
 

Lecture2 MATH327 03 29 23

TODAY rarer of sets
review of functions

Before we dive into R let's review some concept

you
have learned in MATH 300

SETS I checkout 1.2 bat

a set is a collection of objects we call them
elements

for us set will mostly be sets of realnumbers

i.e subsets of IR

Notion AeBO A is a subsetofB
Xe A x belongs toA

x A x does Not belong to A

Remark ACB savetimes means properly a.k.a strictly

contained that is AaB and A 13

For us A CB A EB Use A EB if youneed



Thinking of proofs how do we prove that A B
we prove HeB and BEA

how do we prove A EB

we prove that txt A XeB too If
UNION and INTERSECTION If BEA
AUB is the set of elements tha one AUB A

either in A OE B A B

AnB is the set of elements that are
B ifBetboth in A and B AaB B

OTHER SETOPERATIONS

IB set difference elements that are

in A but Not in B A 00
usually Belt in this case butif not reads as

A AaB
ADB symmetric difference elements that
are in A or B but NOT in both

A DB AUB AAB A DOB
COMPLEMENT Not compliment although
all sets on beautiful

I I l



only makes sense if we are in some
ambient set

If BeA the complement of B in A is

B A B preview
interval rotation inn

Example In IR 0,1 C 0,0 u 1 too

DeMorgan's laws AUB A nBe

ANB A UBdraw a picture

CARTESIAN PRODUCT inearly
brackets

order
doesnot

AxB a 6 aeA GEB y
matter

ordered pairs

9,6 16 a

12,35 123,1

Example A 112,31

B S

AxB I I 11,8 12 1 2,01 13 1 13,013

Ithis is to show that A and B need notbe
related

Example IR RAR



t.ge sets A and B a function from A

to B is a rule that takes each element
xeA and associates to it a rough yeB
A is the domain of f
the range is

yeB Fx east fix y I

gave people
un one to one but that

ambiguous

so let's Not

INJECTIVE f A B is injective if
f x melt if fail flu xi

x.glimplies
t Xi XieA X Xi flx.lt fix

this is the contrapositive of the one

above

WRECTIVE f A B is surjective if É

HyeB F XEA st flat y
i.e if B range

BIJECTIVE INJECTIVE t NRJECTIVE



composition f A B g B c

got A C

g fix glfin Edt
If
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Today logic review
equiv relations review
N K

logicandpred
cymbals f for all I exist implies

if if andonlyif

Contrapositive sometimes itmay feel easier
to prove this

if A thenB is the same as ifnotB then metA
hen A is sufficientfor B and B is necessaryfor A

Iffendessary and sufficient
ax noon ifA then B is the negation of

A and notBCantrue

Impt negation of teso 7850 sit S E
thighone is

is Fes o 4870 Ss e

Phan assumetheclaim you want to
prove is false and then that this impliessomething false



ELEAYYEAEat.fm set At NB
is a subset R A xB R

Etmffquy ear day'd GIRIt
domain A xelR Fye R sit ix ylers

range
B yer Fx e

R sit x y ER

A 2,2 e R

B L 4,4 e R

Renard role of R and R is deferent

Example
p mn ez f m divider n

m I n if mine D

domain K 501

range K



ge

reflexive Yes mhm I

Symmetric NE mln u m ex 214 but
4121

trauntive Yes mln nip mlp

Pt mink pen
peen la m

forsome foreseen 1 Mlp

Example ordered sets

An order on a set S is a relation on S

St a YES yes then one and only one

of the statement holds

Y X Y Y ex
6 if try and get then at

Vxgites
Remark this will cam up later when talking about
field and Oh and K



Definite equivalence relation

Binary relation n on a set A that is
i reflexive a a ta EA
ii symmetric ant b a ta belt

iii tranatin a b b c ane tabret

Example on IN i.e from N to N

art if a b

d a

a b ca b a v

a b b c a c d

NONexamples

a relation which is not reflexive

on N arb iff acb
aca x

a relation which is not nyeman
this one
223 X

a relation which is not transitive 342

on N arb iff 6 Eat 6 isthe successorofa

if beats and c 6 1 I c 6th at X
att
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Equivalenadase

It let u be an equivalence relation as
A Id FaeA the equivalence clan of a
denoted by Ca is the subsetof all elements in
relation to A i

a beA bra

Thy A 0 and n relation on A

a ta EA at Ca
6 fa.beA a b a 6

a

beAeithrfboa.co d

theequiv danes a form a partition
6k every at a me they cover

everything but they don't overlap

example

partition



why do we care that they make a partition

Because it gives me a natural way to define

arete set the set of equivalence classes

denoted an H N

O

Taffeta Bydit of equivalence relation
a c a reflexive

b D if a b a 6

WTS 2 a b a elf

Let xe a Bydef of equivclan
x a By assumption a 6
Hence by def of equiv rel transitive
x b Bydefof equiv class
XE 6J

But x was arbitrary so a e b



WTSI An b b EH
Let xe 63 Bydef of equivclan by

X t By assumption a 6 b a
symmetry

Hence by def of equiv rel transitive

X a Bydefof equiv class
XE a

But x was arbitrary so b EH

if a 6 a b

at a 6 def of equiv class

Fy Il and

c if a3n 63 0 there's nothingto prove

if a n 6740 let xe a n 63

Then bydef of equiv class x a

and X b

By transitivity and symmetry ant
and so by I I a 6 I

bet given a set Ato a partition of A
is a collection of subsets Ail set
index set usually we have NTI



i Hito fi anything
even uncountable
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Numbersystems

N e Z E Qe RE 4
Natural number N positive integers

Peaueaxioms

1 LEN
2 if ne N the ntle N successor

3 I is not the successor ofany next

e it n and m havethe same sureser

then n m thisallow me to cancel out
n H MA

5 if Sen Les and f ne s ntles

S N
e why induction works

Integers
N t is missing a neutral element

and inverses of its elements



neutral element O

inverses ht n 0 and C ul th o

Z

RationalnumberA
multiplicative inverses of element of KV

but it has a betterstructure IQ is a field

Fieldaxia
Let F be a set and t two operations on F

such that

Al if xeF and yet xt yet
Aa addition is commutative xty ytxtx.tt
As addition is associative xtlyttl ktystztx.y.net

