MODULI OF GENUS ONE CURVES WITH TWO MARKED POINTS AS A
WEIGHTED BLOW-UP

GIOVANNI INCHIOSTRO

ABSTRACT. We give an explicit description of M 2 as a weighted blow-up of a weighted projective
stack. We use this description to compute the Brauer group of Mj 2.5 over any base scheme S
where 6 is invertible, and the integral Chow rings of Ml,g and Mj 2.

1. INTRODUCTION

The moduli spaces of curves have been an object of central interest in algebraic geometry since the
1800 with Riemann and Poincaré. Understanding its global geometry and the numerical invariants
generated a vaste amount of literature.

The main focus of this paper is the moduli space of 2-pointed genus 1 curves, and their Deligne-
Mumford compactification My o. Our first goal is to revisit a description by Massarenti in [Mas14]
of the coarse moduli space of Ml,g, as a weighted blow-up of a weighted projective space, to get an
analogous description for the moduli stack over Z[%]:

Theorem 1.1. Let S be a scheme where 6 is invertible, and let P(2,3,4)s be the weighted projective
stack over S, with weights 2, 3, and 4. The map P(2,3,4)s — S has a section z : S — P(2,3,4)s
such that the weighted blow-up of P(2,3,4)s at z with weights 4 and 6 is isomorphic to MLQ;S.

In the special case where S = Spec(k) is a field, we obtain an isomorphism between Mj 2 and a
weighted blow-up of a point in a weighted projective stack.

One can understand Theorem 1.1 as follows. First, we identify P(2,3,4) with a moduli space of
genus 1 curves with two marked points (see Subsection 2.1). This in turn produces a rational map
P(2,3,4) --» M 1, defined away from a closed (schematic) subset Z C P(2,3,4), with fibers being
elliptic curves without a point (see Lemma 2.1). We prove that a weighted blow-up with weights 4
and 6 resolves the indeterminacy. This will give a map from such a blow-up B?’G)P(Z, 3,4) = M.
In Theorem 2.10 we identify this blow-up with the morphism from the universal family ﬂl,g — ﬂl,l-

The main advantage of this presentation is its explicit nature, and exploiting its relation with a

(relatively) simpler space (namely P(2,3,4)), we obtain the following:

Theorem 1.2. Let S be a scheme where 6 is invertible. If we denote by Br'(-) the cohomological
Brauer group and by A*(-) the Chow ring, we have:

(1) Br'(Mja.s) = Br'(9),

(2) if S is a field, A*(M2) = Z[z,y]/(242” + 249>, zy),

(3) if S is a field, A*(Mi2) [t]/(12t), and

(4) we can identify A*(Mj2) — A*(Mi2) with the map y — 0 and z + t.

=7
=7

We observe that the description of A*(Mj2) = Z[z,y]/(242% + 24y?, 2y) was obtained, by other

means, in [DLPV21, Theorem 2.6], by relating M o to a stack of so-called Ay curves.
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1.1. Background on Brauer groups and integral Chow rings of moduli problems. In this
subsection we bring to the reader’s attention some of the existing literature on Brauer groups and
Chow rings of moduli problems.

While there is an extensive amount of literature on Brauer groups of schemes, Brauer groups
of moduli problems are much harder to compute, especially when the base scheme is not a field,
and only few examples are known. For example, in [Liell] Lieblich computes the Brauer group of
Bpy, over fields where k is invertible. In [AM20], Antieau and Meier compute the Brauer group
of Mj 1.5 over a wide range of base schemes S, and Shin in [Shi20] computes the Brauer group
of weighted projective stacks over an arbitrary base scheme S. Similarly, Fringuelli and Pirisi
[FP21] compute the Brauer groups of M, ,, and of certain moduli of vector bundles over a field,
and using cohomological invariants Di Lorenzo and Pirisi compute the Brauer group of the moduli
of hyperelliptic curves in [DLP21].

Similarly to Brauer groups, Chow rings of moduli problems, especially with integral coefficients,
are often quite difficult to compute. For example, only a few examples have been computed in full,
for moduli stacks of curves M, , and M, ,, with g and n small (see [Vis98,Lar21, DLV21, DLPV21])
or for other moduli problems (see [EF09, DL21, DLFV21, CDLI22)).

1.2. Conventions. We will work over a scheme S where 6 is invertible. ”Points” will always be
geometric points, and ”fibers” will always be fibers over geometric points. Given an equivalence
relation on a set 8 and given a € §, we will denote by [a] the equivalence class of a. Given a tuple
of n + 1 integers ay, ...a,, and a scheme S we denote by Ps(ay, ..., a,) the weighted projective stack
with weights a1, ..., a, over S. This is defined as the quotient [A"*! \ {0}/G,,] where the action of
Gy, has weight a; on x;. We will assume that all the flat morphisms have equidimensional fibers.

1.3. Acknowledgements. I thank Dan Abramovich, Jarod Alper, Dori Bejleri, Andrea Di Lorenzo
and Siddharth Mathur for helpful discussions. I thank Minseon Shin for suggesting Grothendieck
existence theorem and Artin approximation for proving Theorem 3.1, and for the helpful discussions
that followed. I also thank the referee for carefully reading the draft and giving insightful feedback.

2. Mj2 AS A WEIGHTED BLOWUP

2.1. Rational map P(2,3,4) --» P(4,6). In this subsection we define a map P(2,3,4) --» P(4,6).
Resolving the indeterminacy of this map leads to our description of Mj 2. We work over R := Z[%].

Consider the action of G, on A? and A® with weights (4,6) and (2,3,4) respectively. Let
a, a3, ay be the coordinates on A% and B4, B those on A2. Then there is an equivariant morphism
F : A% — A? defined by sending (a2, s, ay) — (au, oz% — a3 — asay). This equivariant map induces
a morphism f : [A%/G,,] — [A2/G,,).

Lemma 2.1. The morphism f is representable, its geometric fibers are genus 1 curves without a
point, and the fiber of (B4, Bs) is isomorphic to V (y* — 2% — Byx — Bs) C Ag%,y.

Proof. From [Ols16, Exercise 10.F], the following diagram is cartesian:

AT a2

L]

[A3/Gr] — [A? /G-



In particular, the geometric fibers of f are those of F', as A% — [A3/G,,] is surjective. Therefore it suf-

fices to check the desired statement for F'. The fiber of a point (84, 8¢) is V (s — 4, a%—ag—aw@—ﬁﬁ) C

which in turn, by setting 2 = ay and y = as, is isomorphic to V(y? — 23 — Byz — Bg) C A%y. O

We now explain the relevance of f in terms of explicit equations for marked elliptic curves.
Following [Sil09, Section II1.3], one can check that if & is a field with 6 invertible, any elliptic curve
with two marked points can be written as

(1) V22 + agyz? = 2® + a2 + agxz? C P? x A3

where as, ag and a4 are coordinates on A3, and the two marked points are [0,1,0] and [0, 0, 1]. One

can check that, given six choices (a2, ag,as) and (a, ajs, a}y), the two elliptic curves

Y2z + azyz? = 2% + agx®z + agxz? and y?z + afyz? = 23 + aya?z + aj?

are isomorphic if and only if there is an element A € G, such that as = A\a}, a3 = A\3a} and
ay = )\4aﬁl. Therefore, it is natural to consider an open substack of P(2,3,4) as a moduli space for
ellpitic curves with two marked points.

