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Preface

Here’s an outline of the course:

Part 1 For the first three and a half weeks, we’ll study first order differential equations.

We’ll begin with more general first order differential equations and end by concen-
trating on first order linear differential equations.

Part 2 For the next three and a half weeks, we’ll study second order linear differential

equations, beginning with homogeneous differential equations of the form
ay’ +by +cy=0

and some applications, including the harmonic oscillator and concluding with non-
homogeneous differential equations of the form

ay” + by +cy = f(t).

The special case where f(t) = cos(wt) is particularly important.

Part 3 During the final three weeks, we’ll study how to solve differential equations using

Laplace transforms.

By the end of the course, you should know how to do the following:

Model simple systems involving first order differential equations.

Visualize solutions using direction fields.

Use Euler’s method to find approximate solutions to first order differential equations.

Solve first order linear differential equations and initial value problems via integrating factors.
Solve constant coefficient second order linear initial value problems using the method of unde-
termined coefficients.

Calculate with complex numbers and the complex exponential function, compute derivatives
and integrals of the complex exponential function.

Express the function y(t) = (a cos(wt) + bsin(wt))e in the forms

y(t) = Ae® cos(wt — ¢) and y(t) = Re (C’e(c'”‘“)t)

Model simple mechanical and electrical systems with linear second order differential equations.
Compute amplitude gain and phase shift with sinusoidal forcing function.

Compute resonant frequency.

Compute Laplace transforms and inverse Laplace transforms of commonly occurring functions.
Solve constant coefficient linear initial value problems using the Laplace transform together
with tables of Laplace transforms.

Use Laplace transforms to solve initial value problems when the forcing function is piecewise
continuous or involves the Dirac delta function.

Express the solution of constant coefficient second order differential equations in terms of the
convolution integral.

iii



iv PREFACE

These notes differ from the book by Boyce and DiPrima in a number of ways.

e The notes give more emphasis on applications and less on theory than Boyce and DiPrima.
e Complex numbers are used more extensively than in Boyce and DiPrima. There are two reasons
for this increased emphasis:
(1) Using complex-valued functions often simplifies computations.
(2) They are routinely used in applications involving periodic behavior such as electrical
circuits, control theory, signal processing (including image processing), crystallography, etc.

This is the first quarter where these notes are bing used, so I welcome feedback! Please let me
know of any mistakes, including typographical errors, and of any places where the text is confusing.
Suggestions should be sent to me via email at duchamp@uw. edu.

ACKNOWLEDGMENTS. Much of the material in these notes is based on material from my colleagues.
Several problems on first order differential equation were written by Neal Koblitz. The material on
complex numbers is based on notes written by Bob Phelps. The chapter on Laplace transforms is based
on notes written by John Palmieri. I also made heavy use of John Sylvester’s lecture notes for Math 307.
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CHAPTER 1

Introduction

Perhaps the most famous differential equation, dating back to 1686, is Newton’s Second Law of
Motion: “Force equals mass times acceleration.” In the special case of an object of mass m moving
along a straight line, it can be written in the form

my" = F(t,y,9) , (1.1)

where y = y(t) is the position of the object at time ¢ and where F(t,y,4’) is the force exerted on the
object at time ¢, which may also depend on the position y and velocity y’ of the object. Equation (1.1)
gives a relation between the function y(¢) and its first and second derivatives, but it does not give an
explicit formula for y(¢). “Solving” this differential equation means finding the formula for y(¢). Because
(1.1) expresses the second derivative y” in terms of ¢, y, and ¢/, it is called a second order differential
equation.

A good part of this course (more than half!) will be devoted to the study of the solutions of (1.1)
in the special case where the force is of the special form

F(ty,y') = f(t)—ky—~y,

and Newton’s second law assumes the special form

my” + vy + ky = f(t). (1.2)

As we shall see, this differential equation applies to all sorts of mechanical problems such as free-fall
with drag taken into account, the simple pendulum, and struts on cars and airplanes. We will also see
that the same differential equation models certain electrical circuits (called RLC-circuits), where it is
usually written in the form

1
LV" + RV’ + 5\/ = Vs(t), (1.3)

where V' = V(t) is a voltage, L, R, and C are parameters associated with electronic components, and
Vs(t) is an applied voltage (say from a battery or from radio waves).

Newton’s Law of Cooling, which Isaac Newton published in 1701, is another important differential
equation:

T = —k (T - Ta(t)) .

Here, T = T'(t) denotes the temperature of an object at time ¢, T4 (t) denotes the “ambient temperature”
(the temperature of the environment of the object), and k > 0 is a constant that measures how well the
object is insulated from its environment. A nicer way to write the law of cooling is

T + kT = kTa(t). (1.4)

If you took Math 125 here at the UW, you’ve already studied this differential equation, and you may have
noticed that (apart from changes in symbols) the same differential equation appears in other modeling
problems, such as those involving radioactive decay, exponential population growth, repayment of loans,
and some “mixing problems.”
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Equations (1.2),(1.3), and (1.4) are all examples of linear differential equations, which are the most
common differential equations. From a purely mathematical point of view, we are going to spend most
of the time in this course studying only two differential equations:

ay' +by = f(t) and ay” + by +cy = f(t),

where a, b, and c¢ are constants.

1.1. What does it mean to “solve” a differential equation?

Suppose that ¢t and y are two quantities where y depends on t. A first order ordinary differential
equation or simply a first order differential equation' is an equation of the form

y' =F(ty)
where F'(t,y) denotes a function of t and y. A solution of the differential equation is a function y = y(¢)
that satisfies the identity
y'(t) = F(t,y(t)).
on some interval.
t2/2

EXAMPLE 1.1. The function y(t) = e~ is a solution of the differential equation ¢y’ = —ty because

—2t
y/(t> = 6_t2/2 (2> = —te_t2/2 = —ty(t) .

Another solution solution is y; (t) = 5e=t7/2,

Similarly, a second order differential equation is an equation of the form

y'=F(tyy),

and a solution is a function y = y(¢) that satisfies the equation

y'(t) = F(t,y(t),y'(t)

EXAMPLE 1.2. The function y(t) = sin(2t) is a solution of the differential equation
y'+4y=0
because sin” (2t) + 4sin(2t) = —4sin(2t) + 4sin(2t) = 0. The function cos(2t) is also a solution. In fact,
any function of the form
y = Cq cos(2t) + Caysin(2t), for Cy and Cy constants,

is a solution.

ExaMPLE 1.3. Differential equations can often be solved by guessing. Past experience shows that
the exponential function y = €"* is the solution of many differential equations. Therefore, to solve the
differential equation

y"'+3y +2y =0,

™ is a solution. Substituting this into the differential equation gives

one might guess that y(t) = e
(e™) +3(e™) +2(e™) = r?e™ + 3re" + 2™ = (r? + 3r +2)e" = (r — 2)(r — 1)e" = 0.
This implies that r = 2 or » = 1. Therefore, y(t) = 2! and y(t) = e’ are both solutions. Armed with
these two solutions, one then finds that
y(t) = Cret + Coe®
Lpartial differential equations involve functions of more than one variable and partial derivatives. The word “ordinary”

refers to differential equations involving functions of only one variable. Since we do not consider partial differential equations
in these notes, we will usually drop the word “ordinary.”
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is also a solution for any two constants C7 and Cs.

1.2. What is an Initial Value Problem?

These examples show that differential equations such as those above have many solutions. To narrow
the possibilities, additional information is necessary. A (first order) initial value problem or IVP is given
by a differential equation together with the value of the solution at point:

y' = F(t,y) and y(to) = yo - (1.5)

A solution of the initial value problem is a solution of the differential equation that, in addition, satisfies
the initial condition y(to) = yo.

ExAMPLE 1.4. Consider the initial value problem
y+y=0, y(1)=4

One checks that the function y(¢) = Ce™! for C a constant is a solution of the differential equation. The
initial condition y(1) = Ce' = 4 implies that C' = 4e~!. Consequently,

y(t) = 4e et = 4e!!

is the solution to the initial value problem.

Similarly, a (second order) initial value problem consists of the following data:

y' =F(tyy), ylto)=yvo, v (to)=1y5. (1.6)

A solution of the initial value problem (1.6) is a function y = y(t) satisfying both the differential equation
and the ingtial conditions y(to) = yo, ¥'(to) = vo-

ExXAMPLE 1.5. Find the solution of the initial value problem
y' +3y +2y=0, y(0)=2, 3'(0)=3.
SoLUTION. From Example 1.3, we know that the solution of the differential equation is
y(t) = Cre’ + Coe®
where C7 and C5 are constants. The initial conditions are then
y(0) = C1 4+ Cy =2 and ¥/ (0) = Cy + 2Cy = 3,

which can be solved for C; and C5 to give C; = 1 and Cs = 1. The solution to the initial value problem
is, therefore,

y(t) = et +e*.
EXAMPLE 1.6. Solve the initial value problem
y'+4y=0, y(0)=2, y'(0)=6.

SOLUTION. By Example 1.2, the function y(t) = Cy cos(2t) 4+ Ca sin(2t) is the solution of the differential
equation. The initial conditions then give

y(0) =C; =2 and 3/ (0) =20, =6,

which implies Co = 3. Therefore, the function y(t) = 2cos(2t) + 3sin(2t) is the solution of the initial
value problem.
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—— V13cos(2t— ¢) -

---- V13 cos(2t)
14
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-1
FIGURE 1.1. The graph of y = v/13 cos(2t — arctan(3/2)).

REMARK 1.1. When written in the form y(t) = 2 cos(2t) + 3sin(2t), it isn’t clear what the graph of
the function y(t) looks like. A better way to visualize it is to express it in the form y(t) = A cos(2t — ¢).

To do this use the “phase-shift formula” in Appendix A) to write y(t) as follows:

y(t) = 2cos(2t) + 3sin(2t) = /22 + 32 cos (2t — arctan(3/2)) ~ 3.6 cos(2(t — V13 cos (2(t — 0.49)) .

In this form, the graph of y(t) is easily sketched (see Figure 1.1).
1.3. Some Examples: Falling Bodies, the Harmonic Oscillator, and Electrical Circuits

We have already mentioned two examples where a physical system can be described by a differential

equation (Newton’s Law of Cooling and Newton’s Second Law of Motion).
ExampPLE 1.7. Consider an object of mass m that falls or rises under the influence of gravity. Let
y denote the height of object above ground level, and let v = dy/dt denote its velocity. Observe that v

is positive when the object is rising and negative when it is falling.
denotes the acceleration due to gravity. (In the British system, g ~ 32ft/ secQ) The negative sign is

—g.

The gravitational field of the Earth exerts a force Fy,q, = —mg on the object, where g ~ 9.8m/ sec”

dv v
= —mg or =
T

necessary because the gravitational force points down.
ma”) shows that v = v(t) satisfies the differential equation
M
dt
—gt+Ci.

Ignoring forces exerted on the object due to air resistance, Newton’s second law of motion (“F =

Integration then yields the formula
v(t), another integration leads to a formula for y(t):
= —igt2—|—01t—|—02.

y(t) = /v(t) dt

dy _

Sj
mce dt

If y(0) = yo and y'(0) = v(0) = v, then
y(0) = Cy = yo and 3/ (0) = C; = vo,
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yielding the well-known formulas
1
y(t) = —5 gt> +vot +yo and v(t) = —gt +vg .

REMARK 1.2. (A NOTE ON UNITS) In the British system, the unit of mass is the slug and the unit of
force is the pound. A mass of one slug has a weight of about 32 pounds. In general, if a body weighs w
Ibs. then its mass m is w/g slugs (this follows from the formula w = mg). In the mks (meter-kilogram-
second) system, the unit of mass is the kilogram (kg) and the unit of force is the Newton (N). In the cgs
(centimeter-gram-second) system , the unit of mass is the gram and the unit of force is the dyne.

FIGURE 1.2. Hooke’s Law states that the force a spring exerts on an object is propor-
tional to the amount that the spring is stretched or compressed. The x axis is positioned
so that when x = 0 the spring is in its equilibrium position and exerts no force on the
object. For z > 0 the force points to the left (negative) and for z < 0 the force points
to the right.

ExXAMPLE 1.8. (THE HARMONIC OSCILLATOR) Figure 1.2 illustrates a mechanical system consisting
of an object of mass m attached to a spring and free to move to the right and left without friction. Hooke’s
Law states that the force Fyp, g that the spring exerts on the object is proportional to the amount that
the spring is stretched (or compressed) relative to its equilibrium position. If x = z(¢) denotes the
position of the object relative to its rest position, Hooke’s law can be expressed as

Fspring = —kx.

The constant k£ > 0 is called the spring constant and measures the strength of the spring. The units of
k in the mks system are are N/meter and lbs/ft and in the British system. In this situation, Newton’s
second law of motion takes the form

d*x d*x  k
m—s = —kror — + —x =0. 1.7
dit? dt? + m (17)

. dsz 2 . k 9

In the mks system, the units of 7z e meters/sec”. It follows that the units of — are 1/sec”.

m

As you would suspect, the object will oscillate back and forth along the z-axis, which is why this
mechanical system is called the harmonic oscillator. In fact, it’s easy to check directly that, for any
constants C'; and Cs, the function

|k
x(t) = C1 cos(wpt) + Ca sin(wot) with wy =4/ —
m
is a solution of (1.7). Notice that the units of wy are 1/sec, so the product wyt is dimensionless.
By the phase-shift formula (see Appendix A), the solution can also be written as
x(t) = Acos(wot — @),
where A = /C? + C2, and tan(¢) = Cy/C}.
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Clearly, to determine C; and C3 more information is needed. Suppose both the position and the
velocity of the object at a given time, say t = tg, are known. This initial data is sufficient to uniquely
determine the function z(t). In other words, the data

mz"” +kr=0, z(to) =m0, ' (to) =y,

comprised of a differential equation together with the position z(tg) = x¢ and the velocity a’(to) = vo
of the object at time ¢ = t(, are sufficient to determine the position of the object for all ¢. This is easy
to see, for the initial conditions are

IL’(L‘()) =C4 COS(UJQto) + Cy Sin(tho) = xg and Il(to) = —Chwy Sin(WQtQ) + Chwy COS(thQ) =19 .-

These are two equations in the unknowns C and Cs, which can be solved via high-school algebra.

EXAMPLE 1.9. (ELECTRICAL CIRCUITS) An electrical circuit is a collection of electronic components
connected by wires through which an electrical current flows. The main components of electrical circuits
are resistors, capacitors, and inductors, together with external voltage sources, such as batteries, electric
generators, and antennas (which detect electromagnetic radiation, e.g. radio signals).

FIGURE 1.3. An assortment of inductors (left), resistors (center), and capacitors
(right). (Photograph of inductors by F. Dominec. Photograph of capacitors by Eric
Schrader.)

The website https://www.electronics-tutorials.ws/accircuits/passive-components.html has a nice des-
cription of these :

e Resistors regulate, impede or set the flow of current through a particular path or
impose a voltage reduction in an electric circuit as a result of this current flow.
Resistance is denoted by R and is measured in Ohms (denoted by Q).

e The capacitor is a component that has the ability or capacity to store energy in
the form of an electric charge like a small battery. Capacitance is denoted by C
and is measured in Farads (denoted by F) or micro? Farads (denoted by uF).

e An inductor is a coil of wire that induces a magnetic field within itself or within
a central core as a direct result of current passing through the coil. Inductance®
is denoted by L and is measured in Henries. (denoted by H) or in micro Henries
(denoted by uH)

Figure 1.4 illustrates how a resistor (R), inductor (L), and capacitor (C) might be assembled to
form an electrical circuit called an RLC-circuit. By convention, if electrons are flowing counterclockwise
in the wires, then the current I(t) (measured in amperes) is considered to be flowing in the opposite

2Micro, denoted by p, means 10~6. For instance, 100uF denotes a capacitance of 100 x 1076 = 10~* Farads.
3The symbol 'L’ is used in the name of the physicist Heinrich Lenz, who studied inductance.
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FIGURE 1.4. A schematic diagram of an RLC-circuit with an external (time dependent)
voltage source V (t).

direction, i.e. clockwise in the figure. Negative charge will accumulate on one “side” of the capacitor
and a positive charge ¢(t) (measured in coulombs) will collect on the other side at the rate

q(t)=1I(t), (1.8)
as illustrated in the schematic diagram shown in Figure 1.4.

The current in the circuit is related to the voltage source V(t), which acts as a pressure causing
current to flow along the wires of the circuit. Moving clockwise around the circuit, the voltage (“pres-
sure”) drops across each component in a manner determined by the construction of the component.
More precisely, denoting the voltage drops across components by Vg(t), Ve (t) and Vi, (t), respectively:

1 dI(t
Valt) = RI) Volt) = Sa(t) Va(t) =120 (1.9
Kirchhoff’s law states that the voltage drops around a closed circuit sum to zero:
Kirchhoff’s law: Vi, (t) + Vr(t) + Ve (t) + (=V (¢)) =0, (1.10)

where, because V (t) is a voltage increase, it becomes —V (t) when viewed as a drop.

Combining Equations (1.8), (1.9), and (1.10) leads to the following second order differential equation
for ¢(t):

1
L¢+Rd+5q=V@, (1.11)

modeling an RLC-circuit. Because Vo = ¢/C, the differential equation (1.11) can be rewritten as a
differential equation for voltage across the capacitor:

(LOYVE + (RC)VE+ Ve =V (1),

Notice that if we remove the resistor and voltage source from the circuit, then the differential equation
for Ve reduces to .

V(/;/ + i7e Ve =0,
which (apart from the change of symbols) is the same as Equation (1.7) for the harmonic oscillator. This
implies that, just as the position of the mass in the mass-spring system oscillates, so does the charge on
the capacitor in an LC-circuit.
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EXERCISES. The prerequisites for Math 307 include high school algebra and trigonometry as well as
Calculus at the level of Math 125. Here are a few problems that you should do to ensure that you are
ready to take Math 307.

(11)

ALGEBRA REVIEW PROBLEMS.

Write down all values of r that are solutions of the quadratic equation mr? + k = 0, where m
and k are both positive real numbers.
Write down all values of 7 that are solutions to the quadratic equation mr? +cr +k = 0, where

m, ¢ and k are real numbers and m # 0.
1

<71, where A and B are non-zero real numbers.

AT B

21/3,-1/5

Simplify the expression —————, where z is a positive real number and a is any real number.
—

Simplify the expression

+a
+b

x|~

Solve the equation = e " for K in terms of the other quantities. Simplify as much as

==

possible.

Solve the equation In(z) — In(y) = —21In(y) + ax + b for y, where z, a and b are positive real
numbers. Simplify as much as possible.

Express some basic properties of the natural logarithm and its inverse, the exponential function,
by completing the following:

(a) Inzy =7 (b) e®e¥ =7 (c) em® =7 (d) Ine® =? (e) In1=?

Find counterexamples to each of the following “identities”; that is, find specific numbers x =

a,y = b such that equality FAILS for a and b. (For instance, to show that (z +y)? # 22 + 2,

it would suffice to take z = 1,y = 1, since (1 +1)2 =4 #2 =12 +12)

(a) In(x +y) =Inz+Iny, where z > 0,y > 0.

() T hy=1+7 (2y£0)

x x Yy

() Ve+y=vr+y(x=0y=0).
)

(d) e®TY = e® + eV,

TRIGONOMETRY REVIEW PROBLEMS.

Use the formula for the cosine of the sum of two angles to express f(t) = v/3sin(7t) — cos(7t)
in the form f(¢) = acos(bt + ¢), where a, b, and ¢ are real numbers.

The graph below is the graph of a function of the form y = A cos(wt — ¢) +b. Find the specific
values of A, w, ¢ and b.

0

4Tz o 2 4 6 8 10
Sketch the curves in the plane given by each of the following two parametric equations:
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x = 4cos(3t) _
@) { y = 3sin(3t) ostsn/2

— »—0.5¢ 2t
R S N PP
y=-e tsin(2rt 4 )
CaLcuLus REVIEW PROBLEMS.

You’ll need to understand the chain rule for differentiation and several basic methods of
integration, like substitution, integration by parts, trigonometric substitutions, integration by
parts, and rational functions with quadratic denominator. Remember the necessity of adding
a constant of integration for indefinite integrals.

(12) Evaluate each of the following:

W [ w0 [ © [amaemmers @ [
(e) /flﬁdx; (f)/xcos:vdx; (g)/0 cos(t)e”* dt, a > 0; /;;—a
(i) /Ooote‘“dt,a>0; (j)/\/%,r>0; (k)/w%,r>o; / +6x+25.






Part 1

First Order Differential Equations






CHAPTER 2

The Geometry of First Order Differential Equations

Chapter begins a more detailed study first order differential equations. It introduces the direction
field of a differential equation, giving a way to visualize solutions of first order differential equations and
initial value problems. It ends with Euler’s method for finding approximate solutions of the initial value
problem

y/ = F(ta y) ; y(tO) = Yo
in cases where we can’t find an explicit solution.

In the following two chapters focus on two particularly classes of first order differential equations
(separable and linear differential equations) where explicit methods for finding solutions are known.

A (first order) separable differential equation is one of the form*

hy)y' = g(t), (2.1)
where ¢(¢) and h(y) are continuous functions, is called a separable differential equation..

A (first order) linear differential equation is one of the form

y' +p(t)y = f(t),where p(t) and f(t) are continuous (2.2)

In the special case when f(t) = 0, the differential equation is called a homogeneous linear differential
equation ; otherwise, it is said to be a nonhomogeneous differential equation. The function f(t) on the
right-hand side of a differential equationis called the forcing function

ExaMPLE 2.1. Here’s an alarming example of an initial value problem that doesn’t have a unique
solution: consider the initial value problem

WPy, w0 =0,

where F(y) = /2|y|. For any real number a > 0, consider the function y,(t) defined as follows:

v (t) = {(t—a)2/2 fort >a

0 fort<a.

By construction, y,(t) satisfies the initial condition y,(0) = 0. It also satisfies the differential equation

Yo (t) = F(ya(t)) for all ¢.
This is clear because
y,(t) =0=F(0) = F(y,(t)) for t < a,
and
d(t —a)?/2
e

A1t you took Math 125 here at the UW, then you've already worked with separable differential equations, and much
of the material in the next section will be a review for you.

= (t—a) = /20t — 0)2/2 = F(ya(t)) for t > a.

13
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REMARK 2.1. The previous example naturally leads to the following question:

What conditions on F(t,y) are sufficient to guarantee that the initial value problem

y =F(t,y), yto)=1yo

has a unique solution?

This question will be addressed in more detail later in these notes. For now, suffice it to say that if the
function F(t,y) is sufficiently nice® (which is the case in virtually all differential equations encountered
in practice) then the initial value problem has a unique solution.

2.1. The Direction Field of a Differential Equation

In this section, we present a geometric description of the differential equation

dy _
dt
that is useful for understanding the behavior of its solutions.

F(t,y)

FUNDAMENTAL OBSERVATION: Suppose we already know that y = y(t) is a solution to this diffe-
rential equation. We can evaluate the derivative y'(a) without differentiating:

y'(a) = F(a,y(a)).

Therefore, if y(a) = b, then the slope m of the tangent line to the curve y = y(t) at (a,b) is m = y'(a) =
F(a,b); and the equation of the tangent line to y = y(t) at t — a is

y=m(t —a)+b where m = F(a,b).

We can encode this by drawing a short line segment of slope m = F(a,b) through the point (a,b). This
line segment is called a direction element or line element of the differential equation.
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FIGURE 2.1. The direction field of a differential equation is shown on the left. The
figure on the right shows the same direction field, together with several integral curves.

EXAMPLE 2.2. For instance, suppose that y = y(¢) is a solution of the differential equation y’ = te¥
and we know that y(1) = 2. Then 3/(1) = (1)e? = 2. The direction element for this differential equation
is, therefore, a line segment through the point (1,2) of slope €2.