Atl then't an element in F Oef sit O xx Atef

As forevery ref then is an element

X EF sit Xtc XI O



Mi if xeF and yet x yet
Ma multiplication

is commutative x y y
x
thief

Ms multiplication is associative x.ly H Xy Z

Ax.yaeF
Me then't an element in F Let s t Lexx Unef

Mt forevery x e F fol there is an tt

I EF sit x I I

D distributive law

Nyt t XY txt
XY Zet

Example O is a field see HWI
T

R I whenyou solve the problem
remember that in spite ofUp I prime the notation that set it ok

Nonexampler N many reason
No 9 M X

no Yx
72 I n Yx

Zm m not prime no Vx

for everybody



ybdy

Bet an ordered field is a field
which is also an ordered set st

a if y c z then xty ext Z K xy z e F
161 if x o

y so then Xy o f ay EF

Next

upper and lower bands

least upper bandd greatest low band

Archimedean property
Completeness axioms
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Axiomoffoupleteness
We won't construct real numbers see A 6 in HW2

but let's agree of what R is for us
IR t is an ordered field Q er
Whatmakes R betterthanOk Isubfield

It has no gaps What does that mean In order

to make this more mathematically precise let's
stat with a few definitions

BetWe say thataset A ER is boundedabove if
there exists beIR such that as b fact
the number 6 is called an upperband
We say that a set is bounded below if I le R
s t a l ta et The number l is called
a lower bound

Def Ser is the least upperbound for Aer if
i s is an upperband

evil if b is any upperband for A bas

supremum least upper band
We write s supA



Def wer is the greatest lower bound for Aer if
i u is a lower band

evil if I is any lower band for A be a

infimum greater lower bond

We write u inf A
Reward sup and inf are unique In fact byCin
if s and s are both least upperbounds for A
then S es b c s sup and S es f sa sup

5 52

Examples A L o s É TA at
copperA Oil bands

A O1 u 17,32
Found

The examples show that the supremum and infimum

of a set may or may not belong to the set

itself
Bet We say that MEIR is a maximum ofthe
set A if MEA and Maa Fa EA

We say that men is a minimum if melt and
ME a Fae A



Bark Both 10,1 and 0117 an banded above
and below Con doesn't have any min or max

white oDdoes the axiomof completeness statues
that can is guaranteed to have infand sup
Axiomoffompletenen

Every nonempty set of real numbers that is banded
above has a least upper band

and whatabout greatest love bands

see HW2

this is not true in a car youthinkof an
example

A superimportant thing in mathematics is to prove
characterizations for concepts we define
By doing this we gain different perspectives and
we get to choose the most convenient on depending
on the situation we're in

Norton
Assume see is an upper bound for a set HER
then s supA if and only if He o FatA
such that s e ca



an upperband
is the least upper band if any

number smaller than it is not an upper bound

A 1 1 Assume that s supA let e o

By Cii or more precisely its contrapositive

if a es then a is not an upperband

then s e es is not an upperband which

by definition mean that F aEA sit s e ca

I Now anime that selk is an upper band
and that He o FaeA St S e ca

We need to check that such s satisfies ii
Observe that if bar then 6 is not an upper
band To see this Wha s b so we can choose
E s b and get thatf Fae A at b ca

contrapositive

ifbisany.fi f IFst
Now it's finally the time to make precin the
stament R has no holes
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The Nested interval property

Forevery new let In an bn xeR axe b

be a closed interval and assume Int c In

Then I In 0
I

I Gia I I P
R

We want to use the Axiomof Completeness to
show that Fxe IF that is xeI.tn

Let A La IneNI the left endpoints
and let x supA
Because the intervals an nested all bn's an upper
boundsfor A Then ble x supA we have that
An x a and x Eb KEI kn

e Xe In D

Let's turnto the relationship between N and R



theorem Archimedean Property N is Not bold

lil given any xER I neN s t next
above

ii given anyyer y o F ns.t.GLYncy
Reward Also A not complete has this property but

it's a pain in the belt to prove w o Axon of
completeness

Pret
Idi for the sakeof contradiction assume that
N is bounded above then by the Axiom ofCompleteness

N has a least upper band D supN Then at
is Not an upperband and so F NEN s t

a Ich
acht 1

But neN and so ntl en and we have a

contradiction hence N has to be inbanded

Di Let ly and use i D

RemarkYou may have seen this as If a b so then
I neN sit na b The proof is very similar

using the set S Na nal ne N



The Archimedean Property

If a 6 o then I ne Nst na b

Prod
Assumenot then Fab sit na sb then

that is b is an upper band for the set

S na nENS Which means Sis banded
above and so by the axiom of completeness
F so sups So a so and so it is not an

upperband F n sit so a cha

so c na ta

So C htt a

Butnew ntl en intra en Contradiction D

G
i given xelR No F NEN s t u x

ii given anyyer y o F ns.t.OLYncy
PI at than i

6 1 thin Lois D



theorem ok is dense in R

For every ab ER 926 Freon s.t a crab

Bet
if a coat then r o

Assume now Osa b the other case follows from
this one why
We need to show that then exist mine
no sit acm

ab.nac.mand m steps of sine t

111111111111141ft
By the Archimedean property I ns.t

tab a act
Now I need to cheer m I want m to be bigger

than na but not too much

chon m sit my Enac my
jet k

A KK me natl

ca c n b Yn I
Nb X D
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Formoso
and new F xerst X c

Pf buckle up
consider the set E ter I tried

Ed tf octal that a tee

Eave if t Ite then Est c so tee
Itc is an upper band

Axiomof completeness f x mepE

WTS X C

We will show that both x'cc and X c are

impossible
First observe that
bn a lb all

thatif act
bn

l jai a bn f j D n t

thy a way to write all terms

b a's lb a Iggy



amm.FI
a a in

we want to apply to
a X
b xth where he al is such that

C X o

m am
4th X h X th x x th

h h x th
hat c n h xx

nah
C X

ath c c x the E which is

a contradiction to x sup E

assume X C

We now want to use a with
a y k
b y where K Nig
Clearly h o and also



K YE c Iya In X

If t X K then

x th e x X K

c kn xn
I

ftp net
X C

t x and tee
this means that x k is an upper bound for E
but that's a contradiction ble x kex and
X left upper band D

