












Additional problems:

1.

2. Let x be a real number, with x > −1, and let P (n) stand for (1 + x)n ≥

1 + nx. We want to prove ∀n ≥ 0P (n) by induction on n.

Base case. . P(0) is (1+x)0 ≥ 1+0x which simplifyes to 1 ≥ 1, obviously
true. (Note that we start at n = 0)

Induction step:prove P (k) ⇒ P (k+1). Assume P (k), prove P (k+1) . In
detail this means assume: (1 + x)k ≥ 1 + kx ( and x > −1) and prove
(1 + x)k+1 ≥ 1 + (k+ 1)x. Start from the induction hypothesis(1 + x)k ≥

(1 + kx) and multiply both sides of the inequality by (1 + x) (remember
that (1+x) is positive, this is where we use the hypothesis x > −1) to get
(1 + x)k (1 + x) ≥ (1 + kx)(1 + x) and therefore
(*) (1+x)k+1 ≥ 1+x+kx+kx2 (by multiplying out the right hand side).
The right hand side of (*) is equal to 1+(k+1)x+kx2 and it is greater than
or equal to 1+(k+1)x since kx2 ≥ 0. Therefore (1+x)k+1 ≥ 1+(k+1)x
and we are done.

3. Guess: 30 + 31 + 32 + · · ·+ 3n = 3
n+1

−1
2

. Call this statement P (n).
Proof by induction:

• P(0): 30 = 1 = 3
1
−1

2
, therefore P(0) is True.

• P(k) ⇒P(k+1): Assume 30 + 31 + 32 + · · · + 3k = 3
k+1

−1

2
for some

k ≥ 0. (this is P(k)) then 30+31+32+· · ·+3k+3k+1 = 3
k+1

−1

2
+3k+1.

(by the induction hypothesis ) = 3·3
k+1

−1
2

= 3
k+1+1

−1
2

(reading the
first and last term of this chain of equalities we have P(k+1) and we
are done).
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4. Prove that there are un+1 (the nth Fibonacci number) different ways to
tile a 1xn board using squares (i.e. 1x1 tiles) and dominoes (i.e. 1x2 tiles).

Proof by induction.

Base cases: if n = 1 a 1x1 board can be tiled in only 1 way by using a 1x
1 square; since u2 = 1 the statement is true for n = 1.

if n = 2 a 2x1 board can be tiled in 2 ways either by using two 1x 1
squares, or by using a 1x2 tile; since u3 = u1 + u2 = 2 the statement is
true fr n = 2.

Induction step: assume the statement is true for n = k and n = k − 1,
consider a 1x (k+1) board: we can start tiling it either by putting down a
1x1 square, in which case we are left with k squares to cover, that is a 1xk
board, and by induction assumption we can do it is uk+1 ways, or we can
start by putting down a domino tile, in which case we are left with k-1
squares to cover, that is a 1x(k-1) board, and by induction assumption we
can do it is uk ways. In total we have uk+1 + uk = uk+2 = uk+1+1 ways.

5. Consider the following sequence anm where

an 1 = 1 for all n ∈ N

a1m = 0 for all m ≥ 2

an+1m+1 = anm + anm+1 for all n, m ∈ N

Prove that ∀n ∈ N(x+ y)n =
∑n

i=0
an+1−i i x

n−iyi
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