closure of the image of V →MKSBA
1
2
,1

.

Let (Y ′
V ,

1
2
D′
Y + t0H

′)→ V be the family induced by V →MKSBA
1
2
,t0

.
For every DVR R and every morphism SpecR → V which sends the generic point to

the locus parametrizing log canonical pairs, the family

(Y ′
V ,

1
2
D′
Y + t0H

′)|SpecR −→ SpecR

is obtained by running an MMP on (YV ,
1
2
DY + t0H)|SpecR. Apply the results of Section 3

to run this MMP: from how H is defined, the MMP contracts the irreducible components
of the singular fibers of YV → V which map to rational tails of CV .

Proposition 5.10. The family (Y ′
V ,

1
2
D′
Y )→ V descends to a family over B.

Proof. We use descent for polarized schemes. Observe that although H ′ may not descend,
the polarizationOY ′

V
(m(KY ′

V
+ 1

2
D′
Y +t0H

′)) does form≫ 0. In other terms, if we consider
the two pull-backs of Y ′

V over the fiber product

π1, π2 : V×2
B := V ×B V −→ V ,

we claim that there is an isomorphism

Y ′ ×V,π1 V×2
B

∼−→ Y ′ ×V,π2 V×2
B

which sends the polarization to itself. It is clear that there is such an isomorphism as
both varieties Y ′ ×V,πi V×2

B are obtained from Y |
V×2

B
by contracting the same divisors,

so they agree in codimension one. Moreover, they agree as pairs in codimension one, i.e.

(Y ′ ×V,π1 V×2
B , DV ×V,π1 V×2

B) ∼=codim. 1 (Y
′ ×V,π2 V×2

B , DV ×V,π2 V×2
B).

As DV×V,πi V×2
B is ample over V×2

B and Y ′×V,π1 V×2
B is S2, the two pairs are isomorphic.

Indeed, they are projectivizations of the same graded algebra over V×2
B .

This isomorphism preserves the polarization H ′ as H ′ is the sum of ϵD′
Y and the pull-

back of a Q-line bundle of fixed degree on a family of P1s over V . Thus, by descent
for polarized schemes (ref. [Sta25, Tag 0D1L]), there is a scheme YB → B as desired.
Finally, descent for closed subschemes gives the family of divisors DYB

. □

https://stacks.math.columbia.edu/tag/0D1L
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Denote the resulting family over B by

(YB,
1
2
DYB

) −→ CB −→ B.

We conclude this subsection by proving Proposition 5.3.

Proof of Proposition 5.3. We first show that the fibers of (YB, DYB
) → B are GIT

semistable. As YB → B is a family of P1 × P1, it suffices to check that every fiber
of DYB

→ B is a GIT semistable (1, 4)-divisor. As the last step of MMP contracts all
the degree 3 tails of singular fibers of C ′′ → B, which contribute to the boundary part
of the new fibers by 1

4
. Let 0 ∈ B be a point such that C ′′

0 is such a fiber. Then

(YB,
1
2
DYB

)|0 −→ CB|0 ≃ P1

has exactly two fibers which contribute to the boundary part in the canonical bundle
formula by 1

4
. By the classification of log canonical thresholds in the Proof of Lemma

5.6, the local equations of the two fibers are both y − x4 = 0, and hence one has

(YB, DYB
)|0 ≃ (P1 × P1,V(x0y40 − x1y41)),

which is GIT semistable. □

5.3. Twisted stable reduction. In this section, we study the birational mapMGIT
(1,4) 99K

Q. Although this is not a birational contraction, we understand the stable reduction:
given a one-parameter family of GIT semistable, or equivalently K-semistable, pairs

(P1 × P1 × T,C ) −→ (0 ∈ T )

such that all but the central fiber are twisted stable, one can perform an explicit birational
modification to get a new twisted stable filling of the punctured family

(P1 × P1 × T ◦,C |T ◦) −→ T ◦,

where T ◦ = T \ {0}. This is an analogue of DM stable reduction of one-parameter family
of curves.

Before understanding the stable reduction of a one parameter family, we look at the
geometry of the surface.

