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Abstract. We establish a criterion for determining when a smooth Deligne-Mumford stack is a weighted
blow-up. More precisely, given a smooth Deligne-Mumford stack X and a Cartier divisor E ⊂ X such that
(1) E is a weighted projective bundle over a smooth Deligne-Mumford stack Y and (2) for every y ∈ Y we
have OX (E)|Ey ≃ OEy (−1), then there exists a contraction X → Z to a smooth Deligne-Mumford stack Z.
Moreover, the stack X can be recovered as a weighted blow-up along Y ⊂ Z with exceptional divisor E, and
Z is a pushout in the category of algebraic stacks. As an application, we show that the moduli stack M1,n

of stable n-pointed genus one curves is a weighted blow-up of the stack of pseudo-stable curves. A key step
is a reconstruction result for smooth Deligne-Mumford stacks that may be of independent interest.

1. Introduction

Blow-ups are arguably the most important kind of birational transformations between algebraic varieties.
Indeed, any rational map between smooth varieties X 99K Y can be factored as a composition of blow-ups
and blow-downs along smooth centers [AKMW02]. Similarly, classical desingularizations can also be factored
into a sequence of blow-ups. As such, it is natural to ask: given a variety X, when is it the blow-up of another
variety Y ? This is useful as usually Y is easier to understand than X. For smooth surfaces, the answer
is classical: Castelnuovo’s theorem says that X is the blow-up of a smooth surface Y if an only if it has a
rational −1-curve. For higher dimensional varieties, there are similar results due to Kodaira [Kod54] and
Grauert [Gra62] (for contracting n-dimensional projective spaces), to Moishezon [Moi66] (in the complex
manifold case) , and to Artin [Art70] (in even greater generality).

In the realm of algebraic stacks, there is a natural generalization of blow-ups: weighted blow-ups [ATW19,
QR21]. Rather than being defined by a single ideal sheaf, these are characterized by a sequence of ideal
sheaves which satisfy a compatibility condition (see Definition 2.1). Note that two birational algebraic stacks
need not be related by a sequence of blow-ups (e.g. root stacks), so the extra flexibility of weighted blow-ups
yields better algorithms for resolution of singularities [ATW19].

Just as with classical blow-ups, a weighted blow-up X → Z is an isomorphism on the complement of a
closed substack, which we call the reduced center of the weighted blow-up. Thus, weighted blow-ups yield
birational transformations between algebraic stacks, and sometimes they even introduce new stacky structure.
Indeed, the exceptional divisor of a weighted blow-up is a weighted projective bundle over Y: this is a stack
which, locally over Y, looks like the base times P(a1, . . . , an). This is the quotient stack [An∖{0}/Gm] with
Gm acting linearly with weights a1, . . . , an. Then a natural question is: given an algebraic stack X , when is
it the weighted blow-up of an algebraic stack Z?

Theorem 1.1. Let X and Y be smooth tame and separated Deligne-Mumford stacks, and let π : E → Y be a
weighted projective bundle with positive dimensional fibers. Assume that there is a closed embedding E ↪→ X
with E a Cartier divisor in X , such that OX (E)|E ∼= OE(−1)⊗ π∗L for a line bundle L over Y.

Then there is a smooth, separated and tame Deligne-Mumford stack Z, with two maps i : Y → Z and
p : X → Z such that i is a closed embedding and p is a weighted blow-up with reduced center Y. Moreover,
the resulting square is a pushout in algebraic stacks.
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As a sample application, we show the following.

Theorem 1.2. Let M1,n be the moduli stack of stable n-pointed curves of genus one, with n ≥ 2.

(1) there is a contraction M1,n → M
∗
1,n which sends the divisor ∆0,n of curves with elliptic tails to a

closed substack isomorphic to M0,n+1. This contraction is a weighted blow-up.
(2) The stack M

∗
1,n is isomorphic to the moduli stack of pseudo-stable curves M

ps

1,n [Sch91, Sec. 5], hence
M1,n is a weighted blow up of M

ps

1,n.

See also [Inc22] for the case n = 2, and [BDL25] for further applications of this criterion.
Finally, in Section A Stephen Obinna studies how Theorem 6.1 changes if one replaces OE(−1) with

OE(−m) (see Theorem A.1).

1.1. Strategy of proof. Our strategy for proving the main theorem is the following: we first prove that
the hypotheses of the main theorem imply the existence of a contraction at the level of coarse spaces.

We leverage this first result to prove the main theorem in the simpler case of Y = Spec(A) an affine
scheme and E ≃ PA(a1, . . . , an): in fact Y being a scheme implies that locally around E the stack X is a
scheme away from E , hence the contracted stack can be obtained by gluing X ∖ E and a neighbourhood of
Spec(A) in the contracted coarse space. More effort is needed in order to prove the smoothness of this stack,
and that X is a weighted blow-up.

We then extend the previous result to an equivariant setting, i.e. we suppose that a finite group G
acts on all the stacks involved, and all the maps are equivariant, and we prove that the G-action extends
to the contracted stack. This easily implies our main theorem in the case Y = [Spec(A)/G] and E =
[PA(a1, . . . , an)/G].

We lift then the contraction of the coarse spaces to a contraction of smooth Deligne-Mumford stacks, thus
proving our main theorem. We start by showing that the contracted coarse space has only finite quotient
singularities, hence it can be regarded as the coarse space of a smooth Deligne-Mumford stack Z. This
requires extending stacky structure along open immersions and we prove results along these lines.

1.2. Organization of the manuscript. The manuscript is organized as follows. Section 2 begins with a
brief introduction to weighted blow-ups and their main properties. In Section 3 we prove an extension result
for Deligne-Mumford stacks (see Theorem 3.1). In Section 4 we construct an algebraic space Z, which will
be the coarse moduli space of Z, using [Art70]. We also prove that Z is normal, which will be useful later,
as it will allow us to apply Zariski’s main theorem to prove that certain maps are isomorphisms. Section 5
contains the most technical results: roughly speaking, we prove the case where the coarse moduli space of
Y is affine and finite over an affine scheme B. The core argument is Theorem 5.2, which is an adaptation of
the proof of Castelnuovo’s theorem in [Kol09]. In Section 6 we prove the main result. Using the results of
Section 5 we construct Z étale locally over Z. By using Theorem 3.1 and Zariski’s main theorem we prove
that the local constructions glue, and give the desired algebraic stack Z. In Section 7 we give an application
of our main result to some moduli stacks of curves: namely, let M1,n be the moduli stack of stable n-pointed
curves of genus one. Then we use our theorem to construct a contraction M1,n → M

∗
1,n which sends the

divisor ∆0,n of curves with elliptic tails to a closed substack isomorphic to M0,n+1. The stack M
∗
1,n turns

out to be isomorphic to the moduli stack of pseudo-stable curves M
ps

1,n, thus exhibiting M1,n as a weighted
blow up of M

ps

1,n. Finally in Section A Stephen Obinna shows how Theorem 1.1 changes if we assume instead
that OE(−1) is replaced with OE(−m).

Conventions. We work over a field k which is algebraically closed. Unless otherwise stated, all our algebraic
stacks will be with affine stabilizers and locally excellent.
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2. Introduction to weighted blow-ups

This section is organized in two subsections, where we first introduce weighted blow-ups in general, and
then we specialize to regular weighted blow-ups: a particular type of weighted blow-ups.

2.1. Weighted embeddings and weighted blow-ups. This introduction to weighted blow-ups is based
on the work of Quek and Rydh [QR21]. Intuitively, an ordinary blow-up is constructed by replacing the
center with a projective bundle which parameterizes the normal directions to the center in the ambient space.
When considering weighted blow-ups, the same intuition holds with the added subtlety that each normal
direction has a (positive integer) weight. This intuition highlights that the datum of a closed embedding,
which is all we need in order to define an ordinary blow-up, is no longer enough. In fact, for each choice
of basis for the normal directions, we need to specify the positive integer weight. This data is given by a
weighted embedding.

Definition 2.1 ([QR21, Def. 3.1.1]). A weighted embedding Y• ↪→ X is defined by a sequence of closed
embeddings {Yn = V (In) ↪→ X}n≥0 such that:

• I0 ⊃ I1 ⊃ · · · ⊃ In ⊃ . . .
• InIm ⊂ In+m

• Locally in the smooth topology on X, there exists a sufficiently large positive integer d such that for
all integers n ≥ 1,

In =

(
I l11 I

l2
2 · · · I

ld
d : li ∈ N,

d∑
i=1

ili = n

)
in which case, we say I• is generated in degrees ≤ d.

The three conditions above are the conditions that the filtration of ideal sheaves needs to satisfy in order
to be a Rees algebra.

Definition 2.2. The weight of a local coordinate will be the maximum index n such that In contains said
local coordinate.

Example 2.3. Consider the sequence of ideals

k[x, y] ⊃ (x, y) ⊃ (x2, y) ⊃ (x3, xy, y2) ⊃ (x4, y2, x2y) ⊃ . . .
These ideals define a weighted embedding 0• of the origin in A2. In this case, the weights will be 1 for x

and 2 for y, and this weighted embedding will define the weighted blow-up of the origin in A2 with weights
(1, 2).

Definition 2.4 (Weighted blow-up). Let Y• ↪→ X be a weighted embedding defined by the ideal sheaves In
and let I• =

⊕
Int

n ⊂ OX [t]. Let I+ be the ideal generated by t. The weighted blow-up of X at Y = V (I1)
is defined as the morphism

BlYX := ProjX (I•) = [(SpecX(I•) \ V (I+))/Gm]→ X

where Proj is the stack-theoretic proj.

The same morphism is obtained by considering the extended Rees algebras:
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Remark 2.5. Let Y• ↪→ X be a weighted embedding defined by the ideal sheaves In and let Iext• =⊕
n∈Z Int

n ⊂ OX [t±1] with In = OX for n ≤ 0. The weighted blow-up of X at Y can also be defined as the
morphism ProjX (Iext• )→ X, see [QR21, Rmk. 3.2.4].

The definition of weighted blow-up via Iext• as in Remark 2.5 will often make for an easier description, as
in the following example.

Example 2.6. Given the weighted embedding in Example 2.3, we can explicitly write Bl0A2 π−→ A2 via

Bl0A2 ∼= Proj

(
k[x, y][s, x′, y′]

(x− sx′, y − s2y′)

)
where s has degree −1, x′ has degree 1 and y′ has degree 2. Similarly, the weighted blow-up of the origin in
An with weights (a1, . . . an) will be

Bl0An ∼= Proj

(
k[x1, . . . xn][s, x

′
1, . . . x

′
n]

(x1 − sa1x′1, . . . , xn − sanx′n)

)
with x′i in degree ai and s in degree −1.
Remark 2.7. Example 2.6 can also be obtained as in [Inc22, Sec. 2.2]. In particular, it is the open substack
of [An+1/Gm], given by the complement of the points of the form (0, ..., 0, s), where the action of Gm on the
coordinates of An+1 is with weights (a1, ..., an,−1).

Lastly, we cite the two main properties of weighted blow-up, [QR21, Thm. 3.2.9 and Cor. 3.2.14].

Theorem 2.8 (Universal property of weighted blow-ups). Let Y• be weighted embedding induced by the Rees
algenbra I•, and let π : X ′ = BlYX → X the induced weighted blow-up.

(1) For every n ∈ N we have π−1(In) · OX′ ⊂ InE which is (locally on X) an equality for a sufficiently
divisible n;

(2) Let f : T → X be a morphism such that U := T \ f−1(Y ) is schematically dense. The groupoid
of factorizations through π is equivalent to the set of effective Cartier divisors D on T such that
f−1(In) ·OT ⊂ InD for all n, with equality for sufficiently divisible n (locally on T). If f = π ◦ g, then
D = g−1(E).

Theorem 2.9 (Flat base change). Let f : X ′ → X be a flat morphism. Let Y• ↪→ X be a weighted embedding
with ideals In and let Y ′

• ↪→ X ′ the induced weighted embedding with ideals f−1(In) ·OX′ . Then the following
square is Cartesian

BlY ′X ′ BlYX

X ′ X.

2.2. Exceptional divisor of a weighted blow-up. In this subsection we introduce a special kind of
blow-up that will be of interest in this article.