Some OPTIONAL stuff on countable and uncountable

sets is on Canvas in Ledin 9
What you need to know is that
N Z Q are countable

R Rick Ca are uncountable

Also read2linAbbolt



Sequencesofrealnumber

Det A sequence is a function whose domain
is N

We usually write an instead of fin
Egle for new
An f
An I
An Cos Zen

An I

ar
o n even

I n odd

An Tn

An ith
an 27h
An It th

An 53114

We an interested in studying convergent sequences
that is sequences that approach a certain value
as n grows larger and larger



Det A sequence Saint converges to a EIR
if He o FN sit Then

I Sn S c e

eventually the sequence is very
close to a

RI N depends on E

We write a ga or him an a

a is called the limit of an
Example

an YEH
Yn Yn get smaller and smaller

se intuitively an 513

We now need to learn how to use our intuition

together with the definition to write formal
proofs Before we do that a little theorem

Itmits
are unique That is if a bed are

both limit of a sequence Sais then at



Proof
Assume that a beR an limits of Sail
By definition given any e o then exist

N sit n N Ian al cel
and
No sit n Na Ian bleep

let n max Ni Nis

By trough inequality
1a bl ta art than bil la ail la 61

2 E Ez
E

We can now conclude a 6 provided we

prove the following he lemma D

EF.be R.a bc s ten la ble

5 if at 1a bl o
F By contradiction amine a 6
then let e la b so

By assumption 1a 61
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Gunffiandangantffff
OPTIONI

RIEN dense HW2

It is tempting to say that Q and R O have

the name she but actually then's a lot more
of Rid than Q
Recall cardinality see of a set

if the set is finite elements

what if I have infinitely many elements
Cantor came up with an idea to put sets in
1 1 correspondence with each other

Det A function f A B is a 1 I correspondence

if it is both injective and surjective
Det two sets have the same cardinality
IAI IB if Ff A R 1 2 correspondence



1742,46 2n news even number

One may be tempted to say tha E is smaller
than N ble it is strictly contained in it
But actually the two sets have the same

cardinality

the map f N E
n a 2h

is a 1 1 correspondence

N I 2 n

E É I
i I

2h

Example 121 1N1
let f N Z fan

in k nodd

Mz n even

N i 1 2 3 4 5

I I I 1 I
72 O 1 I 2 2



Example 1121 1 Hill
g

f l l l R
l

t
use calculus to show

that this is a 1.1

correspondence

Det A set A is countable if IAI IN
An infinite set which is not countable is
called uncountable

Thy
Q is countable
Proof ish

then let An t Pla I pg lowest terms
and ptg ndAr Osl

A 41 421
As 42 1

2 211 241



A 3 43,34 41
As Ya 4,43 2

3,32 3
2 42 42

Each Ar is finite and every real appears
in alone An
show this

Take for example 2310 2310 E A33

An uAzz is finite so if Ibuild the correspondence
as fellow

N I 2 3 4 5 1 7 8

I t T t I t I

I am band to get to 2310 after finitely many
numbers

But the same reasoning applies to any

Plaek Pla e Apia etc

Every rational number appears in onlyo soIndy



thedadappoach

You may have seen the following proof that
the positive rationalis an cantable

I 2 3 4 5 6 7 8
denominator

I Y Ya Y Yet 46 1
7 48

2 212443 215 216 47

I 34 4
3 315 3 34

551 512
6 tr

Inumerate

arrows
so that the correspondence it

th

N 1 2 3 4 5 6 7 8

a s i iz s's k k



this uncountable
proof

By contradiction anime F f N R bijective

this means I can enumerate the elements of R
let Xu flu so that R Xi Xy S Ca
Blu f is a I a correspondence that list

contains all real numbers
let's use the nested interval property to produce

a real number not them and obtain a contradiction

Let I closed interval x I

Let Ia CI cloud interval Xie Iz
why does I exist

Int c In Anti Intl

i II
If Xj is any of the list in Ca then xjeIi
and so



tie I In
But by N 1P F XE I In but

xelR as described above and so we're done D

cardagonalitationmeth

Exeroy 10,11 is uncountable if Ris

tho
er is uncountable

By contradiction amen Ff N call

I I correspondence

Amen f m Elon and we use it decimal

representation that we accept w o formal det

f m Am AmeAmsAme

that is amne 0 91 is the nthdigit of flu
we can look at it in the followingtable



N 10,1 1stdigit 2nd

I fill O Ai diz di
2 f 2 0 92 Azz 92
3

f 3 0 931 932 933
4 fla 0 94 Aer dog5 I

6 i i i
Our amemption is that every number is in

this

list
Now let 11 0.616263 when

bn f
Ann 2

Ann 2

if an 2 1 61 3

An 2 61 2 etc

E1gt itt.at
x f a 6 1 62 An

continue the argument D
contradiction
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In Hw3
you will prove that limits

a unique
so it makes seem to write

askingan or a

In the dot of limit
ten IN o sit

tan
evefally this mean

distan a ce

n or

a e c a cate

of an
i

iH

N needstobeatleastthis



Example an too ne 1000

I n 71000

du 1400 too 400 too I
the first finitely many term don't affect

convergence then just make N bugger
Remark There are three posable behavior for a sequence

it converges
it doesn't fit divergesit oscillates

the latter two are often bundled together but
that's a questionable choice

Def Let Sans er We say that an diverges
if UM O F N so sit In N

l an M

We can even be a little more precise like in

Problem 5 in HW3 see corrected version and say
Def Let Sans er We say that an diverges
to to or converge to to if UM OF Nso

sit In N an M



Def Let Sans er We say that an diverges
to o or converge to o if UM OF Nso

sit I ns.N ans M

Before we start diving into examples one last
remark that we made in class but I didn't write it
down

Rh In nom ofthe definitions we asked that
NeN In fact it doesn't need to be However

by the arch median property we hear we

can find a bigger natural number and so

we can assume that NEN if we want

Example
An In

Samek
First We need a guess

we knowYn gets malle
as n gets larger so we will prove that

he th o

given any ex Ineed to find N s l

if n N Int o c e



In se n te
Then Ineed to choon Net or the if we

want NEN
and we get the result
Proof Let eso and let N te
then if n N we have Int o c e D