5The function F(t,y) in Example 2.1 is not differentiable with respect to y for y = 0; it is not “nice.”
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The direction field of the differential equation is the picture obtained by drawing a direction element
through each point in the (¢,y)-plane. The effect of drawing lots of direction elements is a picture that
resembles a collection of iron filings in a magnetic field (the filings line up parallel to the magnetic field).

By construction, if y = y(¢) is a solution of the differential equation, then at every point (a,y(a) the
slope of the tangent line to the curve agrees with the slope of the line element F'(a,b). This forces the
graphs of solutions to conform with the direction field of the differential equation (see Figure 2.1),

The graphs of solutions of a differential equation are called integral curves of the differential equation.
Recall that we claimed that initial value problems for “nice” differential equations have unique solutions.
This has a geometric interpretation: the integral curves of a first order differential equation never cross;
and there is a unique integral curve through each point (to,yo) in the (t,y)-plane.

2.2. Euler’s Method

Although there are a number of techniques for solving special classes of differential equations, there is
no general algorithm for solving all differential equations. Consequently, mathematicians have developed
a number of numerical methods for finding approximate solutions of many differential equations that
appear in applications. Finding better numerical methods remains an active area of research. Of these,
Euler’s method is the simplest and the easiest to describe.

The method is based on the tangent line approximation. Suppose that y = y(t) is a differentiable
function of ¢t and we know both the value of y(¢) and the slope of the tangent line to y = y(t) at t = to.
The tangent line approzimation of y(t) at t = to is the linear function

y =0+ (to) (t —to),

which approximates ¢ = y(t) for values of ¢ near ¢, (see Figure 2.2).

y(?)
y(to

FIGURE 2.2. The tangent line approximation

ExaMPLE 2.3. To understand how to use the tangent line approximation to approximate the solution
of a differential equation, consider the following initial value problem:

Y=y, y0)=1.

Ignore for the moment that the solution is y(t) = €. Choose a small step size, say h = 0.1. We

will use the tangent line approximation to find approximate values for y(h) = y(0.1), y(2h) = y(0.2),
y(3h) = y(0.3), etc.

Notice that because y'(t) = y(t), we know that y'(0) = y(0) = 1. The tangent line approximation then
gives the approximation

y(0.1) ~ y(0) + ¥'(0)(0.1 —0) =1+ (1)(0.1) = 1.1.
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n= 0 1 2 3 4 ) 6 7 8 9 10

t= 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Yn = 1.000 | 1.100 | 1.210 | 1.331 | 1.464 | 1.611 | 1.772 | 1.949 | 2.144 | 2.358 | 2.594
y(t) =e' = | 1.000 | 1.105 | 1.221 | 1.349 | 1.492 | 1.649 | 1.922 | 2.014 | 2.226 | 2.460 | 2.718

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2.3. Euler’s method applied to the initial value problem y' = y, y(0) = 1.0,
with step size h = 0.1.

The tangent line approximation can be used again to approximate y(0.2): From the differential equation,
y'(0.1) = y(0.1) =~ 1.1. Therefore,
y(0.2) = y(0.1) + %' (0.1)(0.1) = 1.1 + (1.1)(0.1) = 1.21.

We can repeat this as many times as we like. Figure 2.3 summarizes the result for the first 10 iterations
of this process.

The general method proceeds along the same lines as the example. To find an approximate solution
of the initial value problem

Y =F(ty), y(to)=wvo,
proceed as follows:

(0) Choose a step size h > 0.

(1) Set n=0.

(2) Set y’:L - F(tnayn)'

(3) Set tny1 =t, + h.

(4) Set Ynt1=yn +yy - h

(5) Increase n by one and go to step (2).

ExXaMPLE 2.4. Figure 2.4 shows the result of applying Euler’s method with a step size of h = 0.1
to the initial value problem y' +y = 10cos(nt), y(0) = 0.
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FIGURE 2.4. Euler’s method applied to the initial value problem 3’ + y = 10 cos(nt),
y(0) = 0.0, with step size h = 0.1.

EXERCISES 1.

(1) The direction field of the differential equation v’ = F'(¢, v) is shown below.
(a) On the figure below, sketch the solution to the initial value problem

o' =F(t,v), v(0)=05,
and label your sketch “(a)”.
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(b) Let y = y1(t) be the solution of the initial value problem in part (a). What is the
approximate value of y;(2.5)7?

(c) On the figure above, carefully sketch the solution of the initial value problem v =
F(t,v), v(0) = 0, and label your sketch “(c)”. Let y = y2(t) be the solution of this
initial value problem.

(d) Assume that the solutions y; (t) and y2(t) are defined for all values of ¢ between 0 and 5.
Is it possible for the graphs of y; (¢) and yo(t) to cross at ¢ = 5?7 Explain your answer.

(2) Suppose that y = y(t) is the solution of the initial value problem

y' =t+cos(y),y(0) =1.
Use Euler’s method with a step size of h = 0.2 to estimate y(1).






CHAPTER 3

Solving First Order Differential Equations

Euler’s method only gives approximate solutions to differential equations. In this chapter, we discuss
two clases of differential equations in which it is possible to obtain exact solutions: separable differential
equations and linear differential equations.

3.1. Separable Differential Eqauations

A separable differential equation is one that can be written in the form

h(y)y' = g(t),

where ¢(t) and h(y) are continuous functions. Such differential equations are of interest because they
are easily solve and, as the examples in this chapter demonstrate, they arise in a number of modeling
problems,

Assume that the function y = y(¢) is a solution of the differential equation. Then, by definition, it
satisfies the equation

h(y(1)y'(t) = g(t),
for all values of ¢ in some interval, say a < t < b. It follows that the integral of the left-hand side differs
from the integral of the right-hand side by a constant:

[rwowwd= [gwdc.
LetS ,

H(y) = /y h(z)dz and G(t) = / g(s)ds

be anti-derivatives of h(y) and g(t), respectively. Thus, the function y = y(t) is implicitly defined by the
equation

|H(y) = G@) +C|. (3.1)

This process can be reversed. Suppose that y = y(t) satisfies (3.1). The computation

% = H'(y(t))y'(t) = h(y(t) y'(t) = G'(t) = 9(t).

then shows that it is y(¢) a solution of the differential equation (2.1), called the general solution of the
differential equation.

xT x
6We use the notation / f(s) ds to denote a specific anti-derivative of the function f(z). For instance, / cos(s)ds =

sin(z) rather than sin(s) + C.

19
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REMARK 3.1. The function y = y(¢) is said to be implicitly defined by (3.1). Unfortunately, Equa-
tion (3.1) cannot always be explicitly solved for y in terms of ¢. It is, however, usually important to
obtain an explicit solution when possible.

dy

EXAMPLE 3.1. Solve the differential equation pr 1+ y2)et/2.

1 d
W _
1+y?dt

Y oodz t
/ 1 + 22 / € ds + ¢

to arrive at the implicit solution tan™'(y) = 2¢'/? + C, where C is an arbitrary constant.
Lastly, solve for y to obtain the explicit solution

y(t) = tan (2€t/2 + C’) .

SOLUTION. Rewrite the differential equation in the form

Integrate

3.1.1. Solving Initial Value Problems. The solution of the initial value problem
h(y)y' = g(t) ylto) = vo,
can be found by first finding the general solution:
H(y) =G@) +C,
where H'(y) = h(y) and G’ (t) = g(t); and then setting y = yo and ¢ = ¢ to solve for C:
H(yo) = G(to) + C or C = H(yo) — G(to)

to obtain the solution

| H(y) — H(yo) = G(t) — G(to) .| (3:2)

EXAMPLE 3.2. Solve the initial value problem y' = (1+y?)e’, y(0) = 1.

SOLUTION. Use separation of variables to find the general solution of the differential equation:
tan ' (y) = e’ + C.

Next, set t = 0 and y = 1 to compute C as follows:
tan (1) =e’+C = 71/4=1+C = C=n/4—1.
Finally, substitute the value of C into the general solution:
tan"!(y) —tan'(1) = e’ — e or tan"!(y) —7w/4=¢€' — 1.
Solving for y yields the final result:
y(t) =tan (e — 1+ 7/4) .

REMARK 3.2. An alternate way to solve initial value problems that avoids having to solve for the
constant C'is to use definite integrals from the start. Specifically, the solution of the initial value problem

h(y)y' = g(t) y(to) = yo

/yjh(z)dz/t:g(s)ds.

Indeed, by the Fundamental Theorem of Calculus, this is just
H(y) — H(yo) = G(t) — G(to)

is easily seen to be

which is precisely Equation (3.2).
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3.2. Linear First Order Differential Equations

Recall that a linear first order differential equation is a differential equation that can be written in
the form

y' o)y = f(t),
where (usually) p(t) and f(t) are continuous or piecewise continuous on some interval. When f(t) =0,
the equation is said to be a homogeneous differential equation, otherwise, it is said to be nonhomogeneous.
ExXAMPLES 3.3. The following differential equations are all linear:
dy

E+2y:0 y +2y =€

dy /

E—i—ty:O y +ry=k, rk constant
A+ty' +y=0 ty +y=tet, t>0

Y+t ly=1, t>0 y +y=sin"t(t), |t<1

v HV1I-t2y=t, |t <1

Note: the equation (1 +t?)y’ +y = 0 is linear because it can we rewritten as 3’ + y=0.

1+¢2

If a differential equation is not linear we say that it is a nonlinear differential equation. Here are
some examples of nonlinear differential equations:

dy 2 S dy

Yo =0 2- = Yoty =2
ot yt2 =e vty

(W)Y +y=t v+y=0 y +ty = (1417

3.2.1. The Constant Coefficient Case. When p(t) = k, for k a constant, the differential equation
has the form

v t+ky=f(t).
REMARK 3.3. The models for radioactive decay, exponential population growth, and Newton’s law
of cooling are all of this form. For instance, Newton’s law of cooling (4.2) can be written in the form

T' + kT = kTa(t).

When, in addition, f(¢) has certain simple forms, it’s often possible to guess a solution. The easiest
case is when f(t) = 0, where general solution is the exponential function

y(t) = Ce ™

The next easiest case is when f(¢) = a, where a is a (non-zero) constant:
v +ky=a.
Let’s try a constant solution y(t) = A. Substituting this into the differential equation gives
y'(t)+kylt) =0+kA=kA=a
Therefore A = a/k. Adding to this solution the solution of the homogeneous equation yields another

solution:

_ a
y(t) = Ce ’“+%,
where C' is an arbitrary constant.
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Another important case consists of linear differential equations of the form
y' +ky =e  for a # k a constant.
Substituting y(t) = Ae~" into the differential equation and computing as follows:
(Ae™) + k(Ae™) = (—a+ k)A% = e~
1
k —

shows that A = k—ia and, therefore y(t) = €. As in the previous example, the function
a

1
y(t) = Ce ™ + kie“t , for C a constant,
—a
is also a solution.

Notice that this trick won’t work for a = k because Ae** is a solution of the homogeneous differential

equation 3’ + ky = 0. In this case, one seeks a solution of the form y(t) = Ate=**. Then
(Ate ) + k(Ate™ ) = (1 — kt)Ae ™ + k(Ate™F!) = Ae™* = e,
This forces A = 1. Therefore, y(t) = te=** is a solution, as is the function

y(t) = Ce ™ 1 ek = (t+ C)eikt .

Another commonly occurring class of equations consists of differential equations of the form
y' + ky = beos(wt)
where k, b, and w are positive numbers. The following example illustrates this case in an applied setting.

EXAMPLE 3.4. Let ¢ be time in hours (with ¢ = 0 at noon on Jan 1. Suppose further that during a
particularly cold month of January, the outside temperature in Seattle varies between —10°C and 10°C
2
according to the formula T4 (¢) = 10 cos (;it) Let T'(t) be the temperature (in degrees C) inside a
container that was left outside. Then according to Newton’s law of cooling, the temperature inside the
container satisfies the differential equation”
dT

dT
pr —k (T — TA(t)) or ' + kT = k’TA(t),

where k is a measure of how well the container is insulated. Suppose further that 7(0) = 0. Find a

formula for T'(t). Next, find the largest value of k so that for large values of ¢, T'(t) will stay between
—2°C and 2°C.

SoLuTION. To simplify the computations, set w = 7/12 and write the differential equation in the
form
T" + kT = 10k cos (wt) .
The function T(t) = A cos(wt) + Bsin(wt) + Ce™** is a solution for appropriate values of A,B, and C.
To see this, substitute T'(¢) into the differential equation and compute as follows:

T'(t) + kT(t) = w{—Asin(wt) + Bcos(wt)} + k {Acos(wt) + Bsin(wt)}
= (kB —wA)sin(wt) + (wB + kA) cos(wt) = 10k cos(wt)
For equality to hold, A and B must satisfy the equations
kB —wA =0 and wB + kA =10k .
Solving for A and B gives

"Because T4 (t) is the temperature around the container, it’s the ambient temperature or the temperature of the
environment around the container. That’s why I chose to use the symbol Ty—"A” for “ambient.”
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Hence,
2 10wk | kt
T(t) = m COS(Wt) —+ m Sln(wt) + C’e .
Since T'(0) = 0, it follows that that k;ﬂ; +C=0,so0
10k2
C=——1—.
k2 +w2

But it isn’t clear what the solution looks like! To obtain a better formula for T'(¢), employ the “phase-
shift” formula from Appendix A: Notice that

LI{Q cos(wt) + MOwk sin(wt) = 10k i cos(wt) + . sin(wt)
k2 + 2 k2 + 2 o VEZ + w2 VE2 + 2 k2 1+ 2
Setting ¢ = arctan(B/A) = arctan(w/k) = arctan (3 ives the formula
g 12k) &
10k 10k,
T(t) = {M}Cos(wt(b) m@ .

To determine the value of k, notice that “in the long run” (i.e. for ¢ large) Ce™* = 0. Ignoring the
exponential term gives the approximation
10k

T(t) ~ {m} cos(wt — ¢).

Because the exponential term vanishes quickly, it is called a transient; and remaining periodic term is
called the periodic solution or the stable solution of the differential equation. Thus, for ¢ large, T'(¢)

10k
is approximately a shifted “sine-wave” of amplitude ——, and T'(¢) will stay within 2°C of 0°C

VE? + w?
provided that we choose k to satisfy the inequality
10k

<2

VE? + w?
Clearly, the maximum value of k is a solution of the equation \/1:20+Lw2 = 2. Squaring and clearing
denominators gives

4 T
100k* = 4(k* +w®) = 96k* =4uw® = k=1/—w=—r~0.0534
( ) 96 246

= = transient

—=—=- periodic solution _|
|
0 12 24 36
t (hours)

Temperature (°C)
o

FIGURE 3.1. The graphs of the actual solution T'(t) when k = 0.0534, together with
the transient Ce™** and the periodic solution.
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3.2.2. The General Case. Rather than guessing solutions, there is a more systematic approach
that applies to all initial value problems of the form

Y +pt)y = f(t), ylto) =1yo, (3.3)

where p(t) and f(t) are continuous on an interval a < t < b.

In this approach, multiplying the differential equation by a so-called integrating factor transforms
the differential equation into one that can be solved by Riemann integration.

The computations are easier to understand in the constant coefficient case, where p(t) = k and
where tg = 0:
v +ky=ft), y(0)=yo. (3.4)
Begin by assuming that the function y = y(¢) is a solution of (3.4). Then, by definition, it satisfies the
equation

y'(t) + ky(t) = f(t).

Multiply both sides of this equation by e*! (this is the “integrating factor”) to obtain the equation

ey (t) + keMy(t) = M f (1) ;
and notice that, by the product rule for differentiation,
/
(e"y(t)) = ™y () + ket y(t).
This shows that the solution satisfies the equation
/
(ekty(t)) _ ektf(t),

which can be integrated to obtain the equality

/Ot (eksy(s))l ds = /Ot ek f(s).

By the Fundamental Theorem of Calculus, the integral on the left can be explicitly evaluated to yield
the equation

eFy(t) - y(0) = / ¢ f(s) ds (3.5)

0
which, in turn, can be solved for y(t) to yield a formula for y(¢):

y(t) = e ( / o () ds + y<o>> . (3.6)

Finally, recall that y(t) satisfies the initial condition y(0) = yo and simplify to obtain the formula

t
y(t) =e M / " f(s) ds + yoe ™. (3.7)
0

REMARK 3.4. To can check directly that y(t) is a solution of the initial value problem, first notice
that the computation

0
y(0) = 6*’“0/ e f(s)ds+yoe ™™ =0+ yo = yo,
0

shows that y(t) satisfies the initial condition. Next notice that (by the Fundamental Theorem of Calcu-
lus):

y'(t) = —ke ¥ (/Ot e f(s) ds) +e (M f(t)) — kyoe ™

=—k (ekt (/Ot e* f(s) ds> + yoekt> + f(t)

= —ky(t) + f().
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Consequently, y'(t) + ky(t) = (—ky(t) + f(t)) + ky(t) = f(t), showing that y(¢) is, indeed, a solution of
the differential equation.

This analysis accomplished three goals:

(i) It shows that the initial value problem (3.4) has a solution.
(ii) Because it started with an unknown solution y(¢) and arrived at the formula (3.7), it shows
that there is only one solution.
(iii) The formula (3.7) gives an explicit algorithm for solving the initial value problem: to find y(t),
one need only evaluate one definite integral.

A similar trick applies to the general case,

Y +p(t)y = f(t),

* must be replaced by a more complicated expression.

but with one change: the function e

t
Let P(t) = / p(s) ds, and replace the “integrating factor” e** by the function e”’(¥). Then, as above

/
e (y/ (1) + p(Hy() = (" Oy(t)) ="V f(t)
which can be integrated to yield the formula
¢
POy () = / PG f(s)ds+ C.
This, in turn, can be solve for y(¢) to obtain the formula

[y(0) = yp(0) + Cn (1), (3.82)

where

¢ ¢
yn(t) = e PO gy (t) = e O / eP® f(s)ds, and P(t) = / p(s),ds. (3.8b)

The value of the constant C' is determined from the initial condition y(tg) = yo by solving the equation

y(to) = yp(to) + Cyn(to) = yo
for C.

REMARK 3.5. Notice that if f(¢) = 0, then y,(¢) = 0, and so y = Cy;(¢) is the general solution of the
homogeneous differential equation y’ + p(t)y = 0. The function y,(t) is called a particular solution of the
nonhomogeneous differential equation, since it does not involve any arbitrary constants. The function
yn(t) is a particular solution of the homogeneous differential equation.

Notice that having found an algorithm for the solution of the initial value problem implies that a
solution exists.

Moreover, the computation began with the assumption that a solution y(t) existed and then solved
for y(¢). This showed that every solution of the differential equation is of the form (3.8a). Since the
initial condition y(t9) = yo is sufficient to determine the constant C, it follows that there is only one
solution to the initial value problem. The only assumption that made in the computations was that the
two integrals

t t
/p(s)ds and / e’ g(s)ds
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made sense. This is certainly the case if p(¢) and ¢(t) are continuous (or even piecewise continuous)
functions. The following theorem summarizes the above discussion.

THEOREM 1. Let p(t) and g(t) be continuous functions defined on the interval a < t < b and suppose
that a < tg < b. Then there is one and only one solution of the initial value problem

v +p)y=f(t), ylto)=uyo-
EXAMPLE 3.5. Solve the initial value problem y' + 3ty = tetz, y(2) =5.

SoLUTION. First solve the homogeneous equation: y’ + 3ty = 0. Since P(t) = 3t?/2 is an anti-
derivative of 3t, the function
2
yn(t) = e 20/
is a solution of the homogeneous equation. Next set y, = h(t)y:1(t) = h(t)e
nonhomogeneous differential equation to get

W (t)e /2 = te'” or B (t) = tet /2

=3°/2 and plug into the

Integration gives h(t) = %e‘%z/ 2. so the general solution is

1 1
y(t) = (565"’2/2 + C’) e31°/2 = 5et2 4+ Ce31/2
The initial condition y(2) =5 then determines C:
%6(2)2 +Ce @2 =5,

Thus,
10

C =372 (5 - ;)6(2)2> = 5eb — % ~ —2388

and 1
y(t) ~ getQ — 2388¢31°/2



CHAPTER 4

Modeling with First Order Differential Equations

4.1. Linear Models

EXAMPLE 4.1. (RADIOACTIVE DECAY) Suppose that a certain quantity of a radioactive substance is
placed in a container and that after 10 years the amount has decreased by 0.01%. What percent of the
original quantity will remain after 25 years?

SOLUTION. Begin by assigning labels to the various quantities related to the problem:

e Let ¢ denote the time (in years) after the substance is placed in the container.

e Let Qo be the quantity (say in grams) of the radioactive substance initially placed in the
container.

e Let Q(t) denote the quantity remaining after ¢ years.

Next, recall that the quantity of radioactive substance in the container decays at a rate proportional to
the quantity remaining. Letting & > 0 denote the constant of proportionality. This, together with the
condition Q(0) = Qo means that Q(t) is a solution of the initial value problem

dQ
—_— = —k‘ 0 = .
7 @, Q0)=Qo
This is a linear differential equation with solution
Q(t) = Qe ™.

The decay rate k can be determined from the amount of radioactive substance remaining after 10 years:
Q(10) = (1 —0.0001)Qo = 0.9999 Qo .

Hence,

In (Q(lO)) — 1n(0.9999) = —k(10) = k = L 10(0.9999) ~ 0.00001 .
Qo 10

Substituting this value of k into the equation In(Q/Qo) = —kt and exponentiation yields the formula
Q(t) = Qoe0-00001t

It remains only to compute Q(25) as a percent of Qq:

2
Q) x 100% = 100 (0-00001)25 ~, 99 975% .

Qo
REMARK 4.1. Each radioactive element has a characteristic decay rate k. However, rather than
specifying k directly, it is traditional to express it indirectly in term of the half-life t;,, which is a more
intuitive measure of the rate of decay than the parameter k: The half-life of a radioactive element is the
time required for half of the element to decay into other (lighter) elements.

27
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The decay rate k can be computed from the half-life as follows. Let Q)¢ be the amount of radioactive
material at some time, set to t = 0, and let Q(t) denote the amount of a radioactive material remaining
t years later. Then, by definition, Q(t5)/Qo = 1/2. On the other hand, Q(t;) = Qoe *'".

1
Therefore, Qpe *tr = iQO' Canceling the term g, taking the natural logarithm, and solving for k

yields the formula

In(2)
th

(4.1)

EXAMPLE 4.2. You find a frozen animal and you determine by experiment that the concentration of
C™ in it is 22% of the amount found in live animals. How old is the animal?

SoLUTION. The concentration of C'* in live animals depends on the concentration of C'* in the
atmosphere, and is roughly independent® of time. When an animal dies, it stops adsorbing carbon from
its environment, and so the concentration of C'* decreases as the C'* decays into Nitrogen 14. This is
the key fact behind C''* dating.

To compute the age of the animal, let Q(t) denote the amount of C'* in the animal ¢ years after its
death and let ¢ = T denote the value of ¢ when you determined the concentration of C'#. Solving the
differential equation Q' = —kQ, gives

Q(t) = Qoeikt )
where @ is the amount of C'* in the animal at the time of death and
In(2)

k ~ 0.0001245 .

5568
Because Q(T) = 0.22Qo and Q(t) = Qoe~*, it follows that

0.22Q¢ = Qe 7T,
which can be solved for T
In(0.22) In(0.22)

T=— S ~ 12,163 .
k In(2)/5568 00 Ye®

EXAMPLE 4.3. (NEWTON’S LAw OF COOLING)

Recall that Newton’s law of cooling states that if an object is brought into an environment, then
the rate of cooling is proportional to the difference between the temperature of the object and the
temperature of the environment (the ambient temperature). This law can be reformulated as an initial
value problem as follows.

Let
T(t) = temperature of the object at time ¢,
T(0) = Tp = initial temperature of the object,
T4 = ambient temperature, assumed constant here.