Definition 2.10 (Exceptional divisor). The inclusion I•+1 ⊂ I• induces an inclusion OBlY X(1)→ OBlY X .
We define E as the Cartier divisor associated with this inclusion. In particular by construction we have
OBlY X(−E) ∼= OBlY X(1).

Note that, as we can see in the next example, it is no longer the case that the diagram

E BlYX

Y X
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is Cartesian unless all the weights are 1 (and we are in the case of an ordinary blow-up).

Example 2.11. Consider the blow-up of the origin in A2 computed in 2.6. Then the exceptional divisor
corresponds to the the locus V (s). In particular

E ∼= Proj (k[x′, y′])

with x′ in degree 1 and y′ in degree 2, which is exactly the weighted projective space P(1, 2). On the other
hand, with the same degrees,

Y ×X BlYX ∼= Proj

(
k[x′, y′, s]

(sx′, s2y′)

)
which has some nonreduced structure.

Nonetheless, it is the case that the exceptional divisor and the fiber product Y ×X BlYX have the same
reduced structure. The following observation will be useful later.

Remark 2.12. In the Example 2.6, the exceptional divisor can be obtained as the zero locus V (s). It follows
that π∗OBl0An(−kE) = In and hence Bl0An ∼= Proj(

⊕
k π∗OBl0An(−kE)).

In this manuscript we will only deal with a special type of weighted blow-up, those which in [QR21, Sec.
5.2] come from a regular weighted embedding, and which we call a regular weighted blow-up:

Definition 2.13. The weighted blow-up B → X of X at Y is a regular weighted blow-up if:
(1) there are positive integers a1, ..., an, and
(2) there is a smooth cover X ′ → X with a map X ′ → An which is flat at the preimage of the origin,

such that B×X X ′ ∼= X ′×An Bl0An, where Bl0An is the weighted blow-up of 0 in An with weights a1, ..., an
as in Example 2.6.

In other terms, a regular weighted blow-up is a weighted blow-up which, locally in the smooth topology
on the center, is the flat pull-back of the weighted blow-up of the origin in An of Example 2.6. Observe also
that, from [Sta22, Tag 062H], the preimage of x1, ..., xn is a regular sequence in X ′. So the center Y has as
ideal sheaf a regular sequence.

Remark 2.14. Let X be a scheme and let f1, ..., fn a regular sequence in OX . Then by [Eis95, Ex. 18.18] the
map X → An given by the fi is flat along the preimage of the origin in An. In particular, from Theorem 2.9,
the weighted blow-up of V (f1, ..., fn) where fi has weight ai is a regular weighted blow-up, and it is the
pull-back of the weighted blow-up of the origin in An, with weights a1, ..., an. So a weighted regular blow-up
is the blow-up given by a sequence of ideal sheaves which in [QR21, Sec. 5.2] is called a regular weighted
embedding.

Definition 2.15. A weighted affine bundle is a Gm-equivariant An-bundle N → Y where locally in the
smooth topology Gm acts linearly on An with positive weights a1, ..., an ∈ Z. Moreover, a weighted projective
bundle over Y is the stack quotient P(N ) = [N \N0/Gm], where N0 is the zero section in N .

Example 2.16. Let N = SpecY (R) be a weighted affine bundle of rank 2 with weights (1,2), and suppose
there is a Zariski covering Y = U ∪ U ′ such that R|U ∼= OY [x, y] and R|U ′ ∼= OY [x

′, y′] with Gm acting by
multiplication with weight 1 on x, x′ and weight 2 on y, y′. The transition functions for N will map

x′ 7→ αx; y′ 7→ βy + γx2

with α, β ∈ Γ(U ∩ U ′,O×
U∩U ′), γ ∈ Γ(U ∩ U ′,OU∩U ′).

https://stacks.math.columbia.edu/tag/062H
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Remark 2.17. From [QR21, Prop. 5.1.4], the exceptional divisor of a weighted blow-up is a weighted
projective bundle if and only if it comes from a regular weighted blow-up. In particular for us, as we only
deal with regular weighted blow-ups, all the exceptional divisors will be weighted projective bundles over
the center of the weighted blow-up.

We end this section with the following proposition:

Proposition 2.18. Let π : X → Y be a morphism of algebraic stacks, and assume that:
(1) There is a smooth cover Y → Y such that πY : X ×Y Y → Y is a weighted blow-up, and
(2) There is a Cartier divisor E ⊆ X such that E ×Y Y is the exceptional divisor.

Then X → Y is a weighted blow-up.

In particular, if one has the Cartier divisor E , one can check that a morphism is a weighted blow-up locally
on the target.

Proof. There is an embedding OX (−mE) → OX given by the Cartier divisor E for every m ≥ 0, which
induce embeddings im : π∗OX (−mE)→ π∗OX . The canonical map OY → π∗OX is an isomorphism. Indeed,
it suffices to check that it is such locally on Y , and on Y it is an isomorphism as πY is a weighted blow-up.
In particular, im gives an ideal sheaf Im for every m ≥ 0.

Consider then X ′ the weighted blow-up associated to the weighted embedding given by the In. We aim
to show that X ∼= X ′ using the quotient description of a weighted blow-up of Remark 2.5. In particular, it
suffices to find a line bundle L on X , and a Gm-equivariant morphism

SpecOX

(⊕
n∈Z
L⊗n

)
→ SpecOY

(⊕
n∈Z

In

)
where In = OY for n ≤ 0, which is an open embedding landing away from V (

⊕
n>0 In), the closed substack

given by the vanishing of the ideal sheaf generated by
⊕

n>0 In. A morphism as the one above is equivalent
to a morphism as below over Y ⊕

n∈Z
In →

⊕
n∈Z

π∗(L⊗n).

One can take L := OX (−E), and the identity map In = π∗OX (−nE)→ π∗OX (−nE) for every n. Then it
suffices to check the desired statement replacing X with X := X ×Y Y and Y with Y . In this case, let J• be
the sequence of ideals of the weighted blow-up X → Y , and let E be the exceptional divisor. As OX(−E)
is the ideal sheaf corresponding to the natural inclusion J•+1 → J• (see [QR21, Def. 3.2.2]), one has that
π∗OX(−nE) consists of the invariant elements, namely the elements of degree 0, so π∗OX(−nE) = Jn. In
particular In = Jn for every n ∈ Z as desired. □

3. Reconstruction results for smooth Deligne-Mumford stacks

Fix a field k and a smooth separated tame Deligne-Mumford stack Y over k. By [GS17, Thm. 1] if Y has
trivial generic stabilizer, one may factor the coarse space morphism π : Y → Y as follows

Y ≃
√
Y can/(D, e)

can
→
√
Y can/(D, e)→ Y can → Y

where (−)can denotes the canonical stack associated to a stack with finite tame quotient singularities (see
[GS17, Sec. 2]), (D, e) denotes the ramification data of Y → Y can and

√
Y can/(D, e) denotes the associated

root stack. Using this we will prove the following:
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Theorem 3.1. Let X be a separated k-scheme of finite type and suppose U is a dense open subscheme of X
with complement of codimension ≥ 2. Consider the coarse moduli map U cms−−→ U where U is a smooth tame
Deligne-Mumford stack and let (D, e) denote the (unique) extension of the ramification data of U → U can to
Xcan, when the latter exists. If X and

√
Xcan/(D, e) both have finite tame quotient singularities, then there

is a unique smooth tame Deligne-Mumford stack X fitting into the cartesian square

U X

U X.

open

cms

In particular, X is uniquely determined by U and X.

Example 3.2. The conclusion of Theorem 3.1 fails without the condition that
√
Xcan/(D, e) has finite tame

quotient singularities. Indeed, take X = A3 and the Cartier divisor D = V (xy + z2) ⊂ X, and consider the
root stack of degree 2 of U = X∖{(0, 0, 0)} along D◦ = D∖{(0, 0, 0)} and denote it by U =

√
U/D◦. Here U

is smooth because D◦ is smooth. Indeed, U is the stack quotient of Spec(OU [T ]/(T
n− (xy+ z2))) by µn with

the obvious action and the latter is smooth over U . However, there is no smooth separated Deligne-Mumford
stack X with coarse moduli space X which is ramified at D with degree 2 (see [GS17, Ex. 7]).

Remark 3.3. Suppose X is as in the first two sentences of the statement of Theorem 3.1. Since ramifica-
tion data, the root stack and canonical stack constructions are all compatible with étale base change then
the condition that X and

√
Xcan/(D, e) both have finite tame quotient singularities can be checked after

replacing X with an étale cover X ′ → X. Moreover, it automatically holds for such an X ′ if there is a
smooth tame Deligne-Mumford stack X ′ fitting into a cartesian diagram

U ′ //

��

X ′

��

U ′ // X ′.

where U ′ = U ×X X ′, U ′ = U ×X X ′, and both U ′ → U ′ and X ′ → X ′ are coarse moduli maps.

We begin by analyzing the category of finite étale covers FetX over a stack X.

Lemma 3.4. Let Y be a regular Deligne-Mumford stack and V ⊆ Y an open substack with complement of
codimension at least 2. Then the functor

X → Y 7→ X ×Y V → V

induces an equivalence of categories between FetY and FetV .

When Y is a scheme this is [Gro03, Exp. 10, Cor. 3.3]. The general case follows by descent and we omit
the proof.

Lemma 3.5. Let Y be a regular Deligne-Mumford stack and V ⊂ Y an open substack with complement of
codimension at least 2. If X → Y is a separated Deligne-Mumford gerbe such that X ×Y V is trivial (i.e.
admits a section σ), then X → Y admits a section which extends σ.

Proof. The triviality of X over V corresponds to the existence of a GV -torsor on X ×Y V for some finite
étale group scheme GV over V such that the associated map X ×Y V → BGV is an equivalence. By
Lemma 3.4, GV extends uniquely to a finite étale group scheme G over X and this extends to a morphism
of stacks f : X → BG which is an equivalence over V . However, morphisms between étale gerbes over
Y are equivalences when they are so on a dense subset of Y . Indeed, we can check this étale locally so
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we may assume X = BG′ where G′ and G are constant. Thus f étale locally corresponds to an element
α ∈ Hom(G′, G)(Y ) (see [AOV08, Lem. 3.9]), and since f is an equivalence on a dense open subset of Y , α
must be an isomorphism. It follows that f is an equivalence. □

Lemma 3.6. Let Y be a regular Deligne-Mumford stack, V ⊆ Y an open substack with complement of
codimension at least 2, and V → V a gerbe banded by a finite constant group G whose order is invertible in
k. Then there is a gerbe Y → Y , banded by G, along with an equivalence of G-gerbes ϕ : Y|V → V over V .

Proof. Recall that if G is a sheaf of groups on a Deligne-Mumford stack S, H2(S,G) parametrizes the
isomorphism classes of G-gerbes on S. Thus when G is a product of group schemes of the form µn, the
lemma can be deduced from purity of Brauer group (see [Čes19, Thm. 1.1]). Indeed, the Kummer sequence
and the fact that H2(Y,Gm) → H2(V,Gm) is an isomorphism (see, e.g., [HKT16, Prop. 2] or [Mei]) yields
the result. When G is abelian, there is a finite étale cover Y ′ → Y such that G|Y ′ is a product of group
schemes of the form µn. Now the result can be deduced for arbitrary abelian G by considering the natural
exact sequence

0→ G→ RY ′/Y (G|Y ′)→ A→ 0

where RY ′/Y (G|Y ′) is the Weil restriction and A is the cokernel. Note that A is finite and étale. Indeed,
compare the long exact sequences associated to H0(Y,−) and H0(V,−) to obtain:

H1(Y ′, G|Y ′)

��

// H1(Y,A)

��

// H2(Y,G)

��

// H2(Y ′, G|Y ′)

��

// H2(Y,A)

��

H1(V ×Y Y ′, G|Y ′) // H1(V,A) // H2(V,G) // H2(V ×Y Y ′, G|Y ′)) // H2(V,A)

Now Lemma 3.4 implies the first two vertical arrows are isomorphisms, Lemma 3.5 implies the last two
vertical arrows are injective, and the µn case implies the fourth arrow is an isomorphism. The isomorphism
H2(Y,G)→ H2(V,G) now follows from the five lemma.