Example

an III
learned

in calculus factor not to
make a guess so

We want to prove that to

fig an 34

Given ex we need to figure out how big



n must be INTERMS of E so that

I Elie

T Ifn a

a lathe E

To drop lol

717nF se

Now algebra

7h 4 tf
n yet 4 I

n getE N

Eggforfand N Egett



Now take n N this implies

n fate
which by the name algebra manipulations as
above is equivalent to

I Ike
and so ve an done D



Ma squeeze theorem enough terentually

Show that if xnsy.cz Fne
and nhyxifyyn L then

11 Ya L

Prof
He o F N so sit n N I Xu LI CE

F Na O SH n M IZn LI Le
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Example

an 1

Sarah an forever oscillates b w 1 and I
so we guess it doesnt converge
then it means we must prove that for
every act it can't be that

hurl 15 9

the idea is that given any a either

I or 1 is at distance at least I from a

It By contradiction assume him t a

then choose e 1 then F N St th

Il it al c
n even 11 alll
n odd as I fl al al



2 11 C ill I l at a C Il

I l al t l a c ill

sty I 1
2

But 2 2 hence we have a contradiction

Example
him 4
75 4

Shark For ex I want to understand
how big n should be so that

14183 a ee

ftp.t e

if not
I can drop 1 I b c

3It e

n 650

Finding the best Ne would require solving
a cubic but we don't need that



We can splurge with our estimates and make
our life easier

if I want to bound AIB from above

Ineed to band A from above and B

fan below 6k B M a FEM
Idea I want to end up with something like

IF so I can simplify then

Namerter 3h 24 e 3h 24h 27h

Denominator N G Dn
constant in 10.1

n 6 l a n Can write it as 1 a

4 6 Hans
want to find a

an 6
n ga

manydoves if Ichoose
a t then I need

I canalso have t mph n 2
923
4 and that geed fast



9 3
4 n 8 An 2

then n 6 1 1 n In
Finally we have

37 III se

n

n E
But Ineed to recall I asked not so

Ne mat ME IS
Prof
hetero and choose Netanat SEE 21
In particular Ne Fork and so An Ne

n Fore
n 10

e



If e Eff E

134,51T
can put t.lk

of my choice of Ne
I know n I

141ft a ee

and hence convergenced is proved It
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It let Sais be a sequence We say that
an is banded if IM o sit

Ian EM U NEN
Reach

banded sequence a banded above AND
below

Prop

let an be a convergent sequence then an
is bounded

Pod
By det given any ex F Naso sit

An Ne Ian alle
Pich arbitrary choice e l

n N Ian alot 1a 61s Hal 1611

Reverse triangle
inequality

I laul tall elan al al
Lanl late tan tail I



Lanl C la ti t n Nc

Now let M Max f tail tail lard lattes

then Ian EM D

Example

go pity to

f ny so want to find out how big
n must be so that

on

11,35
Needto bond from below

Tneed to land fromabove
n 233 na

na 2n IF In E M

n 2M
Let Nin 2M



Prof let Moo and choon Nm 2M

they Fn Nm

n 2M

IF Esm
positives IIII M B

provided kafana and flybn b

KID lynx o if 1 14
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Example

an 37

WTS fly an 312
I can use hunt theorems
Proof

Because no an 47,4 35Th

By Practice Problem 3 a

Yn converges to 0 pa
By Practice Problem 1161
both 7h and 3h converge to

By Practice Problems a
3 71h and 2 34 converge to 3 and 2 respectively

and finally By Practice Problem Ild

htt an 3
2 D



ProblemI

Assume Gian aso

and lay bn to

Prove that ftp.anbnato
Reasoning

By assumption I know a te o F Nao s.to An Ne

Ian alee

KK FM o FNM O SE An Nm

busM

WTIFMSOFNmsos.t.fnsnlwauti.phThingfraumso
So I CANNOTCHOOSE M But I KNEW that
a and Carl held for every e o and Miso

so I can choose E and M in a convenient

way for my goal



My goal is to prove 7 Nm so sit

AnGnsM

If n Ne and n Nm G n mat NsNms

Ian Ake EL an a Le

tank ate

that the side
Ineed

this is the definition of absolutevalue If that's
not clear to you go review 1.11111

Ian ake can a e an as e

an a KE

and bn M

I will not move forward if I'm afraid to write
things let's play with what we got

An A E

busM
Anbu Mica e

t
multiply

them



I want anbn M so if I can choose
E and M so that M M la e

then I'm done because choosing

Nms Max Ns Nail works

stare atthis Minge
o

I need this to be so

I need d c o

But I can choose e And a o So I
need to choose e positive and smaller
than a one natural option is to choose

E 9
2

With this I have
anbn M la g a Mtg

Now I can choose M se that Me M
2

Solving for M we get
ME 2M a



Formatproof
a

By assumption I know a te o FN costs An Ne

Ian alee

KK FM o FNM Ost Fu Nm

bu M

anbn M

and M's 2M a o

By ta and tats there exist Neo Nmi o

such that An N Ian ake

kn Nm busM

Choose Nm Max SNe Nail
then th Nm law alee an a s

b MI



Multiplying Anbu M la e 21 a

Mad E M
andso he found Nano sit

n Na Anbu M

Since M was arbitrary this concludes the proof B
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We learned the dit of limit of a sequence
and we talked about banded sequences
Another good property that sequences can have
exactly like functions is being monotone

Bet A sequence an is increasing if anti an Yuen
a sequence an is decreasing if ant e a then
A sequence is monotone if it's ether increasing or

decreasing

Examples

i An Yh I

An o th and S n Ait dit tan

Then S nt S n b c ant o

and so Sc is increasing

Sn partial sums of a series

Det If a is a sequence an infinite sene is a

Élan Atanas



the corresponding sequence of partial rave is

Su dit ta

and we say tha Élan converges to Her if

Its Su A

Theory MONOTONE CONVERGENCE THM

if a sequence is monotone and banded then
it converges

PI
Assume an is increasing We need to give a
candidate for the limit
By hypetess the set Sa news is banded
above in particular and so F s supSan news