Let X be the quadric surface P1
[x,y] × P1

[u,v], and p = V(x, u), q = V(y, v) be two points
on X. Denote the ruling V(x) (resp. V(y)) by σp (resp. σq), and the ruling V(u) (resp.
V(v)) by ℓp (resp. ℓq). Take the weighted blow-up

ϕ : X̃ −→ X

at p and q such that the weights of (x, u) and (y, v) are both (1, 4). Denote by Ep
(resp. Eq) the exceptional divisor over p (resp. q), and by σ̃p (resp. σ̃q, ℓ̃p, ℓ̃q) the strict
transform of σp (resp. σq, ℓp, ℓq). One has the intersection numbers

(E2
p) = (E2

q ) = −1
4
, (σ̃2

p) = (σ̃2
q ) = −1

4
, (ℓ̃2p) = (ℓ̃2q) = −4.

Contracting ℓ̃p and ℓ̃q, one obtains a surface ψ : X̃ → X.

P1 × P1 X̃ X

P1

π

ϕ ψ

π̃ π
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地 ☆羽 成名 奶》那了

m

⑭狐 ☆成物
O》 成》》

Figure 13. Birational modification of P1 × P1

orange = self-intersection number; red = singularity type

⇌1 ∴

Figure 14. Birational modification of P(1, 1, 4)

Denote by Ep (resp. Eq, σp, σq) the strict transform of Ep (resp. Eq, σ̃p, σ̃q) on X.
ThenX has two 1

4
(1, 1)-singularities at Ep∩σq and Eq∩σp; and has two A3-singularities at

Ep ∩ σp and Eq ∩ σq. Moreover, the space NS(X)Q is 2-dimensional, with two generators
σp and Ep, which are both nef and effective Q-Cartier divisors with self-intersection
numbers 0. Moreover, the canonical divisor −KX is ample, and hence a sufficiently large
multiple of Ep is globally generated, which induces a contraction X → P1 preserving all
the π-fibers.

Let P(1, 1, 4) be the weighted projective plane with inhomogeneous coordinate [s, w, z].
Consider the linear series {az− bw4}[a,b]∈P1 , which has a base point at p := V(z, w). Take
the weighted blow-up η : Y → P(1, 1, 4) at p of (z, w)-weight (1, 4). Note that Y has
an A3-singularity and a 1

4
(1, 1)-singularity, and the strict transform of the linear series

{az − bw4}[a,b]∈P1 on Y is base-point-free. Thus, there is a morphism Y → P1, such that
the two singularities are contained in the same fiber.

Now, let C = V(uy4 − vx4) be the curve on P1
[x,y] × P1

[u,v]. Take a family

Z := (P1 × P1 × T,C ) −→ (0 ∈ T )

such that C0 ≃ C and Ct is a curve such that Ct → P1. Let t be the local coordinate of
T near 0, and take the weighted blow-up X → Z at p := V(u, x, t) and q := V(v, y, t)
such that the weights of (u, x, t) and (v, y, t) are both (4, 1, 1). Then the two exceptional
divisors Sp and Sq are both isomorphic to P(1, 1, 4). The central fiber X0 is the union
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Sp ∪Ep X̃ ∪Eq Sq. Then one can contract ℓ̃p (resp. ℓ̃q) to the point p′ (resp. q′) in
the threefold X , and flip out two curves on S1 and S2. Finally, contracting the strict
transform of X̃ horizontally, one obtains a family X → T . The covering stack X of X
admits a P1-fibration to the nodal twisted rational curve C1 ∪n C2 with a stabilizer µ4 at
the node n, where C1 and C2 are two smooth stacky curves.

5.4. K-moduli compactification. In this section, we are aiming to show the following.

Theorem 5.11. For any 0 < c < 1
2
, there is an isomorphism between stacks

MK
(1,4)(c) ≃

[∣∣OP1×P1(1, 4)
∣∣ss/PGL(2)× PGL(2)

]
=: MGIT

(1,4),

which descends to an isomorphism between their good moduli spaces

M
K

(1,4)(c) ≃
∣∣OP1×P1(1, 4)

∣∣ss//PGL(2)× PGL(2) =: M
GIT

(1,4).