For non-abelian G with center Z(G), we describe an action of H2(S,Z(G)) on H2(S,G) that is functorial
in S. Given Z → S and G → S a Z(G) and G gerbe respectively, the action of Z sends G to (Z ×G)�Z(G):
the rigidification of Z × G by the diagonal subgroup Z(G) of the inertia stack IZ×G . It follows from
[Gir65, Thm. 3.3.3] that this action is simply transitive, i.e., H2(S,G) is a H2(S,Z(G))-torsor. In particular,
there is a Z(G)-gerbe ZV → V such that V = (ZV × BG) � Z(G). Now, since the result holds for abelian
group schemes, we can extend the Z(G)-gerbe ZV → V to a Z(G)-gerbe Z → Y and conclude by setting
Y := (Z ×BG) � Z(G). □

Next we show that the extension of this gerbe is unique in the following sense: any two extensions are
isomorphic and any two isomorphisms between them are uniquely 2-isomorphic.

Lemma 3.7. Let Y be a regular Deligne-Mumford stack, V ⊂ Y an open substack with complement of
codimension at least 2 and suppose Y and Y ′ are Deligne-Mumford gerbes over Y then:

(1) any equivalence of stacks f : Y|V → Y ′|V over V extends to an equivalence Y → Y ′ over Y and
(2) given two equivalences Y a,b−−→ Y ′ and a 2-isomorphism s : a|V → b|V , then there is a unique 2-

isomorphism σ : a→ b extending s.

Proof. For the first statement, consider the stack of equivalences between Y and Y ′

I = IsomY (Y,Y ′).
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Every y ∈ Y (k̄) admits an étale neighbourhood W → Y such that

I ×Y W ∼= IsomW (W ×BG,W ×BG′)

for finite constant group schemes G and G′, and by [AOV08, Lem. 3.9] we have

IsomW (W ×BG,W ×BG′) ∼= [Isom(G,G′)/G′]×W.
where G′ acts by post-composing with conjugation. This shows that I is a separated Deligne-Mumford
stack. Moreover, the functor of isomorphism classes of I is representable by a scheme H finite étale over
Y , because étale locally over Y the functor of isomorphism classes of I is just the schematic quotient
(Isom(G,G′)/G′)×W , which is étale over W . Therefore, I → H is a gerbe.

Now, since f defines a section of I → Y over V , H → Y also has a section over V , and by Lemma 3.4 this
yields a section σ of H → Y : indeed, we can regard V → H|V as a morphism of finite étale covers, hence
the categorical equivalence yields an extension Y → H, which must still be a section. Now, as the projection
Y ×σ,H I → Y has a section f over V , by Lemma 3.5, the gerbe Y ×σ,H I → Y admits a section extending
f .

The second part follows from Zariski’s main theorem. Consider the following cartesian diagram

Isom(a, b)

π

��

// I

∆

��

I
(a,b)

// I ×Y I

Observe that π has a section over I ×Y V ⊂ I, so if we denote by W the closure of its image in Isom(a, b),
then the corresponding map W → I yields a section. Indeed, it is a finite, representable and birational
morphism with a normal target, therefore must be an isomorphism. □

Lemma 3.8. Let X be a regular Deligne-Mumford stack, U ↪→ X an open substack with complement of
codimension at least 2, and ρ : U → U a gerbe. Assume that U is separated over U . Then there is a smooth
and separated Deligne-Mumford stack X → X which is a gerbe, and which fits in a cartesian diagram as
follows:

U //

��

X

��

U // X.

Proof. We may assume X is irreducible. Since U → U is a separated Deligne-Mumford gerbe, for any point
p ∈ U the pullback of U along the strictly local ring Rp at p in U yields an isomorphism URp

∼= BGp for a
finite constant group scheme Gp over Rp. If η ∈ U denotes the generic point then every p ∈ U has a strictly
local ring with a natural map Rp → Rη, thus we see that the abstract group associated to Gp doesn’t depend
on p ∈ U and so we denote it by G. In particular, the band of U , which we will denote Band(U), is locally
isomorphic to (the band associated to) G. Thus, the sheaf in the stack of bands BU = IsomBand(Band(U), G)
is a (left-)torsor under IsomBand(G,G) = Out(G). Moreover, the Out(G)-torsor BU → U has the following
property: the cartesian product BU := BU ×U U is a gerbe over BU banded by G. Observe now that:

(1) the Out(G)-torsor BU → U extends to an Out(G)-torsor BX → X by Lemma 3.4,
(2) the banded G-gerbe BU → BU extends to a banded G-gerbe BX → BX by Lemma 3.6, and
(3) the (strict) action, as in [Rom05, Def. 1.3 (i)] of Out(G) on BU extends to BX by Lemma 3.7.

Now we may set X = [BX/Out(G)]. It is a gerbe over X since we may check this locally on X. Indeed,
X|BX

∼= BX and the latter is a gerbe over BX . It also extends the given gerbe U since, by [Rom05, Prop.
2.6], the formation of the quotients commutes with étale base change. □
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Proof of Theorem 3.1. By [AOV08, Ex. A.3], we can factor the map U → U as

U a−→ U1
b−→ U

where the map a is a gerbe, and U1 is a smooth tame Deligne-Mumford stack with generically trivial
stabilizers.

Using the unique extension of the ramification data of U1 → U to Xcan and the process outlined by
[GS17, Thm. 1.1] there is a unique smooth tame Deligne-Mumford stack with generically trivial stabilizers
X1 equipped with a coarse space map

X1
b′−→ X

such that b′ extends b. The result now follows because we may extend the gerbe U → U1 uniquely to a gerbe
X → X1 by Lemma 3.8. □

4. Contraction on coarse moduli spaces

This section is divided into two subsections. First, we will present some result on deformation theory
which will be useful for the rest of the manuscript. In the second half we will prove Theorem 4.7.

4.1. Deformation theory and algebraization results.

Proposition 4.1. Let f : E → Y be a proper morphism of Deligne-Mumford stacks, and let E ↪→ E ′ be a
square-zero thickening of E with ideal sheaf I. Assume that R1f∗I = 0 and that the natural map OY → f∗OE
is an isomorphism. Then there is a square zero extension ι : Y ↪→ Y ′ as below

E //

f

��

E ′

f ′

��

Y // Y ′

such that
(1) the square above is a pushout in algebraic stacks,
(2) the ideal sheaf of Y in Y ′ is isomorphic to ι∗f∗I, and
(3) f ′∗OE′ = OY′ .

Moreover, if Y is separated also E ′ → Y ′ is proper.

Observe that we are not claiming that the diagram of Proposition 4.1 is cartesian, and in fact it is not
true in general.

Proof. We formulate the desired problem in terms of extensions of cotangent complexes. All the maps will
be over an algebraic stack S, so we will write LY for LY/S , and similarly for E and E ′. From [Ols06, Thm.
1.1]1, the extension E → E ′ corresponds to an element α ∈ Ext1(LE , I). There is an exact triangle f∗LY →
LE → LE/Y

+1−−→ which induces

Ext1(LE , I)→ Ext1(f∗LY , I) ∼= Ext1(LY , Rf∗I).

We denote the composition by g. Moreover, there is an exact triangle

f∗I → Rf∗I → τ≥1Rf∗I
+1−−→

1While the results in [Ols06] are stated for representable morphisms of algebraic stacks, one can check that they go through
for morphisms of algebraic stacks which are representable by Deligne-Mumford stacks.
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inducing the maps

Ext1(LY , f∗I)
h−→ Ext1(LY , Rf∗I)→ Ext1(LY , τ≥1Rf∗I)

+1−−→ .

It follows from [Ill06, III.2.2.1], using simplicial schemes as in [Ols06], that one can find Y ′ as above if and
only if g(α) belongs to the image of h. This, in particular, holds if Ext1(LY , τ≥1Rf∗I) = 0, and in our case

Ext1(LY , τ≥1Rf∗I) = Ext0(H0(LY), R
1f∗I) = 0

where the first equality follows since the cotangent complex of a Deligne-Mumford stack is in non-positive
degrees, and τ≥1Rf∗I is in degrees greater than 0. The second equality instead follows from R1f∗I = 0.

Observe that such a stack Y ′ is unique (up to unique isomorphism): in fact, any two solutions to the
deformation problem above would differ by an element of Ext0(LY , τ≥1Rf∗I), and this group is zero again
because the cotangent complex is concentrated in degrees ≤ 0 and the other complex is in degrees ≥ 1.

Recall also that the cotangent complex formalism fills the diagram above, together with any 2-isomorphism,
in the following sense. Given a triple (f1, f2, σ) consisting of f1 : Y → S, f2 : E ′ → S and an isomorphism
σ : (f1)|E → (f2)|E , the cotangent complex formalism produces:

(1) an extension Y ′ as above,
(2) a map Y ′ → S,
(3) an isomorphism Σ : (E → E ′ → Y ′)→ (E → Y → Y ′),
(4) an isomorphism between Y → S and Y → Y ′ → S,
(5) an isomorphism between E ′ → S and E ′ → Y ′ → S.

By pulling-back the last two isomorphisms to E and by composing them with Σ, they give σ.
To prove that f ′∗OE′ = OY′ , it suffices to push-forward the exact sequence 0→ j∗I → OE′ → j∗OE → 0.

From the vanishing of R1f∗I, one has the following diagram:

0 // ι∗f∗I //

∼=
��

OY′ //

��

ι∗OY //

∼=
��

0

0 // f ′∗j∗I // f ′∗OE′ // f ′∗j∗OE // 0

and the snake lemma gives the desired isomorphism. □

Remark 4.2. To construct Y ′ we only used that Ext0(H0(LY ), R
1f∗I) = Hom(Ω1

Y , R
1f∗I) = 0, rather than

the stronger R1f∗I = 0. Moreover, we only used that f∗OE = OY to guarantee that also f ′∗OE′ = OY′ .

Remark 4.3. From the last paragraph of the proof of Proposition 4.1 one can obtain a different proof
of Proposition 4.1 in the category of schemes. Indeed, one can simply construct Y ′, locally over an affine
neighbourhood Spec(A) ⊆ Y, as Spec(H0(E ′|Spec(A))).

Corollary 4.4. Consider a diagram of Deligne-Mumford stacks as follows

E

f

��

ι // X

Y

let I be the ideal sheaf of E in X and let nE be the closed substack of X with ideal sheaf In. Assume that f
is proper and that Y is separated. Assume also that, if we denote by I(n) the ideal sheaf of nE in (n+ 1)E,

(1) the canonical map OY → f∗OE is an isomorphism and
(2) R1f∗ι

∗I(n) = 0 for every n ≥ 1.
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Then there is a commutative diagram as follows

E //

f

��

nE

f(n)

��

// X

Y // nY

such that the canonical map OnY → f
(n)
∗ OnE is an isomorphism. Moreover, the square above is a push-out

in algebraic stacks.

Proof. The proof follows from repeatedly applying Proposition 4.1. □

Proposition 4.5. Consider a commutative diagram of Deligne-Mumford stacks, where ι and j are closed
embeddings, f is proper, g is an isomorphism over Z ∖ Y, and E → Y ×Z X is a homeomorphism

E

f

��

ι // X
g

��

Y
j
// Z

Let I be the ideal sheaf of E in X and let nE be the closed substack of X with ideal sheaf In. Assume also
that, if we denote by I(n) the ideal sheaf of nE in (n+ 1)E, then

(1) the canonical map OY → f∗OE is an isomorphism,
(2) R1f∗ι

∗I(n) = 0 for every n ≥ 1, and
(3) for every p ∈ Y there is an étale neighbourhood Spec(A) of p in Z such that, if J ⊆ A is the ideal of
Y in Z, then limn(A/J

n) ∼= limn H
0(OnE×ZSpec(A)).

Then the square above is a push-out square in the category of algebraic stacks.

Remark 4.6. In the proof of Proposition 4.5 will use our assumptions on all the stacks being essentially
of finite type and with affine stabilizers, to apply [HR23,HR19]. Moreover, condition (3) in Proposition 4.5
always holds if all stacks above are algebraic spaces and if Z is constructed using [Art70], see [Art70, Lem.
6.5].