It makes sense to guess

Its ar s

let Eso Because s is the supremum thee exist
seem element an sit

S E E AN

But an is increasing so th N ans an



then
S E e AN E An E S E St E

E E An S E E

l an SI E E

By choosing Ne N the desired result is proven

If an is decreasing repeat the same proof
with infimum D

tf decreasing in flt theN o

and fly 4 0

É'm
Sn it t t he is increasing 6k 4ns so

if we can find an upper band then I know

the series converge to something

Sn I t t t t t t In
I I It In



1 11 f 24 13 t t tn

It 1 t
E 1 1
2

then sa is banded and increasing so it

converges to ram limit 2 we will be back

Remark on MCT

If an is monotone and unbounded we could
prove that an converges to to

How HW 4
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Éd itunes and practice problems

An 1

bn sin

In both cases to prove that they did not converge
we produced two different special blues of n
infinitely many such that the sequence went

different ways
Nu 2k Ann Azn C 1 1

T
n that
depends on k

Nu 2kt I Ann Aza L 1
at 1

AND

ha 6kt I

nu g g

b h Mt an By

bnn in htt son 4 BL

Wethen concluded that the sequence



have a limit because then the selections of n's
uncovered infinitely many values of ns.t an is

very close to different values

Ewell equal in this can

Ann

6mn
these an subsequences

a a As 96 97 As 90 an

T t t tWhen making a subsequence
we pick some values Ana
or equivalently some indices ha but
we have 3 rules

they have to be infinitely many
I can't repeatthe same n ok if values on

the same
My choices have to be strictly
increasing

It Mr C Mz t 2 An 2



Anotherway to look at it is w a selection map

O N N strictly increasing

O k Nh

It 4 Hh 2h
Olk 2kt I

Bet A subsequence of a sequence an is a

sequence bn such that forevery hen then
exists na s t

I E N CMz L L Nnl

and bn Ann

Whydo we care If you look back at the first page
we've already used subsequence to prove things
about convergence or lack thereof In fact

i

TM
sequena an converges to atif and only if every

subsequence of a converges to the same aer

Hwa



let bn ann be a subseg of an
let Eso WTS F Ne so sit F K N

Ibn ake
ie I ann alle

But I already know that

FN so sit An N

Ian a LE

But husk the Ny induction
so I can choose

hi I 61LMEN
Ne Ne assume husk

and if le N Nati nu te
e niet Ktl

nu Na
lana alle

T
nu's an just some of then's

Agnes

iii a iii ailment a
a e f ate

An



The
let a be a sequence

i if ter the set new I can tl cel is
infinite if and only if Fann Est

in an unbounded below a 7 ann o

iit an unbounded above a 7 ann too

Moreover all these subsequences can be taken
monotonic think about it if they aren't just throw
away the nu's youdon't like then't onlymany

these on useful for a poof see theorem 11.2
in Ross not mandatory

But our favorite theorem about subsequences is

the Bolzano Weierstrass

Every bounded sequent has a convergent subsequence

Bernard Bolzano Karl Weierstrass

1781 1848 1815 1897
prove byhiring
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They Balzano Weierstrass

Every bounded sequence has
a convergent subsequence

Pff
let an be banded that is FMso sit last CM

let A antnews Then M lb and Mule so

Me infA e supA EM
let a infA
b supA

construct a sequence of nested intervals as follows

I
fi

half ofCalista ifthe set
net lane amill is infinite

righthalf ab m 6 if the set

them anelm 6 is infinite

Atleast one of them is kindof a pigeonholeargument
but with a loot
of pigeonsthen let me bethe midpoint of I

and construct I in the same
managing f



By induction we get a sequence of haempty
intervals In such that Inti In

By the nested interval property NP then exists

XE In

Define a subsequence as follows

for every k cheese Anne In
I have so many choices but anyworks

WII Img Ann X

let eso and lit l 16 aff6 a theywere sup
and inf

In 42h natural number

Let N bethe firstV such that Ocelznce
Then t ks has and

AnneInn e IN
REIN
Tann Nelly de Il



the second proof user

thy
Every sequence has a monotonesubsequence

Pf
Wesay that

nth term is dominant if its greater
than all the terms after it

am an Amish

cant any man dominant

Ann subg et dominantterms

Anna Anc th y
cant finitely many dominant terms

Chon n sit an is the last

t Nan I m N sit am anw
u 8NIN select m Nz Anz An

suppose you selected ha their choosing N na

select Nu Un Sit Ann Anni
then Ann is increasing



Pff
let an be bounded let ana be a monotone

subsequence Then Ann is monotone and bended

so by MCT Ann converges D

Det
Let an be a sequence H NEN ht

Sn supLa I n N

so inf an n N
Datum

himsupan htt SN
haunt an ftp.sn

Remark tAM
We don't require an to be bounded From now

on we adopt the convention

supA to if A not bold above

infA o if A Notbold below
We also say that ftp.an is defined if it's aek too



1
No

Reign Not true that

hmmpan sup an new

Not
it's always true that hump an E sup la theN

limmpan is the biggest value Twhy
that an get close to infinitelymanytimes
Ted

an too 1,1 ill I

sup a IneNI lo

limsup an 1

the
let an be a sequence Then

himan is defined if and only if
himsup an himinfan

Moreover himan e hmmpan hmmfan

HW5



If himsupan Aminta too then

Mso IN sit A Nsn just so later I
don't

have to make
a differentchoice

Sw Inf An M N SM of K

An N
an inf an n N M

and so hasan too

if limsupan himinfan o a soulor poof works

Assumehimsupan Aminta aek

let eso then F N sit Ni

Intense ale
then

Fn Ni An s supfan In Nil Late
Also F N sit

I infant
al ee

kn sNa
a E c Inf an In Nal s an



Putting it all together

th s N mat INNil a e can cate

him area D

than be a sequence then 7 monotonic

subseg's sit ann himsup an

an bmint an
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Thy Hd
let an be a sequence then 7 monotonic

subseg's sit ann hmmpan

anj bmint an

HW5

Det A limit point for a sequence an is a lek
sit I ha s t Ann l

We also call to or o a limit point if Annsit
Ann to

Example

if an converges to a then the only hunt
point is a

an L it limit pts Is

an c 1 n hunt pts too



Thy
let s bethe set of all limitpoints ofa sequence a

cis Std
Vi sups himsupan and infs bminf n

win ftp.an aiff S al

PI
i timing himsupes by CA

ii let tell be a limit point Then ann t

Then t liminf Ann himsup na

But nu k anul le N e la In Nl AN

basinfan shminfann t hmsup na Ehmsupan
k

True Utes Want an e infs
h

sups Ehmmpan

But they both belongto s se we're dove

civil thin in lectern16 D



12 in Ron has a lot of stilt on h infand

bump it that's confusing for you
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Cauchysguences