Let us start with lemmas proving that GIT (poly)stability implies K-(poly)stability.

Lemma 5.12. Let C0 := V(x40y0− x41y1) be the GIT-polystable curve on P1
[x0:x1]

×P1
[y0,y1]

.
Then (P1 × P1, cC0) is K-polystable for any 0 ≤ c < 1

2
.

Proof. For simplicity, we denote by (X, cD) the pair (P1×P1, cC0). As (X, cD) is a T-pair
with complexity one, then we can apply criterion [ACC+23, Theorem 1.31].

Let E be the exceptional divisor of the (1, 4)-blowup π : Y → X at p = ([0, 1], [1, 0]),
where the weight of (x0, y1) is (1, 4). Then one has AX,cD(E) = 5− 4c. Let f1, f2 be the
two rulings of P1 × P2 which pass through p so that D ∼ f1 + 4f2, and f̃1, f̃2 be their
strict transforms respectively. Then f̃1 ∼ π∗f1 − 4E and f̃2 ∼ π∗f−E satisfy that

(f̃ 2
1 ) = −4, and (f̃ 2

2 ) = −
1

4
.

Write the Zariski decomposition of −KX − cD − tE as

P (t) +N(t) = −KX − cD − tE ∼R (2− c)f1 + (2− 4c)f2 − tE,

where P (t) and N(t) are the positive and negative parts respectively. Then the effective
threshold TX,cD(E) is 10− 8c, and
(5.6)

P (t) =


−KX − cD − tE 0 ≤ t ≤ 2− 4c

−KX − cD − tE − 1
4
(t− 2 + 4c)f̃1 2− 4c ≤ t ≤ 8− 4c

−KX − cD − tE − 1
4
(t− 2 + 4c)f̃1 − (t− 8 + 4c)f̃2 8− 4c ≤ t ≤ 10− 8c

.

Setting u := t− (2− 4c) and v := t− (8− 4c), the Equation (5.6) simplifies as

P (t) =


(2− c)f1 + (2− 4c)f2 − tE 0 ≤ t ≤ 2− 4c

(2− c− 1
4
u)f1 + (2− 4c)f2 − (2− 4c)E 0 ≤ u ≤ 6

(2− 4c− v)(1
4
f1 + f2 − E) 0 ≤ v ≤ 2− 4c

.

It follows that

SX,cD(E) =
1

2(2− c)(2− 4c)

(∫ 2−4c

0

P (t)dt+

∫ 6

0

P (t)du+

∫ 2−4c

0

P (t)dv

)
,
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where ∫ 2−4c

0

P (t)dt =

∫ 2−4c

0

2(2− c)(2− 4c)− 1

4
t2dt

= 8(2− c)(1− 2c)2 − 2

3
(1− 2c)3;∫ 6

0

P (t)du =

∫ 6

0

2(2− c− 1

4
u)(2− 4c)− 1

4
(2− 4c)2du

= 24(2− c)(1− 2c)− 18(1− 2c)− 6(1− 2c)2;∫ 2−4c

0

P (t)dv =

∫ 2−4c

0

1

4
(2− 4c− v)2dv =

2

3
(1− 2c)3.

Therefore, one has that

SX,cD(E) =
1

2(2− c)
(
4(2− c)(1− 2c) + 12(2− c)− 9− 3(1− 2c)

)
= 2(1− 2c) + 6− 3 = 5− 4c,

and hence βX,cD(E) = 0. Now it suffices to check that βX,cD(F ) > 0 for any vertical
divisor F (ref. [ACC+23, Definition 1.26]) on P1 × P1 for any 0 ≤ c < 1

2
. To do so, we

only need to show that βX,cD(f1), βX,cD(f2) and βX,cD(D) are all positive. One has that
AX,cD(D) = 1− c and

SX,cD(D) =
1

2(2− c)(2− 4c)

∫ 1
2
−c

0

2(2− c− t)(2− 4c− 4t)dt

=
(1− 2c)(13− 4c)