Proof. We first focus on the case in which Z = Z = Spec(A) as in point (3), and so Y is a scheme which we
denote by Y . Let Â := limn(A/J

n), let Ẑ := Spec(Â) and let S be an algebraic stack with maps X → S
and Y → S, and an isomorphism (E → Y → S)→ (E → X → S).

First we prove that there is a morphism Ẑ → S extending Y = Spec(A/J) → S. Indeed, from Tannaka
duality [HR19, Thm. 1.1], we have an equivalence of groupoids

Hom(Ẑ,S) ∼= Hom(Coh(S),Coh(Ẑ)).

Since the pair (Spec(A/J), Ẑ) is coherently complete, we have that

Hom(Coh(S),Coh(Ẑ)) ∼= Hom(Coh(S), lim
n

Coh(Spec(H0(nE)))) ∼= lim
n

Hom(Coh(S),Coh(Spec(H0(nE))))

which using Tannaka duality again gives us

Hom(Ẑ,S) ∼= lim
n

Hom(Spec(H0(nE)),S).

Therefore it is enough to find a compatible sequence of morphisms Spec(H0(nE)) → S. This follows from
Corollary 4.4.
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Therefore we have the following diagram:

E

��

// Ẑ ×Z X

��

// X

��

Y // Ẑ // Z

and we have maps X → S and Ẑ → S. We need to check that they agree. This follows again from Tannaka
duality. Indeed, the pair (Ẑ ×Z X , E) is coherently complete, so

Hom(Ẑ ×Z X ,S) ∼= lim
n

Hom(Spec(A/In)×Z X ,S) ∼= Hom(nE ,S)

where the last equivalence follows since the topological spaces of E and Spec(A/I)×Z X agree, so if Jn are
the ideal sheaves of Spec(A/In) ×Z X , then the sequences of ideals {Jn} and {OX (nE)} are such that for
every m ≥ 0 there is an n ≥ 0 such that Jn ⊆ OX (−mE) and OX (−nE) ⊆ Jm.

Therefore we can safely add the arrows to S, with no ambiguity:

E

��

// Ẑ ×Z X

��

// X

�� ��

Y // Ẑ // 66Z S

But now observe that Ẑ → Z is flat, it induces an isomorphism on Y , and the map X → Z is an isomorphism
on Z ∖ Y . Therefore in the following diagram, both the left square and the outer square are pushouts from
[HR23, Thm. A]:

Ẑ ×Z (Z ∖ Y ) //

��

Ẑ ×Z X

��

// Ẑ

��

Z ∖ Y = X ∖ E // X // Z

So also the right square is a pushout.
The general case when Z is a Deligne-Mumford stack follows from étale descent (to construct the map

Z → S) and the fact that the group of isomorphisms form a sheaf, and this enables us to construct the two
isomorphisms (X → S)→ (X → Z → S) and (Y → S)→ (Y → Z → S). □

4.2. Proof of Theorem 4.7. The goal of this section is to prove the following result:

Theorem 4.7. Let Y be a separated, smooth tame Deligne-Mumford stack and let π : E → Y be a weighted
projective bundle with positive dimensional fibers. Suppose we are given a closed embedding E ↪→ X of
codimension 1 (i.e. E is a Cartier divisor in X ) where X is a smooth tame and separated Deligne-Mumford
stack. Furthermore, assume that the normal bundle NE|X is isomorphic to OE(−1)⊗ π∗L for a line bundle
L on Y. Then there exists a contraction

E X

Y Z

p ρ

at the level of coarse moduli spaces such that:
(1) ρ is an isomorphism away from E,
(2) ρ is projective,
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(3) ρ∗OX ≃ OZ ,
(4) there is a highly divisible integer ℓ, an isomorphism O∧

Z ≃ lim←−k
(p∗OkℓE) where the completion of

OZ is with respect to the ideal sheaf of Y , kℓE is the coarse space of the closed substack with ideal
sheaf OX (−kℓE), and p is as in the diagram above.

(5) Z is a separated normal algebraic space with Y → Z a closed embedding.

Moreover, given any other algebraic space Z ′ and morphisms X → Z ′, Y ↪→ Z with these properties, we
have an isomorphism Z ≃ Z ′ which commutes with all the other morphisms.

Lemma 4.8. With the same hypotheses and notation of Theorem 4.7, let nE denote the closed substack of
X defined by the ideal In, where I denotes the ideal sheaf defining E; set 1Y := Y and π(1) = π. Then there
exist unique (up to unique isomorphism) algebraic stacks {nY}n≥1, infinitesimal thickenings by square-zero
ideals nY ↪→ (n+ 1)Y and morphisms π(n) : nE → nY such that for each n there is a cartesian diagram

nE (n+ 1)E

nY (n+ 1)Y.

Moreover, we have a canonical isomorphism π
(n)
∗ OnE ≃ nY.

Proof. It suffices to check that the assumptions of Corollary 4.4 apply. The only non-trivial statement
to check is that R1π∗ι

∗I(n) = 0, where ι : E → (n + 1)E is the inclusion of the reduced structure. But
ι∗I(n) = N⊗−n

E/X since E is Cartier, and π is flat, the fibers of π are weighted projective bundles, and N⊗−n
E|X

restricts to OP(n), where P is a weighted projective stack. The desired vanishing follows as OP(n) has no
higher cohomology from [Mei15, Prop. 2.5], and from cohomology and base change. □

Proposition 4.9. With the same hypotheses and notation of Theorem 4.7, there exists a contraction

E X

Y Z

ρ

at the level of coarse moduli spaces which is an isomorphism away from E and such that X → Z is a proper
morphism and Y → Z is a closed embedding. Moreover, we have ρ∗OX ≃ OZ and O∧

Z ≃ lim←−k
(p∗OkℓE),

where the completion of OZ is with respect to the ideal sheaf of Y .

Proof. First let us recall the following: if X → Y is a closed embedding of tame Deligne-Mumford stacks,
then the corresponding map of coarse moduli spaces X → Y is a closed embedding. Moreover if IX → OY
is the ideal sheaf of X and π : Y → Y is the coarse moduli space map, then π∗IX → π∗OY = OY is the ideal
sheaf of X, because Y is a tame Deligne-Mumford stack.

As in the proof of Lemma 4.8, we denote I = OX (−E) the ideal sheaf of E , for a positive integer n we let
nE be the closed substack with ideal sheaf In = OX (−nE) and we denote the square-zero sheaf of ideals of
nE in nE by J (n) := i∗N

⊗−n
E/X , where i : E → (n+ 1)E is the inclusion of the reduced structure. Recall that

R1π
(n)
∗ J (n) = 0.

Take a positive integer ℓ which is divisible by the order of every stabilizer of a closed point of X . Then
OX (−ℓE) descends to a line bundle I on X, the coarse moduli space of X (since the stabilizers act trivially
on OX (−ℓE)). If we denote by ℓE the coarse moduli space of E(ℓ), then ℓE → X is a closed embedding with
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ideal sheaf I. So in particular ℓE is a Cartier divisor, and we have a diagram as follows, where ℓY is the
coarse moduli space of the algebraic stack constructed using Corollary 4.4:

ℓE //

p(ℓ)

��

X

ℓY.

According to [Art70, Cor. 6.10], it suffices to prove that

(1) for every coherent sheaf F on ℓE we have R1p
(ℓ)
∗ (F ⊗ (I/I2)⊗m) = 0 for m big enough, and

(2) R1p
(ℓ)
∗ ((I/I2)⊗m) = 0 for every m > 0.

Observe that, if ι : E → ℓE is the inclusion of the reduced structure, ι∗I/I2 restricts to OP (ℓ) along each
fiber of E → Y , where we denote by OP (ℓ) the push forward of OP(ℓ) via the coarse moduli space map
P → P , and P is a weighted projective stack. In particular, ι∗I/I2 is relatively ample. So from [Sta22, Tag
0B5V] also I/I2 is relatively ample, hence the first vanishing is just Serre’s vanishing theorem.

For the second vanishing it suffices to check that, if L is a line bundle on ℓE such that i∗L (which is a line
bundle on E) restricts to OP(k) along each fiber P of E → Y, with k > 0, then R1π

(ℓ)
∗ (L⊗m) = 0 for every

m > 0.
On E , the desired vanishing follows from cohomology and base change, as OP(k) has no higher cohomology

when k > 0, since P is a weighted projective bundle. On any thickening E ↪→ nE this follows by an inductive
argument. Thus we assume that the desired vanishing holds for n and we will show that it holds for n+ 1.
Consider the short exact sequence

0→ J (n) → O(n+1)E → OnE → 0.

This leads to
0→ J (n) ⊗ L⊗m → L⊗m → L⊗m|nE → 0.

Observe first that
R1π

(n+1)
∗ (L⊗m|nE) = j

(n)
∗ R1π

(n)
∗ (L⊗m|nE)

where j(n) is the closed embedding nY → (n + 1)Y, (because the push forward via a closed embedding
is exact). By induction R1π

(n)
∗ (L⊗m|nE) = 0, so R1π

(n+1)
∗ (L⊗m|nE) = 0, and it suffices to check that

R1π
(n+1)
∗ (J (n) ⊗ L⊗m) = 0 as well. But J (n) ⊗ L⊗m = i∗(N

⊗−n
E/X ⊗ i

∗L⊗m) so

R1π
(n+1)
∗ (J (n) ⊗ L⊗m) = j∗R

1π∗(J
(n) ⊗ L⊗m)

which is 0 as R1π∗(J
(n) ⊗ L⊗m) = 0. Therefore, we may apply [Art70, Cor. 6.10] to obtain a Z as in the

statement of Proposition 4.9 and we are left with proving the moreover part.
Let O∧

Z denote the formal completion of OZ along ℓY . We claim that the natural map OZ → ρ∗OX is
an isomorphism upon completion: O∧

Z ≃ (ρ∗OX)∧. If this is the case, then by [Art70, Thm. 2.2] we obtain
OZ ≃ ρ∗OX , because we already have an isomorphism OZ∖nY ≃ ρ∗OX∖nE .

To prove our claim, first note that O∧
Z is isomorphic to the formal algebraic space X constructed in

[Art70, Thm. 3.1, Thm. 6.2]. Moreover, (see [Art70, Lem. 6.5]) we have

O∧
Z ≃ lim←−

k

(
p
(ℓ)
∗ OkℓE ×p

(ℓ)
∗ OℓE

OℓY

)
≃ lim←−

k

(
p
(ℓ)
∗ OkℓE

)
,

where in the last isomorphism we used the fact that p(ℓ)∗ OℓE ≃ OℓY : this follows from the isomorphism
π
(ℓ)
∗ OℓE ≃ OℓY of Lemma 4.8, pushed forward along the coarse moduli space map ℓY → ℓY .

https://stacks.math.columbia.edu/tag/0B5V
https://stacks.math.columbia.edu/tag/0B5V
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Observe now that by the theorem on formal functions [Gro61, 4.1.5] we have lim←−
(
p
(ℓ)
∗ OkℓE

)
≃ (ρ∗OX)∧

(note that this agrees with the limit in Proposition 4.9 since E and ℓE have the same underlying topological
space). Putting all together, we deduce that O∧

Z ≃ (ρ∗OX)∧, as claimed. □

Proposition 4.10. The algebraic space Z constructed in Proposition 4.9 is normal.

Proof. To prove that Z is normal we use Serre’s criterion for normality [Gro66, 5.8.6]. For this we have to
prove that

(R1) every codimension one point of Z is regular, and
(S2) for every open subset U ⊂ Z and every closed subset W of codimension ≥ 2, every regular function

on U ∖W extends to U .
In what follows, we denote ρ : X → Z the morphism constructed in Proposition 4.9. The condition (R1)
is easy to check: any codimension one point ζ of Z lies in Z ∖ Y , hence the modification ρ : X → Z is an
isomorphism around ζ. Let ξ be the unique point in the preimage of ζ: then OX,ξ ≃ OZ,ζ . Observe that
X is normal, because it is the coarse moduli space of a smooth Deligne-Mumford stack: in particular, by
Serre’s criterion [Gro66, 5.8.6], we have that OX,ξ is regular, hence also OZ,ζ is regular.

To check (S2), let U ⊂ X be an open subset and W ⊂ U be a closed subvariety of codimension ≥ 2. Let
φ be a regular function on U ∖W .