Dt let a be a sequence We say that an
is Cauchy Teso F Neso sit AhMSN

I An An l c e

Etchy
sequences are banded

Tews

Tha
A sequence converges off it's Cauchy

If if an a then Hex IN sit Kun

Ian alcelz
then if Min N 1am any slam alt a a l s

and so an is Cauchy



Assume an is Cauchy By the lemma the

sequence is bounded so by Beltane Weierstrass
there exists a convergent subsequence

let x lion Ann

Idea for nu big enough it'll be close to x
and also all the term an done to each
other so trough inequality will work again

let E 0 F N St U m n SN

Ian Am I Elz
Also chose tu N such that

I Ant X I Elz

Ian X Elan Ann ant X

Z I An Anil I Ant XI
L 92 Elz
E

kn ni D



ay Ign knife
termsof Su ait An
the series

Tsequena ofpartialÉan Ae ftp.sn A mm

Thy algebraic limit theorems forseries

Assume an A Egba B Then
i can CA Acer

W É Canton At B

PI
i We know Sn a t an converges to A

then th ca t t can Csn

converges to CA by Alg limit thin forsequences
ii same D



Thy Cauchy Catena for seres

an converges iff too 7N ost if
n m Ne

I am t t d l d

Observe

Isn Sml Eran É an
Emil

I Ant t t An

and apply Cauchy criterion for sequences D

Tha

if a series Éan converge then an o

Consider n mt in thin above

then ten IN it n N lanke
e Ar o D
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Example geometric series

IE r

Partial sums se rn It
f

Why Because

I r I rt rt rn

I tf tf It rn

I phtt

if r 1 I can divide by I r and obtain

the desired result

Now observe that if trial then ryo
and we proved that it is a necessary condition for
a series to converge

For trial we know that rn o when n ta

so we can guess the limit of su



Sn Int I if irk

then

irk I if irk

and r diverges if trial

Eggedp t

III too

KI
É I L

We want to prove that

it converges t p l
but it's hard to fp

Notknown
know to that wellprove

it later

for now let's prove that I th
aharmonic series

diverges

We will prove that it is
unboundedtomesfrom

music I



1 12 1 4 HE Itt 1 1 21 2
In general

San 1 2 3 4 ft I Ent E
It I Itt ft f t Ent th
I I 2 I 4 It 2k In
It t t t t t

It IK
But I Ik is unbounded and so is San
and so su

One reason forwhich it's useful to have a

bunch of known example is that for series

of nonnegative numbers we have something

similar to square than that helps us compare

series



Pap Comparison Test
Assume Of An be HKEN

lil if Ibn converge then Ian converges

iii if Ear diverges then 26 diverges

Pf
Observe that

I Amn t t An E l but t bn k

then by the Cauchy Catena

ibn converges at it is Cauchy

H Ian Cauchy
E an converges

in Ian diverges Ean net Cauchy

ca
e I 6 netCauchy
a I on diverges D



Next we need to collect a few more tools
to test whether a series converge or not

theorem Cauchy CondensationTest
Assume An is decreasing and an o

then the series an converges ifandonlyif
2 aan converge

F
this is a subsequencef of an nie 2

Ait Laz fat 8as t

Bf
Assume 22kg2 converges

then the partial sums tn ait 2am 2 Az
one bonded 6k we know it converge

then FM os.t.tn EM then
WTS Ian converges because Au 0

we know that



Sht A t An Ant

Sn t Ant I

7 Sn
and hence s is increasing so it's enough to
prove that s is bounded

Fix men let n be large enough so that

ME 2
t

Sm E Sant

Santi A Asta Ao t as Agt Az t t

92h t t 92kt

E A t Az Az at Act I t

a 292 49 t 2 dz

tn
Then Sme Santi the M ByMCT Su converges

Assume 22 aan diverges
Heera th ait 29 t t 292 is

unbounded above b c we know an o

Then HM F no sit tho M



We want to show that Sn is also unbounded
Because an is decreasing by hypothesis

Of I Anti An E

Fix meN and choose ns.t m 2

2 Sm 252m 2 it Azt Ast Aa a t t 9 t

329 it Art art de Last 98 t

29 art 29 fast 2 aan

29 292 494 89 t 2 azn

9 292 494 89 t 2 azn

Sm tank and no it is also unbounded
D

so far we've looked at nonnegative an
We can use Elan to infer info on Ean

thy Absolute convergence test

if Élan converges then E an converge
Prof the
Because I Ian converges by Cauchy Catena



He o F NS.t F n m N

I l am tilt lamal t t Anl

Anti t l Amal t t Ant Le

By triangle inequality

Anti t t Ant I Amal t t la LE

then Ian is Cauchy and so it converges a

Aignatugggtt
can decreasing

Ii An o

then I l i an converge

PE HW6

Example alternating harmonic series

l int 1 12 3 It
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Searing It
converges

if Ean at an o

Cauchy criterion

absolute convergence test

comparison test for so series

Cauchy Condensation test

Alternating series test

Det We say Ean converges absolutely

if Elan converges

21 to says that if a series converges absolutely
then it converges

Prof Root test

let Ea be a sever and let D lineup lant
The series Ean

i converges absolutely if 221
Wii diverges if a l
civil if a 1 I get no information



i Assume 221 let Eso sit at eat

Bes det of limsup

F N sit
d es sup 1AM In N ate

In particular In N 1am Late

lanl L Cate

But ate a I late converges
h Nt1

geometric series

and By comparison test

Extant converges

id Assume a 1 There exists a subsequence of
lanl converging to 2

Then Idnt I rly many times
Ian't I rly many times

then lanl to



iii Ent

Ent
9 1

Prep Ratio test

Ian An o th

lil converge if bmsuplantya.la
ii diverges if hminflantyal l
civil if liminflantya le le himsup Anya