Similarly, recall that every elliptic curve can be written as y?z = 2% + Byxz? + Bgz3. This
in turn gives the isomorphism Mj; = P(4,6) (see for example [EG98, Remark at page 627]).
Therefore, since M; 2 maps to ﬂm, it is natural to try to obtain such a map by writing
Y2z + asyz? = a2 + asx’z + agx?

If we perform the change of variables X :=x + %, Y =y + % and Z = 2, equation (1) becomes:

2 2 3 3
Y22 =X3 4+ 22X (ag— 2) 4+ 23 (3 G2 02 4B
* (“4 3)7\3 w3
a3,

and oy := aq — 5; we obtain the desired Weierstrass equation:

Y2Z = X3+ au X Z% 4+ Z3 (a3 — ai — anay).

in its Weierstrass form.

Defining ap := %, az := %

In particular, 84 = a4 and B¢ = oz% — a3 — apay: this explains the definition of f.

2.2. Weighted blow-up of a smooth point on a surface. To resolve the indeterminacy of the
morphism P(2,3,4) --» P(4,6), we need to perform a weighted blow-up. We will perform this
transformation on a Zariski open subset of P(2,3,4) isomorphic to Spec(R|[x,y]z—1), so it is useful
to understand the weighted blow-up of the ideal (x,y) in Spec(R[z,y]).

Consider the action of Gy, on Spec(R|z,y,u]) with weights (wy,wa, —1) with w1, ws > 0. The
resulting quotient stack has a good moduli space map [A%/G,,,] — Spec((A%)®m) given by taking
the invariant ring R[z,y,u]®" (see [Alp13, Definition 4.1] for the definition of good moduli space).

Observation 1. The ring of invariants R[z,y,u]®™ is R[u™'z,u"?y]. Indeed, consider an invariant
polynomial Q = Zijkai7j7kxiyjuk € Rlx,y,u], let ig, jo, ko such that a;, j, x, # 0, and let p > 0
be a prime number. We will denote by [a;, j, k] the reduction of a;, j, x, modulo p. Then as Q
is invariant, for every A € Fy, one has [a;, j, k] = Aiowﬁjow?_'ko ['aio,jo,ko]' As we can choose p big
enough, one has kg = igwy + jows, or in other terms aio,mkox“’y”uko = iy jo ko (TU™T) (Yu'2)0,

Remark 2.2. Identifying the ring of invariants R[z,y,u]®" with A2, we can check that:
(1) The good moduli space map 7 : [A%/G,,] — A? is an isomorphism on 7~ 1(A2 \ {0}),
(2) The map f : [A%/G,,] — [A?/G,,] defined by [X,Y, U] ~ [X,Y], where the action on A? is
with weights w,ws, extends the map A% — [A?/G,,] which sends (a,b) +— [a, ], and

(3) The morphism f is smooth and representable.
3
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To check point (3) it suffices to observe that being smooth and representable are properties that
can be checked smooth locally, and that the following diagram is cartesian, with surjective smooth
vertical arrows:

If we denote by 8 the points of the form [0, 0, u] € [A3/G,,], we have ¢ : [A3/G,,] N8 — P(wq,ws).
The following will be the definition that we will adopt for a weighted blow-up of the origin in A%,
and one can give a similar definition for a weighted blow-up of an open neighbourhood of the origin.
In Remark 2.6 we observe that it agrees with other definitions in the literature in the case, for
example, where the base scheme S is an algebraically closed field of characteristic O.

Definition 2.3. We will denote leél(’;)”AQ := [A3/G,,] \ 8 the weighted blow-up of A? at (0,0).

Remark 2.4. The construction above gives a commutative diagram as follows:

w1 ,Ww: ¢
A2 {(0,0)} — B ') 2A? —— P (w1, we)

~ ]

AZ — 5 [A2/G,,]
where the top map A%\ {(0,0)} — P (w1, ws) sends (a,b) — [a,b].

Observation 2. The exceptional divisor of Bzgfél)”QAQ — A? is isomorphic to P(wy,ws), and its
inclusion ¢ : P(wy,ws) < BES%ES”ZA2 gives a section to ¢ : le(’)fél;’QAQ — P(w1,ws). Moreover, ¢ is a
line bundle. Indeed, the map f : [A3/G,,] — [A?/G,,] is a line bundle since it comes from a map
A3 = A? x V — A? for a one dimensional representation V of G,,, and ¢ is the restriction of f to
P (w1, wz). Specifically, it is Op(y, w,)(—1) and ¢ is the zero section. In particular, as if £ — X is a
line bundle with zero section ¢ : X — £ having ideal sheaf Z, then ¢*Z = £~!; the restriction of

the ideal sheaf of the exceptional divisor to P(w1,wz) is isomorphic to Op(y; w,)(1)-

Observation 3. From Observation 2, the inclusion of the exceptional divisor P(wq,ws) — szélél)ugAQ

induces a pull-back map on Picard groups which is an isomorphism

Lemma 2.5. With the notations above, the morphism m : BESI(’)B”QAQ — A2 is proper.

Proof. The product of ¢ and 7 gives a map F : BE“ST&”QAQ — A% x P(wy,ws). We show that 7 is
proper by showing that this map is finite.

Consider the two maps A® — A2, (z,y,2) = (z,9) and A3 — A% (2,5, 2) — (221, y2*2). They
give a map to the fibred product A — A*, given by (x,v,2) — (z,y, 2 x, 2%2y). If we denote the
coordinates on A* by (X,Y, z,t), take the open subset &/ C A* whose complement is V(X,Y). Its
preimage, which we denote by V), is the open subset whose complement is V' (x,y). Therefore there is
a morphism V — U. By restricting this map to V \ D(z) > U ~ D(X) and V~\ D(y) - U ~ D(Y)
can check that ¥V — U is a finite map.

Let G,, act on A3 with weights (w1, w2, —1) and on A* with weights (w1, ws,0,0), the open
subsets U and V are invariant, and the corresponding map V — U is equivariant. We can identify
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BE‘S%S”AQ =~ [V/Gy,], and P(wy, ws) x A% =2 [UU/G,,], and the corresponding map [V/G,,] — [U/G )
with F'. Since a weighted projective stack is proper, and since proper morphisms are stable under
base change, the projection [U/G,,] — A2 is proper. Since a finite morphism is proper, also

V/G] = BE%IE);UQAQ — A? is proper. O

Remark 2.6. We can check that our description agrees with the classical one (for example, the
one in [ATW19, Section 3]) over a field of characteristic 0 containing the w; and ws roots of
unity, by giving two charts isomorphic to the ones in [ATW19, Section 3.4]. We construct only
the one corresponding to x # 0, the one corresponding to y # 0 is analogous. Consider the map
a: A% — A3 (a,b) — (1,a,b) and the group homomorphism 3 : py, — Gy, € — €7 where € is a
wi-th root of 1. If p,,, acts on A% with weights (—wy, 1), the maps o and 3 gives the desired chart
[A%/ ] — [A3/G,,] as in [ATW19, Section 3.4].

2.3. Weighted blow-up for M. We now return to the setting of Subsection 2.1.

The morphism f : [A%/G,,] — [A2/G,,] at the end of Section 2.1 gives a rational map
P(2,3,4) --» P(4,6). This rational map is not defined at the fiber of f at [0,0], namely at
the the locus {[s%,53,0]: s € G} C P(2,3,4).