Suppose first that W does not contain Y ∩U : in this case ρ∗φ is a regular function on ρ−1U ∖ ρ−1W and
ρ−1W has codimension ≥ 2, hence by normality of X we can extend ρ∗φ to a regular function ψ′ on ρ−1U .

Suppose instead that W contains Y ∩ U , hence its preimage along ρ consists of the union of the proper
transform W̃ of W and E ∩ ρ−1U . We can extend ρ∗φ to a function on ρ−1U ∖ (E ∩ ρ−1U), and we can
further extend it to a section of O(nE)(ρ−1U) for some integer n.

If n ≤ 0, then we have an inclusion O(nE) ↪→ OX , i.e. ρ∗φ actually extends to a regular function ψ′ on
ρ−1U . If n > 0 then we can look at the short exact sequence

0→ O((n− 1)E)→ O(nE)→ O(nE)|E → 0.

As the last term is isomorphic (up to shrinking the base) to OE(−n), by applying the functor Γ(ρ−1U,−)
to this sequence we get an isomorphism Γ(ρ−1U,O(nE)) ≃ Γ(ρ−1U,O((n − 1)E)), hence we can actually
extend ρ∗φ to a section of O((n − 1)E)(ρ−1U). Repeating this argument, we eventually deduce that ρ∗φ
extends also in this case to ψ′ ∈ OX(ρ−1U).

By Proposition 4.9, we have that ρ♯ : OZ → ρ∗OX is an isomorphism, hence we can take the preimage of
ψ′ along ρ♯, which by construction will be an extension of φ to U , thus concluding the proof. □

For what follows, we need the following technical result.

Lemma 4.11. Let X p−→ X ′ be a proper morphism between normal separated algebraic spaces. Assume
that E ⊆ X is a pure codimension one irreducible closed algebraic space (namely, a divisor) with a map
pE : E → Y ′. Assume also that p is an isomorphism away from the image of E, and the map E → X → X ′

factors as E → Y ′ and Y ′ → X ′, with Y ′ → X ′ finite, as in the following cartesian diagram:

X ∖ E �
�

//

∼=
��

X

p

��

X ′ ∖ p(E)
� � // X ′

Then X ′ is uniquely determined by pE and X ∖ E.
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Proof. Let X ′
1 and X ′

2 be two such algebraic spaces, with pi : X → X ′
i; consider X → X ′

1 ×X ′
2 the product

map (p1, p2), let Γ ⊆ X ′
1 × X ′

2 be its image, and Γn its normalization. Since X → X ′
i is proper, also

X → X ′
1×X ′

2 is proper from [Sta22, Tag 04NX]. Similarly, Γ→ X ′
i is proper from [Sta22, Tag 0AGD]. Since

the normalization is a finite (hence proper) map, Γn → X ′
1 is proper.

We claim that the map Γ→ X ′
1 is quasi-finite. The fiber of a point x along this map is in natural bijection

with p2(p
−1
1 (x)). Clearly, the fiber over a point in X ′

1 ∖ p1(E) is just a single point. Let x be a point in
p1(E). The restriction pi|E : E → X ′

i factors as E → Y ′ fi→ X ′
i. Therefore, the fiber of x along Γ→ X ′

1 is in
natural bijection with f2(f−1

1 (x)), which is a finite set as both f1 and f2 are finite.
As the normalization is finite, also Γn → Γ→ X ′

1 is a proper, quasi-finite and birational morphism. Then
it is an isomorphism from Zariski’s main theorem. So the rational map X ′

1 99K X ′
2 is a morphism. As

the corresponding map of sets is quasi-finite and they are proper and birational, again from Zariski’s main
theorem they are isomorphic. □

We have now collected all the ingredients necessary to prove the main result of this section.

Proof of Theorem 4.7. The existence of the contraction X → Z is Proposition 4.9. For proving the unique-
ness part of the statement, suppose that Z ′ is another scheme satisfying the thesis of the theorem: then
we can apply Lemma 4.11 to conclude that Z ′ ≃ Z. Finally, the map X → Z is projective. Indeed, there
is an integer k > 0 such that OX(kE) = L is a Cartier divisor, and L−1 is ample over Z, since the posi-
tive dimensional fibers of X → Z are weighted projective schemes, and L restricts to an ample divisor on
those. □

5. The case of affine Y

In this section we prove Theorem 5.2, which itself forms the heart of the proof of Theorem 1.1. To begin
we establish some lemmas.

Lemma 5.1. Fix a finite module V over a Noetherian ring B and let Y = Spec(A) be a finite scheme over
Spec(B). If we have a surjective map of B-modules ρ : V → A, then the map Spec(A)→ PB(V ) induced by
the surjection V ⊗B A→ A is a closed immersion.

Proof. It suffices to check this fiber locally on Spec(B), so we may assume that B is a field, V is a vector space,
and A a Artin local ring. Now choose a v ∈ V such that v 7→ 1 ∈ A, then the induced map Spec(A)→ P(V )
factors through the non-vanishing of v ∈ H0(P(V ),O(1)) and the associated map of coordinate rings is
surjective because it contains the image of ρ. □

Theorem 5.2. Consider two affine schemes with a finite morphism Spec(A)→ B := Spec(B), with Spec(A)
smooth and connected and ξ ∈ Spec(A) a point. Assume that X is a tame Deligne-Mumford stack, separated
over B, and with coarse moduli space X projective over B. Let E ⊆ X be a Cartier divisor in X isomorphic
to P := PA(a1, ..., an), with 0 < a1 ≤ ... ≤ an. Assume that NE|X := OX (E)|E ∼= OP(−1).

Then, up to replacing B with a Zariski open subset of U ⊆ B containing the image of ξ, and Spec(A),
E and X with Spec(A) ×B U , E ×B U and X ×B U respectively, there is an X ′ fitting into a commutative
diagram

E X

Spec(A) X ′i

such that
(1) X ′ is a separated tame Deligne-Mumford stack with coarse moduli space projective over B,

https://stacks.math.columbia.edu/tag/04NX
https://stacks.math.columbia.edu/tag/0AGD
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(2) i is a closed immersion which realizes Spec(A) as a complete intersection of codimension n and X ′

is smooth in a neighbourhood of Spec(A), and
(3) there is an isomorphism between X and a weighted blow-up of X ′ at Spec(A) with weights a1, ..., an,

which identifies E with the exceptional divisor of such a blow-up.
In particular, X ′ is a scheme in a neighbourhood of Spec(A), and X → X ′ is an isomorphism away from E.

We now report two remarks which we will use in the proof of Theorem 5.2.

Remark 5.3. If X is a finite-type k-scheme where D is a Cartier divisor of X and p ∈ D a smooth point
of D, then p is a smooth point of X.

Remark 5.4. Fix a separated algebraic stack X and let OX (D) be a line bundle associated to a Cartier
divisor D on X . If OX (D)|D induces a representable morphism D → BGm, then there is a open substack
V ⊂ X containing D such that V∖D has trivial stabilizers. Indeed, being representable is an open condition
for separated stacks, so there is an open substack V ⊆ X such that OV(D) induces a representable morphism
V → BGm. As OX (D) ∼= OX away from D, the stack V is an algebraic space away from D. In particular, X
has generically trivial stabilizer.

Proof. Since OP(−1) induces a representable morphism E → BGm, by Remark 5.4 the stack X has trivial
stabilizers on V \ E where V is an open substack containing E . This implies the stacky structure of X lies on
the union of E and the closed substack X \ V. As such, to prove the desired result it suffices to:

(1) construct the coarse moduli space X ′ of X ′,
(2) show there is a closed immersion Spec(A)→ X ′,
(3) prove the coarse moduli space X ′ is smooth around Spec(A),
(4) show X ′ contains SpecA as a complete intersection of codimension n, and
(5) show that, in a neighbourhood of E , the stack X is a weighted blow-up of X ′ along Spec(A).

Indeed, the remaining stacky structure on X ′ is necessarily disjoint from an open substack containing
Spec(A), and therefore determined by X .

To do so, we will explicitly construct the contraction X → X ′ of Theorem 4.7 that contracts E (the
coarse moduli space of E). In this process, we will produce Cartier divisors D1,..., Dn on X and their images
D̃1, ..., D̃n in X ′ such that Di ∩ PA(a1, ..., an) = PA(a1, .., âi, .., an); this enables the use of induction to
establish (1)-(4) as in Kollár’s proof of Castelnuovo’s theorem in [Kol09]. To prove (5) we will use the explicit
description of a weighted blow-up of the origin in An and the divisors Di and D̃i to prove that X is the
desired weighted blow-up.

Base step. The desired statement is true if n = 1. Indeed, by definition of a weighted projective stack
when n = 1 it follows that E is a trivial µn-gerbe over Spec(A). Moreover, because the ideal sheaf of the
divisor restricts to NE/X , Remark 5.4 implies the only stabilizers in a neighbourhood of E in X are those on
E . Since Spec(A) is smooth, so is E , and by Remark 5.3 it follows that X is smooth in a neighbourhood of
E . By applying [GS17, Thm. 1] one may obtain the stack X in a neighbourhood of E as a composition of
root stacks and canonical covering stacks from its coarse moduli space, X. As non-trivial canonical covering
stacks introduce new stabilizers in codimension at least 2, it follows that X is, in a neighbourhood of E ,
a root stack of X along a Cartier divisor E. The smoothness of X in a neighbourhood of E implies the
smoothness of E since the associated cyclic cover is a local atlas for X (see, e.g., [JLM22, Prop. 3.15]).
Moreover, since E is a gerbe over the smooth (Weil) divisor SpecA ⊂ X, it follows that E = SpecA, SpecA
is Cartier in X, and therefore X is smooth by Remark 5.3. We may now assume n > 1.

Step 1. In this step we establish a useful vanishing result.
Consider H a very ample Cartier divisor on X such that Hi(OX(kH)) = 0 for k, i > 0. Let then m a

positive integer such that, if we denote by H the pull-back of H to X , we have that G := OX (H)⊗OX (mE)
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is the trivial line bundle when restricted to any fiber of E → Spec(A). This is possible as NE|X ∼= OP(−1).
Moreover m > 0 as H is very ample, and up to replacing H with some multiple of it we can assume
m > an + 1. Up to replacing B with U as in the statement, we can also assume that

G|E ∼= OE .

Indeed, consider E → Spec(A), let τ : E → E be its coarse moduli space, and let ζ : E → Spec(A) be the
morphism induced by E → Spec(A). As G restricts to the trivial line bundle on any fiber of E → Spec(A),
from [Noo, Cor. 4.3] there is a line bundleN on Spec(A) such that G = ζ∗N . If we denote by ρ : Spec(A)→ B
the map in the statement of the theorem, as ρ is finite the ring A⊗B Bρ(ξ) is semilocal. So N|Spec(A⊗BBρ(ξ))

is trivial as semilocal rings have trivial Picard group. Then there is an open subscheme USpec(A) containing
ρ−1(ρ(ξ)) such that N is trivial when restricted to USpec(A). We can take

U = B ∖ ρ(Spec(A)∖ USpec(A)).

Consider now G⊗k ⊗OX (−jE), for k > 0. We have the following exact sequence:

0→ G⊗k ⊗OX (−(j + 1)E)→ G⊗k ⊗OX (−jE)→ OP(j)→ 0.

From [Mei15, Prop. 2.5], H1(OP(j)) = 0 for every j ≥ −a1 − a2 − ... − an + 1 so combining this with the
sequence above we see that

(1) [H1(G⊗k ⊗OX (−(j + 1)E)) = 0] =⇒ [H1(G⊗k ⊗OX (−jE)) = 0] for j ≥ −a1 − ...− an + 1.

Moreover, by our choice of H we have

(2) 0 = H1(OX(kH)) = H1(G⊗k ⊗OX (−kmE)) for every k ≥ 1.

Since m > an + 1, we have −km < −an − 1. Thus, combining Equation (1) and Equation (2) we have

H1(G⊗k ⊗OX (iE)) = 0 for every − an − 1 ≤ i ≤ a1 + ...+ an − 1 and k ≥ 1.