No information

Pf practice problems from this week

Doublesummatonandrearrangement

If faijl i jens is a double indexed set

of real number ve want to understand
what

E Aij means

let's look at an example



is

aij i i j
o is j

t t t t t t

o t t t t
O O 1 I Ye

y

I

1

How do we add them all up
I could add each row first

Fixi Éaij 0 0

andadd

j
I EEK
I 1 0



Iga o s g

O

and it's the same
for all i

Ii
and add up If a j É Iii

f 12 i 2

É dis y

A iz I I I

dis I I I t

É aij ti
so two different interpretations of Endij give
two different answers What's the right one



Is then even a definition for the right one

One could argue that neither of theapproaches
above is the right on because they both
send V and j at a at different times
but that's not enough at a justification
i and I am independent variables

Now observe that for every h.me

XlSmnEFEGAij is a finite sum

and hence it is commutative so I can

rearrange as I please
A more fair way to sum the double
indexed

sequence in our example above

is by looking at

sun É É ai



Going back up to the matrix and adding

increasing squares

Si 1

522 2 t t
533 3 2 I I 2 4
See 2 t

Sun 2 In

ftp.snn 11 C 2 12 2

Is this the right answer
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We were discussing double indexed sums
thew is that related to products

Eai
Ebjg Trait
we would

be

tempted
to say

but we learned
this is not a well
defined sum

these an all matter of rearrangements
let's start withthat

Rearrangements see

Example I tilt cantrearrange
practice
problem

E C K cat rearrange

PRACTICE PROBLEMS Athene
Det let Ian be a series A series Ebu is
called a rearrangement of Ian if Ff N N

bijective function sit beer an the N



Det We say that a series converges conditionally

if Ean converges but I land does not

example E It Twathism
I

Tf Ean converges absolutely then any rearrangement

converges to the same limit

Assume Ian A let Ibn be a rearrangement

Sn partial sums of Ean

tm partial sums of Ibn
WTs tm IA
Let ex Because su A F Ni s.t

ISn Al 92 An N

Both convergence is absolute Elan converges

and so it's Cauchy as FN al An m Nz

Élan Elz a
Kmt



let N mat NiNal The finite set Sai antmust
appear in Ibn eventually I want to go far
ahead enough

let M Max SFLL I IE KEN

the last on that appear

among An An

Now let meM

tm Sn finitelymany termsand I can use

allafter and

Itm Al Itm SN t Sn Al

El tm Snl I Sn Al
Ez E E

f n M X this is the Nethat D

tm
A

We deserved that in general

É595 ÉÉ ai



theorem

If laijl converges

that is forevery ien Elaijl bi and bi

converges too
I

then

I sun É avi É ai

feeguided exercise proof in Abbott or Rudin

Mathethe
reasonable way to sum is to sum

along diagonals when it is constant

dz An d an 92 do dis tha t 93

It can be than similarly as them alone that

da him sun too

We'll see in a moment when this came from



Productofsenet

We mentioned before that when wanting
to multiply series we ran again into this

rearrangement issue

Eai E 6 jai 6T Not defined
Candy Pax series
Zai Ebj É Cn
iihen Ck Effaibj

Motivation

something super important that youhave

actually encountered in calc classes

power series f
Taylor serves

Come to 424 for morel I
É Aix

Ébixi



do t d X t Arx't bot b Xt 62kt

doto t dob x dobox t boa X t a b x2 t

it makes sense to group them by power of x
and this is exactly

E Fendibi Ey Cu

Tha
Assume Ian converges absolutely

an A

Ibn B

and let
ca Es ai tu i

then I Cn A B

Pet see Rudin thin 3.50
Infact if I know a priori that Ecu

any t tonverg.tt he



right thing Bet to prove that we will
need power series

the
if Cr Ea ibni and

Ian H Ibn B and E cu C

A B C

RI No need for absolute convergence
here
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E Rudin pages 63 65
O

bet e Est
Sn I It I 32T t Izzi t

I It I I It 3
p
b c 2 3,4

then the series converges by MCT

tht
spy Itt e

PI
let su Este tn Itt

Binomial theorem



tn t t t t

It
1 tn 1 2 t

th theyth e Sn

Umsupt E e

if nom

tn It I t z t t t t'm it l E
T
I stop before

and each term is so

Now let n to

luminftn him
It I I t t tm Sm

Nou let m to

es luminfth D



Kah
f ne N o e Sn chin
Pf e Sn EE th ch t ha

sent t that
Tnt Il

In Intl
into htt
In

So approx e with an error a lot

This e is irrational

Assume e is rational then e Pla pgEN

org e sale f
g e Cq 11 g Play q il pen



9 sq 9 it It I t g
9 9 g lg l s t t 1 EN

glee Sg EN

But q I 0cg e sq gel

glee sq is an integer between Oand I

contradiction D
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Cantorset

o
l X 1 1 Co 011

I ext i i txt I C 0,13 U 2
3,1

H i t t t t Cz 0,19 U a

Cn unionof 2 disjoint
intervals of length V3

Cnt c G and C I Cn
Facts C 0 Note all endpoints of the

interval are in 6k they an in every
Cn numbers like MBKEQ

length C 0

length C all 0,1 E lengths of
removed middle
intervals

lengths of
removed middle 3 2 I 4 t Éintervals

4



3 it 3 It
I

2
3

I É I 3 1

length C l 1 0

C is uncountable

For every Xe C XECn th i

Define a 0 if xe a's e c

a if Xe 2
3,1 C

to whetherNow define a 0 or I according
x falls on the left and right component
then this is a 1 1 correspondence with
a