Notation 1. We will denote by Z the locus {[s?,s%,0] : s € G,,} C P(2,3,4). Observe that over a
field, this is the point [1,1,0].

We will now resolve the indeterminacy of P(2,3,4) --» P(4,6). As mentioned at the beginning
of Subsection 2.2, it is useful to understand the local description of P(2,3,4) around Z:

Lemma 2.7. There is a Zariski neighbourhood U of Z and an isomorphism Spec(R[x,y],—1) = U,
such that the composition Spec(R[z,y|y—1) = U EN [A2/G,,] sends a point (a,b) — [a,b].

Proof. The coarse space of P(2,3,4) is the usual weighted projective space P(2,3,4), let w be the
coarse space morphism. Let X9, X3, X4 be the coordinates of degree 2, 3 and 4 in P(2,3,4). Given
a homogeneous polynomial f denote by D(f) the open subset of P(2,3,4) where f # 0, and with

D(f) :=n~1(D(f)) its preimage in P(2,3,4). Then Z lies in D(X3) = AZ | where (z,y) = (%, %‘2)
The only points with non-trivial stabilizers on D(X32) are the points of the form [1, 0, z], and they have
a po-stabilizer. Then D(X2X3) is an algebraic space, and so D(X2X3) = D(X2X3) = Spec(R|x, y]z)-

The rational morphism P(2,3,4) — [A?/G,,] restricted to D(Xz, X3) and composed with
D(X2, X3) = Spec(R[x,y],) gives Spec(R[r,y],) — [A?/G,,], which sends (a,b) + [b,a — b — 1].
Then it suffices to perform the change of variables x +— y and y — = + y + 1 to prove the result. [

Proposition 2.8. If we perform a blow-up Bgl’ﬁ)P(Q, 3,4) — P(2,3,4) with weights 4 and 6 at Z,
we can lift the rational map P(2,3,4) --+ P(4,6) to get 7 : B(Z4’6)73(2, 3,4) — P(4,6):

™

BYP(2,3,4) » P(4,6)

| |

P(2,3,4)—— [A%/G,,] —— [A2/G ]

Proof. As the indeterminacy locus of P(2,3,4) — P(4,6) is Z, to construct m we can work Zariski

locally around Z. From Lemma 2.7 there is a Zariski open neighbourhood Z € U — P(2,3,4) of Z
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as follows:

flp@.s3,
2) P(2,3,4) ——" [A2/Gy)]
D(X2X3) Tld
Lemma 2.7T% Tld
A2 A2/G,,).
z—1 (a,b)—[a,b] [ / ]

Then in a neighbourhood of Z, the map P(2,3,4) — [A%/G,,] agrees with the restriction to AZ_; of
the map A2 — [A2/G,,] described in point (2) of Remark 2.2. Therefore, proceeding as in Remark
2.4, we can perform a blow-up at (0,0) in A2_; with weights (4, 6) to lift (a,b) — [a, b]:

flp2,3,4)

(3) P(2,3,4) —————— [A?/Gy)
D(X2X3) Id

o flu A%/G,)
Lemma 2.7 | = Id

AZ

A2/G,,].
=1 by [anb] A%/ G

>

A2 {(0,0)) —— Bl A2 ——————P(1,6)

O

Observation 4. Observe that B?’B)P(Z 3,4) = P(2,3,4) and P(2,3,4) — Spec(Z[}]) are proper, so
also B?’G)P(Z,?), 4) — Spec(Z[3]) is proper.

2.3.1. Isomorphism B?’6)P(2, 3,4) & M. We are ready to prove that B£4’6)73(2, 3,4) & My o.

First we produce a morphism B,§4’6)P(2, 3,4) = M 2 by studying 7 : B(Z4’6)73(2, 3,4) — P(4,6).

Proposition 2.9. The morphism m is a family of genus 1 curves with a section.

Proof. We first prove that 7 is a family of genus 1 curves. Since B(Z4’6)77(2,3,4) is proper, 7

is proper. From Lemma 2.1 the map 7 is representable away from the exceptional divisor of
p: B(Z4’6)77(2, 3,4) — P(2,3,4), and from the results of Subsection 2.2 it is representable around the
exceptional divisor. Therefore 7 is representable. From Subsection 2.2, the fibers of m are smooth
along the exceptional divisor. Moreover from Lemma 2.1, they are genus 1 curves without a point
when we restrict them to P(2,3,4) \ Z. Therefore the fibers are genus 1 curves. The existence of

the section follows from Observation 2 (the section is the inclusion of the exceptional divisor). [

Recall now that there is a well-known isomorphism P(4,6) = M ; over Z[%]. Indeed, using the
change of variables in [Sil09, Section III.1], we can show that every stable curve in Weierstrass
equation over Z[¢] can be written as y?z = 23+ Azz?+ Bz* C P2. Then proceeding as in [Sta21, Tag
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0725], we consider the schemes W = Spec(Z[4, B, §]) and
Ew = {y?2 = 23 + Az2® + B2} C P3,

and the action of G, on W induced by the action of G,, on PZ with weight 2 (resp. 3, 0) on the
coordinate x (resp. y, z). This induces an action of G, on W with weight 4 on A and 6 on B.
Proceeding as in loc. cit. one can show the desired isomorphism [W \ {0}/G,,] & M ;.

The following Theorem identifies B?’G)P(Q, 3,4) with the universal family of 1-pointed genus 1

curves over My 1.

Theorem 2.10. There are isomorphisms B(Z4’6)73(2,3,4) > Mo and P(4,6) = My, which make
the following diagram cartesian, where the morphism ¢ is the universal family:

BMIP(2,3,4) —— M,

l |

P(4,6) ——— My.1.

Proof. From Proposition 2.9, « is a family of genus 1 curves with a section, so it induces a morphism
Y :P4,6) — ﬂm and a cartesian diagram like the one above. Therefore for proving the statement,
it suffices to check that v is an isomorphism.

We check that 1) is bijective on geometric points and representable (therefore it is finite). We
can check that it is bijective on the level of coarse spaces, and since the source is proper and both
coarse spaces are isomorphic to P!, it suffices to check injectivity. In other terms, it suffices to check
that two distinct fibers of 7w have different j-invariant. This follows from the explicit descriptions
of the fibers of 7 of Proposition 2.9. To check it is representable, we use Lemma 2.11. It suffices
to check that for every point p € Mm, there is a point g € B?’G)P(Q, 3,4) which maps to it and
which has no automorphisms: for every pair of (4, 3s) it suffices to choose a point (aq, a3, cq) with
asas # 0, ay = B4 and o3 = o + Baca + Be.

Observe now that 1 is an isomorphism over Spec(Q). Indeed the restriction Vg P4, 6)@ — Ml,l,@

is still bijective and representable. In particular, for every point p € P(4,6)(Spec(Q)), the induced
map Autp(P(4,6)g) — Autw@(p) (ﬂl,l,@) is injective. But an injective map between finite groups of
the same cardinality is an isomorphism, so % is an isomorphism on the groupoids of Q-points. Then
from Zariski’s main theorem (see [AI19, Theorem A.5]) it is an isomorphism. But Spec(Q) — Spec(Q)
is an fpqc morphism, so if zp@ is an isomorphism also g was an isomorphism as being an isomorphism
is local in the fpqc topology (see [Sta21, Tag 02YJ]).