Step 2. The line bundle G descends to a base-point free line bundle on X, and if we denote by X ′ =
Proj(

⊕
d H

0(G⊗d)), the map E → X → X ′ factors via E → Spec(A) → X ′, where the second map is a
closed embedding; and X → X ′ is an isomorphism away from E. In particular, we can assume that G is the
pull back of a very ample divisor on X ′.

To check that G descends to a line bundle on X is equivalent to checking that the action of the stabilizers
of the points of X are trivial along the fibers of G (see, e.g., [Alp13, Thm. 10.3]). This holds away from E
as on that locus G is the pull-back of a line bundle on X, and holds on E since G|E ∼= OE .

To check that G is base point free, consider the exact sequence

0→ G ⊗OX (−E)→ G → G|E → 0.

From the previous vanishing, the map H0(X ,G)→ H0(X ,G|E) is surjective, so there is a section not vanishing
along E since G|E ∼= OE . Moreover, G ⊗OX (−mE) is the pull back of a very ample line bundle, so for every
p ∈ X∖E there is a section of G⊗OX (−mE), and hence of G, not vanishing at p. So G descends to a base point
free line bundle on X, the corresponding morphism X → Proj(

⊕
d H

0(G⊗d)) is an isomorphism away from
E (since G is very ample away from E), and it restricts to OE on E , so it factors through E → Spec(A) and
induces a closed immersion Spec(A) → P(H0(G)) by Lemma 5.1 since H0(G) → H0(G|E) = A is surjective.
Observe also that, as X is smooth in a neighbourhood of E then X is normal in a neighbourhood of E, and
similarly X ′ normal in a neighbourhood of Spec(A). 2

2We are using the fact that if X is a normal projective variety and L is a base-point free line bundle on it, then also
Proj

(⊕
m H0(L⊗m)

)
is normal. Indeed, if we denote by s : X → X′ the Stein factorization of X → P(H0(L)), then (1) X′

is normal since X is normal; (2) the map π : X′ → P(H0(L)) is finite hence projective, so X′ = Proj
(⊕

m H0(π∗O(m))
)
; (3)

s∗π∗O(1) ∼= L by construction and (4) by projection formula, since s∗OX = OX′ , we have H0(π∗O(m)) = H0(L⊗m).
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Step 3. Construction of Di and inductive step.
From the previous steps, we have a surjection

H0(G ⊗OX (−aiE))→ H0(OE(ai)) for every i.

Therefore there is a global section Di of H0(G ⊗OX (−aiE)) that restricts to xi = 0 on E ∼= P(a1, ..., an).
In particular:

(1) Di ∩ E is a weighted projective space over Spec(A) (namely, P(a1, ..., âi, ..., an)× Spec(A)), and
(2) The normal bundle of Di ∩ E in Di is OP(a1,...,âi,...,an)(−1).

By induction, there is a scheme D̃ with a closed embedding q : Spec(A)→ D̃, such that D1 is the weighted
blow-up of q with weights a2, ..., an, and D̃ is smooth around q. Moreover, the curves contracted by D1 → D̃
are the ones contracted by D1 → X ′, where D1 is the coarse moduli space of D1. So the morphism
D1 → X → X → X ′ factors as D1 → D̃ → X ′ from [Deb01, Lem. 1.15], with D̃ → X ′ finite as there are no
curves in the fibers. In particular, as G is by construction the pull-back of an ample line bundle G on X ′,
also the line bundle G|D̃ is ample, and we have that D̃ = Proj(

⊕
d H

0(G⊗d|D̃)) = Proj(
⊕

d H
0(G⊗d|D1

)).
Step 4. D̃ → X ′ is a closed embedding, and therefore Spec(A)→ D̃ → X ′ is a closed embedding.
It follows from the vanishing H1(G⊗d ⊗OX (a1E)) = 0 and the following exact sequence

0→ OX (−D1)⊗ G⊗d ∼= G⊗(d−1) ⊗OX (a1E)→ G⊗d → G⊗d|D1
→ 0

that there is a surjection H0(G⊗d) → H0(G⊗d|D1
) for d ≥ 2, so the map D̃ = Proj(

⊕
d H

0(G⊗d|D1
)) →

Proj(
⊕

d H
0(G⊗d)) = X ′ is a closed embedding. Therefore, also the composition Spec(A) → D̃ → X ′ is a

closed embedding.
Step 5. D̃ is Cartier in X ′, so X ′ is smooth at Spec(A).
We will show that D̃ agrees with the zero locus V (s) of a section s of a line bundle away from Spec(A),

and that both D̃ and V (s) are S1 in a neighbourhood of Spec(A). Consider the long exact sequence

0→ G ⊗OX (−a1E)→ G → Oa1E → 0.

Consider a section sX ∈ H0(G) which is the image of D1 ∈ H0(G ⊗OX (−a1E)). This vanishes along D1 and
a1E , and by definition of G it is the pull-back of a section s on an ample divisor on X ′. In particular, there
is a section of an ample divisor on X ′ whose zero locus agrees with the image of D̃, and which is isomorphic
to D̃ away from Spec(A). As X ′ is normal in a neighbourhood of Spec(A), it is also S2. Then both the
zero locus of a section of a line bundle and D̃ (which is smooth by induction) are S1 in a neighbourhood of
Spec(A). So they are the closure of their generic points, then they agree: D̃ is Cartier.

End of the proof. As in Step 5 we may construct n Cartier divisors D̃1, ..., D̃n. After shrinking around
ξ, we can trivialize the line bundles associated to D̃i for every i, so there are regular functions si such that
Spec(A) = V (s1, ..., sn). From Proposition 2.18, to check that X → X ′ is a weighted blow-up, one can work
locally around ξ ∈ X ′. The regular functions si give a map X ′ → An, and up to shrinking X ′ and Spec(A)
in a neighbourhood of ξ, we can trivialize G so Di are sections of OX (−aiE).

We can consider the weighted blow-up of X ′ along Spec(A) as in [Inc22, Sec. 2] and Example 2.6, by
taking an open inside [An+1

x1,...,xn,u/Gm] with weights a1, ..., an,−1. Recall that a map to [An+1/Gm] is the
data of a line bundle L, a section of Lai for every i, and a section of L−1. Then the divisors Di and E give a
morphism X → [An+1/Gm]. Since π∗D̃i = Di + aiE , where π : X → X ′, and if x1, ..., xn are the coordinates
on An and y1, ..., yn, u are those on An+1, then the weighted blow-up sends xi 7→ yiu

ai ; one can check that



A CRITERION FOR SMOOTH WEIGHTED BLOW-DOWNS 21

the following diagram is fibred:
X

��

// B

��

X ′ // An

where B is the weighted blow-up of 0 ∈ An with weights a1, ..., an. So the map ψ : X ′ → An is flat at ψ−1(0),
and therefore X → X ′ is a weighted blow-up from Theorem 2.9. □

Remark 5.5. One can check that the weighted blow-up of Theorem 5.2 is in fact a regular weighted blow-up.

Remark 5.6. With the assumptions of Theorem 5.2 and if X is normal, the coarse moduli space X admits
the contraction X → Z of Theorem 4.7. If we denote by X ′ the coarse moduli space of the contraction X ′

explicitly constructed in Theorem 5.2, then Z ∼= X ′ by unicity of the contraction.

Corollary 5.7. Let π : E → Spec(A) be the map of Theorem 5.2. Then:
(1) OSpec(A) → π∗OE is an isomorphism,
(2) R1π∗(OX (−nE)|E) = 0 for every n > 0, and
(3) O(X ′)∧

∼= lim←−
(
p
(k)
∗ O(k)

nE

)
, where the completion is with respect to the ideal sheaf of Spec(A) in X ′.

In particular, the diagram of Theorem 5.2 is a push-out in algebraic stacks.

Proof. Condition (1) follows since π is a weighted projective bundle, condition (2) follows since OX (−nE)|E
restricts to OP(n) on the fibers of π, and from [Mei15, Prop. 2.5]. Point (3) follows since, from Remark 5.6,
the X ′ constructed in Theorem 5.2 agrees, in a neighbourhood of Spec(A), with the one constructed using
Theorem 4.7. Finally, from Proposition 4.5 the diagram of Theorem 5.2 is a push-out in algebraic stacks. □

Corollary 5.8. Let ϕ : X → Z be a morphism of separated tame Deligne-Mumford stacks, with X smooth
and Z normal, which induces a projective morphism f : X → Z on coarse moduli spaces. Assume that there
is a Cartier divisor E ⊆ X such that:

(1) E is a weighted projective bundle PY → Y over a smooth scheme Y , and NE|X ∼= OPY
(−1)

(2) There is a diagram as follows, with Y → Z a closed embedding

E

��

// X

��

Y // Z

(3) X → Z an isomorphism away from E.
Then Z is smooth, the map X → Z is a weighted blow-up, and the diagram above is a pushout in algebraic
stacks.

Proof. First observe that Z is an algebraic space around Y , as being an algebraic space is an open condition on
a separated Deligne-Mumford stack. Moreover, since being a weighted blow-up can be checked smooth locally
from Proposition 2.18, up to replacing Z with an étale neighbourhood of y ∈ Y and using [Gro66, Prop.
18.1.1], we can assume that Z = Spec(B) is affine, and that PY = P(a1, ..., an) × Y . From Theorem 5.2,
there is a morphism X → X ′ which is a weighted blow-up over Spec(B), and such that X ′ → Spec(B)
is projective. By point (3) it is also birational, and quasi-finite by (2) and (3) (therefore finite), so it is
an isomorphism from Zariski’s Main Theorem. Then the square above is a pushout as the assumptions of
Proposition 4.5 are satisfied by Corollary 5.7. □
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For us, it will be useful to drop the assumption in Corollary 5.8 that Y has to be a scheme. To do so, we
will use the following two results.

Proposition 5.9. With the same notations and assumptions of Theorem 5.2, assume that one has a finite
and étale group G of order prime to char(k), acting on Spec(A), B, E and X in a way such that:

(1) the maps E → Spec(A), E → X , Spec(A)→ B and X → B are equivariant,
(2) ξ ∈ Spec(A) is fixed by G, and
(3) the action of G on B is trivial.

Let X ′ be the tame Deligne-Mumford stack constructed using Theorem 5.2, possibly after shrinking B,
Spec(A), E and X as in Theorem 5.2. Then, there is a unique action of G on X ′, such that the maps
Spec(A)→ X ′, X → X ′ and X ′ → B are equivariant.

Proof. This follows from the universal property of pushouts. □

Corollary 5.10. With the assumptions and notations of Proposition 5.9, possibly after shrinking B, Spec(A),
E and X as in Theorem 5.2, there is a normal tame Deligne-Mumford stack X ′, separated over B, which fits
in a diagram below

[PA(a1, ..., an)/G]

πE

��

// [X/G]

π

��

[Spec(A)/G]
i // X ′

such that:
(1) i is a closed embedding
(2) the morphism π is separated, and on the level of coarse moduli spaces it is projective,
(3) π is an isomorphism away from [PA(a1, ..., an)/G], and its restriction to [PA(a1, ..., an)/G] agrees

with πE .
Moreover,

• π is a weighted blow-up,
• X ′ is isomorphic to [Z/G] for a smooth tame Deligne-Mumford stack Z (so X ′ is smooth),
• when n > 1, the stack X ′ is uniquely determined from [X/G], [PA(a1, ..., an)/G] and [Spec(A)/G]

and the maps between them.

Remark 5.11. One can check that the weighted blow-up of Corollary 5.10 is a regular weighted blow-up.

Proof. Existence. If we consider the diagram above on the level of G-torsors, we obtain the diagram of Propo-
sition 5.9. From Theorem 5.2, we can construct a Deligne-Mumford stack Z which fits in the corresponding
diagram. The action of G extends from Proposition 5.9, so we have a diagram as the one above by taking the
quotient. The resulting stacks are separated as they are the quotient of separated Deligne-Mumford stacks
by a finite group.

Moreover part. Let X ′ be such a Deligne-Mumford stack. We first check that it is smooth. To do so,
using Proposition 2.18, we replace X ′ with an étale atlas, so we can assume that X ′ is a scheme. Then from
Corollary 5.8, X ′ is smooth and a weighted blow-up. By construction, it is a quotient stack. We check now
that it is unique.