Then Newton’s law of cooling takes the form:

T k1), TO) =T, (42)

8In fact, it is necessary to make allowance for changes in the concentration of C'* in the atmosphere over time by
incorporating tree-ring data into the calculation of Q.
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where k > 0 is the constant of proportionality, which depends on the thermal properties of the object.
Equation

The initial value problem (4.2) can be solved by separation of variables:
T t
d
/ Y= / kds
To u — TA 0

(T —T4) —In(Ty —T4) = In (T_TA> = —kt (4.3)
To—Ta

Therefore,

Exponentiating and solving for T results in the formula
T(t) = (To — Ta)e *) + Ty .
Notice that the differential equation(4.2) is linear, so the solution can alos be otained by the method of

integrating factors.

REMARK 4.2. Newton’s law of cooling is only a rough model of how objects cool. It assumes that
the temperature of the object is the same at all points in the object. In most cases, this is not the case
and a more complex model, involving partial differential equations is needed.

QUESTION. A cup of coffee at 200° F is brought out into a room that is kept at 60°F. Two minutes
later you measure the coffee’s temperature to be 180°. Find a formula for the coffee’s temperature at any
time t.

SOLUTION. Substituting 7(0) = 200 and T4 = 60 into Equation (4.3) gives rise to the equation

T — 60
In| ——) = —kt.
. (200 - 60) b
To find k, substitute the values ¢ = 2 and T' = 180 in this formula to find
180 — 60 120 1 1

Consequently,
T(t) ~ 60 + 140e =077t

EXAMPLE 4.4. (A MIXING PROBLEM) Suppose that a tank with a capacity of 300 gallons initially
contains 100 gallons of pure water. A salt solution containing 3 pounds of salt per gallon is allowed to
run into the tank at a rate of 8 gal/min, and the mizture is then removed at a rate of 6 gal/min, as
shown in the figure. The process is continued until the tank is filled. Determine the concentration of the
salt solution in the tank at the end of the process (see figure below).

e

Fuid out
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SOLUTION. First label variables and then formulate an appropriate initial value problem:
t = time in mins
Q(t) = the total quantity of salt in the tank
V() = the volume of the fluid in tank = 100 + (8 — 6) t = 100 + 2¢ gal

t
C(t) = ggt; = concentration of solution in the tank
The net rate at which salt is entering the tank is the difference between the rate that it enters the tank
and the rate that it leaves the tank:

d in .
iZ)t = rate salt entering tank = (8-3) = 24
dQou . t
% = rate salt leaving tank = 6 C'(t) = 6% = %—!—% Q)
dQ szn onut 6
A — =24 - ———— .
dt dt dt 100 + 2t Q)

Since the tank is initially full of pure water, Q(0) = 0. Thus, Q(t) is the solution of the initial value
problem
dQ 6

PR T T ARt Q(0)=0.

The integrating factor for this differential equation is
p(t) = exp (/t 6ds> = exp(31In(50 +t)) = (50 + t)*.
100 + 2s
Thus,

(50 + £3Q(t) = / 24(50 + £)3dt = 6(50 + )" +c.

Using initial condition Q(0) = 0 (initially, the water is pure), gives ¢ = —6(50)%. Solving for Q, yields
the formula
50 \°
t) =6(504+1t) —300( ——— Ibs.
Q) =660+~ 300 () 1o
To find the time when the tank is full, solve the equation

V(t) = 100 + 2t = 300
for ¢ to find that ¢ = (300 — 100)/2 = 100 min. The concentration of the salt solution at end of the
filling procedure is, therefore,

C(100) = ‘Q/Sggi _ 6050) = 3;(())%(50/ 150)° Ib/ gal = (80/27)1b/ gal ~ 2.9631b/ gal.

EXAMPLE 4.5. (FALLING BODIES WITH AIR RESISTANCE)

The case of a falling body where air resistance is taken into account is more complicated than the
simple case discussed in the introduction where the forces due to air resistance were ignored. For slowly
moving bodies, the force caused by moving through air (called drag) is proportional to the speed of the
object and points in the direction opposite the motion:

drag = —kv,k >0,

where k is a positive constant called the drag coefficient. In this situation, Newton’s second law of motion

assumes the form
dv i dv n k
m— =—-mqg—kv or — + —v=—
dt 9 dt  m 9
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a linear differential equation. The integrating factor is u(t) = ekt/m  Therefore,

ekt/mv _ _/ekt/mg — _%ekt/m + C,

or u(t) = f% + C' e */™ The initial condition v(0) = vy determines C, resulting in the formula
o(t) = —% - (vo + %) e~kt/m

Notice that, as the speed increases, so does the drag. At a certain velocity the force of gravity will
exactly cancel with the drag. This velocity is called the terminal velocity:

Voo = tlgg() u(t) .

To find v, solve the equation —mg — kv, = 0 for v,y to obtain the formula
mg

ok

Integrating the formula for v(¢) yields an expression for y(¢):

The initial condition y(0) = yo determines C:

Voo =

giving rise to the formula

y(t) = _gmy m (Uo-’-%) e‘kt/m—f—% (% +vo) + %o,

which simplifies to

2
B gm m vy gm Yy
y(t)—yo—jﬂrvoz (1—6 m>+?<1—6 m) ;
where yg and vy are the position and velocity, respectively, of the particle at time ¢t = 0.

REMARK 4.3. In the special case vg = 0, the formula for y(¢) simplifies further to

m2 _
y=yo+ 25 (1—e7m)

This can be thought of as a modification of the formula y = yo — %th, as cam be seen by substituting
the approximation,

_ k¢ k k? 2 K 3
ol S —— 2 ¢
¢ m * 2m? 6m3
(which is valid for £¢ small) into the formula for y(t) to obtain the approximate formula
L o, kg3
X Yo — =gt —1".
Y~y — 59t

EXAMPLE 4.6. Suppose that a bag weighing 120 b and having a coefficient of air resistance of 1
Ib-sec/ft falls out of an airplane. How close to the terminal velocity will it be after 30 seconds? How
many feet will the bag have fallen at that time?

SOLUTION. First compute mass

120
m D slugs = 3.75 slugs

The terminal velocity is, therefore, vo, = =52 = —120 ft/sec.
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Substitution of these numerical values into the formulas for v(¢) and y(t) gives
ft

U(t) _ _120(1 _ 6—0.2667sec71t)7
sec

y(t) = — <120ft) £+ 450(1 — e (0-2007sec Dty gy

sec

The following table shows the difference between free fall with and without air resistance:

no air air no air air
t v v Y Y
(sec) | (ft/sec) | (ft/sec) | (ft) (ft)
0 0.0 0.0 0.0 0.0
1 -32.0 -28.1 -16.0 -14.67
2 -64 -49.6 -144.0 -112.2
5 -160.0 | -88.4 -400.0 -268.6
10 -320.0 |-111.7 |-1600.0 |-781.3
20 -640.0 |-119.4 |-6400.0 |-1952.2
30 -960.0 | -119.96 | -14,400.0 | -3150.2

After 30 seconds, the velocity will be —119.96 feet/sec, almost indistinguishable from the terminal
velocity; and the bag will have fallen 3150.2 feet.

0
— v(t)= —120(1 — e~02557t) —— y(t) = — 120 +450(1 — e~0:2557t)
—251 — v(t)= =32t 0 — y(t) = — 16t2
. =501
i —1000 A
7 =751
' ~1001 —2000 1
—125
—3000
-150 T T T y T r r : .
0 5 10 15 20 25 30 0 10 20 30 40
t (sec) t (sec)

FIGURE 4.1. Free fall with air resistance taken into account. Notice that the velocity
asymptotically approaches a constant v(t) ~ —120 ft/sec, and the height approaches a
linear function y(t) ~ —120t + 450.

4.2. Stability Analysis of Autonomous First Order Differential Equations

A differential equation of the form

dy

dt
is called an autonomous differential equation. As illustrated in Figure 4.2, the direction elements of
autonomous differential equations have constant slope along horizontal lines. A point y = y. with
F(y.) = 0 is called an equilibrium point of the differential equation 4.4 (Such points are also called
critical points or fized points.) Notice that if y. is a fixed point then the constant function y(t) = y. is
a solution of the differential equation.

F(y) (F isindependent of t) (4.4)
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FIGURE 4.2. The direction field of an autonomous differential equation.

EXAMPLE 4.7. (a) The fixed points of the differential equation y’ = (1 —y?) are the points y = 1 and
y = —1. (b) The fixed points of the differential equation 3’ = sin(wy) are the integers y = 0, +1,+2,....

A fixed point of an autonomous differential equation that acts like an attractor is called a stable
equilibrium point. That is, “y. is a stable equilibrium point if the solution of the initial value problem
approaches y. whenever the initial condition is sufficiently close to y..”

Criterion for stability: If for some ¢ > 0, the function F(y) is negative for y in the
interval (Ye,ye + €) and positive for all y in the interval (ye — €,y.), then ye is a stable
equilibrium point.

The equilibrium point y. is called semi-stable if y. is not a stable equilibrium point,
but for some € > 0 the function F(y) is negative for y in the interval (ye, ye +¢€) or F(y)
is positive for ally in the interval (ye — €,ye).

If the equilibrium point y. is neight stable nor semi-stable, then it is said to be

unstable.

ExaMPLE 4.8. (EPIDEMICS) Here is an example of how stability analysis can be used to study the
spread of a disease in a population (under a number of simplifying assumptions). Assume that the
following conditions are satisfied:

e The population is divided into two sub-populations:
x = the proportion susceptible to infection (“well”)
y = the proportion infected (“sick”)
Note: Under these assumptions = + y = 1.
e The disease spreads through contact between sick individuals and well individuals, and the rate
of the spread dy/dt is proportional to the number of such contacts per unit of time.

e Members of both groups move about freely among each other, so the number of contacts per
unit time is proportional to the product of z and y.

QUESTION: What proportion of the population will ultimately become infected if only a small pro-
portion yo is initially infected?

SoLUTION. It follows from the assumptions made that

dy
— =ar-y,
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FIGURE 4.3. The direction field of the differential equation ¢y’ = a(1 — y)y.

where « is a positive constant related to the frequency of contact and the probability of infection upon
contact. Because everyone is assumed to be either well or sick, it follows that  +y = 1 (100% of the

d
population). Consequently, x = 1 — y and d—z =a(l—-1y)y.

If y(0) = yo is the fraction of the total population that is initially infected, the spread of the epidemic
can be predicted by solving the initial value problem

dy
7 =21 =vy. y(0) =y
The critical point y = 1 is stable because a(1 — y)y is positive for 0 < y < 1 and negative for 1 < y:

Hence, tlim y(t) = 1, provided 0 < y(0) = yo < 1.
—00

It follows that (under the assumptions of the model) everyone will eventually become infected, even
if initially only a small proportion of the population is infected.

ExAaMPLE 4.9. (THE LocisTiC EQUATION FOR POPULATION GROWTH)

In the late 1920’s Raymond Pearl analyzed data collected by to determine how well the logistic
equation predicted the population growth of yeast.” In Carlson’s experiments a small number of yeast
cells were placed into a jar containing sugar, and the approximate number of yeast cells were counted
each hour. Here is some of the data from the experiment:

0 1 2 3 4 5 6 7 8 9
10| 18| 19| 47| 71| 119 | 175 | 257 | 351 | 441
10 11} 12 13| 14| 15| 16| 17| 18
(t) = 513 | 560 | 595 | 629 | 641 | 651 | 656 | 660 | 661

t
Y(t)

t
Y

Pearl conjectured that the number of yeast Y (¢) after ¢ hours obeyed a differential equation of the
form

1dY

=—=R(Y
where R(Y) is a function involving only the number of yeast. Notice that the left hand side is the
“fractional rate of growth” (or the logarithmic growth rate). The right hand side is called the reproduction

function. The object of Pearl’s analysis was to determine R(Y").

9“The growth of populations” , Raymond Pearl, Quarterly Review of Biology, 2 (1927) 532-548.
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At any ¢, the derivative can be approximated by a “difference quotient” AY/At. A better estimate
can be obtained by averaging successive quotients. For example, Y'(5) can be estimated by

1 (Y(G) -Y(5) . Y(5) — Y(4)> _ Y(6) —Y(4)
2 1 1 2
The logarithmic growth rate is then
1 dY(5) 17571
Y(5) dt  2-119
Applying this approach to the data in the table above, and fitting a straight line to the data (see figure
below) gives the formula

Y'(5) ~

=0.437.

Y
R(Y) = 0.53 — 0.00079Y = 0.53 <1 — 671)

1.0
® Carlson's data
0.8, —— R(Y)=0.53(1 - Y/671)
061 ,
S (J
x 0.41
[ ]
0.2
0.0
0 200 400 600 800

Y

1dy)
)

FIGURE 4.4. Carlson’s data (horizontal axis: Y, vertical axis: approximation of e

together with best fitting line.

Given the initial population Y (0) = 10 yeast buds, the yeast population for ¢t > 0, can be predicted
by solving the initial value problem

dy Y
o =053 < 671) , Y(0) =10

Figure 4.5 illustrates excellent agreement between Carslon’s data and the solution of the initial value
problem.

A number of conclusions can be drawn from this model:

(i) For Y is small, R(Y) ~ r = 0.53 (intrinsic rate of growth) Y (t) ~ Ype' for Y small.

(ii) For Y > K =~ 671, R(Y) is negative and the population decreases with time. The parameter
K =671 is called the carrying capacity of the environment.

(iii) For any initial value of Y, tlim Y(t) = K =~ 671.
—00

The above differential equation is a special case of the logistic equation:

dP P



36 MODELING WITH FIRST ORDER DIFFERENTIAL EQUATIONS

800
—— logistic curve
e Carlson's data
__ 6001
il
©
[
>
g 4001
3
£
>
200 -
0 . . .
0 5 10 15 20

t (hours)

FIGURE 4.5. Logistic curve fitted to the growth of the yeast. The data is from a 1927
experiment by G.F. Gause.

where P is the population of some organism. The book by G. Evelyn Hutchinson, An Introduction to
Population Ecology, New Haven and London, Yale University Press, 1978, pages 23-32, presents data
suggesting that many animal and plant populations obey the logistic model of growth.

Because the logistic equation. is separable, it can be solved by separation of variables:

/a—gm:/mf-

The left hand side can be integrated by partial fractions:

(1;/K)P:(K1P+]13) — /P(1d1j3/K):/KdPPJr d?P

So
/P(l EP;D/K) Z/dep—k d?P =—-In|K-P|+In|P|+C=1In KIjP’—FC'
Thus In P ’ =rt+C = ’P‘ ="t — P = Ae". where A = +e®. Solving for
K-P K—-P K-P
P yields ans explicit formula for P(t):
AKe't K

P=Ae"(K~P) = P(t)= = = L+e /A

This function is called the logistic function. Its graph is the “S”-shaped curve sketched in Figure 4.6.
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FIGURE 4.6. The logistic curve.
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EXERCISES 2.

(1)

(2)

(3)

Solve each of the following first order differential equations and initial value problems.
(a) ¥ =(1—2)(2—-12),y(0)=0

)

(© y'=1-y*y(0)=0

(d) ¥ = cos(z)(y® +1)

(e) %:\/L—gﬂ, for L >0and —L <y < L.
)

Solve each of the following first order differential equations and initial value problems.
(a) ¥ +2y=e >
(b) (1+ tQ)% +2y=t(1+¢*), y(l)=1
(c) y — 2ty =e"
(d) ¢ + 2y = cos(3t).
(e) y +ky=ae’ a#0,b# —k.

() ¥ +ky=ae ™ a#0
Suppose that the population of a certain species grows at the instantaneous rate of 2% per year
(i.e., its instantaneous rate of increase in number of individuals per year is 2% of the population
at the moment). Let y(t) stand for the population after ¢ years.

(a) Write a differential equation for y(t).

(b) Solve the differential equation by separation of variables.

(c) If the present population is 1,000,000, what will the population be in 1 year? In 20 years?
How long will the population take to double?

Assume that the population of the Earth changes at an instantaneous rate proportional to
the population. Assume further that at time ¢ = 0 (A.D.1650) its population was 250 million
and at time ¢ = 300 (A.D. 1950) its population was 2.5 billion. Find an expression giving the
population of the Earth at any time. If the greatest population that the Earth can support is
25 billion when will this limit be reached?

Suppose that interest on money in the bank accumulates at an annual rate of 7% compounded
continuously. Let y(¢) stand for the amount of money in the bank after ¢ years.

(a) Write a differential equation for y(t).

(b) Solve the differential equation by separation of variables to show that y(t) = Pexp(0.7¢),
where P = y(0) is the initial deposit in the bank.

(¢) How much money should be invested today so that 20 years from now it will be worth
$20,0007

At time ¢ = 0 you buy a house, using a fixed-rate, fixed payment mortgage to pay for most
of it. Let y(t) be the amount you owe after ¢ years. Thus, y(0) = yo is the cost of the house
minus the down-payment.

(a) Write the differential equation for the amount y(¢) you owe after ¢ years.

(b) Solve the differential equation to find a formula for y(t)

(¢) Suppose that the bank will give you a 30-year mortgage at 12% interest, but they only
consider you an acceptable credit risk if your monthly payments do not exceed one fourth
of your $1,600 monthly salary. Compute the maximum mortgage they’ll give you.

(d) Suppose you can come up with $15,000 for a down-payment. What is the most expensive
house you can buy? What will be the actual amount you’ll end up paying for that house
by the time the mortgage is payed off?

(e) Now suppose you find a house for $50,000 and make a $15,000 down-payment, using a
mortgage for the rest. What will your monthly payments be for the 30-year mortgage at
12% interest?
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(7)

(10)
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(f) What will your monthly payments be for the house in part (e) if the interest rate is 15%
instead of 12% ? 10% instead of 12% ?

(g) How much will your monthly payment in part (e) increase if you get a 25-year mortgage
instead of the 30-year mortgage?

(h) Suppose you get the mortgage in part (¢). How much of the amount you pay during the
first year is tax-deductible (interest payment), and how much is principal payment? In
the fifth year? In the twenty-fifth year? How much total interest do you end up paying?

(i) Sketch a graph showing the proportion of your payments for the mortgage in part (e) that
goes toward interest and the proportion that goes toward principal during the 30 years.

Suppose you make a pudding for a dinner party and put it in the refrigerator at 6 p.m. (¢t = 0).

Your refrigerator maintains a constant temperature of 40°F. The pudding will gel when it cools
to 45°. If the pudding’s temperature when you put it in the refrigerator is 110°F and when
your first guest arrives at 7 p.m. you measure the temperature and get a reading of 50°F. Use
the information about the two temperature readings to determine the earliest time you can
serve dessert/ I.e. when will the temperature reach 45°F?

Newton’s law of cooling also applies when a colder object heats up in a warmer environment.

Suppose water at 55°F is pumped into a swimming pool on a 90° summer day. After 2 hours

the temperature of the water is 60°. In how many hours (assuming the outside temperature
remains 90°) will the water reach a comfortable swimming temperature of 70°?

Consider a tank used in certain hydrodynamic experiments. After one experiment the tank

contains 200 gal of a dye solution with a concentration of 1 gm/gal. To prepare for the next
experiment, the tank is to be rinsed with fresh water flowing in at a rate of 2 gal/min, the well-
stirred solution flowing out at the same rate.

(a) Follow the procedure of the previous problem to write a differential equation for y, the
amount of dye in the tank after ¢ minutes. Your differential equation should be a diffe-
rential equation for exponential decay. Because the water flowing in is fresh, there is no
constant term in the differential equation, and as a result, the amount of dye decreases
exponentially.

(b) Find y(t) as a function of ¢.

(c) What is the “half-life of y(¢)?

(d) How much time elapses before the concentration of dye in the tank reaches 1

Consider a tank with a 50 gallon capacity that initially contains 50 gallons of brine (salt water)
with an initial salt concentration of 0.10 pounds per gallon. The tank is equipped with stirrers
that keep the mixture will stirred at all times. Starting at time ¢ = 0 minutes a brine solution
with with a salt concentration of 0.50 pounds per gallon flows into the tank at a rate of 4
gallons per minute and the well-stirred mixture flows out at the same rate. Let @ = Q(t) be
the amount of salt in the tank at time ¢ (measured in minutes).

(a) Find a differential equation satisfied by Q.

(b) Carefully sketch its field of line elements.

(c) Find the formula for Q(t) and sketch it (on the sketch of the field of line elements.
Suppose that a room containing 1200 cubic feet of air is originally free of carbon monoxide.
Beginning at time ¢ = 0 cigarette smoke containing 4 percent carbon monoxide is introduced
into the room at a rate of 0.1ft*>/min and the well-circulated mixture is allowed to leave the
room at the same rate.

(a) Find an expression for the concentration of carbon monoxide in the room at any time

t>0.

(b) Extended exposure to a carbon monoxide concentration as low as 0.00012 (i.e. 0.012%) is
harmful to the human body. Find the time at which this concentration is reached.

Unlike the case of an object moving at low speed, at high speed, the drag on an object traveling
in the atmosphere is proportional to the square of the speed. Suppose that such a projectile is
initially falling at 5 times the speed of sound (mach 5) and that 30 seconds later it is traveling
at only mach 2.
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(15)

4.2. STABILITY ANALYSIS OF AUTONOMOUS FIRST ORDER DIFFERENTIAL EQUATIONS 39

) Write down the appropriate initial value problem.

) Solve it.

) How fast is the projectile traveling after one minute?

) How long will it take for before it is traveling at exactly the speed of sound?
e) How far will it travel in the time it takes to slow down to the speed of sound?
Consider the logistic population model

L (1 - P) P

dt 1000
for a species of fish in a lake, were ¢ is measured in years and P(t) is the number of fish in
the lake at time ¢. Suppose that it is decided that fishing will be allowed in the lake, but it is
unclear how many fishing licenses should be issued. Suppose the average catch of a fisherman
with a license is 5 fish per year.

(a) What is the largest number of licenses that can be issued if the fish are to have a chance
to survive in the lake?

(b) Suppose the number of fishing licenses in part (a) are issued. What will happen to the
fish population—that is, how does the behavior of the population depend on the initial
population?

(¢) The simple population model above can be thought of as a model of an ideal fish population
that is not subject to many of the environmental problems of an actual lake. For the actual
fish population, there will be occasional changes in the population that were not considered
in the building of the model. If the water level were high because of a heavy rainstorm,
a few extra fish might be able to swim down a usually dry stream bed to reach the lake;
or the extra water might wash toxic waste into the lake, killing a few fish. Given the
possibility of unexpected perturbation of the population, not included in the model, what
do you think will happen to the actual fish population if we fix the fishing level at the one
determined in part (b)?

A boater and a motor boat together weigh 640 lbs. Suppose that the thrust of the motor is

equal to a constant force of 20 lb. in the direction of motion, and that the resistance of the

water to the motion is equal numerically to twice the speed in feet per second and that the

boat is initially at rest. Denote the speed of the boat at time ¢ by v = v(t).

(a) Write down an initial value problem for v.

(b) Find the formula for v(t).

(¢) What is the limiting velocity?

(a
(b
(c
(d
(

The velocity v(t) of a falling body meeting air resistance proportional to its velocity satisfies
the differential equation
dv
m— = —kv—mg,
dt g

where g = 32ft/sec2 is the magnitude of gravitational acceleration and k is a constant that
depends on the shape of the object and m is the mass of the object. When a 120 Ib (= mg)
parachutist drops from a plane (with zero initial velocity), she first falls with a small coefficient
of air resistance k = 1.2lb-sec/ft. Five seconds later her parachute opens and k jumps to
12.01b-sec/1t.
(a) Write a differential equation for v(t) for during the first five seconds.
(b) Solve the differential equation to find am expression for v(¢) during the first five seconds.
(¢) Graph v(t) for the first 5 seconds and show by a dotted line what v(t) would be over the
next ten seconds if the parachute didn’t open.
(d) Write the differential equation for v(t) after the parachute opens.
(e) Solve the differential equation for v(t) after the parachute opens. Use the value of v(5)
from part (b) as the initial data.
(f) Extend the graph of v(t) you constructed in part (c) for the five seconds after the parachute
opens.