We observe now that 1.Op46) is a line bundle. Indeed, + is flat from ”miracle flatness Theorem’
(see [Sta2l, Tag 00R3]), as it is a map between two regular 2-dimensional stacks, with 0-dimensional

fibers. Therefore 1.Op(4,) is a vector bundle, since My 1 is regular, and flat modules over a regular

Y

local ring are free. But since ¢q is an isomorphism, 1.Op(4 ) has rank 1 over the generic point.
Since M 1 is connected, ¥« Op(4,6) has rank 1.

Recall finally that ¢ is finite, so to check that it is an isomorphism it suffices to check that
P Omm — 1¥.Op(46) is an isomorphism. It suffices to check the statement étale locally on the
target, where we have a morphism A, — B, of noetherian local rings, which sends 1 +— 1 and such
that B, has rank 1 as an A,-module. But then if we denote by m4 (resp. mp) the maximal ideal

of A, (resp. Bp), then A,/ma — B,/mp is surjective. So from Nakayama, A, — B, is surjective.
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It is injective since both rings are integral and 1 is an isomorphism on the generic fiber, so it is an
isomorphism. O

Lemma 2.11. Let f : X — Y and g : Z — Y be morphisms of algebraic stacks, and let F' := X xy 2
be its fibered product. Assume that for every geometric point p € X, there is a point ¢ € F which
maps to p and such that Autp(q) = {Id}. Then f is representable.

Proof. Recall that there is an equivalence of groupoids

|F(Spec(k))| = {(a,b,0) : a € X(Spec(k)),b € Z(Spec(k)), o € Homy(f(a),g(b))}-
The automorphisms of a point (a,b,o) are pairs (u,v) € Auty(a) X Autz(b) which make this
diagram commutative:

a) " g(b)

S
f(u)l JQ(V)
fla) =" g(b)
In particular, for every p such that f(u) = Id, the pair (u,1d) is an automorphism. Therefore if
Autp(a,b,0) =1d, the map f induces an injection Auty(a) — Auty(f(a)).
Now, our assumptions guarantee that for every geometric point p € X there is a point g € F

which maps to p and which has no automorphisms, so for every geometric point p € X the map
Auty(p) — Auty(f(p)) is injective. The result follows from [AH11, Lemma 2.3.9)]. O

Observation 5. Over a field, one can also prove that B?’G)P(2,3,4) > M as follows. First,

observe that both spaces have the same coarse moduli space (proved in [Mas14, Theorem 2.3],
observe that the coarse moduli spaces of P(2,3,4) and P(1,2,3) agree). Then it suffice to study
the automorphisms groups of the points of codimension one. Indeed since MLQ is smooth and
generically a scheme, the stabilizers on the points of codimension one are enough to characterize the
stack structure of M o (see [GS17, Theorem 1]).

3. THE BRAUER GROUP OF M 2
Let S be a scheme where 6 is invertible. The goal of this s ection is to prove the following:
Theorem 3.1. The pull-back map Br'(S) — Br'(M; 2.5) is an isomorphism.

The proof is divided into several steps, but the key ingredient is Minseon Shin’s result on the
cohomological Brauer group of weighed projective stacks:

Theorem 3.2 ([Shi20]). Let Ps be a weighted projective stack over S. Then the pull-back map
Br'(S) — Br/(Pg) is an isomorphism.

Up to working a connected component at the time, we can assume that S is connected.

Notation 2. We will adopt the following notations:
(1) M :=Mias;
(2) P = P(Qa 374)5;

(3) E:=P(4,6)s, and

(4) f: M — P the blow-down.

Before proceeding with the proof of Theorem 3.1, it is useful to recall the following
8



Observation 6. A Gp,-gerbe § — Y over a stack Y is trivial if and only if it has representable
morphism 7 : § - Y x BG,, over Y. This in turn is equivalent to the data of a line bundle £
on § with the following property. For every point p € G, if we denote by X, be the kernel of
Aut,y(G) = Aut,(Y), then we require K, to act faithfully on £,. Such a line bundle is called
1-twisted or (—1)-twisted line bundle (see [Lie08, Lemma 3.1.1.8]).

Step 1: It suffices to prove that H (P, R'£,G,,)"" = HY(P, R?£,G,,)!" = 0 and that the
morphism H'(M,G,,) — HY(P, R' £,G,,) is surjective.

Observe that we can compute RI'(M,-) by composing the functors Rf, with RT'(P, ), where R’
is the derived functor of global sections. Then we can consider the Grothendieck spectral sequence
associated with this composition of functors, and its seven term exact sequence:

HY(P,G,,) = H'(M,G,,) & H(P, Rf!G,,) —
— H%(P,G,,) — Ker(H*(M, G,,) — H (P, Rf?G,,)) — HY (P, RflG,,).

In particular, it suffices to prove that a is surjective and that H (P, R! f.G,,)t" = H*(P, R2f.G,,)t" = 0
to guarantee an isomorphism H?(P,G,,)"" — H*(M, G, )",

Step 2: If . : Z — P is the inclusion of the locus where M — P is not an isomorphism, then
R'f,G,, = 1.Z. Moreover, for every étale morphism U — P, we can identify R'f.G,,(U) with the
relative Picard group of U xp M — U. With this identification, the isomorphism t,Z — R f,G,,
sends 1 to the ideal sheaf of the exceptional divisor.

Notation 3. For every geometric point x € Z, let A = O%lgc with maximal ideal m, let B := M xpSpec(A)
with coarse moduli space B, let Z C Spec(A) be the pull-back Z xp Spec(A) and let p : B — Spec(A)
be the second projection. We summarize the new notations in the following cartesian diagrams:

Ll

Spec(A) —— P Spec(A) —— P

We can compute (R!f.G,,). by replacing P with Spec(A4). Thus as A is strictly henselian, it
suffices to check that HY(B,G,,) = Z. To do so, first observe that Pic(Spec(A4)) = {0} as A is a
regular local ring. Moreover as Z has codimension 2 in Spec(A),

Pic(Spec(A) N\ Z) = Pic(Spec(A4)) = {0}.

Observe now that if Fz = P(4,6)z is the exceptional divisor of B, the complement of Ez in B is
isomorphic to Spec(A) \ Z. Therefore we have an exact sequence

Z|Ez] % Pic(B) — Pic(Spec(A) ~ Z) — 0.

Therefore Pic(B) is cyclic, so it suffices to check that Pic(B) is not finite. It is enough then to check
that the image of the pull-back Pic(B) — Pic(E£z) contains the class of Op(4¢),(1). But this is true:
the pull-back map Pic(P(4,6)s) — Pic(P(4,6)z) (which sends Op46)4(1) = Op(s6),(1)) can be
factored as

Ez=P(4,6)z > B—M—P(4,6)s.

Step 3: The morphism a : HY(M, G,,) — H°(P, R £.G,,) is surjective.
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Indeed, a is the restriction Pic(M) — Pic(E), which is surjective from Observation 3 (the
pull-back of the ideal sheaf of the exceptional divisor is Og(1)).

Step 4: H(P,R'£,G,,)"" = 0.

Indeed, if we denote by ¢ : Z — P the inclusion of Z, then R!f,G,, = 1.Z, where the isomorphism
1+Z — R'f,G,, sends 1 to the ideal sheaf of the exceptional divisor. So

HY (P, R'f.G,,) = H'(P,1.Z) = H'(Z,Z).