From Theorem 3.1, it suffices to check that two such X ′ have isomorphic coarse moduli space, and that
they have isomorphic stabilizers for the points of codimension one. It is immediate to show that they have
isomorphic stabilizers for the points of codimension one as all the codimension one points of X ′ are a subset
of the codimension one points of X . Similarly, the coarse space of X ′ is uniquely determined from Lemma
4.11. □
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6. Proof of Theorem 1.1

We state our main theorem.

Theorem 6.1. Let Y be a smooth and separated tame Deligne-Mumford stack and let π : E → Y be a weighted
projective bundle with positive dimensional fibers. Suppose we are given a (regular) closed embedding E ↪→ X
of codimension 1 (i.e. E is a Cartier divisor in X ) into a smooth and separated tame Deligne-Mumford stack
X . Furthermore, assume that the normal bundle NE|X is isomorphic to OE(−1) ⊗ π∗L for a line bundle L
on Y. Then there exists a diagram, which is a pushout in algebraic stacks,

(3)
E X

Y Z

such that Y ↪→ Z is a closed embedding and Z is a smooth separated tame Deligne-Mumford stack. Moreover,
X → Z is a weighted blowup of Y in Z.

Remark 6.2. One can check that the weighted blow-up of Theorem 6.1 is a regular weighted blow-up.

We outline the proof. Observe that Theorem 4.7 implies we have a normal separated scheme Z and a
contraction X → Z, where X is the coarse moduli space of X . Thus, we have a diagram:

(4)
X ∖ E

Z ∖ Y Z
open

where Y is the coarse moduli space of Y and the vertical map is a coarse moduli space. We will find a smooth,
separated, and tame Deligne-Mumford stack Z fitting into the diagram above having Z as its coarse space
by applying Theorem 3.1 to the diagram (4). We will then leverage this to construct the stacky contraction
X → Z. The key difficulty in applying Theorem 3.1 is showing (4) satisfies the local conditions of Remark
3.3 and we do this by using Corollary 5.10.

To prove that the resulting Z fits into a diagram as in Theorem 6.1, we apply Corollary 5.10 again. To
prove that Z is smooth and X → Z is a weighted blow-up, we can work étale locally over Z by Proposition
2.18, so we replace Z with an étale cover. By the uniqueness part of Theorem 3.1, X ′ = Z ×Z UZ , so
Z ×Z UZ will be smooth, so Z will be smooth as well, and the map will be a weighted blow-up. Finally, the
uniqueness part follows from the uniqueness part of Theorem 4.7 together with Theorem 3.1.

The following proposition allows us to work locally, and it will make Corollary 5.10 easier to use.

Proposition 6.3. With the notations of Theorem 6.1, let y ∈ Y . There is an étale neighbourhood y ∈ UZ →
Z such that:

(1) UZ ×Z Y ∼= [Spec(A)/G], for a finite group G of order prime to char(k)
(2) UZ×ZX = [W/G] whereW is a smooth tame Deligne-Mumford stack, which is generically a scheme,

and
(3) UZ ×Z E ∼= [PA(a1, ..., an)/G], and [PA(a1, ..., an)/G]×[Spec(A)/G] Spec(A) ∼= PA(a1, ..., an).

We summarize the situation in the following diagram:
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PA(a1, ..., an)

((��

// W

))

Spec(A)

((

[PA(a1, ..., an)/G]

��

// [W/G] = X ×Z UZ
//

��

X

��

[Spec(A)/G] //

��

UZ
étale //

étale
��

Z

Y // Z

The proof will be in several steps, we begin with the following two lemmas.

Lemma 6.4. In the hypothesis of Theorem 6.1, there exists an étale covering {Zi} of Y in Z such that
Yi := Y ×Z Zi is of the form [Spec(Ai)/Gi] for some finite group Gi of order not divisible by char(k) acting
on the affine scheme Spec(Ai) and E ×Y Yi is a trivial weighted projective bundle.

Proof. We consider the morphisms
Y → Y ↪→ Z

where Y → Y is the coarse moduli space map. First of all, for every point in Y there exists an étale
neighbourhood [Spec(A)/G] → Y of the point where G is the automorphism group of the point, therefore
finite. Furthermore, the induced morphism Spec(AG) → Y is also étale. See [AOV08, Thm. 3.2] or
[AHR23, Thm. 1.1]. Because weighted projective bundles are classified by special groups, up to shrinking
(Zariski locally) we can assume E ×Y [Spec(A)/G] is a trivial weighted projective bundle.

It remains to lift the étale morphism Spec(AG)→ Y to an étale morphism to Z. This can be done Zariski
locally on Spec(AG) using [Gro66, Prop. 18.1.1]. Up to shrinking again, we get the following diagram with
cartesian squares:

Spec(A′) Spec(B)

[Spec(A)/G] Spec(AG)

Y Y Z.

open

et

et

cms

et

cms

Because the coarse moduli space map is cohomologically affine, we get that Spec(A′)×Spec(AG) [Spec(A)/G]

is isomorphic to [Spec(A0)/G] where A0 is a G-invariant affine open of Spec(A) and A′ ≃ AG
0 . □

Lemma 6.5. Let C be a non-reduced tame Deligne-Mumford stack, and let i : Cred → C be its reduced struc-
ture. Then for every finite étale group G, the restriction map H1(C, G) → H1(Cred, G) is an isomorphism,
where the cohomology is the étale cohomology.

Proof. If we denote with GCred the constant sheaf on the étale topology of Cred and with GC the constant
sheaf on the étale topology of C, then i∗GCred = GC and Rni∗GCred = 0 for n > 0.

Indeed, it suffices to check this by replacing C with the spectrum a strict Henselian ring Spec(A), and to
observe that since G topologically is a finite disjoint union of closed points, there is an equivalence

Hom(Spec(A), G)→ Hom(Spec(Ared), G).
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Similarly, as the quotient of a local strict Henselian ring is still local and strict Henselian, Rni∗GCred = 0 for
n > 0. Then the isomorphism follows from the Leray spectral sequence. □

Proof of Proposition 6.3. Consider an open of the cover of Lemma 6.4. Up to replacing Z with this cover,
we can assume that

(1) Z = Spec(B) is affine,
(2) Y = [Spec(A)/G],
(3) E ∼= [PA(a1, ..., an)/G] with [PA(a1, ..., an)/G]×[Spec(A)/G] Spec(A) ∼= PA(a1, ..., an).

Our goal will be to find an étale neighbourhood UZ of Spec(AG) in Z such that also X ×Z UZ admits a
G-torsor. In other terms, we need to extend the G-torsor over E of (3), to a G-torsor over the pull-back of
X to an étale neighbourhood of Spec(AG) in Z. To do so, we proceed in two steps. First, we extend the
G-torsor on the "completion" of E ⊆ X . Then, using [AHR23, Thm. 3.4], we algebraize it to produce the
desired UZ .

Consider the ideal J defining the closed embedding Spec(AG) ↪→ Spec(B) and let Z [n] the n-th infinites-
imal thickenings. Observe that Z [n] is an affine scheme and let Bn be its ring of global sections. Then we
denote by B̂ := limnBn, which is a J-adic ring. Finally let X̂ := X ×Z Spec B̂ and En := X ×Z SpecBn.
Observe that E0 might not be isomorphic to E , however E is the reduced substack of En for every n as E is
reduced and the underlying topological spaces agree with the fiber product Y ×Z X . Indeed Y → Z is the
closed embedding of the locus where X → Z are not isomorphic (namely, the image of E in Z).

Step 1. The pair (E0, X̂ ) is coherently complete.
This follows from [Ols05, Thm. 1.4].
Step 2. There is a morphism X̂ → BG such that the composition E ↪→ X̂ → BG corresponds to the

G-torsor PA(a1, ..., an)→ [PA(a1, ..., an)/G].
Indeed, from Tannaka duality [HR19, Thm. 1.1],

Hom(X̂ ,BG) = Hom(Coh(BG),Coh(X̂ )).

Since the pair (E0, X̂ ) is coherently complete, we have that

Hom(Coh(BG),Coh(X̂ )) = Hom(Coh(BG), lim
n

Coh(En)) = lim
n

Hom(Coh(BG),Coh(En))

which using Tannaka duality again gives us

Hom(X̂ ,BG) = lim
n

Hom(En,BG).

Therefore it is enough enough to find a compatible sequence of G-torsor for the sequence of infinitesimal
thickenings

· · · ↪→ En ↪→ En+1 ↪→ . . .

This follows from Lemma 6.5.
End of the argument. Consider the henselization Bh associated to the closed embedding Spec(AG) ↪→

Spec(B). We denote by X h the fiber product X ×Z Spec(Bh). Notice that we have a factorization
Spec(AG) ↪→ Spec(B̂) → Spec(Bh) → Spec(B). It suffices to show that one can extend the G-torsor
from X̂ to X h.

Let F : SchBh → Set, sending T → Spec(Bh) to the underlying set of the groupoid Hom(X h ×Spec(Bh)

T,BG). The previous lemma implies that we have an element ξ̂ ∈ F (Spec B̂) that extends the G-torsor
EG → E coming from the quotient PA(a1, . . . , an) → [PA(a1, . . . , an)/G]. Since X is quasi-compact over
SpecB and BG is locally of finite presentation, F is limit-preserving (see [LMB18, Prop. 4.18]). Then from
[AHR23, Thm. 3.4], there is an element ξh ∈ F (SpecBh) (or equivalently a G-torsor over X h) which restricts
to the G-torsor EG → E .
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Finally, because SpecBh is the limit of the étale neighbourhoods of Spec(AG) in SpecB, then there exists
an étale neighbourhood Spec B̃ → SpecB and an object ξB̃ ∈ F (Spec B̃) which extends ξh. Let UZ be the
étale neighbourhood Spec B̃ of y in Z and W → UZ ×Z X be the G-torsor we constructed. Then Remark
5.4 implies that W has generically trivial stabilizers. □

Corollary 6.6. With the assumptions of Theorem 6.1, the normal algebraic space Z and the diagram (4)
satisfy the hypothesis of Theorem 3.1.

Proof. As X and Z are isomorphic away from Y and X is the coarse moduli space of the smooth Deligne-
Mumford stack X , by Remark 3.3 it suffices to check that Z satisfies the hypothesis of Theorem 3.1 in a
étale neighbourhood of Y . From Proposition 6.3, every point of y ∈ Y ⊂ Z has an étale neighbourhood
c : UZ → Z such that if we base change (3) along c we obtain:

[PA(a1, ..., an)/G]

��

// [W/G]

��

[Spec(A)/G] // UZ .

By Corollary 5.10, this diagram admits a stacky contraction, i.e. a smooth Deligne-Mumford stack X ′ → UZ ,
separated over UZ , which fits in a diagram as below.

[PA(a1, ..., an)/G]

��

// [W/G]

��

[Spec(A)/G] // X ′ // UZ .

As X ′ is separated and smooth, it has a coarse moduli space X ′ → UZ with finite tame quotient singularities.
The map X ′ → UZ is proper, birational and quasi-finite, so it is an isomorphism by Zariski’s main theorem.
Thus, we may base change the diagram (4) along UZ → Z which can then be made into a commutative
square:

[W/G]∖ [PA(a1, ..., an)/G] X ′

UZ ∖ Spec(AG) UZ

where the vertical maps are coarse moduli maps and the horizontal maps are open immersions. Thus we
may conclude by applying Remark 3.3. □

Proof of Theorem 6.1. From Corollary 6.6, we may apply Theorem 3.1, to obtain a smooth Deligne-Mumford
stack Z → Z which has Z as coarse moduli space and which contains X ∖ E as an open substack, or more
precisely there is a commutative diagram

X ∖ E X X

Z Z.

open

cms

cms

We need to show that there is an arrow X → Z and a closed embedding Y → Z which fit in the desired
diagram.

Construction of X → Z. We plan on using Lemma 6.8, so we replace Z with UZ as in Proposition 6.3.
So now the assumptions of Corollary 5.10 apply, and we can construct the stack X ′ of Corollary 5.10 which
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fits in the desired diagram. By Theorem 3.1 and Remark 3.3, both X ′ and Z are uniquely determined by
their coarse moduli spaces and an open substack with complement of codimension at least 2. They have
isomorphic coarse moduli spaces from Lemma 4.11, and they are isomorphic away from the image of the
exceptional divisor (which is closed and by assumption has codimension at least 2). As there is a map
X → X ′, there is a map X → Z as desired.