40

MODELING WITH FIRST ORDER DIFFERENTIAL EQUATIONS

(g) (g) Again on the same sheet of graph paper draw two horizontal lines indicating the
terminal velocity of the parachutist in the case where the parachute opens and in the case
where is does not open.

(16) The velocity v(t) of a falling body meeting air resistance proportional to its velocity satisfies

the differential equation
dv
ma = —kv+mg,
where g = 32ft/ sec” is the magnitude of gravitational acceleration, k is a constant that depends
on the object (called the coefficient of air resistance) and m is the mass of the object. When
a 120 Ib (= myg) parachutist drops from a plane (with zero initial velocity), she first falls with a
small coefficient of air resistance k = 1.2lb-sec/ft. Five seconds later her parachute opens and
k jumps to 12.0lb-sec/ft.
Note: The convention we are using here is that v is positive when the body is descending
and negative when it is ascending.
(a) Write a differential equation for v(t) for during the first five seconds.
(b) Solve the differential equation to find am expression for v(t) during the first five seconds.
(c) Graph v(t) for the first 5 seconds and show by a dotted line what v(¢) would be over the
next ten seconds if the parachute didn’t open.
(d) Write the differential equation for v(t) after the parachute opens.
(e) Solve the differential equation for v(¢) after the parachute opens. Use the value of v(5)
from part (b) as the initial data.
(f) Graph (on the same sheet of graph paper) v(¢) for the five seconds after the parachute
opens.
(g) Again on the same sheet of graph paper draw two horizontal lines indicating the terminal
velocity of the parachutist in the case where the parachute opens and in the case where is
does not open.

(17) Consider the differential equation y' = F(y) where the graph of F(y) is shown in Figure 4.7

Locate the equilibrium points in Figure 4.7 and determine which ones are stable and which ones
are not stable. It may help to sketch a few solution curves.

yﬂ

~~{rrrsf PANNY D N
~~tr s/ PANAY AN
~~trrss /AN Y N
~~trr s/ PN A NS
~~{rras /AN D N
~~{rras AN} D N
~~{rrrsf PANNY D N
~~tr s/ PANANY AN
~~tr s/ PANAY AN
~~trrss /AN A N
~~trrss /AN AN
~~{rras /AN I NS
~~{rras AN D N
~~{rrrs /PN I N
~~tr s/ PANAY AN
~~trrrss /AN A N
~~tr s/ PANAN AN
~~{rras /AN D N
~~{rras AN D N
~~{rrrsf PANNY D N
[N WP 2P 2P 20 U U UL U U U B U P,

FIGURE 4.7. Flipping the graph of F'(y) along the diagonal and aligning it with the
direction field illustrates the relation between the graph of F(y) and the direction field
of the differential equation.

(18) The direction field for a differential equation of the form y’ = F(y) is shown below. Sketch the

solution of the initial value problem

Yy =F(y), y2)=15.



41

4.2. STABILITY ANALYSIS OF AUTONOMOUS FIRST ORDER DIFFERENTIAL EQUATIONS

1\_/1
e N
P N
SCCAMNSS
P | N
SCCAANSS
P A AN NS
P | NS
S A RN
SCCAMNSS
SOCEAANSSS
a2 N
P A AN NS

Faee _ AQS S

21 NS

AR R NS Br et

S\ |

SES OGN _ o

SES OGN _ V4

SO OGN — Ve

SES OGN _ ~

S\

SS O \§ — ~

NN

SES OGN _ ye

SO GG NN — Ve

SES OGN _ e

KSSSN

SS O W — A=

SES OGN _ e

12

8 10
Approximately, what is the

6

2

L B

Fee—e s’ _ AQS G

<N

SES OGN _ ~

0

™ ~ - o - o~ ™

4

If y = y(t) is the solution, give your best estimate of y(10).

value of y¥(100)? Suppose y(0)

Yo, for 0.1 < yg < 2, what is your best estimate of y(100)?
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Second Order Differential Equations






CHAPTER 5

Complex Numbers

5.1. Complex Numbers

A complex number z is given by a pair of real numbers z and y and is written in the form'® z = z+yi,

where i satisfies 12 = —1. ' If 2 = 2 4 yi, then the term z is called the real part of z and written
x = Rez. The term y is called the imaginary part of z and written y = Im 2. Thus,

Re(4+5i) =4 and Im (44 5i) = 5.

Remember: Im 2 is a real number!

Complex numbers are added in a natural way: If z; = x1 + y14 and z3 = x5 + Y24, then
21+ 22 = (21 +22) + (y1 +y2)i (5.1)
For example, (4 +14) 4+ (2 4+ 3i) = (6 + 4¢). Complex numbers are also multiplied in a natural way:
2120 = (2172 — Y1y2) + (T1Y2 + T2y1)i (5.2)

Note that the product behaves exactly like the product of any two algebraic expressions, keeping in
mind that i2 = —1. Thus,

(2+4) (=24 44) = 2(—=2) + 8i — 2i + 4i* = —8 +6i.

There is only one way to satisfy the equality z; = 2o, namely, if 1 = zo and y; = y2. An equivalent
statement (one that is important to keep in mind) is that z = 0 if and only if Rez = 0 and Im z = 0. If
a is a real number and z = x + iy is complex, then az = ax + iay (which is exactly what one would get
from the multiplication rule above if zo were of the form zo = a + i0).

Division is more complicated. To find z;/z9 it suffices to find 1/z5 and then multiply by z;. The
rule for finding the reciprocal of z = x + yi is given by:
1 1 T — Yl T — Y )
= 2T : __ TV (5.3)
x4y x4y r—yi  (rty)(z—yi) a4y

For instance,
1 3—4i 3 4

3+4i 25 25 25
Notice that using the formula for the product of complex numbers gives

4 > L9416, B)(=4) +4(3)

NE
(8 +40) <25 " 25" 25 25

=140i=1,

10A¢ times, it is more convenient to write z = x + iy, rather than z = x + yi. Both forms are used in these notes.
HE]ectrical engineers (who make heavy use of complex numbers) reserve the letter ¢ to denote electric current and

they use j for /—1.

45
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as one would expect!

The expression x — iy appears so often and is so useful that it is given a name. It is called the complex
conjugate of z = x + iy and a shorthand notation for it is Z; that is, if 2 = x + iy, then Z =z — iy. For
example, 3 + 47 = 3 — 44, as illustrated in Figure 5.1(a). Note that Z = 2 and z1 + 23 = Z; +Z2. Exercise
(3b) is to show that z1z3 = Z122.

Another important quantity associated with a given complex number z is its modulus

o = (:9)"/2 = Va? 32 = ((Re2)? + (Im2)?)
Note that |z| is a real number. For example, |3 4 4i| = v/32 + 42 = /25 = 5.

The modulus of a complex number is a generalization of the notion of the absolute value of a real
number, as the following example illustrates:

=8| = (=3) +0i] = (=3)> + (0))"/2 = (9)/2 = 3.
5.2. The Complex Plane

The complex numbers, as well as various operations involving compeles numbers have elegant geo-
metric descriptions. The complex numbers may be represented as points in the plane (sometimes called
the Argand diagram) or as vectors. The real number 1 is represented by the point (1,0), and the complex
number ¢ is represented by the point (0,1). The z-axis is called the “real axis”, and the y-axis is called
the “imaginary axis”.

Complex conjugation is given by reflection about the real axis, as illustrated in Figure 5.1(a). Ad-
dition of complex numbers is given by the parallelogram rule, as illustrated in Figure 5.1(b).

(a) T (b) .
£ 3+ 44 2+ 35 6+ 41

£ 4+

FIGURE 5.1. (a) The complex numbers 3 — 4i and 3 + 4¢ are complex conjugates of
one another. (b) The complex number 6 + 4 is the sum of 2 + 3i and 4 + 4.

The geometric description of multiplication involves both a rotation and a stretch. As illustrated
in Figure 5.2, to visualize the product z;zs, construct a triangle with vertices 0, 1 and 2; (red triangle
at left of figure). Then construct a similar triangle where the ”base” edge from 0 to 1 is replaced by
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the segment from 0 to z2 (red triangle at right of figure). Then the vertex opposite the base is the
product z1z2. By high school geometry, one can show that the coordinates of the product are given by

Equation (5.2).

Z1

z2 2122 z2

01+ 02

01
(2

FIGURE 5.2. Geometric description of complex multiplication. The red triangles in
the figure are similar, with “bases” of lengths 1 and |zs], respectively. By high school

geometry, one can show that |z122| = |21|22]. The angle that the product z;2e makes
with the positive real axis is the sum of the angles that z; and z, make with the positive
real axis.

EXERCISE 5.1.

(1) Prove that the product of z = x + iy and the expression in (5.3) (above) equals 1.
(2) Verify each of the following:
142 2—i 2
2—1)—i(l—vV2)=—-2 b —_Z
(a) (V2 2)51( \[z)l i (b) 3—4i+ 5 5
=i d) (1-i)t=-4
© Te-ve-g 2 () (d-i)
(3) Prove the following:
(a) 2+ 7% =2Rez and z is a real number if and only if Z = z.
(b) 2122 = Z1Z29.
(4) Prove that |z122| = |21]|22| (Hint: Use (3b).)
(5) Find all complex numbers z = x + iy such that 22 =1 + .

5.3. Polar Representation of Complex Numbers

Recall that the plane has polar coordinates as well as rectangular coordinates. The relation between
the rectangular coordinates (z,y) and the polar coordinates (r, 6) is

x = rcos(f) and y = rsin(0)

r =%+ y? and tan(f) = %

Thus, (See Figure 5.3) the complex number z = = + iy can we written in the form:

6

z=r(cos(f) +isin(d)) =re',| (Polar Representation), (5.4)

where

r=+va?+y%=|z| and tan(f) = % (5.5)
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The angle 6 is called the argument of the complex number z. It is often denoted by arg(z).

EXAMPLE 5.1. The complex number z = 8464 may also be written as re?, where r = /82 + 62 = 10
and 0 = arg(8 + 6i) = arctan(6/8) ~ 0.64 radians.

REMARK 5.1. In formula (5.4), we are defining e? to be cos(f) +isin(f). We justify this definition
later in these notes.

REMARK 5.2. (CAUTION) There is ambiguity in equation (5.5) about the inverse tangent, which
can (and must) be resolved by looking at the signs of z and y, respectively, in order to determine the
quadrant in which 0 lies. If > 0, then § = arctan(y/z). If < 0, then 6 = arctan(y/z) F 7, depending
on the sign of y. When z = 0, then 6§ = +7/2, depending on the sign of y. (If z =0, then » = 0 and 0
can be anything.)

If z = 0, then the formula for # makes no sense, but z = 0 simply means that z lies on the imaginary
axis and so § must be 7/2 or 37/2 (depending on whether y is positive or negative).

FIGURE 5.3. The Polar Representation: z + yi = re'’, where r = /22 + 32 and
tan(f) = y/x.
REMARK 5.3. The conditions for equality of two complex numbers using polar coordinates are not

quite as simple as they were for rectangular coordinates. If z; = 1€t and zy = r9€’?2, then z; = 2, if
and only if 11 =79 and 6, =05 4+ 27k, k=0,+1,£2,....

EXAMPLE 5.2. For instance, i = €/™/2 = ¢®™/2 1 =¢™ = 3™ and +1 = ¥ = (0+2™)i = 277,

EXAMPLE 5.3. If 2 = —4 + 4i, then r = /42 + 42 = 4y/2 and 0 = 37 /4, therefore z = 43/2e5T/4,
Any angle that differs from 37/4 by an integer multiple of 27 will give us the same complex number.
Thus, —4 + 4i can also be written as 4v/2e'1™/* or as 4v/2¢57/4,

Recall (see Figure 5.2), that complex multiplication involves both a stretch and a rotation. The
polar representation gives another particularly useful description of complex multiplication:

if 21 =re®  and 2o = ree'®, then 2129 = rireet(®1102) (5.6)
For example, let
21 =2+i=1be", 0, ~ 0.464
29 = —2 4 4i = /20e'%2, 0y ~ 2.034

Then z5 = 2129, where z3 = —8 4+ 6i = v/100e'% 05 ~ 2.498. (see Figure 5.4)

EXERCISE 5.2.

(1) Let 2y = 3i and 20 =2 — 2¢
(a) Plot the points 21 + 22, 21 — 22 and Z3.
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23 = 2129 = 10'%

2o £ 1/20e'%

21 = Vb6e'

FIGURE 5.4. Complex multiplication in polar form. Notice that |z3] = |21]|22] and
03 = 601 + 0.

(b) Compute |21 + 22| and |z1 — 23].

(¢) Express z; and zy in polar form.
(2) Let z; = 6€'™/3 and 2y = 2=/, Plot 21, 23, 2122 and 21 /2.
(3) Let z = re®®. Show that Z =re™ @ and 27! =~ 1e7%.

5.4. Complex-valued Functions

Now suppose that w = w(t) is a complex-valued function of the real variable t. That is
w(t) = u(t) + iv(t),
where u(t) and v(t) are real-valued functions. A complex-valued function can be thought of a defining
a curve in the complex plane. The derivative of w(t) with respect to ¢ is defined to be the function
dw(t
W (t) = (t) + ' (t) = %

(This is just like the definition of the derivative of a vector-valued function—just differentiate the com-
ponents.) The derivative w’(t) can be thought of as the tangent to that curve w(t).

It is easily checked (just expand the left and right hand sides of each identity) that, just as in the
case of real-valued functions, the following formulas hold for complex-valued functions z = z(t) and
w = w(t):

C’' =0, where C = constant (5.7a)
(Cz) = C%', where C = constant (5.7b)
(z4+w) =2+ (the sum rule) (5.7¢)
(zw) = 2w + 2w’ (the product rule) (5.7d)
z\" Zw—zw .
(E) =0 (the quotient rule) (5.7¢)

In other words, the derivatives of complex-valued functions behave the same as the derivatives of real
valued functions.
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ExXAMPLE 5.4. The complex-valued function
f(t) = cos(t) + isin(t)

is of particular interest. When viewed as a curve in the complex plane, it defines a circle. It has two

important properties:
(W) f(@)f(s) = f(t+5)
(i) f'(t) = if (t) .
To verify (i), compute as follows using the sum of angle formulas from trigonometry:
F@®)f(s) = (cos(t) + isin(t))(cos(s) + isin(s))
= (cos(t) cos(s) — sin(t) sin(s)) + (cos(t) sin(s) + sin(t) cos(s))i
=cos(t+ s) +sin(t + s)i = f(t +s).
To verify (ii), compute as follows from the definition of the derivative:
Z'(t) = —sin(t) +icos(t) = i(cos(t) + isin(t)) = iz(t).
Because (i) and (ii) are also satisfied by the exponential function: e"*:
ertest = e+t and (ent) = re',

the same notation is used here:

e’ = cos(t) + isin(t) ‘

This is called Euler’s Formula.. With this notation (i) and (ii) assume the forms

. : N T
eitets — ez(t+s) and (ezt) — et

5.5. The complex exponential function

(a) (b)

FIGURE 5.5. (a) z(t) = Tt p >0, w > 0. (b) z(t) = P p <0, w > 0.

One function is of particular interest to us: the complex exponential function. It is defined as follows:

ePTit — ePteiwt — oPt(cos(wt) + isin(wt)) = et cos(wt) + e sin(wt) .

(5.10)

Thought of as a curve in the complex plane, the complex exponential is the formula for a spiral curve
(Figure 5.5). The quantity w is the angular velocity of the spiral (w > 0 corresponds to a counterclockwise
spiral, w < 0 to a clockwise one). The quantity p measures the rate at which the spiral expands outward

(p > 0) or contracts inward (p < 0).
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As the following examples illustrate, functions of the form
f(t) = Cre?" cos(wt) + Cae’ sin(wt)

can be rewritten in terms of the complex exponential function.

EXAMPLE 5.5. Show that 5e~* cos(3t) 4+ 3e~ ' sin(3t) = Re ((5 - 3i)e(*4+3i)t>.

SOLUTION. By definition,
(5 — 3i)e =430t — (5 — 3i)e™ (cos(3t) + isin(3t))
= e ((5cos(3t) + 3sin(3t)) +i(5sin(3t) + 3cos(3t))) .

Hence, Re ((5 - Si)e(_4+3i)t> = e~ (5cos(3t) + 3sin(3t)).
REMARK 5.4. In polar form 5+ 3i = v/34 exp(arctan(3/5)i). Hence, we can compute as follows:
Re ((5 - 3i)e(_4+3i)t) = Re (Me(_4+3i)t)
— /34 "Re (\/3745 arctan(3/5)i€3i)t>
= V/34e *Re (exp((3t — arctan(3/5))i))
= V34e * cos (3t — arctan(3/5)) .

EXAMPLE 5.6. Express Re (1

5T 3i6(6+4i)t> in the form Aef! cos(wt — ¢).

SOLUTION. Since 3+ 3¢ = 3\@6(”/4”, it follows that

1 - 1 . et . 1
Re 6(6+4z)t> = Re (66t64zt> — __Re e(4t77r/4)z _ 76616 cos (4f — 4
(3 +3i 3/ 2e(/4)i 3V2 ( ) 32 ( m/4)

To find the derivative of the complex exponential function, compute the derivatives of the real and
imaginary parts and collecting terms to obtain the formula

(e(p+iw)t)/ = (p+ iw)elPTiwlt

In other words, even for r = p 4 iw, the formula

d
%ert =re" (5.11)

holds!

More generally, if z(t) = z(t) + iy(t) = CelPt™) where C' = Cy + iCy, then clearly
Z(t)=C - (p+iw)ePT) and 2" (t) = C - (p + iw)2elPT)t
On the other hand, from the definition of the derivative
2 (t) =2/ (t) +iy' (1),
gives a simple way to compute derivatives of
z(t) = Re (2(t)) = (C cos(wt) — Cy sin(wt))e”” (5.12a)

and

y(t) = Im (2(t)) = (O sin(wt) + Cq cos(wt))e* (5.12b)
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the real and imaginary parts of z(t):

2'(t) = Re (C~ (p+ iw)e(p”“)t) and y/'(t) = Im (C- (p+ iw)e(p+iw)t) . (5.12¢)

2" (t) = Re (C (p+ wi)Qe(’”'“")t) and y”(t) = Im (C- (p+ wi)Qe("H“)t) . (5.12d)

EXAMPLE 5.7. Consider the function
z(t) = (5cos(2t) 4 4sin(2t))e /5.

Graph x(t), then compute its first and second derivatives.

SOLUTION. Observe that z(t) = Re (2(t)) with z(t) = (5 — 44)e(~1/5T2Dt To graph x(t), write z(t)
in polar form: (5 — 4i) = Ae™*, with A = /52 + 42 = /41 ~ 6.40 and ¢ = arctan(4/5) ~ 0.67. Hence,
2(t) = Ae—i0e(A/BFR)E . go=t/5o(210)i

From this, it follows that
z(t) = Ae™t cos(2t — @) = Ae ™V cos(2(t — ¢/2)) ~ 6.40e7/° cos(2(t — 0.38)),

from which one can more easily visualize the graph (see Example A.1 in Appendix A).

LAl
Rk

-10

FIGURE 5.6. The graph of z(t) = Ae™/° cos(2t — ¢).

Omne could, of course, compute the first and second derivatives of z(t) directly from the original
formula, but that would be tedious. It’s easier, however, to first compute the derivatives of z(t) and
then to take the real part to obtain the derivatives of x(t). Here’s the computation:

Since

; 4 .
Z'(t)=(5b—4i)(-1/5+ 2i)6(71/5+27‘)t = (7 + 552> o(—1/5+2i)t 7

4
2 (t) = (7 cos(2t) — % sin(2t)> et
Since

) 2 .
0 = 5 0 2 = (g 20 o,

296
2 (t) = — <23 cos(2t) + 55 sin(2t)) et/
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1
EXAMPLE 5.8. Evaluate the definite integral / (3cos(2t) — 4sin(2t))e® dt.
0

SOLUTION. Observe that (3 cos(2t) —4sin(2t))e® = Re ((3 + 4i)e(5+2i)t>. We can now compute as

follows:
1
/(3c0s(2t) 4sin(2t))e’ dt = / (3 4 44)e>F20)t )
0
Re

(3+4z( (5+2i) 1)>

R (
= Re <§+§ 5+2m]> 5120
—re (52 + 557) (Ueos + ssin2) - 1)
—Re (54 391) (€ cost2) — 1)+ ie?sin2) )
= 2 (S cos(2) ~ 1) ~ poesin(2) & ~114.9

EXERCISE 5.3.

(1) Sketch the graph of the curve z(t) = (2 + 2i)e(%+”)t for 0 <t < 3 in the complex plane.

(2) Write the function x(t) = 3¢ cos(4t) + 5e*'sin(4t) in each of the forms z(t) = Re (Ce™)
and z(t) = Ae”*cos(wt — ¢), where A, w and ¢ are real numbers and C and r are complex
numbers.

(3) Using the complex exponential function, compute the second derivative of the function z(t) =
(2 cos(4t) — 3sin(4t))e~t Check your answer by also computing the second derivative directly.

(4) Evalutate the definite integral / et/ ™ sin(t) dt.
0






CHAPTER 6

Introduction to Second Order Differential Equations

6.1. Introduction

Recall that a second order ordinary differential equation is one that can be written in the form

d*y dy
ZJ_F il
dt? (t’y’ dt)

and that a solution is a function y = y(t) satisfying the equation

y'(t) = F (t,y(t),y'(t))

for all ¢ in some interval. As was the case for the general first order differential equation, second order
differential equations have many solutions. As mentioned in the introduction, differential equations have
many solutions; additional information is needed to determine a unique solution. Usually, this is in the
form of initial conditions of the form

y(to) = yo and y'(to) = yo

specifying the value of the solution and its derivative at a fixed time ¢ = to. A function y = y(t) satisfying
the differential equation together with the initial conditions y(to) = yo, ¥'(to) = ¥ is a solution of the
initial value problem

d?y dy
—F(ty =2 to) = "(ta) = /..
dt2 < Y, dt> ) y( 0) Yo, ) ( 0) Yo

Second order differential equations are important because most differential equations that arise in
physics and engineering applications are second order differential equations. For example, the differential
equations governing the motion of mechanical and electrical systems are generally cast as second order
ordinary differential equations.

Newton’s second law of motion, “F' = ma,” is perhaps the most famous differential equation. If x is
the position of a particle of mass m moving along a straight line and subject to a total force F'(t, z,z")
depending on time, the position of the particle, and the speed of the particle, then its position = = x(t)
at time ¢ is a solution of the second order differential equation

ma” = F(t,z,2').