The latter has no torsion from [Shi20, Appendix A.].

Step 5: In the following two steps we show that for every geometric point x € P, the stalk
(R?f.G,,), has no torsion (so also HO(P, R? £.G,;,) has no torsion). This concludes the proof.

Our goal is to show that H?(B,G,,) has no torsion. Therefore, let X — B be a G,,-gerbe
corresponding to a torsion class in cohomology. Let A be the completion of A along the ideal of Z,
and let B := B X Spec(A) Spec(fl) and similarly X := X X Spec(A) Spec(fl).

Step 6: The gerbe X — B has a section (so it is trivial).

First, observe that from [Ols05, Theorem 1.4], we have @Coh(Bn) = C'oh(B), where we denote
by Bn = B Xgpec(a) Spec(A/m™). Then from Tannaka duality

Homy (B, X) = Homy,,, g (Coh(X), Coh(B)) = Homy,,, 5 (Coh(X),lim Coh(B,,))
= lim Hom,,,, 3, (Coh(X), Coh(B,)) = lim Homy (B, X).

In particular, we have to show that:

(1) If we can lift B,, — X, then we can also lift B, — X, and
(2) The map By — B can be lifted to By — X.

We begin by (1). Since lifting B, 41 — & is equivalent to the gerbe X' x ;5 Bn11 — Bj41 having a
section, it suffices to prove that if X' x5 B,, — B, is trivial then also X x5 By 41 — Bp1 is trivial.
Thus from Observation 6, we need to show that we can lift a 1-twisted line bundle from B,, — B, ;1.

To check that a line bundle £ on X x ;3 B, is 1-twisted one needs to check the condition of
Observation 6 only at the geometric points. Since the geometric points of X' X 5 By, 1 are the same
as those of X' X B, any extension of a 1-twisted line bundle from X x; B, to X' X 5 B;,+1 will be
1-twisted. Therefore we can ignore the condition of being 1-twisted, and our goal is to show that we
can extend a line bundle £ from X' X 3 B, to X Xz Bpy1.

Let I the ideal sheaf of Spec(A,) — Spec(Ani1), let Xy = X Xgpec(a) Z and let £ : Xy — 2
be the composition of Xy < By £ Z. Then the obstruction to extend £ lies in H?(Xy, £*I). We
want to show that HQ(XO,f*I) = 0. Indeed, since X — B — B is a good moduli space, also
v: Xy — By = B Xgpec(a) £ 18 a good moduli space, as good moduli spaces are stable under base
change (see [Alpl3, Proposition 4.7]). Therefore v,Ox, = Op, and v, is exact as good moduli
spaces are cohomologically affine. Then we have

H%(Xy, £ 1) = H2(Xy, v* u* 1) = H(By, vuv* 1" I) = H2(By, p*I).

We aim at showing that H2(By, u*I) = 0. Observe that can compute the derived functor RT'(By, -)
as a composition of Ry, and RI'(Z,-). But the latter is an exact functor, since Z is affine (as it
is closed in Spec(A)). Therefore H?(By, u*I) = H°(Z, R, I), and R?u,I = 0 since By — Z has
relative dimension 1. Therefore H(Z, R?1u,I) = 0, so H?(By, u*I) = 0 as desired.

To show (2), observe that there is a surjective closed embedding ¢ : P(4,6)z — By (i.e.

Bied = P(4,6)z). In particular, .G, = G,, and Rt = 0 for i > 0 (as a quotient of a strictly
10



Henselian ring is strictly Henselian). Thus H?(By, G,,)"" = H?(P(4,6)z, G,,)"" = 0 where the last
equality follows from [Shi20], the fact that Z is closed in Spec(A), and A is strictly Henselian.

Step 7: We show that X' — By is trivial.

Let (Sch/Spec(A))°P be the opposite category of schemes over Spec(A) and consider the following
three functors. First, for every scheme T" — Spec(A), consider the functors of sets of the groupoids
Homgpec(a)(Br, Xr) and Homgpee(a)(Br, Br). We will denote these functors as Fy and Fh. Observe
that the map Xpr — Br induces a natural transformation Fy; — F,. Lastly consider the constant
functor, which we denote by Fj3, that sends T' — Spec(A) to a set with a single element which we will
denote by {Id}. There is a natural transformation F3 — Fy such that for every map 7" — Spec(A)
sends Id € F3(T — Spec(A)) to the identity in Homgyee(a)(Br, Br). We will denote by F' the fiber
product F x g, F3. This is the functor that sends 7" — Spec(A) to the set of sections of Xr — Br.

We first show that F' commutes with limits. A limit in (Sch/Spec(A))°’ is a colimit in
(8ch/Spec(A)), so let lim 7; be such a colimit. Observe now that, since & and B are of finite type, and
since HomSpec(A) (BT, XT) = Homspec(A)(BT, X) and HomspeC(A) (BT, BT) = Homspec(A) (BT, B),

Fi(lim T;) = lim F1(T3) and similarly F5(lim 75) = lim Fy(T;).
Similarly, also F3 commutes with colimits. Notice also that F' is a finite limit of the F;, as fiber
products are limits. Now the desired commutativity follows from this string of equalities:

liny F(7) = lim(Jim F})(T;) = limy lim F;(T;) = lim ling F;(T;) = lim Fy(ling 75) = F(limy 75).
j J 7 J 1 ) 2 J J

The first and last equality follow from the definition of F', the second equality follows from the
definition of limits in sets, the third equality follows from [Sta21, Section 04AX], and the fourth one
from the fact that F; commute with colimits. Therefore we can apply [AHR19, Theorem 3.4], and
from the results of the previous step the gerbe X — B has a section.

4. CHOW RING OF Mj 2 AND Mj 2

In this section we will assume that S is a field, which we denote by Spec(k). As usual, we assume
that 6 is a unit in k.

4.1. Equivariant intersection theory. In this subsection we recall the relevant definitions that
we will need on equivariant intersection theory and we refer the [EG98] for more details. It is useful
to keep in mind the following three facts:

(1) If V is a vector bundle on a scheme X, then the pull-back map A*(X) — A*(V) is an
isomorphism,
(2) If C C X is a closed subset of a scheme X, then there is an exact sequence

A (C) = A(X) > A(X N C) = 0, and

(3) For every i and avery n > i there is a linear action of G on a vector space V with an open
subset of codimension at least n — i where G acts freely.

In particular, if X is a scheme, 7 : V' — X a vector bundle of rank n, and C' C X a closed subset
of codimension i + 1, A>;(X) =2 As, (771X N C)).

Assume now that a linear algebraic group G of dimension g acts on X, and let n be the dimension
of X. One can consider the quotient stack [X/G] and coupling the paragraph above with point
(3), for every n € Z, it is natural to define its Chow groups A, ([X/G]) as follows. First, consider

a representation V of G of dimension [, such that G acts freely on an open subset U C V of
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codimension at least n —i. We define 4;([X/G]) := Aj11—¢([X x U/G]). The advantage is that
[X x U/@] is an algebraic space (or a scheme if for example X is projective, see [EG98, Proposition
23]), so its Chow groups are defined classically. It follows from Bogomolov’s double filtration
argument that A4;([X/G]) are well defined (i.e. the definition does not depend on V' or U). Moreover,
the definition of A, ([X/G]) does not depend on the presentation of [X/G]: if [X/G] = [Y/H] for an
algebraic space Y and a group H, then A, ([X/G]) = A,([Y/H]).