12(2− c)
,

and hence βX,cD(D) > 0 if and only if 4c2 − 6c + 11 > 0, which holds for any c > 0.
Similarly, one has AX,cD(f1) = 1 and

SX,cD(f1) =
1

2(2− c)(2− 4c)

∫ 2−c

0

2(2− c− t)(2− 4c)dt

= 1− c

2
,

and hence βX,cD(f1) > 0 for any c > 0; one has AX,cD(f2) = 1 and

SX,cD(f2) =
1

2(2− c)(2− 4c)

∫ 2−4c

0

2(2− c)(2− 4c− t)dt

= 1− 2c,

and hence βX,cD(f2) > 0 for any c > 0. □

Remark 5.13. Alternatively, one can apply [Zhu21] to prove the K-polystability of
(X, cD). Notice that there is an action of µ2 ⋊ Gm, where µ2 acts by swapping x0
with x1 and swapping y0 with y1. This action has no fixed point, and the only fixed curve
is D.

The same argument proves the following.

Lemma 5.14. Let C1 := V(x0x1(x20y0 − x21y1)) be the GIT-polystable curve on P1
[x0:x1]

×
P1
[y0,y1]

. Then (P1 × P1, cC1) is K-polystable for any 0 ≤ c < 1
2
.
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Lemma 5.15. Let C be a GIT stable (1, 4)-curve on P1 × P1. Then (P1 × P1, cC) is
K-stable for any 0 < c < 1

2
.

We will apply [AZ22, Theorem 3.4] to verify K-(semi/poly)stability via admissible flags.
We do not reproduce the necessary preliminaries here, as they are presented in full detail
in [ACC+23, Section 1.7] and [Xu25], to which we refer the reader.

Proof. For any point x ∈ P1 × P1, denote by f1 and f2 the two rulings of P1 × P1 so that
D ∼ f1 + 4f2. Choose the flag

x ⊆ f2 ⊆ P1 × P1.

It is easy to see that AX,cC(f2) = 1 and SX,cC(f2) = 1− 2c, and thus βX,cC(f2) > 0. We
may assume that x ∈ C. Then Af2,cC|f2 = 1− c and

Sf2,cx(W•,•, x) =
1

2(2− c)(2− 4c)

∫ 2−4c

0

dt

∫ 2−c

0

(2− c− u)du =
2− c
4

.

Therefore, one has δx(X, cC) > 1 and (X, cC) is K-stable for any 0 < c < 1
2
. □

Proof of Theorem 5.11. The proof proceeds in two steps: to prove the isomorphism for
0 < c = ϵ ≪ 1 (cf. [LZ24b, Theorem 1.11]) and to show that there are no wall cross-
ings when varying the coefficient c. For the wall-crossing of K-moduli spaces where the
boundary divisors and canonical divisors are not proportional, see [LZ24a, LZ24b].

We may assume that ϵ is a rational number. By exactly the same argument as in
[ADL23, Theorem 5.2], one can show that for any (X, ϵD) ∈ MK

(1,4)(ϵ), X is isomorphic
to P1 × P1, and D is a (1, 4)-curve; moreover, the K-(semi/poly)stability of (X, ϵD) is
equivalent to the GIT (semi/poly)stability of [D]. In particular, by the universality of
the K-moduli stack, there exists a morphism

f :MGIT
(1,4) −→ MK

(1,4)(ϵ),

which induces a bijection on their good moduli spaces

h :M
GIT

(1,4) −→ M
K

(1,4)(ϵ).