sequences w values in 30,11 which is
uncountable

That's weird Ithas too length small

but uncountable large

What is happening



Dimmitt
dimension

We all have the intention

dim shape
0

Doo
iI N length

2

3 ETI volume

Let's think about rescaling by a factor of 3

am 3 copies

D II 9 32 copies

II FIFE 27 3 copies



What about the Cantor set

if Iwantto rescale it by a factor of 3
then I obtain

me
he m

h h h M

So I basically obtain two copies

then intuitively dimension should be

312 en

x log32 1,09
3
e 191

that is correct nice
Another way bk C has a Reff similar
strain is

exitL



other examples

III
when 4 cornerCantor set

Von Koch snowflake

dim
Egg

dim

p
like a line

yet so different



9ffafdaftdw.am
the e neighborhood of a

E hbhd
the set Vela xerlix ake

Bla e

a e at e

Det A set OER is open it for all at 0
F ESO Sit Ve a EO

Example

R is open AxelR and ten

Velx X E NE EIR

0 gotta be empty too
6kofthe logical structure of thedeft

a b a be R is open

let Xe qb and let e min x a b x1 o

then Ve x e ab



0,1 Not open Take x 0 there's No Eso

St C E E c at

Thy
if At tell is an arbitrary collectionof

open sets then A Gente is open

if Al An an finitely many open sets

then I Ar is also open

let 1 At ten let A Yat
Take xeA.FI sit Xe Ai At open
Few sit Ve X EA I EA

Let A Ain nan If xett xeAi tut in

Then 7 El En St

V'eilx e Ai it N

let E EYE Ei Then relieve la e Ao ti

Velde A D
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Diffpot is a limit point for A if t
enbhd Vex interests A in some otherpt
other than x tho one

doesn't

E10,11v12 Ella 19111 1
if
I 1 I

t
0 I and all
in between handled thatalways n

Joofthat 0 limit ptof 10,1 teso

7 O XeE e a 1011 In fact chad O2 Xce

At A point xeE is isolated if it's not a limit point

yet a
limit point e.g Oe an

isolatedpoint e.g 2 e 9130121

x E limit point leg 04191
no relation leg 241913

RI A hunt pointfor a setdemit necessarily belong
to the set itself



We want to find an easier waythan using the
definition to find limit points Luckily limit ph
from sy's weren't that far off

that
point x is a hunt pointfor a set E if and only

F requena LanIneNS EE sit

an x and an x An

A
Assume x lip for E then te F YeeEnveld

Yet let E I cheon a EEN x

E I Choon are EnVyus
anysequence
thatgoes É a cheese antennato work

Ant X Yn Xt'd
O e la x k

d
es quem tha Ian x1 0 a an X



Assume F Sais e E anti an ex

let e o By dit F N sit In N
lan XI Ce

i e AntVela and An X

and because Sa c E ane EnVelx

which proves x is alp for E D

limit pts an important bk they an all a set
can reach Sets that contain all their limit
points an special

At A set is closed if it contains all its limit
points

Example

E 10,11 Let's prove it'sopen
Axe tail let e min dirt lax dist 1 11

minsX l X1
Then x e xtc e at and to call is open

E Cal let's prove it's notopen



For a 0 no matter how small I choose ex

C E E on because L se contains

semi El 8 co and 84 191
let's prove its notchosed

For xd I can un the theorem

An L Yn Knew of an I

6 i ai 0 and an R
die One at an 1

and an 1

hen 1 is a limit pt but I ai

E all is closed

Every pt in on is a limit point because
I can construct a squena that onregest it

x elan if x 42 An Xt Bn
x Yz Anz X In

No other point can be a hint point because

for every SanteCoD



le Of An El

By the order limit theorem if an converge

to xER then O Exel

Then F its limit pts in particular it's closed

Remark In examples all pointsof E
were limit points But this is not always
the can

E 91 U 25

E is closed its limit pts an 917 and

2 is isolated

E xs
what an the hat points of E
x can't be a hint pt 6 e x e at e Axl Ks

and no y x can be a limit pt 6k them's
he sequence I can build that converges to ya
then E has No limitpts and in particular
it is dead



RI Same is true for E x.gl

78 lx y dist x y
then xy can't be limit pts ble if Oc ee f

Velan E Sts Vely ne ly s
andthe same reasoning about not being able to
build a sequence applies

Similarly one can prove

Prof

if El to ie E has finitely many elements

then E is dond and all its elements isolated

points

One could ask What about constable

E I news It
Every x nt EE is isolated chook

e f nt o

then Ctn est te n E S



So all pts an isolated but o is a limit pt
611 an s Saul EE in fact fans E
an 0 And An 0

but of E and so E is notclosed
The
FIR dosed H Cauchy sequence sail EF

Mma EF
Pt

y
setoflimit

Pt
HW7

Bet Given a set E let Le xen alp
for E

Then the closure of E is defined as
É EOLE

I am forcing my set to be closed

Can É AD
E 10,1 É OD
E COD É OD



in general if F dond E F

needy provent
6k the limit points of FuLf
couldbe more than Le but they're not
one just need to prove it

Exercise the limit point of EuLe on the

same as E

E 91 u 21 É CO1 u125

Recall that given A ER AT R A the

Tupliment
Also recall AYE A

TIA is open iff A is closed
till F is closedIff F is open

First observe that id follow from i by

letting F A FEAT A Now to prove i



I
Assume A open WTS A closed that is that

it contains all its limitpts

If x e p of A then all its e nhbd intersect

A But t yet then is at least one nbhd
fully contained in A and hena it does not

internet A then x4A XeA A closed

Now assume A dosed WTs A open
let xeA then 6k A dosed x is NotalpforA
then Fe o sit VelmaA doesn't contain anything

otherthan x but 14A Vaunted
Ve x EA

and so A is open D

Reward closed sets an usually defined as the
complement of the open sets and declaring
which subsets an open mean togive a topology

But because we an in R we have a beautiful
r f



metric structure that is a distance actually more

so we have all these properties

Thanks to DeMorgan's laws

GLEN VEI VE ME
tell tell tell

he next thin follows immediately from the previous on

thy
lil if Fe closed tell then

Ff Ft is
closed

lil if Fi FM Nc too closed then

F Fu VIN dosed

i IE ME VET open F closed

i F Fiu uFa Fin a

figopen
Foland

Ten D