Equivariant Chow groups enjoy some properties of the usual Chow groups. We list now the
properties we will use in the rest of the manuscript (and we refer to [EG98]| for further details).

Let f: X — Y be a proper morphism and g : Z — Y be a flat one. Assume that we have a linear
algebraic group G acting on X, Y and Z in a way such that f and g are equivariant. Then we have a
proper push-forward f, : A, ([X/G]) = A«([Y/G]) and a flat pull-back ¢* : A*([Y/G]) — A*([Z/G]).
Both proper push-forward and flat pull-backs are functorial, and the following diagram commutes,
where d is the dimension of the fibers of g:

(4) Asrd([X xy Z2/G]) «—— A([X/G])

J{ Jproper

flat
Ara((2/G)) —— A[Y/G)).
In particular, if U is an open subset of a vector bundle as above, then U x Y — Y is flat, and we
can use the diagram above to explicitly control proper push-forwards on the level of Chow groups.

Remark 4.1. For any representable morphism Z — [X/G], the fiber product Z := X X|x/q X is
an algebraic space with an action of G. Moreover, Z = [Z/G], the second projection Z — X is
equivariant, and Z — [X/G] is induced by Z — X. In particular, we can define push-forwards and
the pull-backs as above for representable morphisms where the target is a quotient stack.

Finally we will also use that if U C X is an open subset which is invariant for the action of G
and with complement C, then there is an exact sequence

A((0/G)) - A(X/G)) » A(U/G]) — .

Proposition 4.2. Let f : X" — X be the seminormalization of X . Then f is a Chow envelope,
namely fi @ Au(X°") — A (X) is surjective.

We refer the reader to [Sta21, Tag 0EUIK] for the definition and properties of the seminormalization.

Proof. 1t is clear that f.[X*"] = [X]|. Then for any irreducible closed subset i : V — X,
[V] = i[V] = ix 0 i [V*"], where v : V" — V is the seminormalization. But the seminormalization
is functorial, so V*" — X lifts to j : V5" — X*". Then [V] = i, o v [V*"] = fi 0 4. [V"]. O

Corollary 4.3. If X = [Y/G] is an algebraic stack and Y*" is the seminormalization of Y, then G
acts on Y%, the map [Y*" /G| — [Y/G] is a seminormalization, and it is a Chow envelope.

Proof. As noted before Remark 4.1, it suffices to prove the desired statement if we replace Y (resp.
Y5") with Y x U (resp. Y*" x U) for U an open subset of a G-vector space as at the beginning of the

subsection. Then the desired statement follows from Proposition 4.2, as Y*" x U = (Y x U)*". O
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4.2. Pull-backs and push-forwards for maps between vector bundles. We prove three
lemmas about morphisms between vector bundles that will be useful later.

Lemma 4.4. Let ¢ : V 2 V) @& Vo — B be a vector bundle which is the sum of two vector bundles
Vi and Va, and let n be the rank of V1. Consider the projection p: V — Vi over Vi. Then p is flat
and if we denote by [B] € A, (V1) the class of the zero section, then p*([B]) = ¢*(cn(V1)), where ¢,
is the n-th Chern class of V1.

Proof. Let ¢1 : V1 — B the projection. From [Full3, Proposition 1.9, Theorem 14.1] the map
¢7 + A*(B) — A*(V1) is an isomorphism sending ¢, (V1) + [B]. The map p is flat, since we can
identify it with the first projection V; xp Vo — Vi. The claim follows since ¢* = p* o ¢7. O
Observation 7. Let V' — X be a line bundle. For every n > 0 we have the n—th power morphisms
pn V. — VE" This is a finite morphism which induces a map (py,)« : A«(V) = A.(V®") such that
(Pn)«([V]) = n[V="].

Lemma 4.5. Let X be a scheme, let L be a line bundle on X, and let (aq, ..., a,) be positive integers.
Assume that n is invertible on X. Consider the morphism

n n
@pai L — @E(@ai
=1 =1

where pg, s the a;-th power morphism of Observation 7, and let us denote this morphism by ¢. If
we denote by W := @, LZ% and by 7 : W — X the projection, then 7* induces an isomorphism
A*(X) — A*(W) which identifies [[ aic1 (L)1 with ¢.([£]).

Proof. We can factor ¢ as the composition of the diagonal morphism ¢ : £ — £%" and h : L% — W),
where h on the i-th direct summand is p;. The map ¢ fits in an exact sequence
0— L% £om Y o1 0
where ¥((aq, ...,a,)) = (a2 —aq, ..., a, —a1). Observe that g splits as n is invertible on X. Then from
Lemma 4.4, 1 is flat and if we identify with Xq € £®"~! the zero section and with ¢ : L& — X
the projection, then
9:1£] = [9(L)] = [ ™1 (Xo)] = ¥ ([Xo]) = ¢"(ca(£)" 7).

Now, ¢« ([£]) = h«(9+[L£]) = hi(q* (c1(£)"1)). But moh = g, therefore if we denote by o = ¢1(£)"*

we have

hala(0)) = hu(h*° (@) = hu (7 (@) 1 [£77]) = (@) (V0 (1£7]) = ([T ) *()

where the second equality follows since N[£®"] is the identity in the Chow ring of £L%" and the last
one from Observation 7. 0

Corollary 4.6. We adopt the notations of Lemma 4.5. Let V' be a vector bundle of rank m over X
and leti: W — W @V be the inclusion. Then if ¢ : W &V — X is the projection, ¢* induces an
isomorphism A*(X) — A*(W @ V) which identifies ([] a;) cm(V)e1 (L)1 with (i o ¢).([£]).

Proof. Let m: W — X the projection. From Lemma 4.5 we have (i0¢).([£]) = (I] a;) i«(7*c1 (L) 1).
But 7 = ¢ o and from Lemma 4.4, i.[W] = ¢*(¢,n(V)). So

i(m e (L)) = i1 (g e (L)) N V) = ¢ er (L) Nin((W]) = ¢ (ea (L) e (V).
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4.3. Preliminaries for A*(M;j3). We prove some auxiliary results that will be needed for
computing A*(My2) and A*(My ).

Notation 4. We adopt the following notation:

(1) M:= Mz, P:=P(2,3,4),and U :=P \ Z,
(2) f: M — P will be the weighted blow-up of P at Z and 7 : M — M ; the family of genus
one and one pointed stable curves.

Lemma 4.7. Given {a;};; C Z, we have A*(P(ay, ..., an)) = Z[t]/a1-...-ant™ wheret = c1(Op(q,,...a,)(1))-

Proof. As P(ay, ..., ay) is the complement of the zero section of the vector bundle [A"/G,,] — BGy,
where G,, acts on A" with weights aj,...,a,. Therfore from [MRV06, Lemma 2.2] we have
A*(P(ay,...,an)) = A*(BGp,)/cn(A™) = Z[t] /a1 - ... - ant™. O

We will use the following proposition to determine the ring structure on A*(Mj 2).

Proposition 4.8. Consider X = P(b, a1, ...,a,) a weighted projective stack. If o : By — X is the
inclusion of [1,0,...,0] & Buy, then:

(1) ax[Bup] = c1(Ox(a1)) - ... - c1(Ox(ay)) in A(X), and

(2) the A*(X)-submodule generated by o [Buy| agrees with a, Ax(Bup).