6.2. Special Cases

There are two cases in which a second order differential equation can be solved by reducing them to
a pair of first order differential equations:
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56 INTRODUCTION TO SECOND ORDER DIFFERENTIAL EQUATIONS

d?y dy d?y dy

&2 d
Y_F (t, y) let u = dy/dt. Then

To solve the differential ti
o solve the differential equation — 7 )

du

— =F(t,u).

g~ Flbw

This is a first order differential equation. If w = U(¢, C}) is a solution, then the differential equation
dy
—=u=U(t,C
dt U ( ) 1) )

can be solved by integration:

y(t):/tU(&C’l)ds—}—Cg.

d? d
To solve the differential equation dTg =F (y, dg), let u = dy/dt, and use the chain rule as follows:

d?y  du dudy du
—_— = = — — = — .
dt? dt dy dt dy
The original second order differential equation can now be rewritten as the first order differential equation
in the independent variable y, rather than ¢:

— =F

“ (y,w)
Suppose that w = U(y, C1) is the solution, then the differential equation

dy

— =U(y,C1),

dt (yv 1)
can be solved by separation of variables:

dy
—— =t+C5.
/ U(y7 Cl) 2

EXAMPLE 6.1. To solve the differential equation y” + t(y')? = 0, let u = 3. Then v/ + tu? = 0,
which can be solved by separation of variables:

du _ /tdt = L_ 7SZ—I—C’ = == ! = 2
w2 u 2 ! y__t2/2+C1_t2+2C1'
Consequently,

¢ 1 2 t
y(®) / a0, M= gy arctan (m) O

EXAMPLE 6.2. Recall the harmonic oscillator discussed in Example 1.8, consisting of an object of
mass m attached to a spring and free to move to the right and left without friction. If x denotes the
amount the spring has stretched relative to its equilibrium position, then by Hooke’s law (see Figure 1.2)
the force on the object is —kx; and Newton’s second law “F = ma” takes the form

d*z

To solve the initial value problem

&z

/
mﬁ—l—lmzo, x(0) =xz¢, 2'(0) =,
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d
set v = dz/dt. Then Equation (6.1) assumes the form md—;} = —kx. By the chain rule
dv  dv dx dv

—=——=v—.
dt dx dt dx

Substituting this into the equation mv’ = —kx and viewing v as a function of z rather than ¢ results in

the differential equation for u = u(x)

dv
_— = —k
my—— x,
which can be solved by separation of variables:

k k
mudv = | —kxdr = mvz =——-2’+FE, = m1)2Jrf:v2 =F,
2 2 2 2
where F is a constant. Since v(tg) = #'(to) = vo and z(tg) = vo,

m k
Therefore, x = x(t) and v = v(t) satisfy the equation
mo, ko mo ko,
E’U —+ §I = E’UO —+ 5.’170.
Recall from high school physics that
1
5mv2 = kinetic energy (of the mass) and 51@;102 = potential energy (stored in the spring).

The quantity F is, therefore, the total energy of the mass-spring system. This is a special case of the
law of conservation of energy:

kinetic energy + potential energy = £ = a constant .

2 2
v T v

=1
2E/k T 2E/m

FIGURE 6.1. Conservation of energy implies that curve ¢ — (z(t),v(t)) in the (z,v)-
plane is an ellipse.

Having found the relation between v = dx/dt and z, the position = z(t) can be found by solving

the equation

for dxz/dt and separating variables:

dx 1 dx k
— = +V2F — k22 = £Vk\/2E /k — 22 —_— — =y —.
vm = V x vk Jk—a2? = T Vo

k k
in! [\ e | =yt —
sin ( 2EI> mt ?,

Integration yields
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where ¢ is a constant of integration. Solving for = yields the equation

s wfEi-s).

The most important conclusion to draw from this computation is the following:

[ k
The mass attached to the spring oscillates with frequency \/ —.
m

2z

Note: This is not the usual way the differential equation mﬁ + kxz = 0 is solved! In Chapter 8,

an easier, less involved approach is given.

EXERCISE 6.1. Let an annulus, i.e. the area between two concentric circles, be described in polar
coordinates by 1 < r < 2. If the inner boundary is held at temperature T' = 50°C' and the outer boundary
at T'= 100°C for a long time so that the annulus reaches thermal equilibrium, the temperature 7' of at
a point in the annulus will depend only on the distance r from the center and it can be shown that it
satisfies the second order differential equation

d*T 1dT

— +-—=0

dr?2 = rdr
Find the temperature distribution 7' = T'(r).

Hint: Let y(r) = T'(r) and solve a first order differential equation for y(r).

6.3. Linear Second Order Differential Equations

The most important class of differential equations is the class of linear second order differential
equations. These are differential equations that can be written in the form
d*y dy
—= 4+ p(t) = +qt)y = f(t),
gz Tpt) o Hat)y = f(t)
where the functions p(t), ¢(t) and f(¢) are usually assumed to be continuous or piecewise continuous on
an interval @ < t < b. When f(t) = 0, the differential equation becomes
d*y dy
— 4+ p(t) = +q(t)y =0
gz TPt o +at)y
and is called a homogeneous differential equation. When f(t) is not zero the equation is called a nonho-
mogeneous differential equation. The function f(t) is called a forcing function.

Notice the similarity between the form of linear second order differential equations and the form of
linear first differential equations:

W ptyy = f(t).

dt
REMARK 6.1. (NOTATION) Rather than writing out the full (and rather long) expression
d*y dy
— t) — t
gz Tt o +a®)y,
it is often convenient to use the shorthand notation L[y] for the left-hand side:
d*y dy
Ly = — t) — t)y.
] = 22 +p(t) o +alt)y
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For instance, if L[y] = " + 4y. Then
L[sin(2t)] = (sin(2t))" + 4(sin(2t)) = —4sin(2t) + 4sin(2t) =0,
showing that the function y(t) = sin(2¢) is a solution of the differential equation
y' +4y=0.
Since, L[sin(t)] = —sin(t) + 4sin(t) = 3sin(t), it follows that y = sin(¢) is a solution of the differential
equation
y" + 4y = 3sin(t) .
The object L is called a linear operator because
L[C1y1(t) + Caya ()] = C1L{y1 ()] + CaLlya(1)]

for any two functions y;(t) and y,(¢) and any constants C; and Cs.

Here is the main theoretical result about second order linear differential equations:

THEOREM 2. Suppose that p(t), q(t) and f(t) are continuous on the interval a < t < b. Suppose
further that to is between a and b. Then the initial value problem
Lyl =y" +p(t)y" +at)y = f(t), y(to) =yo, ¥'(to) =0
has one and only one solution defined on the entire interval a <t <b.

Some bad news. This theorem does NOT tell us how to find the solution—it only confirms that
a solution exists and that it is unique. Even worse, unlike the first order linear differential equation,
there is no general formula for the solution of this second order initial value problem.

Some good news. When p(t) and ¢(t) are constants there are general techniques for finding a
solution. This is the most important case, and the remainder of these notes are devoted to the study of
initial value problems of the special form

LIyl = ay” +by +ey=F(), ylt)) =10, ¥'(t)) =30, (6.2)

where a, b, ¢ are constants and a > 0.







CHAPTER 7

Solving Homogeneous Differential Equations

The goal of this chapter is to understand how to solve initial value problems of the form

Lyl =ay" + by +cy=0, y(to) =yo. ¥ (to) =yo- (7.1)
Suppose that we have succeeded in finding two solutions of the equation L[y] = 0, say y1(t) and y2(?).
Then, by the superposition principal (mentioned in the previous lecture) the “linear combination”

y = Ciy1(t) + Caya(t)
is also a solution of L[y] = 0. Let’s verify that this is the case:
Lly] = L[Ciy1 + Cayo]
a(Cry1 + Caya)” + b(Cryr + Caya)' + c(Cryr + Coyo)
= a(Cry; + Cayy) + b(Crys + Cays) + c(Cry1 + Caya)
= Ci(ayy +by; + cyr) + Caayy + bys + cya)
= CiL[y1] + C2Ly,]
= C1-0+C-0=0

Therefore, once we have found two solutions y; (¢) and y2(¢), we can construct lots of solutions by taking
linear combinations.

Here is the general strategy for solving an initial value problem of the form

Lyl =0, y(to) =wo, ¥'(to)=1p-

(i) First find two specific solutions of the differential equation
Ly = ay” +by' + cy = 0.

Call them y; (t) and yo(t).
(ii) Form the general solution y(t) = Cry1(t) + Caya(t)
(iii) Choose Cy and Cs so that the initial conditions are satisfied.

The last step involves solving the system of equations

Ciy1(to) + C2y2(to) = yo
Ciyi(to) + Cays(to) = yo
for the unknowns C; and Cs. This is always possible, provided that the functions y;(t) and ys(t) are

not scalar multiples of one another. In that case, y1(¢) and ya(t) are said to be independent solutions or
that they form a fundamental basis of solutions.

(7.2)

In examples, it is usually easy to solve for C; and C3. The formulas:

o, = Yoya(to) — o y2(to) , = Youilto) —yoyi(to)
y1(to) ya(to) — y2(to) ¥ (to)

Y1 (to) y5(to) — ya(to) vy (to)
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62 SOLVING HOMOGENEOUS DIFFERENTIAL EQUATIONS
are occasionally useful. The denominator is called the Wronskian of y; (t) and y2(¢). The main theoretical
result is contained in the following theorem.
THEOREM 3. Let y1(t) and ya(t) be independent solutions of the differential equation
Lyl =ay” +by +cy=0.
Then for any value of to, the initial value problem
y(to) = yo and y'(to) = yo
has a unique solution of the form y(t) = Cy1y1(t) + Coya(t) defined for all values of t.

REMARK 7.1. The fundamental basis is not unique! There are MANY fundamental bases of solutions
for a given homogeneous linear differential equation.

ExAMPLE 7.1. Consider the differential equation

12
y —y=0.
The functions e’ and e~* form a fundamental basis of solutions. But so do the functions
-t ¢t
sinh(t) = % and cosh(t) = %

Yet another is the pair of functions
sinh(¢ — 3) and cosh(t — 3)

Note: These functions are all linear combinations of the solutions e’ and e~*, hence they are solutions.

REMARK 7.2. Choosing the right fundamental system can often simplify the solution of initial value
problems. For instance, consider the IVP

y'—y=0 y@B)=11 ¢'(3)=13.
The function y(t) = C4 cosh(t — 3) + Cy sinh(¢ — 3) is the general solution of 4" —y = 0. From this, it is
easy to determine C; and Cj:
y(3) = C; cosh(0) + Cy sinh(0) = C; = 11
and
y'(3) = C1 sinh(0) + Cs cosh(0) = Cy = 13.
Hence,
y(t) = 11 cosh(t — 3) + 13sinh(t — 3).
The function y(¢) can also be expressed in terms of the fundamental system e! and e~ by expanding:
y(t) = 11 cosh(t — 3) 4+ 13sinh(t — 3)
11

13
= ?(et_?’ +e ) 4 ?(et_?’ — e 3) = 1273 —e3et .

Although this last way of writing y(¢) is correct, it hides the initial conditions.

7.1. The Characteristic Polynomial

One way to solve the homogeneous differential equation
Lly] = ay” + by +cy =0
is to look for solutions of the form y = ™. Notice that
Lle™] = a(e™)” 4+ b(e™) +c(e™) = (ar? + br +c)e™.

Consequently, if r is a solution of
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ar? +br+c¢=0, (7.3)

then e is a solution of the differential equation. The polynomial ar? 4 br + c is called the characteristic
polynomial of the differential equation, and the equation (7.3) is called the characteristic equation.

Tt

The roots of the characteristic polynomial can be found by inspection, by factoring, or (in the worse
case) from the quadratic formula:

—b+ Vb2 — 4ac
2a ’
In any case, it appears that the problems of solving the differential equation has been reduced to a

problem in high school algebra. Let r; and ro be the roots of the characteristic polynomial. There are
three cases to consider:

(i) r1 and 75 are both real and r; # o (b* > 4ac).
(i) 71 = ry (b = 4ac).
(iii) 71 and 7o are complex (b* < 4ac).

In case (i), the two functions y;(t) = €% and ya(t) = e™! clearly form a fundamental system of
solutions. But this fails in case (ii), where the characteristic polynomial has only one root. In case (iii),
where the roots are complex, the meaning of ¢! and e"2! is unclear.

7.2. Distinct Real Roots of the Characteristic Polynomial

This is the easiest case: the functions €™ and e"2? are independent; and, therefore,

[4(0) = G + Gy

(7.4)

is the general solution of the differential equation.
EXAMPLE 7.2. Solve the initial value problem
Liyl=v" -3y +2y=0and y(0) =0, ¢'(0)=1.
SOLUTION. Substituting y = €™ into the equation L[y] = 0 gives
(7‘2—37’+2)-6th0,
This implies that r satisfies the quadratic equation
2 =3r+2=(r—2)(r—1)=0.
Therefore, y = et and y = 2! are two independent solutions of the differential equation and
y(t) = Cret + Coe?
is the general solution. The initial conditions are
y(0)=C1+Cs=0
and
y(0)=C1+2C,=1.
It follows that C; = —1 and Cy = 1. Therefore,

y(t) = —e' +e*.
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EXAMPLE 7.3. Solve the initial value problem
Lyl =y"—4y=0, y0)=7, y'(0)=8.

SoLuTION. First find the general solution of the differential equation by looking for solutions of the
form y = e". Since L[e"] = (r? —4) - e, r = 2 and the general solution is
y(t) = Cre* + Cre™ .
The initial conditions give
Ci+Cy=7and 2Cy —2C, =8,
which are easily solved to give
11 3

ClzgandCb:a.

11 3
Hence, y(t) = 762t + 56_%.

EXAMPLE 7.4. Solve the initial value problem:

y' —y=0 y(3)=11, y'(3)=13.

SOLUTION. The roots of the characteristic polynomial r? — 1 are £1, hence the general solution is
y=Cret + Chet.
The initial conditions give
y(3) = Cr1e3 + Coe™3 =11 ¢/(3) = C1e® — Chre™ =13.
Solving for C7 and C5 gives:
C; =123 and Cy = —€3.
The solution of the initial value problem is, therefore,

y=(12e"3) el —ede ! = 12e(t=3) _ o—(t=3)

7.3. Repeated Roots of the Characteristic Polynomial

ExAMPLE 7.5. Consider the differential equation
y//+2y/+y:().
The characteristic polynomial is

P2 42r+1=(r+1)>2,

t

which has only one root r = —1. Therefore, the function e™" is a the only solution of the differential

equation of the form e".

Fortunately, one can check directly that te~t is also a solution:
Lite™"] = (te™")" + 2(te™) + (te™")
(t—2)e " +2(1 —t)e " 4 te?
(t—2t+t)e "+ (—242)e " =0.
Since te~! is not a constant multiple of e~*, the general solution is

y(t) =Cre t + Cote ™ = (C1 + Cot)e™.
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This idea works in all cases where the characteristic polynomial has a double root. For suppose that
the characteristic polynomial factors has the double root ry. Then

2=a(r? —2ror +13).

ar? +br +c = a(r —ro)
One solution of the differential equation is e™*. To see that te"? is another, compute as follows:
Lite™"] = a {(te™")" — 2ro(te™")" + r§(te™"}
= a{(2ro +rit)e™" — a2rg(e”" + rote™") + rjte™"}
=a{(r§ —2r§ + rg)te”™" + (2ro — 2r¢)e™"} =0

Thus, the general solution is

‘ Yy = 01 6r0t + Cz terot == (Cl + CQ t) 6rot . ‘ (75)

ExXAMPLE 7.6. Find the solution of the initial value problem.
y' =6y +9y=0, y(2)=3, y(2)=0.
SoLUTION. The characteristic polynomial factors as
r?—6r+9=(r—3)>.
So the general solution is y = (C} + Cat)e3'. The initial conditions give
(CL+2C5)e® =3, (3C, +7C)e® =0
Solving for C; and Cj gives C; = 21e %, Cy = —9¢5. Hence,
y(t) = (21 — 9t)e3~°

is the solution of the initial value problem.

7.4. Complex Roots of the Characteristic Polynomial

It remains to consider case (iii) where the characteristic polynomial of the differential equation
Lyl =ay" + by +cy=0
has complex roots. Specifically, suppose b? < 4ac, then the two complex roots are
, b\, . [ Viac—p?
pLiw= (—2(1) +1q (2@) .

Working formally, one expects the functions e(***)t to be solutions the differential equation

ay” +by' +cy=0.
Recall that if w(t) is a complex-valued function:

w(t) = u(t) +iv(t),
where u(t) and v(t) are real-valued functions. Then

w'(t) =/ (t) +iv'(t),
and by linearity of the operator L:
Liw] = (aw” + bw" + cw”) = (au” + bu’ + cu) + i(av” + bv" + cv) = L{u] + iL[v] .

Consequently,

L{w] =0 if and only if L{u] = 0 and L[v] = 0.
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In other words, if w(t) is a (complez-valued) solution of of the differential equation L[y] = 0 then both
u(t) and v(t) are solutions.

This suggests looking for complex-valued solutions. Recall from Section 5 that
dert
dt
even for a complex number r = p + iw. Consequently, if r is a complex root of the characteristic
polynomial ar? + br + ¢, it follows that
Lle™] = (ar® + br + c)e"™ = 0;
and, therefore, so both the real and the imaginary parts of

Pt — Pt cos(wt) 4 ie”t sin(wt)

=re",

are solutions of L[y] = 0. The functions e”’ cos(wt) and e”’ sin(wt) are clearly independent. This implies
that

y(t) = e”*(Cy cos(wt) + Cysin(wt)) = Re ((C’l - iC’g)e(”H”)t)
is the general solution of the differential equation.
ExAMPLE 7.7. Find the solution of the initial value problem
y' — 4y +13y =0, y(0)=1, 4'(0)=4.

SOLUTION. By the quadratic formula, the roots of the characteristic polynomial are 2 + 3i, the general
solution is, therefore

y(t) = Re ((Cl - ng)e(2+i3)t) = e?!(C} cos(3t) + Co sin(3t)) .
The initial conditions imply
y(0) =Re (C1 —iCy) =C1 =1
¥ (0) = Re ((C1 —iCs)(2+413)) =20, 4 3C, = 4.

Hence,
4-20; 2
C = = -
? 3 3
Therefore,
2. (2+3i)t 2. 2t
y(t) =Re | (1 - gz)e = | cos(3t) + 3 sin(3t) | e=".
Since

2 ; 13
1+ §Z =/(1)2 +(2/3)2¢" = ge“ﬁ, where ¢ = arctan(2/3) = 0.675,

the solution can also be written in the form

VI3 iy o 13 o, .
y(t) = Re <3e""5e(2+13)t> =Re (fe%e’“t“b)) ~ 1.20¢2* cos (3(t — 0.225)) .
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500

-500 \

|
\

FIGURE 7.1. The graph of y(t) = 1.20 €2 cos(3(t — 0.225)).

EXERCISES 3.

(1) Solve each of the following differential equations and initial value problems.
(a) ¥’ =4y =0,y(0) =1, y'(0) = 1.

)y =4y +3y=0,y(1)=0,y(1)=1
)y =3y —10y=0

)y =3y =0.

)y =4y +4y=0

) Yy + 6y +9y=0,y(0)=0,y'(0) =1
n
)

is also a solution.
(b) Show that if the pair of solutions y;(t) and y2(t) is a fundamental system of solutions,

then so is the pair y;(t — o) and ya(t — to).

(3) The function
y(t) = 2e7" cos(5t) + 3e ! sin(5t)
is the solution of the initial value problem
' +2y +26=0 y(0)=2,y(0)=13
(a) In the form above, it is difficult to graph. Rewrite it in each of the two forms
y(t) = Re (Ce™) and y(t) = Ae™* cos(wt — ¢),

where C' and r are complex numbers that you have to determine, and A, w and ¢ are real
numbers that you also have to determine.
(b) Sketch the solution.
(4) Write the solution of the initial value problem

Yy’ +25y =0 y(0)=1 4'(0)=2.

in the form y(t) = Re (Cel?**)*). By converting C' to polar form write the solution in the

form
y(t) = Aef' cos(wt — ¢) ,
where A and ¢ are real numbers determined by the initial conditions.






CHAPTER 8

The Harmonic Oscillator

Recall that the harmonic oscillator (see Examples 1.8 and 6.2) is the mechanical system consisting
of an object of mass m attached to a spring with spring constant k. Recall also that if = denotes the
amount that the spring is stretched with respect to its equilibrium position, then by Newton’s second law
of motion, the function x = z(t), t = time, is a solution of the linear differential equation ma” + kx = 0.
Because m and k are both positive, the equation can be rewritten in the form

[k
" +wix =0, where wy = i (8.1)

Since +wq i are the roots of the characteristic polynomial 7% +w?, the general solution can be written
in the form

x(t) = Re (Aei(“”t_¢)> = A cos(wot — @) = Acos(wo(t —t9)), where tg = % . (8.2)

Equation (8.1), therefore, predicts that an object attached to a spring will oscillate at frequency wp and

2
period T' = T (See Figure 8.1.)
Wo

—— Xx=Acos(wo(t — to))
-+ x=Acos(wot)

Lo

FIGURE 8.1. The graph of z(t) = A cos(wo(t — tp)).
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70 THE HARMONIC OSCILLATOR

The mass-spring system is one of many systems modeled on the differential equation (8.2).

ExXAMPLE 8.1. (LC-CIrRCUITS) An LC-circuit is the electrical circuit (Figure 8.2) obtained by re-
moving the resistor and voltage source from the electrical circuit of Example 1.9. Deleting the terms
involving R and V (t) from Equation (1.11), simplifies the differential equation to

1
Lq" + ci= 0, (8.3)

which governs the behavior of the charge ¢(t) on the capacitor. Apart from a change of symbols, the
differential equation (8.3) is the same as the differential equation (8.1). Therefore, the charge on the
capacitor is also modeled by a function of the form

q(t) = Acos(wot — @),
where in this case wg = 1/1/LC. Similarly, the voltage drop across the capacitor is

Vel(t) = &Ct’) = gcos(wot - ).

Consequently, in an LC-circuit, the charge on the capacitor and the voltage drop across it both oscillate
with frequency wg = 4/1/LC and period T = 27 LC.

FIGURE 8.2. An LC-circuit.

Notice that because I(t) = ¢/(t), the current also oscillates at the same frequency.

EXAMPLE 8.2. Suppose you want to design an LC-circuit in which the current oscillates at 60 Hertz
(cycles per second). Suppose further that you have only one inductor with inductance of 9100 u H.
(uH = micro Henries) What capacitance should you choose for the capacitor?

SoLUTION. If the frequency is 60 Hertz, then wy = 27 - 60 = 1207 sec ™. Since wy = 1/vLC,

1 1

¢= wZL ~ (120m)2(9100 x 10-6)

F~773.2uF,

(uF = micro Farads)

ExAMPLE 8.3. (A DAMPED MASS-SPRING SYSTEM) Since the mass-spring system and the LC-
circuit are both modeled by the same differential equation, one might wonder if there is a mechanical
system that exhibits the same behavior as the RLC-circuit described in the introduction:

1
Lq"+Rq + ci= V(t).
There is one: the damped harmonic oscillator, which models a mechanical system consisting of an object
of mass m suspended at the end of a spring, attached to a damping mechanism, and under the influence
of gravity.
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There are three forces acting on the object:

hd Fgravity = —gm, g = 9.8H1/S€C2.
® Fiamping = f’y%, the damping force, where v is
the damping coefficient. Fopring = —ky T 0
Ly =

® Fypring = —ky, the spring force, where k is the
spring constant and where we have set y = 0 at
the rest position of the spring. Hence, for y > Foravity = _mgl
0 the spring is compressed and the force spring
exerts on the object is negative (pointing down);
and for y < 0, the spring is stretched and the Faamping = —7Y
force is positive (pointing up).

/

FiGURE 8.3. The damped harmonic oscillator

Let y denote the position of the object measured in meters along a vertical coordinate axis pointing
up (see Figure 8.3) Align the y-axis so that y = 0 at the bottom end of the spring when no mass is
attached. Applying Newton’s second law of motion (“F = ma”) results in the differential equation

my" =—gm-vy —ky
which is better written in the form

my" +vy +ky=—gm. (8.4)

Observe that the mass is in equilibrium when the upward force of the spring cancels with the
downward force of gravity, i.e. when —ky — mg = 0 or when y = ye, = —mg/k (the equilibrium
configuration). This suggests writing y in the form

Y = Yeq +x.
The quantity z is the displacement of the mass from its equilibrium position y = y., (see Figure 8.3).
Substitution of this formula into equation (8.4) gives
ma’ +yx' +kr=0. (8.5)

The effect of expressing the position of the mass in terms of its displacement from equilibrium is to turn
the nonhomogeneous equation (8.4) into (the equivalent) homogeneous equation (8.5).