To show that f is an isomorphism, let us construct its inverse. Let (X , ϵD)→MK
(1,4)(ϵ)

be the universal family, andMK
(1,4)(ϵ)→ BG be the morphism given by

[(XS,DS)→ S] 7→ [XS → S],

which is representable since any automorphism of P1 × P1 preserving D is contained in
PGL(2)×PGL(2). Let Z :=MK

(1,4)(ϵ)×BGSpecC be the algebraic space, and the pull-back
family XZ → Z is a trivial fibration by P1×P1. Then the family (XZ ,DZ)→ Z induces
a morphism g : Z → |OP1×P1(1, 4)|ss, which is G-equivariant. Therefore, g descends to a
morphism

MK
(1,4)(ϵ) −→ MGIT

(1,4),

which is an inverse of f .
The second step follows from Lemma 5.12, Lemma 5.14 and Lemma 5.15 immediately:

indeed, if there were a wall c = c0 (may assume to be the first wall), then there exists a pair
(P1 × P1, cD) which is K-semistable for c < c0 and K-unstable for c > c0; however, every
K-semistable pair (X, ϵD) satisfies that (X, cD) is K-semistable for any 0 < c < 1

2
. □
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For curves of larger bidegree (d1, d2), the GIT moduli is not always isomorphic to the
K-moduli spaces, and there do exist wall crossings for the K-moduli spaces, where the
walls are usually irrational (but algebraic) numbers. Moreover, there are K-polystable
log Fano pairs (X, cD) parametrized by the K-moduli space MK

(d1,d2)
(c) such that X itself

is not Fano. We illustrate this by the following simple example.
Let C0 := 4Q + ℓ1 + ℓ2 be a curve on P1 × P1 of bidegree (4, 6), where Q is a smooth

conic of bidegree (1, 1), and ℓ1, ℓ2 are two distinct lines. Then (P1 × P1, cC0) is a T-pair
of complexity one.

Lemma 5.16. The log pair (P1 × P1, cC0) is K-semistable for 0 < c≪ 1.

Proof. There are two ways to see it. Either use the criterion for complexity one pairs, or
use the GIT stability. □

Lemma 5.17. The log pair (P1 × P1, cC0) is K-unstable for any c > c0 :=
9−

√
21

30
.

Proof. We compute the β-invariant with respect to the divisor Q. It is easy to see that
AP1×P1,cC0

(Q) = 1− 4c and

SP1×P1,cC0
(Q) =

1

OP1×P1(2− 4c, 2− 6c)2

∫ 2−6c

0

OP1×P1(2− 4c− t, 2− 6c− t)2dt

=
1

2− 4c

(
1

3
(2− 6c)2 − 1

2
(4− 10c)(2− 6c) + (2− 4c)(2− 6c)

)
.

Therefore, βP1×P1,cC0
(Q) ≥ 0 is equivalent to 15c2 − 9c+ 1 ≥ 0, which implies that

c ≥ c0 :=
9−
√
21

30
≈ 0.147.

□

Lemma 5.18. There is an isotrivial degeneration from (P1 × P1, C0) to (F2, D0) with

D0 := 4e∞ + 2e0 + f1 + f2,

where e0 is the negative section, e∞ is the infinity section, and fi are two distinct fibers.

Proof. This is standard: taking the trivial family of (P1×P1, C0) over A1 and performing
blow-up and blow-down on the central fiber. □

Lemma 5.19. The pair (F2, cD0) is K-semistable if and only if c = c0. Moreover,
(F2, c0D0) is a K-polystable toric log Fano pair.

Proof. As (F2, cD0) is a toric pair, it suffices to show that

βF2,cD0(e∞) = βF2,cD0(f1) = 0

if and only if c = c0. The computation of βF2,c0D0(e∞) = 0 is almost the same as Lemma
5.17. On the other hand, we have that AF2,cD0(f1) = 1− c and

SF2,cD0(f1) =
1(

(2− 6c)e+ (4− 10c)f
)2(∫ 2c

0

(
(2− 6c)e+ (4− 10c− t)f

)2
dt

+

∫ 4−12c

0

(
(2− 6c− t

2
)(e+ 2f)

)2
dt

)
=

1

1− 2c

(
1

3
(2− 6c)2 − c(2− 6c) + c(4− 10c)− c2

)
.
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Therefore, βF2,cD0(f1) = 0 is equivalent to 15c2 − 9c+ 1 = 0. □

Corollary 5.20. The number c0 = 9−
√
21

30
is a wall for the K-moduli space MK

(4,6)(c), and
[(F2, c0D0)] ∈M

K

(4,6)(c0).
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