Construction of Y → Z. Firstly, notice that we know that such a morphism exists étale locally on Y by
construction, because the pullback of Z through UZ → Z coincides with X ′. We need to prove that it gives
a morphism Y → Z. We denote by − ◦ π the morphism over Y

Y × Z ≃ HomY(Y,Z) −→ HomY(E ,Z)
defined by precomposing with the morphism π : E → Y, and we use the shorthand HomY(Y,Z) for
HomY(Y,Y × Z), and similarly HomY(E ,Z) := HomY(E ,Y × Z). The composition E ↪→ X → Z cor-
responds to a morphism ϕ : Y → HomY(E ,Z). We need to find a morphism Y → Y × Z which lifts ϕ, or
equivalently a section of the projection

η : Y ×HomY(E,Z) HomY(Y,Z)→ Y
induced by the fiber product construction. Because π : E → Y is a weighted projective stack over Y, one
has π∗OE ∼= OY , so we can apply Lemma 6.7 and thus −◦ π is a monomorphism. By base change, the same
is true for η. However, finding a section of a monomorphism is equivalent to proving it is an equivalence,
which can be checked étale locally on Y.

Uniqueness of Z. Let Z ′ be a smooth and separated Deligne-Mumford stack that fits in the usual
contraction diagram. Then we have that its coarse moduli space Z ′ fits also in the contraction diagram at
the level of coarse moduli spaces, i.e. there is an induced contraction diagram

E X

Y Z ′.

From this we deduce that Z ≃ Z ′, thanks to the uniqueness part of Theorem 4.7. But now Z and Z ′ share
the same coarse space, and are isomorphic up to substacks of codimension ≥ 2. Then from Theorem 3.1 we
deduce that Z ≃ Z ′. The resulting square is a pushout since the conditions of Proposition 4.5 are satisfied
by Corollary 5.7. □

Lemma 6.7. Let f : X → Y be a proper and flat morphism of finite presentation of algebraic stacks over a
base algebraic space S and let Z be an algebraic stack with affine diagonal locally of finite presentation over
S. Then the morphism of algebraic stacks over Y

− ◦ f : Y ×S Z ≃ HomY(Y,Y ×S Z) −→ HomY(X ,Y ×S Z)
is representable by algebraic spaces and locally of finite presentation. Moreover, suppose that the morphism

f ♯T : OT → fT,∗OXT

is an isomorphism for every T → Y where XT := X ×Y T , then − ◦ f is a monomorphism.

Proof. We will use the shorthand HomY(Y,Z) := HomY(Y,Y ×S Z) and HomY(E ,Z) := HomY(E ,Y ×S Z).
First of all, notice that HomY(X ,Z) is an algebraic stack locally of finite presentation with affine diagonal,
thanks to [HR19, Thm. 1.2]. To see that − ◦ f is faithful (therefore representable), we fix two objects
g1, g2 : T → Z of HomY(Y,Z) for a scheme T → Y, and two morphisms α, α′ : g1 → g2 laying over a
morphism T → Y such that the isomorphisms α and α′ agree once pulled back to T ×Y X . We now have
that α = α′ as they agree fppf locally, and since Z is an algebraic stack, Isom is a sheaf in the fppf topology.
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We now prove that − ◦ f is full assuming that f ♯T : OT → fT,∗OXT
is an isomorphism for every T → Y.

Suppose given two objects g1, g2 : T → Z and an isomorphism of functors β : g1 ◦ fT → g2 ◦ fT over a
morphism T → Y, we want to find an isomorphism α : g1 → g2 such that such that α pulls back to β. This
is equivalent to finding a dotted arrow

XT T

Z Z ×S Z

fT

g1◦fT (g1,g2)

∆Z

such that the diagram commute. Notice that we are using a specific natural transformation

(Idg1◦fT , β) : ∆Z ◦ (g1 ◦ fT )→ (g1 ◦ fT , g2 ◦ fT )

to make the diagram commute. If we denote by ∆T the fiber product of the diagram above, it is enough
to prove that the morphism dT : ∆T → T admits a section. We leave to the reader to check that the
compatibilities with the natural transformations follow from faithfulness. Therefore we have a sequence of
morphisms

XT → ∆T → T

and, because Z has affine diagonal, we know that ∆T → T is affine over T , thus given by an OT -algebra
D. Therefore we need to construct a morphism of OT -algebra D → OT which is a section of the structural
morphism OT → D. This follows easily by considering the sequence of structural sheaves

OT → dT,∗O∆T
≃ D → fT,∗OXT

≃ OT ,

where the last isomorphism is exactly (f ♯T )
−1. □

Lemma 6.8. Assume that X and Y are two separated tame Deligne-Mumford stacks, and assume that there
is a dense open substack U ⊆ X with a morphism fU : U → Y. Assume also that X is normal, and that each
point of X ∖ U has an étale neighbourhood where fU extends. Then fU extends to a morphism f : X → Y.

Proof. It suffices to check that if the aforementioned extension exists, then it is unique, as if that’s the case
we can use descent. The extension is unique from [DH21, Lem. 7.2]. □

7. An application to moduli of stable pointed curves of genus one

For basic facts on moduli of curves that are used throughout this section, the reader can consult [ACG11,
Chapter XII].

For n ≥ 2, let M1,n denote the moduli stack of stable n-marked curves of genus one. Let ∆0,n be the
irreducible, smooth boundary divisor consisting of curves which are obtained by gluing a 1-marked genus
one curve to the n+1th marking of a stable n+1-marked genus zero curve. In other terms, the divisor ∆0,n

is the image of the gluing morphism

ξ0,n : M1,1 ×M0,n+1 −→M1,n.

Recall that the Hodge line bundle E→M1,1 can be defined as follows: if π : C→M1,1 is the universal curve
and σ : M1,1 → C is the universal section, then E := σ∗ωπ, where ωπ denotes the relative dualizing sheaf.
The following fact can be found in [EG98, Remark after Proposition 21].

Proposition 7.1. Assume that the characteristic of the base field is ̸= 2, 3. Then there is an isomorphism
φ : M1,1 ≃ P(4, 6) such that the Hodge line bundle E→M1,1 is identified with OP(4,6)(1).
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In particular, we deduce that

pr2 : ∆0,n ≃ P(4, 6)×M0,n+1 →M0,n+1

is a weighted projective bundle. The normal bundle of ∆0,n can be computed as follows: the isomorphism
∆0,n ≃ M1,1 × M0,n+1 determines two families of curves π1 : C → ∆0,n and π2 : D → ∆0,n of genus
respectively 1 and 0, together with sections σ : ∆0,n → C and σi : ∆0,n → D for i = 1, . . . , n + 1. Then we
have

N∆0,n|M1,n
= σ∗ω∨

π1
⊗ σ∗

n+1ω
∨
π2

= E∨ ⊗ σ∗
n+1ω

∨
π2
.

In particular, applying Proposition 7.1 we get that the normal bundle of ∆0,n is isomorphic to OP(4,6)(−1)⊗
pr∗2Ln+1, where Ln+1 is the line bundle on M0,n+1 given by the n + 1th-marking. Therefore, we can apply
Theorem 6.1 to deduce the following.

Proposition 7.2. Assume that the base field has characteristic zero and that n ≥ 2. Then there exists a
smooth Deligne-Mumford stack M

∗
1,n together with a closed embedding M0,n+1 ↪→M

∗
1,n and a contraction

∆0,n M1,n

M0,n+1 M
∗
1,n

f

ι

which realizes M1,n as a weighted blow up of M
∗
1,n along the center M0,n+1.

Let M
ps

1,n be the moduli stack of pseudo-stable n-pointed curves of genus one, introduced in [Sch91, Sec.
5]. This is a smooth Deligne-Mumford stack that fits into the diagram

∆0,n M1,n

M
ps,cusp

1,n M
ps

1,n

f

ι

where M
ps,cusp

1,n denotes the locus of cuspidal curves (see [CTV23, Prop. 3.11]). This locus is isomorphic to
M0,n+1 via the pinching morphism [DLPV24, Sec. 2]

M0,n+1 −→M
ps,cusp

1,n

that creates a cusp at the n+1th marking of the genus zero curve. Therefore, we have that the moduli stack
M

ps

1,n is also a contraction of M1,n whose exceptional divisor is ∆0,n, and that the induced morphism ∆0,n

factors through M0,n+1. Then from the uniqueness part of Theorem 6.1 we deduce the following.

Theorem 7.3. The moduli stack M1,n is a weighted blow-up with weights 4 and 6 of the moduli stack M
ps

1,n

of pseudo-stable curves.

Remark 7.4. Theorem 7.3 can be generalized to the birational morphisms appearing in Smyth’s alternative
compactifications of the moduli stack M1,n (see [Smy11]). In particular, at least for n = 3, 4, 5, 6, our
criterion can be used for proving that the morphisms relating the different Smyth’s compactifications can
all be described as weighted blow-ups. This in turn gives a way to compute the integral Chow rings of these
stacks, leveraging the formulas contained in [AO25]. This application can be found in [BDL25].
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Appendix A. The O(m) case, by Stephen Obinna

We will work over an algebraically closed field of characteristic 0. Let X be a smooth and separated
Deligne-Mumford stack with a Cartier divisor E → X such that E is also a fibration g : E → Y of positive
dimensional weighted projective stacks P(a1, . . . , ar) over a smooth and separated Deligne-Mumford stack
Y. Let N = OX (E)|E and assume that on every fiber we have Nx

∼= OEx(−m). We can then take the
following rootstacks: Xm = X ( m

√
E), and Em = E( m

√
N ). This allows us to state the main theorem:

Theorem A.1. There exists a µm gerbe Ym → Y as well as a smooth and separated Deligne-Mumford stack
Zm completing the diagram below, and such that Xm can be recovered as a weighted blow-up of Zm at Ym
with exceptional divisor Em.

Em Xm

E X

Ym Zm

Y

π

Proof. The proof is essentially in two steps.
Step 1. There is a µm-gerbe Ym → Y which fits in the diagram above, such that Em ∼= Ym ×Y E .
Indeed, recall that µm gerbes over a Deligne-Mumford stack W are classified by the étale cohomology

H2(W,µm). Consider π : E → Y the projection. Since π∗OE = OY , we have that π∗µm = µm, where the
left hand side is the push-forward of µm on the étale site of E , and the right hand side is µm on the étale site
of Y. Note that R1π∗µm = 0. Indeed, by the proper base change theorem in étale cohomology, it suffices to
check that H1(P,µm) = 0, where P is a weighted projective stack over an algebraically closed field k. This
follows from the cohomology of the Kummer exact sequence, since the Picard group of P has no torsion.

Therefore the low degree terms of the Leray spectral sequence associated to π and µm yields an exact
sequence

0→ H1(Y,µm)→ H1(E ,µm)→ 0→ H2(Y,µm)→ H2(E ,µm)
α−→ H0(Y, R2π∗µm).

The morphism α is the restriction of a class on H2(E ,µm) along the fibers of π. Therefore, to prove the desired
statement, it suffices to check that the root gerbe E( m

√
N ), which corresponds to a class c ∈ H2(E ,µm), has

a section when restricted to the geometric fibers of π. But this is true, as along the geometric fibers of π the
line bundle Nx is the m-th power of a line bundle.

Step 2. We check that NEm|Xm
restricts to O(−1) along each fiber of π.

Observe that the fibers of Em → Ym are weighted projective stacks, as it is true for π and Em = Ym×Y E .
Let Nm be the pull-back of N to Em. By how root stacks along a divisor are constructed, and since
N = OX (E)|E , we have that

N⊗m
Em|Xm

∼= (Nm)|Em
.

Or in other terms, Nm is isomorphic to the m-th power of the normal bundle of Em in Xm. Then:
(1) N restricts to O(−m) along each fiber of E → Y, so Nm restricts to O(−m) along each fiber of
Em → Ym, and

(2) the Picard group of the fibers of Em → Ym is torsion free.
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Then NEm|Xm
restricts to O(−1) along the fibers of Em → Ym. Now Theorem 6.1 applies. □
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