Note: This shows that the motion of the original object under the influence of gravity is equivalent to
its motion without gravity—that is, changing the origin of coordinate system has the effect of eliminating
gravity from the equation of motion.

If, in addition an external force F(t) (in addition to the gravitational force) is applied to the mass,
then the homogeneous differential equation (8.5) becomes the nonhomogeneous differential equation

ma” +yx' +kx=F(t). (8.6)
This mechanical system is called the driven, damped harmonic oscillator.

REMARK 8.1. Notice that under the change of symbols

1
req, meL, v R, k<—>6, F(t) < V(t),
the differential equation modeling the driven, damped, harmonic oscillator is the same as the differen-
tial equation that models the RLC-circuit. This raises the possibility of modeling mechanical systems
by electrical networks. The analogue computers used in the 1940’s and 1950’s to study complicated
mechanical systems were based on this observation.
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The observed behavior of the damped harmonic oscillator (or of an RLC circuit) depends on the
numerical values of the parameters m, «, and k (or L, R, and C). More precisely, it depends on the

number and type of the roots
—y £ /7?2 —4dmk
2m

of the characteristic polynomial mr? 4+ vr + k. There are four cases:

ry, T2 =

2 — 4mk > 0 (Over-damped) Roots are real and negative.

2 — 4mk = 0 (Critically-damped) A single double root.

2 — 4mk < 0 (Under-damped) Roots are complex conjugates of one another.
= 0 (Un-damped) Roots are pure imaginary.

Figure 8.4 illustrates typical behaviors of the damped harmonic oscillator in each of these four cases.

—— Over damped [Qa“y damped

—— Under damped —— Undamped

A AT
v YAYAY

Over-damped Critically damped
7(27n+$>t 7(2‘1n7$>t e

z(t) = Ae + Be z(t)=(A+ Bt) e zm’

Under-damped Undamped

z(t) = Ae 7m tcos (wt — @) z(t) = A cos (wot — ¢)

FI1GURE 8.4. The four behaviors of the damped harmonic oscillator.

Note on units: Because fundamental properties of the system, such as the criterion for critical
damping, do not depend on units, it is worthwhile to express properties in terms of dimensionless
quantities. Notice that since wgt is dimensionless, the dimensions of wy are (time)~!. Because the
dimensions of (/m)x’ are the dimensions of 2", the dimensions of v/m must agree with the dimensions

v/m

of 2"’ /x'  i.e. (time)~!. It follows that the quantity is dimensionless (i.e. independent of units).

This suggests expressing the damping criterion terms of it. Since

2
_ oy EVP—Amk -y 72 _ 0 v/m
r1,To = =5+ 5 —wi=—5-Fwo — ) -1,
2m 2m 4m 2m 2w

the four cases above can be expressed in the following dimensionless form:

(=N

2/m 5 1 (over), Y™ =1 (critical), 0 < 2™ < 1 (under), 2™ = 0 (undamped)

7 2wo 2wo 7 2wo
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EXERCISES 4.

(1) A weight of mass m = 5 kg is suspended from a spring with unknown spring constant k. The
weight is free to move up and down. Ignoring friction, its position relative to its equilibrium
position satisfies a differential equation of the form

mu” +ku=0,

where t denotes time measured in seconds. To find the spring constant, the spring is set in
motion and the graph of u(¢) plotted. The result is shown in the following figure. The horizontal
axis is ¢ (measured in seconds), vertical axis is v (measured in meters):

T A A
I NV BN EARIAT AN
BYIRRIVARITRRAIRY

cos I
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-15

0 1 2 3
t

(a) The function u = u(t) is the solution of an initial value problem. What are the initial
conditions? That is, what are the values of ©(0) and /0?7

(b) What is the period T measured in seconds?

(¢) What is the spring constant k? ( Your answer can most easily be expressed in terms of w.)

(2) A cylindrical log of radius 1/10 meter, 5 meters in length, and with a mass of 50 kilograms is
placed vertically in a lake so that it is free to bob up and down. Assume that there is no water
resistance. A weight of 50 kilograms of negligible volume is attached to the bottom of the log
so that it remains vertical (so the total mass of the log and weight together is 100 kilograms).
The mass density of water is 1000 kilograms per cubic meter. (For convenience, assume that
the acceleration due to gravity is g = 10 meters per sec? (It is actually closer to 9.81.)

There are two forces acting on the log: gravity and the buoyant force of the water. The
buoyant force can be computed from Archimedes’ principle:
An object that is completely or partially submerged in a fluid is acted on by an upward
(buoyant) force equal to the weight of the displaced fluid.
Let ¢ be time in seconds and let d(t) denote the depth (in meters) of the bottom of the log

(a) Compute the depth d., of the log in its equilibrium position, i.e. when the magnitude of
the buoyant force is exactly equal the combined weight (in Newtons) of the log plus the
mass. Hint: Draw a good picture!

(b) Write down a differential equation for d(¢).

(c) Now let y(t) = d(t) — dey, the displacement of the log from its equilibrium position.
Assuming that y(0) = 1 meters and y’(0) = 0 meters/sec, write down an initial value
problem for y.

(d) Solve the initial value problem you wrote down in part (c).

(3) Consider a “U”-shaped tube filled with liquid Mercury as shown in the figure below. The
radius of the tube is 1 centimeter (so its diameter is 2 centimeters). There are 500 grams of
Mercury in the tube. Liquid Mercury has a mass density of 13.5 grams per cubic centimeter.
The mercury in the tube will oscillate with a certain period T', measured in seconds. Your task
is to compute T' by completing the following steps:
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(a) Let y(t) be the height above its equilibrium position of the liquid
surface at the left vertical segment of the tube. (At equilibrium,
both surfaces are at the same height above sea level and y = 0.
When y(t) < 0 the right surface is higher than the left surface.)
The only force acting on the mass of fluid in the tube is due to
gravity. Compute the total force on the fluid (vertical component
only) and use that formula to find a linear, homogeneous, constant
coefficient, second order differential equation for y = y(t).

(b) Compute T by solving the differential equation you found in part (a).

Hints: Treat the fluid as a single rigid body. The net force acting on the fluid is twice the
weight of the fluid above the equilibrium level (all other forces cancel).

A 1 kilogram mass is suspended from the end of a spring with a spring constant of 1 N/n

(Newtons per meter). The mass is free to move up and down, y is the amount (measured in

meters) that the spring is stretched and there is no gravity. In addition, there is a damping

mechanism that exerts a force of —v 1’ Newtons, where v is a constant.

(a) What value of v will make the system critically damped?

(b) If at time ¢ = 0 the spring is not stretched and the mass is moving at a rate of 0.5 m/sec
(meters per second), what is the formula for y(¢). (Use the value of 7 obtained in part a).

(c) What is the maximum amount by which the spring will be stretched?

Consider a mechanical system consisting of a spring with spring constant & = 10 1b/ft and a
100 pound weight that is free to move up and down. Assume that at time ¢ = 0 sec the spring is
unstretched but taut and the velocity of the weight is 0 ft/sec. Notice at time ¢ = 0 sec the net
force on the weight is the 100 pound downward force due to gravity. Describe the subsequent
motion of the weight, particularly the period and frequency of the resulting periodic behavior
and the amplitude of the oscillations.

Suppose that a car weighing 2000 pounds is supported by four shock absorbers each with a
spring constant of 520 1bs/inch.
(a) Assume no damping and determine the period of oscillation of the vertical motion of the
car. Hint: g = 384in/sec’.
(b) What were the initial conditions if after 10 seconds the car body is 4 inches above its
equilibrium position and at the high point in its cycle?
(¢) Now assume that oil is added to the shock absorbers to produce a force of —83.2lb-sec/in
times the vertical velocity of the car body (measured in/sec). Find the displacement y(t)
from equilibrium if y(0) = 1 in and 3’(0) = —12 in/sec.

Suppose that you are designing a new shock absorber for an automobile. The car has a mass
of 1000 kg (kilograms) and the combined effect of the springs in the suspension system is that
of a spring constant of 20000 N/m.

(a) Before a damping mechanism is installed in the car, when the car hits a bump it will
bounce up and down. How may bounces will a rider experience in the minute right after
the car hits a bump?

(b) Your job is to design a damping mechanism that eliminates oscillations when the car hits
a bump. What is the minimum value of the effective damping constant that can be used?

(¢) Suppose that at time ¢ = 0 the car hits a bump. Immediately before that time the car
was not moving up and down and the effect of the bump is to add a vertical component
to the speed of the car of 1.0 meter/sec. How high will the car rise above its equilibrium
position if you design the system with the damping constant you found in part (b)?



CHAPTER 9

Solving Nonhomogeneous Differential Equations

Recall that the general solution of the homogeneous differential equation
Lyl = ay” + by’ +cy =0.

is of the form
yn(t) = Crya (t) + Caya(t),

where y; (t) and yo(t) form a fundamental basis of solutions. The general solution of the nonhomogeneous

differential equation
Llyl = ay” + by’ + cy = f(t),
can then be written in the form
y(t) = yp(t) + yn(t) = yp(t) + Cryn(t) + Caya(2),

where y,(t) is a particular solution of the nonhomogeneous differential equation.

(9.1)

(9.2)

To show this, assume that y(t) is any function with L[y(t)] = f(¢). Then the difference y(t) — y,(t)

is a solution of the homogeneous differential equation as the following computation shows:

Lly(t) —yp(t)] = Lly()] = Ly ()] = f(t) — f(t) = 0.

But every solution of the homogeneous differential equation is of the form yy,(¢). Consequently,

y(t) — yp(t) = Crya (1) + Caya(t)
for some choice of C; and Cy. Hence, y(t) satisfies (9.2).

Solving the initial value problem
Lyl=ft), ylto)=wo, ¥'(to) =10,
then reduces to solving the following pair of equations:
C1y1(to) + Caya(to) + yp(to) = Yo
C1y) (to) + Cays(to) + ¥, (to) = o -

The problem of finding y;(¢) and y2(¢) was addressed in the previous chapter. It remains to find

techniques for finding a particular solution y = y,(t) of the nonhomogeneous equation

Lyl = ay”" + by +cy = f(1).

A particular solution denotes a solution that does not involve any arbitrary constants. This will become

more clear through examples.

There are several approaches to finding a particular solution. Two will be addressed in these notes:

e Undetermined Coefficients
e Laplace Transforms.

75
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REMARK 9.1. There is a third approach, called variation of parameters. Because undetermined
coefficients and Laplace transforms are sufficient in most cases, variation of parameters will not be
included in these notes. The interested reader can find a number of explanations of this method on the
web.

9.1. Undetermined Coefficients

When the forcing function f(t) is of a special form, the method of undetermined coefficients reduces
the problem of finding a particular solution to a problem algebra. Specifically, this method applies
whenever f(t) is of one of the forms

or
p(t) sin(wt)e™ + q(t) cos(wt)e™

where p(t) and ¢(t) are polynomials or when f(¢) is a sum of terms like these.

Here are some examples of differential equations where the method applies:

"~y = (3t+1)e*
(1 —t%) cos(3t)
"ty =(1+t+t3)e3 cos(3t) + te3 sin(3t)
(14 2t)e’ + (t*sin(3t) 4 (2 — t + t?) cos(3t))

Rather than presenting the method in general and then giving examples, it is less confusing to work
by example first followed by a description of the general method.

ExampPLE 9.1. Find a particular solution of the nonhomogeneous differential equation
Llyl =y" +3y +2y = (t —2)*.

SoLUTION. Notice that f(t) = (t — 2)e* is of the form p(t)e™, where p(t) = t — 2, a polynomial of
degree 1, and r = 2. Let

yp(t) = (At + B)e™

where A and B are to be determined. A direct computation gives:
Lly,) = {124t + (TA+12B)} €* .
Observe that y, will satisfy the equation
Lly,] = (t —2) ™,
provided that A and B satisfy the equation
{124t + (TA+12B)} €% = (t — 2) &*

for all £. Equating like terms results in two equations in two unknowns:

12A=1and TA+ 12B = —-2.
The first equation gives A = 1/12. Substituting this value into the second equation gives B = —31/144.

We conclude that
1 31 o
up(t) = {12t 144} “

is a particular solution.
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ExaMPLE 9.2. Find a particular solution of
Lyl =vy"+3y +2y=1-2t.
SOLUTION. Set
yp(t) = (At + B)e" = (At + B).

Comparing

Lly,] = (3A+2B) +2At¢.
with the function f(¢) = 1 — 2¢ yields the two equations

3A+2B=1and 24 = -2.

Solving the second equation gives A = —1 and substituting that value into the first equation gives B = 2.
Hence
Yp=2—1.

ExampLE 9.3. Find a particular solution of
Llyl =y" +3y' +2y = f(t) = (* —2) ™.

SOLUTION. In this case p(t) = t2 — 2, a polynomial of degree 2, so set
yp(t) = (At* + Bt + C) &*
Lly,) = {12A4#° + (14A+ 12B) t + (2A+ 7B+ 12C) } €*

and

Lly,) = (t* — 2)e*".
Equating coefficients gives the three equations

12A=1

14A+12B =0

2A4+ 7B+ 12C = -2.
The first equation shows A = 1/12.

The second (together with A = 1/12) forces B = —7/72.
And the third (together with A =1/12 and B = —7/12) forces C = —107/864.

Hence,
1 7 107
t) =13 —t? — =t — — ¢ e*.
up(t) {12 7 864} ¢
ExaMPLE 9.4. Find a particular solution of
Lyl =y" +3y +2y=(t—2)e ™.
SOLUTION. In this case, the function y,(t) = (At + B)e™?" cannot be a particular solution. Indeed, a
simple computation gives
L[(At + B)e ] = —Ae™?;
but
L[(At+ B)e ] = (t —2)e .

2t T The solution to this problem is to multiply by

Clearly, no choice of A and B can yield (¢ — 2)e
the original guess by t:
yp(t) =t (At + B) e 2.
Then
L[t(At + B)e %] = {—2At + (2A — B)} e 2",
The coefficients A and B can then be chosen to satisfy the equation

{—2At+(2A - B)} e 2 = (t — 2)e™ .
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Comparing terms as before yields two equations
—2A=1and 2A— B=-2;
and solving for A and B gives A = —1/2 and B = 1. Hence,
yp(t) = t(—t/2+ 1)e 2 = (t —12/2) e 2.
ExAMPLE 9.5. Find a particular solution to the differential equation
Llyl =y" =6y’ +9y = (t — 2)e™.
SOLUTION. Because 72 — 6r +9 = (r — 3)2,
L[e**] = 0 and L[te®] =0.
Consequently, the function y,(t) = (At + B)e® cannot be a solution. Neither can y,(t) = t(At + B)e3!
because
L[t(At + B)e?'] = 243
This suggests multiplying by ¢2, and setting y,(t) = t>(At + B)e3!. A short computation shows that
Lly,] = (6At +2B)e’ = (t — 2)e’,
Comparing coefficients shows that
yp(t) = t3(t/6 — 1)e*
is a particular solution.
EXAMPLE 9.6. Find a particular solution for
Lly] = y" — 6y’ + 13y = 5cos(2t)e

SOLUTION.

The characteristic polynomial 72 — 6r + 13 has roots 3 4= 2i. So the general solution of L[y] = f(t)
has the form

y(t) = yp(t) + {Cy cos(2t) + Cysin(2t)} €* .

Substituting

yp(t) = (Acos(2t) + Bsin(2t)) e*t
into the differential equation yields (after a lengthy computation)

Llyy] = {(A+4B) cos(2t) + (—4A + B)sin(2t)} e*
= 5cos(2t) e’

Equating coefficients gives the system of equations

A+4B=5and —4A+ B =0
whose solution is A =5/17 and B = 20/17. Hence, the function

(5 20 i
yp(t) = {17 cos(2t) + T, sm(2t)} e

is a particular solution.
EXAMPLE 9.7. Find the general solution of the differential equation
Lly] = y" — 6y’ + 13y = 5cos(2t)e* — 2tsin(2t)e’ .
SOLUTION. Let y,(t) = (A + Bt)e** cos(2t) + (C + Dt)e* sin(2t). A lengthy computation gives
Llyy] ={(A+ 2B +4C + 4D) + (B + 4D)t} cos(2t)e*
+{(—4A — 4B + C +2D) + (—4B + D)t} sin(2t)e*
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Comparing coefficients leads to the following system of equations:

A+2B+4C +4D =5
B+4D =0
—4A—-4B+C+2D =0
—-4B+ D =-2.
One finds (after some computation) that
67 8 344 2
289’ 17’ ¢ 289’ 17

and thus
67 344 2

8
)= —ooe + -t 2t)e + [ = — —t ) sin(2t)e*
o (t) ( 289 17 )COS( et + (289 17 )bm( Je
The roots of the characteristic polynomial 2 — 6r + 13 are 3 & 2i. Therefore, the general solution is
67 8 344 2
==+ =t 2)e* + | = — —_t ) sin(2t)e*
y ( 589 + 1 >cos( Je™ + (289 7 )sm( )e

+ {C1 cos(2t) + Cysin(2t)} €.

THE GENERAL CASE. Here is an outline of how to find a particular solution in the general case
ay” +by' +cy = f(t),

. p(t)e’
here f(t) is one of the two forms f(t) = ’
where f(t) is on e two forms f(t) { {p(t) cos(wt) + q(t) sin(wt)} e’
with
p(t) = po + pit + pat® + - - + pt”

q(t) = qo + @it + gat® + - + gut™.

(1) Let 71 and 75 be the the roots of the characteristic polynomial ar? + br + c.
(2) If f(t) = p(t)e™?! then let
P(t)e™t  if rg # 1,1
yp(t) = S tP(t)e™t  if rg =1y and ro # 7o
t2P(t)e™! if rqg = r; = r5 (double root),
where P(t) = Ag + At 4+ Agt® + - + Apt™.
If f(t) = {p(t) cos(wt) + q(t) sin(wt)} e then set

() = {P(t) cos(wt) + Q(t) sin(wt)} e™t  if ro +wi # 11,72
b t{P(t) cos(wt) + Q(¢) sin(wt) } ™t if rg +wi =ry or ro

P(t) = Ag+ At + Agt? + -+ + A, "
where ,

(3) Equate coefficients of powers of ¢ in the equation Ly,(t)] = f(t) to get a linear system of
equations in the unknown coefficients A; and B;.
(4) Solve the system to get P(t) (and Q(t)), and thus y,(t).
(5) If
Lly] = f(t) = f1(t) + f2(1),
where f1(t) and fo(t) are both of the above form (but with different values of n, ro and/or w),
then set

Yp(t) = yp, (1) + yp, (1) ,
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where

L[ypl] = fl(t) and L[ypz] = f2(t) .

9.2. Undetermined Coefficients Using Complex-valued Functions

When f(t) involves trig functions, the algebra involved in applying the method of undetermined
coefficients can be messy. In such cases, using complex-valued functions often simplifies the computati-
ons.

Recall from Section 5 that the complex exponential function is the function
et — (cos(wt) 4 i sin(wt))et
where p and w are real numbers. Its derivative satisfies the identity
de(ptiw)t

dt
Consequently, its second derivative can be easily evaluated:

= (p —+ w7:)6<p+iw)t .

d2€(p+iw)t
dt?
As already mentioned in Section sec:complex-functions, this fact greatly simplifies computations of de-
rivatives of functions of the form

=(p+ wi)Qe(p”“’)t .

x(t) = acos(wt)e” + bsin(wt)e .
ExAMPLE 9.8. Find a particular solution of the differential equation
Y +y +y = (cos(t) —sin(t))e*
SOLUTION. Since (cos(t) — sin(t))e* = Re ((1 + z')e(Q'H)t)7 there is a particular solution of the form
yp(t) = Re (2,(t)), where z,(t) is a particular solution solution of
24+ 2= (144)e@It,
Set 2,(t) = AeT)t. Then
20() + 20 () + 2p(t) = (2+14)2 + (2+ 1) + 1) AeTD!
= (6 + 51) eIt = (1 4 1)1
Solving for A gives
1+ 11 1

A= -4
615 61 61

Hence,

11 1 .
I = (249)t
“» (t) ( 61 61 /L) ¢ '

Taking the real part of z,(t) gives a particular solution of the original differential equation:

yp(t) = Re (2,(t)) = <é1 cos(t) — 6711 sin(t)) et
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ExXAMPLE 9.9. Solve the initial value problem
u” 4+ wiu = sin(wt),  u(0) =u'(0) =0,

for w # wyp.

SOLUTION. The general solution of the corresponding homogeneous differential equation is
up (t) = Cy cos(wpt) + Cq sin(wot) ,
so the general solution of the original differential equation is of the form
u(t) = C1 cos(wot) + Co sin(wot) + up(t) .

Since sin(wt) = Re (—ie™?), let u,(t) = Re(z,(t)), where 2,(t) = Ae™! is a solution of the complex

differential equation
2wz = —i et

To find A substitute z,(¢) into the complex differential equation:

2 () + wizp(t) = (—w® + wj)Ae™ ! = —ie™?
If follows that A = % and up(t) = Re (2,(1)) = — 5 sin(wt). The general solution is, therefore,
wi —w wi —w
u(t) = C1 cos(wpt) + Cq sin(wot) + P sin(wt) .
The initial conditions w
U(O) = Cl =0 and ’U/(O) = woC'g + ﬁ =0
force C1 =0 and Cs = LWOQ. Consequently,
(w? — wi)
(1) = 20 sin(unt) + g sin(wt) = g (/o) sin(wot) — sin(et))
u(t) = ———=sin ———sin = — in(wgt) — sin .
@ =) T W e T T gy PR ?

ExXAMPLE 9.10. Find a particular solution of the differential equation
u” + wiu = sin(wot) .

SOLUTION. Proceeding as before, the particular solution will be the real part of a particular solution of
the complex differential equation

2wl = —iewott,
The function z,(t) = Ae“*" won’t work since z)(t) + wgzp(t) = 0. So try the next best thing: z,(t) =
Atewoit,

2 (t) = Al + wpit)e”* = 2/(t) = A ((woi) + (1 + woit)woi) e = A (2wyi — _0%t) e~ ,

P P
Then ‘ ‘ ‘
2(t) + wizp(t) = A (2woi — wit + wit) e = (2wpi) Ae*0™ = —jert .
P 0 0 0
Solving for A gives A = 575 = —5.-. Hence, the function
up(t) = Re —Lte“’oit -t cos(wot)
P 2&]0 2(4)0

is a particular solution.
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EXERCISES 5. Solve each of the following differential equations and initial value problems.

" + 4y = 12 cos(4t) — 12sin(4t), y(0)
" — 2y +y =sin(2t)e".



CHAPTER 10

The Driven Harmonic Oscillator

In an earlier chapter, we studied the undriven harmonic oscillator. If there are additional time-
dependent (“external”) forces on the object, mechanical system is then modeled by the nonhomogeneous
differential equation

ma"” +ya' +kx=F(@t), (10.1)
where F'(t) denotes the external “driving force.” For simplicity, assume that F(¢) is of the form

F(t) = Fy cos(wt) .

10.1. Resonance

First consider the special case where there is no damping. The system is then modeled on the
differential equation

Fi
2" +wdz =2 cos(wt). (10.2)
m

Figure 10.1 indicates how an external force of the form F(t) = Fycos(wt) might be applied.

F1GUrE 10.1. A simple pendulum with a driving force. For small angles, 6 satisfies a
differential equation of the form 6" + w36 = A cos(wt).