Proof. We first prove (1). Consider a : A! — A"*! the map sending ¢+ (c,0,...,0). We act with
Gy on Al with weight b, and on A™"! with weights (b, a1, ...,a,), so the map a is equivariant.
It induces a representable morphism of the corresponding quotient stacks, and a push-forward
A ([AY)Gy)) = AL([A™1/G,,]). Observe now that there is an open embedding j : X — [A"F1/G,,],
and the following diagram is cartesian:

Bpp ———— X

J Jopen embedding

[AY/Gyn] — [A™T /Gy
This induces the following diagram on Chow groups:

Au(Bup) ———— A.(X)

‘] I

A([AYG]) — = A([A™/Gr])

The vertical arrows are surjective, since they come from open embeddings, so to understand the
image if a, it suffices to understand the image of a, and j*.

Consider then U = A™ \ {0}, with the action of G,, with weights 1. From Diagram 4, it suffices
to understand the image of aV : [A! x U/G,,] — [A"! x U/G,,] for every n. But [A! x U/G,,] is
the total space of Opm (b), [A"T! x U/G,,] is the total space of Opm (b, a1, ..., a,), and the map is
the inclusion in the first coordinate. Then from Lemma 4.4,

a/ [[AT X U/Gp]) = ¢*(c1(Opm (ar)) - ... - 6 (1 (Opm (ar))
where ¢ : Opm (b, ay, ...,a,) — P™ is the projection. This holds for every m, so

a*[[Al/Gm]] = CI(O[A”+1/Gm] (al)) et Cl(O[A”+1/Gm}(an))'
14



Now (1) follows from the commutativity of the diagram above, since i*[A!/G,,] = [Bus] and
7 e1(Opniixv/G,,) (i) = c1(Ox(ai)).

For proving (2) it suffices to check that the A*([A"T!/G,,])-submodule generated by a.([A!/G,,])
agrees with a.A,([A'/G,,]). But as both [A!/G,,] and [A"*!/G,,] are vector bundles over BG,,,
the pull-back a* : A*([A"*1/G,,]) — A*([A'/G,,]) is an isomorphism. In particular it is surjective,
so every z € A*([A!/G,,]) can be written as a*(y) for y € A*([A""!/G,,]). Then point (2) follows
from projection formula: a.a*(y) =y - ax([AY/G,,]). O

Proposition 4.9. We have A*(U) = Z[t]/24t*, where t = ¢1(Op(1)) -

Proof. Recall that the point Z is of the form [t2,¢3,0]. Consider the inclusion of the cusp C — A3
given by the points of the form (¢2,3,0), composed with the seminormalization g : Al — C — A3,
Consider the action of G,,, on A® with weights 2, 3,4 and on A! with weight 1. Then g is equivariant,
and from Corollary 4.3 the following sequence is exact:

AL ([AY/Gr]) S AL([A3/Gy]) — A(P ~ Z) — 0.

In particular, it suffices to understand the image of . The argument is now very similar to the one
of Proposition 4.8.

Consider then U = A" \ {0}, with the action of G,, with weights 1. From Diagram 4, it suffices to
understand the map jy : [Al xU/G,,] — [A3xU/G,,] for every n. But [Al xU/G,,] is the total space
of Opn (1), [A3 x U/G,,] is the total space of Opn(2,3,4), and the map is of the type of Corollary 4.6,
with a1 = 2, az = 3 and V = Opn (4). Then from Corollary 4.6, (ju)«[[A! x U/G,,]] = 24p*c1(O(1))?
where p : [A% x U/G,,] — P" is the projection. Moreover, proceeding as in Proposition 4.8,
one can check that i(A4([A!/G,,])) is generated by i([[A'/G,,]]). Then the desired isomorphism
A*(U) = Z[t]/24t% holds since the argument above holds for every n. O

Lemma 4.10. Let E be the class of the exceptional divisor of M — P in A*(M), and let 1 : E — M
the inclusion of the exceptional divisor. Then E? = 1.(c1(Or(—1)) and every element of 1, A«(E) is
of the form Zle a;E" for a; € Z and k € N.

Proof. We have that E? = 1,(c1(t*Opm(E))), so it suffices to check that t*Ox(E)) = Op(—1). This
can be carried out in a Zariski neighbourhood of FE, so it follows from Observation 2.
The second statement follows since from Lemma 4.7, any element of A,(E) is of the form

ap[E] + Zle a;c1(Op(1))%. But ¢;(O(1)) = —c1(Op(—1)) = —c1 (*OM(E)). O
This is the last lemma we will need for determining the ring structure on A*(M; ).

Lemma 4.11. Let us denote by L := Op(1) and with y := c1(f*(L)). Then E.y =0 in A*(M)
and T4 (y?) = Cl(Oﬂl,l(l))'

Proof. Observe that E.y = 0 since the restriction of f*(Op(1)) to E is the trivial line bundle.

For the second statement, consider the section s € HO(P, Op(2)) with V(s) = {[0, a,b]} = P(3,4).
Consider the point Buy = [0,0,1] € V(s), and let « : Buy — V(s) be the inclusion. From
Proposition 4.8, a.[Bpus] = c1(Op(3,4)(3)), and if i : V(s) — P is the inclusion of V(s), we have
i*c1(Op(1)) = c1(Oy(5)(1)). Therefore a.[Bua] = i*c1(Op(3)).
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But recall that Z, the locus we blow-up, does not belong to V (s), so we have a lifting of i as
follows:

By
Moreover j(V(s)) = V(f*(s)). Then:

jeas[Bpa] = jui*e1(Op(3)) = juj* [Fe1(Op(3)) = juj*er (L9%) =
= c1(L9) - [V (s)] = er(LP%) - e1(L%?) = ber (L£)2.

Recall now that 7 : M — P(4,6) is a family of elliptic curves, so 7 is representable, and therefore
the morphism of groupoids M (Spec(k)) — P(4, 6)(Spec(k)) is injective on automorphisms ([AH11,
Lemma 2.3.9]). Since the unique point in Buy has py4 as automorphism group, and since the unique
point of P(4,6) with py as automorphism group is [1,0], the composition 7 o « o j agrees with
the inclusion Bpy < P(4,6) given by [0,1]. From Proposition 4.8, (7 o a0 j). = 6¢1(Op6)(1))
s0 T (6¢1(£)?) = 6¢1(Op(a6)(1)). From Lemma 4.7, the group A'(P(4,6)) is non-torsion, so
me(c1(£)?) = c1(Op6)(1)) as desired. O

4.4. Chow rings of Mj 2 and M, 5. In this subsection we compute A*(Mj2) and A*(M; 2).
4.4.1. Chow ring of My 2.
Theorem 4.12. We have
A* (M) = Zlw, y]/ (242 + 24y, xy)
where y is the class of the exceptional divisor and x the pull-back of Op(1) to M.

Proof. If E is the exceptional divisor of f, then E = M ; and we have an exact sequence
A*(Ml,l) a A*(M) — A*(U) -0 (*)

Observe now that the map ¢, is split injective. In fact, the pushforward along the projection
T M — M, is a section of the pushforward along the inclusion of the exceptional divisor
ﬂl,l — M. In particular, we have an isomorphism

O A M) T A (M) @ Ad).
From Lemma 4.7, A*(Mj 1) = Z[t]/24t* and from Proposition 4.9, A*(U) = Z[z]/242*. Therefore

for computing A*(M) we need to understand its intersection pairing. We will denote by y the class
of the exceptional divisor of f, with £ := Op(1) and with z := ¢;(f*(L)).

First observe that ®(y?) = (c1Og(—1),0). Indeed, j*y = 0 so also j*y? = 0. On the other hand
from Lemma 4.10 we have y? = 1.c;Op(—1) where ¢ : E — M is the inclusion of the exceptional
divisor. But m ot = Id so my? = mutuc1Og(—1) = c10p(—1). From Lemma 4.11, zy = 0 and
22 = c10p(1).

Observe now that x and y generate A*(M) as a graded Z-algebra. Indeed it follows from the
exact sequence (x) that every element of A,(M) is of the form f*¢ + ¢.n. Moreover, every element
in f*¢ is a power of x, whereas from Lemma 4.10 every element of the form ¢.n is a power of y. So

we have a graded homomorphism ¥ : Z[z,y] — A*(My2), sending xy and 24z* + 24y* to 0. To
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show that it induces the desired isomorphism, it suffices to show that a homogeneous polynomial
p =Y 1 ga;y'a" ! such that ¥(p) = 0 belongs to the ideal (zy, 2422 + 24y?). If p has degree 2, the
desired statement follows from the descriptions of t(22), 1(y?), 7(2?), 7(y?) given above, and from
xy = 0. We focus now on the case deg(p) > 2. Since ¥(zy) = 0, also ¥(apy"™ + a,2™) = 0. Then
also 7*(¥(apy™ + anx™)) = 0, so ay, is a multiple of 24: a,, = 24a, for a certain «,,. But when n > 2
we have A" Y(My 1) = Z/24Z, therefore 7, (anx™) = 24m,(a,xz™) = 0. Then

0 =mV(apy" + anz™) = ¥ (apy") + m ¥ (anz") = m ¥ (apy™).

But m. U (apy™) = aoms(y"?) = agmets(*y" L) = agmats(c (Oﬂl,l(_l))n_l) = aocl((’)ml’l(—l))"_l,
(recall that m o = Id) so m.¥(apy™) = O implies ap = 24ag, as A" H(My;) = Z/247Z and
it is generated by ¢1(Oxq, (=1))""'. Then p = 24agy™ + 24anz” + S baaty™ ™ we have
p € (wy, 242% + 24y?). , O

4.4.2. Chow ring of Mj>. We now shift our attention to A*(M;j2). Observe that Mo C U,
and the complement of My in Mo corresponds to the points parametrizing singular curves.
Those are either non-irreducible curves (which are parametrized by the exceptional divisor of
f: M — P(2,3,4)), and the nodal cubic. From Lemma 2.1, the complement of M2 in U is
isomorphic to the fiber of Ml’g — ﬂl,l over the nodal cubic, without the marked point. In particular,
it is isomorphic to the curve [Spec(k[z,y]/y* — 23 + 3z — 2) /2] (observe that y? — 23 + 3z —2is a
nodal cubic without a smooth point), with the action which sends y — —y. There are two fixed
points, we will denote them with p :=[1,0, —3] and ¢ := [-2,0, —3].

Lemma 4.13. Let V :=P ~ {p,q}. Then A*(V) = Z[t]/12t%, where t = c1(Op(1)).

Proof. Let i : Buo — P be the inclusion of [1,0,0], and j® (resp. (@) the inclusion Buy — P of
p (resp. ¢). Consider the maps o® : P — P and (@ : P — P, which send [a, b, ¢] = [a,b, ¢ + 3a?]
and [a, b, c] — [a,b,4c + 3a?]. They are automorphisms such that o}c1(Op (1)) = ¢1(Op(1)), and
o) o j®) = 5@ 6 j(@ = j. But then the following diagrams are cartesian, with the horizontal arrows
being isomorphisms and the vertical ones proper:

Bpy, —— Bus Bpuy —— Bpus
j(p)l JZ j(q)l lz
P—P P——7P
o) o(@

Then from Diagram 4, jiq) = (¢(9)* 0 i, and jip) = (6P)* 04,. But (¢®)* and (c(9)* are the
identity on A*(P), so j£p ) = jiq), and from Proposition 4.8 the submodule of A*(P) generated by
c1(0p(3)) - c1(Op(4)) is jip)(A* (Bpz2)). Now the desired statement follows from the following two
exact sequences, and Lemma 4.7

Ay (Bpa) = A (P) = A (P~ jP(Bus)) — 0 and A, (Bpsa) — A (P~ 79(Busa)) — A.(V) =0
]

Lemma 4.14. Let C := V(y? — 23 + 3z — 2) C Spec(k[z,y]), and C := [C/ 2], where the action
of po sends y — —y. Then C has two points i® : Bus — C and i'9 : Buy — C with non-trivial

stabilizer, and {[C],iip)A*(Bug),iSfI)A*(Bug)} is a set of generators for A.(C).
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Proof. From the inclusion i®) U i@ of Bu? LI Busg, we have the exact sequence

i®) @i(d)
—_—

A.(Bus) © A.(Bps) A.0) L AC~ {p.a}) — 0

so it suffices to show that the image of [C] through j generates A.(C \ {p, ¢}). But the two points
with non-trivial stabilizers on C correspond to the nodal point of C', and another smooth point.
Consider the map C' — A'! that sends (z,y) — «. This is a 2 : 1 finite map, that is a po-étale cover
over the x such that 23 — 3z + 2 # 0. Therefore C — A' is an isomorphism over the points with no
stabilizer. Then C \ {p,q} is an open subscheme U of A!, so the desired statement follows since
A, (Al) is generated by [Al], and the (surjective) restriction A,(Al) — A,(U) sends [Al] — [U]. O

Theorem 4.15. We have A*(M2) = Z[t]/12t where t is the restriction of Op(1) to M 2.

Proof. We have an exact sequence A,(C) — A.(U) AN A, (M;i2) = 0 and from Lemma 4.14 the
kernel of i is generated by the set {[C],jﬁp)A* (Bpg),j£Q)A*(Bu2)}. If we denote by C the closure of
C in P, an equation for C is f := 4aj +27(a3 — a3 — asaq)? (this is the equation of the discriminant).
Then P\ C = [A3 N V(f)/Gn]. We now compute A ([A3 NV (f)/Gp]) = Pic([A3 NV (f)/Gn)) as
in [AI19, Proposition 6.3], using [Bril5, Proposition 2.10].

Notice that Pic([A3/G,,]) = Pic(BG,,) = Z. For € A3\ V(f), the character of G,, defined by
sending \ — ff((/\xx)) is A — A2, Then as in [AI19, Proposition 6.3], we have Pic([A3\V (f)/G]) = Z/12Z,
so if we denote by ¢ := ¢1(Op(1)) € A*(U), we have [C] = 12¢.

From Lemma 4.13, jip)A*(Bug) = j,EQ)A*(Bug) = 12t2. Then the image of A.(C) — A«(U) is
generated by 12t, so A*(M; 2) = Z][t]/12t. O

From Theorem 4.15 and Theorem 4.12 we deduce the following

Corollary 4.16. The restriction map A*(Miz2) — A*(Mi2) can be identified with the map
Zz,y)/ (zy, 2422 + 24y?) — Z[t]/(12t) that sends y + 0 and x +— t.
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