When the frequency w of the driving force equals wqy (the natural frequency), interesting things
happen (see Figure 10.2). Recall that the solution of (10.2) is of the form
x(t) = xp(t) + zp(t) = xp(t) + Acos(wot — @),

where z,(t) is a particular solution.
There are two cases consider: w # wp and w = wy:

Case 1: w # wo. Notice (Fy/m) cos(wt) = Re ((Fo/m)e™?), so try z,(t) = Re (z,(t)) where z,(t) is
a solution of 4
4+ = (Fo/m)e™

83
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Substitute z,(t) = Ce™* into the differential equation to get

2+ wizp =(—w? + wg)Ce™' = (Fy/m)e™" .

Fi F , F
Hence, C' = 207/% and z,(t) = Re <20/m2 e“"t> = 207/7”2 cos(wt).
w2 —w w2 —w w2 —w

Case 2: w = wp. Try z,(t) = Cte’”o! Then

2+ whzp = ((2woi — wit) Ce™°" + wiCte'™° = 2wiCe 0" = (Fy/m)e™""
Fi Fi . F
O/m O/Tntezwot> _ ( 0/m> t Sin(th).

and z,(t) = Re
woi p( ) ( QWQi 2(4}0

REMARK 10.1. The computation without using complex-valued functions is similar, but involves a
little more algebra:

Therefore, C' =

Case 1: w # wy. Try z, = Acos(wt) + Bsin(wt). Then
)y + wiz, = — w?(Acos(wt) + Bsin(wt)) + wj (A cos(wt) + Bsin(wt))

= (w2 — w?)Acos(wt) + (wi — w?) sin(wt) = o cos(wt)

m
Fi F

Hence, A = Z(Lmz, B =0 and z,(t) = 207/m2
Wi —w Wi —w

Case 2: w = wy. Try z, =t (Acos(wot) + Bsin(wpt)). Then
)] 4+ whm, = — 2Awg sin(wot) + 2Buwg cos(wot)
— wit(A cos(wot) + Bsin(wot))
+ wit(A cos(wot) + Bsin(wot))
Fo
—=0 t).
- cos(wot)

Fo/m
2w0

F
Therefore, A =0 and B = % and z,(t) = (
0

) t sin(wot).

ExAMPLE 10.1. (RESONANCE) Consider the initial value problem:
F
" +wie = =0 cos(wt), x(0)=0, 2/(0)=0
m
First suppose that w = wy. The general solution of the differential equation is
Fo/m
t) =
o(t) = 3
The initial condition 2(0) = 0 implies C; = 0 and 2/(0) = 0 implies Cy = 0. Hence,
F
r(t) = 2™
2&)0

Thus, when the frequency of the external force is exactly equal to the natural frequency of the system
(w = wyp ), the amplitude of the oscillations of the system increases without bound—this is the phenomenon
known as resonance.

t sin(wot) + Cy cos(wpt) + Ca sin(wot) .

t sin(wot)

Now suppose that w # wg. The general solution of the differential equation is then

z(t) = (m> cos(wt) + C1 cos(wot) + Ca sin(wpt) .
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FIGURE 10.2. Graphs of solutions of z” + 4x = cos(wt), 2(0) = 2/(0) = 0 for various
values of w. “Resonance” occurs when w = 2.0.

F
The initial conditions z(0) = 20/m2 +Cy =0 and 2/(0) = Cy = 0 together give
Wi —w
F
x(t) = MSOKTZQ (cos(wt) — cos(wot)) -

Applying a trig identity from Appendix A leads to the formula

o () w5 (5]

When w is close to wg, the term in braces corresponds to a slowly varying amplitude, and the term
(wop + w)/2 = wp corresponds to a high frequency. This leads to the phenomenon of beats, which is
illustrated in Figure 10.2. As w approaches wg the frequency of the beats decreases, leading to the
solution when w = wy:

2F — Fi
LA}]i_)n:}O { (wg 0_/212> sin (wo2w t) } sin (wo ;_ d t) = 201)(:” t sin(wopt) .

To see this, apply 'Hopital’s to the expression in braces:

. 2Fy/m . [wo—w . (2Fp/m) sin ((wog_w)t) . (Fo/m)tcos (£252t)  Fy/m
lim 5 5 Sin t = lim = lim = t
w—wo | wf —w 2 wowo  (wo + w)(wg — w) w—rwo (wo +w) 2wy




86 THE DRIVEN HARMONIC OSCILLATOR

10.2. Forced Oscillations with Damping

The analysis of a forced, damped harmonic oscillator is similar to that of the forced (undamped)
harmonic oscillator. In this case, the system is modeled by the differential equation

ma’ +yx' +kx=Fy cos(wt)
The general solution is of the form
z(t) = zp(t) + Cra1(t) + Caza(t),

where x1(¢) and z2(t) are solutions of the homogeneous differential equation and z,(t) is a particular
solution of the nonhomogeneous equation.

For v > 0 there are three cases, based on the number and type of the roots of the characteristic
polynomial mr? + yr + k:

—y £V —dmk S el 5
= 5 — W
2m 2m 4m?2 07

T, T2 =
where wy = \/k/m (natural frequency). In all three cases, the term
xp(t) = Cra1(t) + Caxa(t)
has the property that
tllglo xp(t) =0.
The function xp(¢) is called a transient because when ¢ is large it can be ignored. For ¢ sufficiently large
solution is approximately given by x,(¢). That is
x(t) = xp(t) for large t

Using the method of undtermined coeffients alows us to write z,(¢) in the form

zp(t) = A(w) cos(wt) + B(w) sin(wt) = R(w) cos(wt — @) .

The function x,(t) is called the steady state solution. .

The computation of x,(t) using complex-valued functions proceeds as follows: Set z,(t) = Re (2,(t),
where z,(t) = Ce™". Substitute z,(t) into the equation mz), +7z, +kz, = Foe'* and note that k = mw}
to get

(m(iw)? + y(iw) + k)Ce™" = (m(ws — w?) + inw)Ce™t = Fye™*.
Therefore,
(m(wg — w?) +iyw)C = Fy.

Putting the coefficient of C' into polar form gives

YW

WO<5<’R’ Hence,

where | tan(d) =

FO _'5
C = 5
V2 (g — B2 470

Consequently,

o e Woiwt | _ Fo
V(m? (g —w?)? +97) V(m?(wf —w?)? +97)

cos(wt — 0) (10.3)

zp(t) = Re (
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REMARK 10.2. In this case, the computation without using complex-valued functions is more invol-
ved. That computation proceeds as follows:

Substitute z,(t) = A cos(wt) + Bsin(wt) into mz"” +vya' + kax = Fy cos(wt) to get
{(-mw?+ k) A+ yw B} cos(wt)+
{—vywA+ (—mw® + k) B} sin(wt) = Fy cos(wt).

Thus,
(—mw? +k)A+ywB=Fyand —ywA+ (—mw?+k)B=0
Solving for A and B (requiring a bit of algebra), and simplifying gives

Fom(wg — w?) Fyyw
A= d B= .
m2(wg — w2 + 422 m2(wg — w?)? + 1202
Set ) )
A= \/mQ(wg —w?)2+42w?  cos(d) = miwo —w7) and sin(§) = Rhad

A2 N

Then A = o cos(d) and B = o sin(9)

A A
Hence,
xp(t) = % {cos(wt) cos(d) + sin(wt) sin(d)} = R(w) cos(wt — ),
where r P
R(w) = =0 0 and tan(0) = Zw

A Vmwh - W) 4o m{wf —w?)’

Resonant frequency. By analogy with the undamped case, it is useful to find the value of w that
results in the maximum amplitude of the oscillations in z,(t). In other words, we seek the value of w
that maximizes R(w). This is again called the resonant frequency.

To get a feel for what happens, set

and graph R(w) for a increasing values of the damping constant . Notice that (as one would expect)
the maximum value of R(w) decreases as the damping constant increases.

2.5 2.5

T T 25 T
— R(w), y=0.5 = R(w), y=1.0 — R(w), y=1.5
2.0 / 2.0 2.0
1.5 Fa 1.5 15
o< \ o« o<
1.0 \ 1.0 —— 1.0 \
0.5 NG 0.5 05 I~
\ \
0.0 0.0 0.0
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
w w w

FIGURE 10.3. The amplitude R(w) for three values of damping constant . Notice
that as « increases, the value of w maximizing R(w) decreases and eventually becomes
0, corresponding to a constant applied force.

The resonant frequency coincides with the value of w at which the denominator

flw) =m?(wg — w?)* + 77w
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of R(w) achieves its minimum. Differentiating with respect to w gives
2

F) =20 (2 + 2022 = ) =t (o = (- 512) )

2m?

The critical values of f(w) are, therefore, w = 0 and w = |/ w3 — —.

2

2

m

Conclusion: If w? > ;—2 or (equivalently) if (7/) < 2, the resonant frequency is
m Wo

2 1 m\ >
Wmaz = wg_LQZWO 1_2<,yw/0> .

Otherwise, the maximum amplitude is achieved for w = 0, corresponding to a constant driving force.

25 T T T T T
y(t) = 5cos(wt) cm CQEE &
id o 20 y = 5cos(wt)
= ynes/cm 5 = x = Rcos(wt — ¢)
15

T
o O O«

m =1 gram
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v =1 gram/sec

t (sec)
FIGURE 10.4. The oscillating plunger (dashed blue sine curve) causes the mass m to
oscillate (red sine curve).

ExXAMPLE 10.2. Consider the mechanical system pictured in Figure 10.4. Assume that in its rest
configuration = 0 and y = 0, where the forces exerted on the mass by gravity and the spring cancel.
The net force exerted on the mass by gravity, the spring, and the damping mechanism is then

F=—k(zx—y(t)—y2.

Applying Newton’s second law of motion shows that the position of the mass x = x(t) satisfies the
differential equation

ma"” = —ya' —k(x —y(t)) or ma" +~v2' +kx = ky(t).

Assume for simplicity that m = 1gram, k = 4.0dynes/cm, and v = 1.0 grams/sec.

Finally assume that the plunger at the top of the figure moves up and down according to the rule
y(t) = 5 cos(wt) cm; causing the mass to also move up and down. Ignoring transients, x(t) is of the form

z(t) = R(w) cos(wt — @)
where both R(w) and ¢ depend on w. Find the value of w that maximizes R(w).

SOLUTION. Set x(t) = Re (2(t)), where z(¢) satisfies the differential equation

mz" +v2 +kz=k(5“") .
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Using the values of m, v, and k above this simplifies to
2"+ 2 44z =20e™t .
Substituting z(t) = Ae'? into this equation gives
{(4—w?) +iw}}A =20,

whose polar form is

V(4 —w?)?2 +w2e?A=20, where tan(¢) = %

5. and 0 <o <.
—w

It follows that

2 o
z(t) = 0 e Peiwt
(4 — w?)? 4+ w?
Consequently,
20
z(t) = R(w) cos(wt — ¢) = o cos(wt — @) .

To maximize R(w) is suffices to minimize f(w) = (4 — w?)? + w?, which can be accomplished by solving
fl(w)=—44 - w)w+2w=0
for w. We can ignore the spurious solutions w = 0, and w = —4/7/2. (Why?) Hence,

W= \/7 ~ 1.87sec™! ,R(w) = 20 =~ 10.33 and ¢ = arctan <w2) ~ 1.31.
2 V(4 =17/2)2+(7/2) 4-w

Thus, the amplitude of the oscillations in x is about twice the amplitude of the oscillations in y. (See
Figure 10.4.)

Suspension Strut

= S AConlaggmq Fdamp = 77 (I/ - y (t))

Steering k I: j vy Y

m
4 3 I Fopr = =k (z = y(t))

k = 50000 N/m

= 8660 kg/sec
v =(twice gc?itical damping)

\C.‘r Frame /\
P e

FiGURE 10.5. Left: sketch of strut on an automobile. Right: Simplified model of the
system. The values of m, k, and ~ in the figure are similar to those found in automobiles.
The mass is divided by four because the weight of an automobile is distributed over four
wheels.

Control
Arm

EXAMPLE 10.3. (AUTOMOBILE STRUTS) A similar analysis can be done for the mechanical system
modeling the struts on an automobile. Place the z-axis and the y-axis so that x = y = 0 at equilibrium,
so the forces of gravity and the spring cancel—for this reason we make no mention of the force of gravity.
Then, as shown in Figure 10.5, the spring force Fjp, and the damping force Fyqmp both depend on the
relative values of x and y. Newton’s second law of motion then implies that the function z = z(¢) is a
solution of the differential equation

mz"” = —y(x' —y'(t)) — k(x —y(t)) or ma" +vya' +kx =~y (y) + ky(t).
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Assume that the automobile is moving at a constant speed along a straight (but not flat!) road. For
simplicity, also assume that the rise and fall of the road is given by the sine function

y(t) = acos(wt),
where a > 0 is a constant and w depends on the speed of the car. The steady-state solution is then
x(t) = aR(w) cos(wt — @),

where both R(w) and ¢ have yet to be determined. Since both R(w) and ¢ are independent of a, there
is no loss of generality in setting a = 1.

1.0 —_— R ]

0.8 \
_. 06
: /1 \
0.4 / \

0.2 B

/ o
0.0
0 10 20 30 40 50

w/2m (Hz)

FIGURE 10.6. Notice that the maximum response is only slightly above 1. This implies
that the amplitude of oscillations in the road is never amplified by the struts, and, in
fact, it is reduced except at frequencies of around 21.5 Hz (cycles per second).

As in earlier examples, set z(t) = Re (2(t)), where z(t) = Ae™! is a solution of the complex diffe-
rential equation
m 2" +’}/Z/ +ky = keiwt —I—fy(ei“’t)’ — (kj +i’yw)ei‘”t
Proceeding as above we arrive at the equation {(—mw? + k) + ywi} Ae™’ = (k + ywi)e™". Hence,

z(t) =

k + waz eiwt o w(Q) + (V/m) wi eiwt

Mg — o) Fwit (g — W) + (y/m)wi
Wi+ (y/m)wi

[ et mpe
(W§ — w?) + (y/m)wi (W§ —w?)? + (v/m)2w?’
Figure 10.6 shows the graph of R(w) for the numerical values of m, v, and & given in Figure 10.5.

and

R(w) =
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EXERCISES 6.

(1) A weight of mass m = 5 kg is suspended from a spring with unknown spring constant k. The
weight is free to move up and down. Ignoring friction, its position relative to its equilibrium
position satisfies a differential equation of the form

ma” +kx =0,

where t denotes time measured in seconds and x denotes its position measured in meters. To
find the spring constant, the spring is set in motion and the graph of w(t) plotted. The result
is shown in the following figure (horizontal axis is ¢, vertical axis is x):

A AT
,<0.0\/\\/\\/\\/\/\\/\/\/\/\/

st LT
ol VY VY

-1.5

0 1 2 3
t

In a subsequent experiment, an external force of the form F'(t) = Fy cos(wt) is applied to
the mass so that the function u(t) now obeys the differential equation

ma” + kx = Fy cos(wt).

The graph of the position z(¢) in that experiment is shown in the graph below.

0.08 — x=x(t) _
0.06
0.04
0.02

\

\

0.00 |
\

\
\

—0.02
—0.04
006 -4 [

—-0.08

You estimated the the spring constant & in a previous exercise.) If you did not do it, do it
now.) (Your answer can most easily be expressed in terms of w.)
(a) Using your estimate of k, estimate as best you can the frequency w of the applied force.
(Your answer can again most easily be expressed in terms of m.)
(b) Estimate as best you can the amplitude F of the applied force.
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(2)

THE DRIVEN HARMONIC OSCILLATOR

A simple pendulum of mass m and length L is hinged at a point P (see figure). If the wheel
at the left of the figure rotates at a rate of w radians/second it forces the point P to move
periodically back and forth. For small angle 6 (where sin(f) ~ ) the angle 6 satisfies the

differential equation
2

d=0
L— = Aw? .
2 + g0 w? cos(wt)

Assume, for simplicity that L = 1 meter, A = 1 meter/sec2, w = 1rad/secand g = 9.8 meter/secz.
Find the solution that satisfies the initial conditions 6(0) = 6’(0) = 0.

A ball of mass 1 kilogram moves in a viscous fluid. The viscous force on the ball is given by —cwv,
where v is the speed of the ball measured in meters per second, and ¢ = 2 newton-sec/meter.
An external force is applied to the ball along a fixed axis and with magnitude

F(t) =2cos(t) N

(t is time measured in seconds.) Let y(¢) be the displacement of the ball along the axis of the
external force and assume that at time ¢ = 0 the ball is at rest and y = 0. Find y(¢). Ignore
gravity.

In an experiment in a space station a charged metal sphere of mass 2 grams is placed in a
graduated cylinder containing a viscous fluid. The sphere is free to move up and down and its
vertical position is given by the variable y, measured in centimeters. The viscous force is given
by the formula —cy’ with ¢ = 2 dyne-sec/cm.

At time t = 0 seconds y = 0 ¢cm and y’ = 0 cm/sec and an external force

F(t) = 2sin(107t) dynes

is applied to the sphere via an electric field. After 1 second it is turned off. What are the
position an velocity of the sphere when ¢t = 2 seconds?
A spring-mass system has spring constant 3 N/m (i.e. 3 Newtons per meter). A mass of 2 kg
is attached to the spring and the motion takes place in a viscous fluid that offers a resistance
(measured in Newtons) numerically equal to twice the magnitude of the instantaneous velocity
(measured in meters per second).

Let u denote the displacement of the mass from its equilibrium position, If the system is
driven by an external force of 3 cos(3t) — 2sin(3t) N, determine the formula for u(t) ignoring
all “transients”. Express your answer in the form w(t) = A cos(wt + ¢).
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CHAPTER 11

Laplace Transforms

This chapter is an introduction to Laplace transforms, which provide an alternate way to solve initial
value problems of the form

Lyl =ay” + by’ +cy = f(t) ,a, b, c constant
y(0) =y0,%'(0) =y

that is particularly useful when the forcing function f(t) has discontinuities. The idea is to transform
the initial value problem into a algebraic equation, solve the algebraic equation for the transformed of
the solution, and then inverse transform to obtain the solution of the initial value problem.

(11.1)

More precisely, the Laplace transform turns the initial value problem (11.1) into the equation
(as®* +bs+ )Y (s) =ayos + (byo +ay)) + F(s), (11.2)

where Y (s) is the Laplace transform of y(t) and F(s) is the Laplace transform of f(¢). Solving Equa-
tion (11.2) for Y (s) gives

ayos+ (byo +ayp) F(s)
as? +bs+c as? +bs+c’

Y(s) =

an explicit formula for the Laplace transform of the solution. Computing the inverse Laplace transform
then solves the initial value problem.

(11.3)

Putting this idea into practice requires knowing how to compute F(s) from f(¢) and how to compute
y(t) from Y (s). In much the same way that derivatives and integrals are computed from a few basic
properties (e.g. the product rule and integration by parts) together with a table of integral, so can
Laplace transforms and inverse Laplace transforms be computed from a few basic rules, together with a
table of Laplace transforms (see Appendix C).

11.1. Computing Laplace transforms

Suppose f(t) is a function defined for all ¢t with 0 < ¢ < oo. Its Laplace transform is the function
A

L{f} = F(s) = /0 Tty dt= tim [ et p(r) de (11.4)

A—o0 Jq
provided this integral converges.'?

REMARK 11.1. Notice that values of f(¢) for t < 0 have no effect on its Laplace transform. When
we use Laplace transforms, we are only interested in solving the initial value problem (11.1) for ¢ > 0,
that is, in the future. We get no information about the past. For all practical purposes, we might as
well assume that f(¢) =0 for t < 0.

12Convergence is only briefly discussed in these notes. For virtually all functions encountered in practice, the integral
converges when s is sufficiently large.

95
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NOTATION. The notation £{f} is awkward. It is often more convenient to denote the Laplace
transform of f(¢) by F(s). Similarly, we write Y(s) = L{f}, G(s) = L{g}(s), etc. For instance,
L{cos(t)} and L {cos} both denote the Laplace transform of the function cos.

ExaMpPLE 11.1. Here are three cases where the Laplace transform can be directly computed from
the definition.

(a) If f(t) =1, then

& A _e—st A

F(s) :/ e *tdt = lim e St dt = lim — lim (_e—st+1)
0

A—o0 Jo A—o0 S 0 A—o0

Therefore,

/:{1}:%

Notice that the integral converges to 1/s only for s > 0 and diverges for s < 0.
(b) If f(t) = e, then

oo oo
F(s)= / e Ste dt = / el=(=a)t gy
0 0

A _ ,—(s—a)t A 1 1
= lim e~ (=Dt g — lim % = lim (—e (s a)t+1> =
A—oo A—soo (s—a) |, Ao s—a s—a
Therefore,
1
[: at —
e =52

Notice that the integral converges to 1/(s — a) only for s > a and diverges for s < a.
(c) Finally,

city =~

S

Check this yourself. (Hint: use integration by parts.)

ExXAMPLE 11.2. Sometimes, using complex valued functions simplifies the computation of the Lap-
lace transform. Consider the following two cases:

L {sin(at)} = /000 e *'sin(at) dt and L {cos(at)} = /000 e % cos(at) dt .

Both integrals could be evaluated directly, but the computations are messy, involving integration by
parts twice. It’s easier to use complex-valued functions as follows:

Since €% = cos(at) + isin(at),
L{e} = L£{cos(at)} + il {sin(at)} .

Consequently,

L {eiat} _ / efsteiat di = / ef(sfia)t dt
0 0

_e—(s—ia)t Rl
s—ia |
1 S .a

— = +1
s—ia  s2+a? s2 4+ a?




11.2. PROPERTIES OF THE LAPLACE TRANSFORM 97

Therefore,
s ] a
E {COS(at)} = m and E {Sln(at)} = m (115)
A similar computation shows that
. 1
,c{ <a+zb>t} - I 11.6
¢ s — (a+1ib) (11.6)

To see this, compute as before:

r {e(a+bi)t} _ /00 o—stolatbit gy
0

o0
:/ o~ (s—(atbi)t gy
0

—e—(s=(atbi))e| 4
A—oo s —(a+bi) |,
_ 1
s—(a+bi)’
Note that the last step is only valid for s > a.
1 s—a . b

a+ib)t __  _at - at _ .
Because et — ¢ cos(bt) + ie? sin(bt) and Py 7 Sl P + Z(s mpnEEwE it

follows that

b
(s —a)2+b2|

L {eat COS(bt)} = % and | £ {eat Sln(bt)} =

11.2. Properties of the Laplace transform

Rather than continuing to derive Laplace transforms of specific functions, it is more efficient to find
general properties of the Laplace transform.

The Laplace transform is a linear operator. This means that if f(¢) and g(t) are functions and a
and b are numbers, then

| £{af(t) +bg(t)} = aF(s) +bG(s) | (11.7)

where F'(s) and G(s) are the Laplace transforms of f(¢) and g(t), respectively. Linearity follows imme-
diately from linearity of the definite integral:

LA{af(t)+bg(t)} = /000 e ' (af(t) +bg(t))dt = a/ooo e St f(t)dt + b/OOO e Stg(t)dt.

Because of linearity, we can decompose the Laplace transform of a sum of functions as a sum of the
Laplace transform of each of the summands.

ExaMPLE 11.3. By linearity and the table of Laplace transforms,
1 3 4 512
—(=2) "s24+16 s+2 s2+16°

L {5e " —3sin(4t)} = 5L {e *"} — 3L {sin(4t)} = 5~

The next theorem shows that the Laplace transform of the derivatives of a function can be expressed
in terms of the Laplace transform of the function, itself.
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THEOREM 4. Suppose g(t) is a continuously differentiable with Laplace transform G(s), then

| L{g'} = 5G(5) — 9(0). |

If g(t) is has continuous second derivatives, then

[ £{g"} = 5°G(s) — 59(0) —4'(0) .|

PROOF OF THEOREM. In order for £ {g} to exist, g(t) must be piecewise continuous (required for the
integral to exist) and it must be of exponential order: there are constants M and ¢ so that y(t) < Me®.
This implies that when s > ¢,

lim g(a)e™** = 0.

a— o0

To compute
Lig)= [ e
0

we use integration by parts: u = e, dv = ¢/(t)dt, so du = —se~** dt and v = g(t), so
o0
Lt = [ et
0
o0
= e g(t)| +/ se"Stg(t) dt
0

= —g(0) + 5/0 e %g(t)dt

as desired.

If, in addition, g(t) has continuous second derivatives, apply the first part of the theorem, twice as
follows:

L{g" (1)} = sLA{g (1)} — g'(0) = 5(sG(s) — 9(0)) — ¢'(0) = s°G(s) — 59(0) — ¢'(0).

Linearity and Theorem 4 are key ingredients for solving initial value problems. For suppose we have
a linear constant coefficient differential equation

ay” + by +cy = f(t),

together with the initial conditions y(0) = yo and y'(0) = y{. By linearity, applying £{—} to the
differential equation gives

al{y"} + 0Ly} + LAy} = L{f} = F(5).
By Theorem 4 applying £ {—} to the terms £ {y”} and £ {y'} gives
a(s?Y (s) — syo — yh) + b(sY (s) — o) +cY (s) = F(s),
which simplifies to
(as® 4+ bs + )Y (s) — (ayos + ayly + byo) = F(s). (11.8)
This equation can be solved for Y (s):

Y(s) =

F(s) ayos + ayh + byo
as? +bs+c as?+bs+c

(11.9)
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ExAaMPLE 11.4. Consider the initial value problem y"” — 3y’ 4+ 2y = 0, y(0) = 2, v'(0) = 1. Applying
the Laplace operator £{—}, the equation becomes
(s%Y (s) — 25 — 1) — 3(sY (s) — 2) +2Y (s) = 0,
or
(s =35 +2)Y(s) = 25 — 5.
Therefore,
2s—5 25 -5 3 -1
s2-35+2 (s—1)(s—2) -1 52
We write £~! {—} for the operator that undoes the Laplace transform: if Y (s) = £ {y}, then L= {Y} (t) =
y(t). Using this notation,

y(t)=£—1{531 +5_12}(t) :3£‘1{511}(t)—ﬁ_1{312}(t):3et—62t,

1
where we have used linearity of £{—} and (from Appendix C) the formula £ {e*} = ——.
s—a

Y(s) =

In the above example, we implicitly assumed that Y (s) determines y(¢). In fact, this is the case, as
the next theorem shows.

THEOREM 5. Suppose that f and g are continuous. Let F(s) = L{f(t)} and G(s) = L{g(t)}. If
for some ¢ >0, F(s) = G(s) for all s > ¢, then f(t) = g(t) for all t > 0.

REMARK 11.2. This theorem is not obvious, and in fact the proof is difficult in beyond the scope of
this course.

If F(s) is the Laplace transform of f(t), then

L{e"f(t)} = F(s —a) (the exzponential shift formula) . (11.10)
PRrOOF. - -
L L — —st at dt = —(s—a)t dt = F(s — )
fe £(t)} /O ettt £ (1) dt /O (=D (1) dt = F(s — a)
O
EXAMPLE 11.5. Since £ {cos(bt)} = s/(s* + b?),
L {eat COS(bt)} = ﬁ
Similarly,
at _: b
L {6 tsln(bt)} = m
If F(s) is the Laplace transform of f(¢), then
\ﬁ{tf(t)}) = _F'(s). \ (11.11)

PROOF. It’s easiest to work backwards as follows:

F'(s) = % /OOO e St f(t)dt = /OOO d% (e f(t)) dt = — /Ooo e Sttf(t)dt = —L{tf(t)}.
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!
EXAMPLE 11.6. Since £ {1} = %, LAt} =— (i) = le

/
since £{1} = & £{#} =L (t-h- (%) = 5

=D en, £ g7} = £ {t 71 ((n;l)!)l -

-1\ _
More generally, suppose £ {t" } = g
Therefore, by mathematical induction,
(n)!
ny _—
LA{t"} = g
for all positive integers.
EXAMPLE 11.7. Since, £ {t°} = —,
S
6

L {t365t} = (s—5)*

ExXAMPLE 11.8. Since, £ {sin(at)} = %,
S a

£ {tsin(at)} = — <s2 i(ﬁ)/ = (SQ(iaZQ)Q

s
Similarly, si L )} = ——,
imilarly, since £ {cos(at)} 2 + a2

L{tcos(at)} = — <82 j_az)’ _ (S:_az;

Suppose L{f(t)} = F(s), then

LAf(a)} = SF(s/a).

PRrROOF. Compute as follows, using the “u-substitution” u = at, du = adt:
> —st > —s(u/a) du 1 > —(s/a)u 1
LA{f(at)} = e % f(at)dt = e flu)—=-— e f(u)du = =F(s/a).
0 0 a a 0 a

, it follows that

L {cos(at)} = a(s/(as)/;:_ 1 32 j— a?’

EXAMPLE 11.9. Because £ {cos(t)} = %
S

11.3. Computing the Inverse Laplace Transform

In Section 11.2, we found a general formula for the Laplace transform of the solution of an initial
value problem. To find the solution, itself, we have to compute the inverse Laplace transform.
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Computing the inverse Laplace transform often involves the partial fraction expansion'® of the
Laplace transform.
3
ExXAMPLE 11.10. Find the inverse Laplace transform of F(s) = 2756
§2—s5—

SoLuTION. Compute the partial fractions expansion of F(s) as follows:
3s 3s A B A(s+2)+ B(s—3)

527576:(573)(5+2):573 s+2  (s—3)(s+2)
Comparing numerators gives 3s = A(s+2) + B(s —3). Set s = 3 to conclude that 9 = A(5) or A =5/9.
Set s = —2 to conclude that —6 = B(—5) or B = 6/5. Hence

35 5/9  6/5

s2—5—6 s—3 s+2°
We can now use the table of Laplace transforms to compute as follows:

3s 5 1 6 1 54 6
-1 _ 2,1 | _ 23t 9 2
£ {ﬁ-—s—ﬁ} g~ {3—3}‘%55 {s+2} o¢ T3¢

8s% —4s +12
ExAMPLE 11.11. Find the inverse Laplace transform of F(s) = 8 — S5t 12
s(s?+4)

SOLUTION. First compute the partial fractions expansion of F(s):

85 —4s+12 A  Bs+C A(s®>+4) +5(Bs+C) (A+B)s>+Cs+44A
s(s2+4) s s24+4 s(s?2+4) N s(s?2+4)

Comparing coefficients of powers of s in the numerator, we find that

A=3, C=—-4,and B=9-3=5.

3 b5s—4 1 s 4 2
Fs)=2+2"2 3 (=) 45— ) =2 ().
(s) s+32+4 (s>+ (82+4> 2(32+4>

From the table of Laplace transforms, it now follows that

F(t) = L7 {F(s)} = 3L {i} Y {3214} - gc—l {3234}
= 3+ 5cos(2t) — 2sin(2t) .

Therefore,

25 —3

ExXAMPLE 11.12. Find the i se Laplace t f fF(s) = ¥————.
ind the inverse Laplace transform of F(s) 125110

SOLUTION. The denominator has complex roots, so complete the square and rewrite F'(s) as follows:

2s—3  25—3  2(s+1)-5
$2+25+10 (s+1)24+9 (s+1)2+9

13 This is a good time to read Appendix B, which presents a quick review of partial fractions.
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r=2(520) -2 (i)

From the table of Laplace transforms, it now follows that the inverse Laplace transform of F'(s) is

Therefore,

f(t) =2e " cos(3t) — ge_t sin(3t)

25 + 52 +8s+6
ExAMPLE 11.13. Find the inverse Laplace transform of Y (s) = (s 2181)32 :9:4—1) .
s s

SoLUTION. First compute the partial fractions expansion of Y(s):

263 +s2+85+6 As+B Cs+D
Y(s) =~ 2 = T2 +7
(s2+1)(s2+4) s2+1 s2+4
(As+ B)(s*+4)+ (Cs+ D)(s*+1) (A+C)s*+ (B+ D)s*+ (4A+ D)s+ (4B + D)

(s2+1)(s2+4) (s2+1)(s>+4)

Comparing the coefficients of powers of s in numerators results in the system of four equations in four
unknowns

A+C=2, B+D=1, 4A+C=8, 4B+ D =6,
which we can solve to obtain A =2, B=5/3, C =0, and D = —2/3. Therefore,

S 5 1 1 2
Ys)=2(—"—)+2(———)-= .
() <52+1)+3<s2+1) 3<s2+4)
Consequently, the inverse Laplace transform of Y(s) is

y(t) = 2cos(t) + gsin(t) - ésin(?t) .

11.4. Initial Value Problems with Continuous Forcing Function

Below are some examples illustrating the use of Laplace transforms for solving initial value pro-
blems. All of these examples could (sometimes more easily) be done using the method of undetermined
coeflicients. The purpose of these examples is mainly to illustrate the method. In later sections, more
interesting examples are presented where the forcing function is not continuous and the method of
undetermined coefficients does not apply.

EXAMPLE 11.14. Solve the initial value problem y” + 4y = cos(3t), y(0) = 0, y'(0) = 0.

SOLUTION. Applying £{—} gives

s s/5 s/5
Y(s) = - - .
or ¥ (s) (s2+4)(s2+9) s2+4 249

9 s
(s +4)Y(s) = 219

From the table of Laplace transforms,

y(t) = %/371 { ® } - %Eil { i } = %(cos(Qt) — cos(3t)).

s2+4 s2+9
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ExXAMPLE 11.15. Solve the initial value problem 3" + 4y = cos(2t), y(0) = 0, y’(0) = 0.

SOLUTION. Applying £{—} gives

(82 +4)Y (s) = ﬁ

S

, or Y(s) = e

Using the table of Laplace transforms:
S 1 2:-2-5 1
=L " b=t ST — sin(20).
e S L (e A B

ExaMPLE 11.16. Laplace transforms can also be used to solve linear constant coefficient first order
initial value problems. For instance, consider the initial value problem

y' +2y =cos(t), y(0)=1.
Computing the Laplace transform of both sides gives

sY(s) =142V (s) = ——

2417
which can be solved for Y (s):
1 2/5 1/5 2/5 1
oo 5L @)y
(s+2)(s24+1) s+2 s2+1 s+2 s+2

2/5)s  1/5  3/5
241 s241 s+2°

o=t ()b ()2 )

2 1 3
=z cos(t) + £ sin(t) + 567%

Hence,

EXAMPLE 11.17. Solve the initial value problem
y' =3y +2y =27, y(0)=1, y'(0)=0.
SOLUTION. Applying £{—} and setting Y'(s) = L {y} yields the equations

(7Y (s) ) ~ B(sY (s) — 1) + 2V (s) = - i 3
which simplifies to

(82 =35 +2)Y(s) —s+3= 2 .

s+3
Solving for Y (s) yields
2 5s—3
YO = i sy T 7310
$2 7 3/2  -3/5 1/10

o (s—1)(s—2)(s+3) s—1 s-2 s+3

Consequently,

3 3 a1y
y(t) = 5¢ ~F€ + 0¢
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EXAMPLE 11.18. Solve the initial value problem 3" + 2y' + 2y = cos(2t), y(0) = 1, y’(0) = 0.

SOLUTION. Proceeding as in the previous example, apply £ {—}, solve for Y (s), compute the partial
fractions expansion for Y(s), and finally, compute the inverse Laplace transform.

Here’s the (somewhat messy!) computation omitting some algebra:
5 s
Y(s)— 2(sY(s) —1)+2Y(s) = ——
(57Y(s) = 5) + 2(sY(s) = 1) + 2V (5) = 5=
2425+ 2)V(s) = ——— 2,
(s*+25+2)Y(s) 32+4+s+
Therefore,
s s+2
Y =
() (82+4)(32+2s+2)+s2+2s+2
_As+B  C(s+1)+D  (s+1)+1
o244 (s+1)2+1 0 (s+1)2+1°
_—wstan wGHD -5 (s+1)+1
s2+4 (s+1)2+1 (s+1)2+1
1 S 2 2 11 541 7 1
- + = += o :
10 s2+4 10 s24+4 10 (s+1)24+1 10(s+1)2+1

Using the table of Laplace transforms gives

1 1 11 7
_ -1 __ 4+ o e ot
yt) =L {Y(s)} = 0 cos(2t) + z sin(2t) + ¢ cos(t) + 1€ sin(t).

11.5. The Laplace Transform of Piecewise Continuous Functions

The Laplace transform is a useful tool when the forcing function f(¢) is piecewise continuous. Pie-
cewise continuous forcing functions, such as those pictured in Figure 11.1, routinely occur in engineering
applications, particularly in engineering applications involving signal processing.

1. 1.
5 5 15
1.0
1.0 1.0
0.5
0.5 0.5
/ 0.0
0.0 05 0.0
-0.5 -10 -0.5
T 2T 3T T2 T 372 2T 512 T2 T 372 2T 512

FiGURE 11.1. From left to right: a sawtooth wave, a square wave, and a pulse wave.

The Heaviside step function, denoted by u,(t) is the basic building block for constructing piecewise
continuous function. It is defined as follows:

0 ift
ua(ﬂ:{ o

1 ift>a.

The difference ug(t) — up(t), b > a, of two Heaviside step functions forms a pulse.
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FIGURE 11.2. The Heaviside step function u,(t) and its difference u,(t) — up(t) are
the basic building blocks for constructing piecewise continuous functions.

0 ift<1,
EXAMPLE 11.19. Let f(t) be the function defined by f(t) =<2t —1 if 1 <t <2, then
0 ife>2,

f(t) = (2t = D)(ua(t) — ua(?)).

3.0

2.5

2.0

>1.5

1.0

0.5

0.0

0.0 0.5 1.0 15 2.0 2.5 3.0
t

ExXAMPLE 11.20. The Heaviside step function is particularly useful in representing waves commonly
found in engineering applications, such as sawtooth waves, square waves, and pulse waves., illustrated in
Figure 11.1. A sawtooth wave of period T and amplitude 1 can be represented as follows

Foaw(t) = = — ZukT (11.12a)

while a square wave of period T" and amplitude 1 can be represented by
Foqr(t) = uo(t) + 2 Z Y ugra(t (11.12b)
and a pulse wave of period T" and amplitude 1 can we represented by

Fputse(t) = uo(t) + D (—1) upra(t (11.12¢)
k=1

PROPOSITION 6. The Laplace transform of uq(t) is e~ **/s. If f(t) is a function with Laplace
transform F(s), then

L {ua(0)f(t—a)} = e F(s).| (11.13)
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PROOF. The integral defining the Laplace transform is

oo

LA{u,(t)f(t—a)} = /Ooo e u () f(t —a)dt = / e S f(t —a)dt.

a
Now make a change of variables: let w =t —a. When ¢ = a, w = 0, and when ¢t = co, w = o0, so the
integral becomes

/ e Wt £ () dw = / e e ¥ f(w) dw = 6_3“/ e f(w)dw=e*"L{f}.

0 0 0

The formula for the Laplace transform of u,(t) is a special case: set f(t) = 1 and recall that 1/s is the

Laplace transform of 1, O
EXAMPLE 11.21. If f(¢) = us(t)(t — 1), then L {f} = e~%/s%.

EXAMPLE 11.22. Suppose f(t) = (u1(t) — u2(t))(2t — 1). To make use of Proposition 6, rewrite f(t)
as follows

fO) =u1(®) (2t —1) —ua(t))2t = 1) = w1 (£)(2(t — 1) + 1) — ua(¢)(2(t — 2) + 3) .

2 1 2
Proposition 6 then yields the formula £{f} =e™* < + > —e 2 ( + 3>

s2 s 2 s
ExampLE 11.23. The Laplace transforms of the sawtooth, square, and pulse waves are, respectively,

1 e\ 1
Fsaw(S)—ng_<Ze kT)ga

k=1

Fygr(s) = é + (i(—l)e‘k(T/2)3>

k=1

®» | N

and
1 = K —k(r/2)s | 1
Fuau(s) = - + > (—1)*e -
k=1
REMARK 11.3. The following variant of the formula (11.13) is occasionally useful:
£ {0 (1)) = "L {f(t +a)}] (11.14)

To show this, let g(¢t) = f(t + a). Then f(t) = g(t — a). Applying (11.13) to g(¢) shows

LAua()f(t)} = LA{ua(t)g(t —a)} = e L{g(t)} = e L{f(t+a)} .

For instance,

LA{uz(t)(2t — 1)} =e 2L{2(t+3) -1} = e L {2t + 5}

=e 2 (2L{t} +5L{1}) =2 (322 + 5) :

S

11.6. Initial Value Problems with Piecewise Continuous Forcing Functions

Consider the differential equation
ay” +by' +cy = f(t),

where f(t) is piecewise-continuous. What does it mean for y(¢) to be a solution of an equation like
this? If f(¢) is discontinuous at some point ¢ = tg, will y”(¢) even be defined there? If not, how can the
equation be satisfied? To avoid these issues, declare a function y(t) to be a solution to an equation like
this if
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e y(t) is continuous everywhere,
e ¢/(¢) is continuous everywhere, and
e y(t) satisfies the differential equation at every point where the right-hand side f(¢) is continuous.

Thus y”(t) need not be defined (and in practice usually won’t be defined) at points of discontinuity of
the right side; b it will, however, be defined at all other points.

EXAMPLE 11.24. Solve the initial value problem
y' +5y +4y = f(t), y(0)=0, y'(0)=0,

where f(t) = uy (t) — uio(t).

SOLUTION. Applying the Laplace transform yields the equation

e~ 5 e—lOs

(s + 55 +4)Y(s) = PR

Hence,

s _10s 1 e iom (/4 —1/3 0 1/12
YO = (=) ey = (P T )

Let p(t) = 1/4—1/3e7" +1/12e~* so that p(t) is the inverse Laplace transform of the last term on the
right. Then

y(t) = ua (t)p(t — 1) — wao(t)p(t — 10)

_ Dol b g Lol ivi0, 1 —atta0
= uy(¢) (4 3¢ +5¢ + up0(t) 17 3¢ + 3¢ .

The solution is graphed below.

0.25

S
0.10 I \
oos 1 \

0.00

ExaMPLE 11.25. Solve the initial value problem

0 ift <1,
y' + 3y +2y=f(t), y0)=2, ¢ (0)=0, where f({)=<t—1 ifl1<t<?2,
0 if t > 2.

SOLUTION. In this case,

f@) =u @) = 1) —ua(t)(t = 1) = ua ()t = 1) —ua()((¢ = 2) + 1).
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Apply £{-} to the differential equation:
(s2Y —25) — (3sY —6) +2Y = (e™* — 6_23)i - 6_281
(52 =35+2)Y —25+6= (e * — e_zs)l2 — 6_2‘9%, .

Solving for Y'(s) gives

25 -6 1 1
Y _ == - —s _ _—2s _—2s
() $2—3s+2 (e <) s2(s2 — 35+ 2) ‘ s(s? —3s+ 2)
4 2 . e (1/2 3/4 -1 1/4 2 -1 12
_s—1+s—2+(e ‘ )(<92+8+3—1+S—2 ¢ s o1t 2)

If we let p(t) denote the inverse Laplace transform of the sum of fractions in the left-hand parentheses,
and ¢(t) the the inverse Laplace transform of the terms in the right-hand set, then
1 3

1 1 1
D= S 2 ety T2t ) = = b4 — 2
pt)=gt+ 7 —e+ e qlt) =5 —e + e,

and the solution y(t) can be written as follows:
y(t) = de' —2e* +ui (t)p(t — 1) — uz(t)p(t — 2) — uz(t)q(t - 2).
After lots of algebra this reduces to

4et — 2e?! ifo<t<1,
y(t)z 4€t*2€2t+%(t*1)+% t1+12t2 1f1§t<2,
4—e—2e et + 2—1—1_2 3_4 et ift > 2.
1€

EXAMPLE 11.26. Find the solution to the initial value problem 3" +y = f(t), y(0) =0, ¢'(0)=0,
where f(t) is the sawtooth wave with period T = 27:

o0
- Z WU2km (t)
k=1
SOLUTION. Applying the Laplace transform to this initial value problem and solving for Y'(s), we

find that
Y(s) = 57 I
2ms2(s2 + 1) 32 +1\=

L(h-)- (z)( )

The inverse transform of Y (s) is then

1
y(t) = 27r (t — sin(t Z sk () h(t — 2km)
1
where h(t) = 1 — cos(t), the inverse Laplace transform of — — %-i-l The solution y(t) together with
s s

the forcing function f(¢) are graphed above.
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— y(t) /

A\
NS NA A
VIV |V

0 2n an (3314 8 10m

100sin(40f) when 0 <t < 7,
EXAMPLE 11.27. Suppose that f(¢) is defined by f(t) = sin(40) - when 0 <
0 when ¢t > 7.

Solve the initial value problem y” + 3y’ + 2y = f(t), y(0) =0, y'(0) = 0.

SOLUTION. In this case, it’s easier to work with complex-valued functions. Notice that since
f(t) = (1 — uz())100sin(40t) = 100(1 — uz(t))Re (—ie’*%), the solution of the original initial value
problem is the real part of the solution of the initial value problem

2+ 32 +22=9(), 2(0)=0,2'(0)=0,
where g(t) = —100i(1 — u7(t))e*%. Applying the Laplace transform gives

__ Gl _ G
2= s r2 " GG+ )

The Laplace transform of g(t) is
G(s) = —100i (L’ {ei40t} _ e Tsp {€i40(t+7)}) — _100i (1 _ 62801‘6—75) r {ei40t}

. 1004
- _ (1= 2807 ,—Ts) _ YY" )
(1= e™e™) o
Therefore, (by a messy partial fractions computation, that can be skipped'*)
(—1007)

Z(S) _ (1 o 62801‘6775)

(s —40i)(s +2)(s+ 1)
080i _7ay [ —0.00467 +0.0622i  2.4938 +0.1247i  2.498 4 0.06246i
(1 —e“e ) - — +
s —40: s+2 s+1
(1 — 62802-6778) LA{h(t)}
where h(t) = (—0.00467 + 0.06227)e™% — (2.4938 + 0.1247i)e 2 4 (2.498 + 0.062467)e "
Hence, z(t) = h(t) — e*3%u, (t)h(t — 7)

Finally,

—2.49e7 2t + 2.50e~" — 0.0622sin(40t) — 0.00467 cos(40t), if0<t <7,

t) =Re(z(1)) =
y( ) e(Z( )) {—2.256_2(t_7) + 2.286_(t_7), lft 2 7

l4The computation without using complex-valued functions is worse!
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10.0 12.5

11.7. The Dirac Delta Function/Impulse Response

Laplace transform techniques are useful in cases where the forcing function f(¢) represents “impulses”
of short duration.

As a motivating example, consider an object of mass m (in kilograms) free to move in a straight
line. Let z(t) be the position (in meters) of the object at time ¢ seconds and let v(t) be its velocity.
Suppose also that z(0) = 0 and v(0) = 0.

Suppose that (as shown in Figure 11.3) at time ¢ = a a positive force is exerted on the object for
€ seconds and vanishes for ¢ > a + ¢, where € > 0 is assumed to be a small number. For instance, the
object could be a football or baseball suddenly struck by a foot or a bat.

Label this force f:(t), and assume that f.(t) satisfies the following condition:

[ roa=,

where J is a fixed constant. This integral is called an impulse and has the dimensions of momentum
(Newton-seconds or kilogram-meters/second).

In this situation, Newton’s second law of motion assumes the simple form

— = f(t 0)=0
mi = f(1), w(0) =0,
which we can integrate to find
¢
mo(t) = / f(r)dr.
0
Notice what happens: v(¢) = 0 until ¢ = a, at which time v(¢) increases until time ¢ = a 4+ ¢. After that

time, v(t) = J/m because no force is being exerted on the object after that time.

Imagine now what happens if the impulse J stays constant, but € approaches zero. To keep J
constant, the values of f.(t) have to become large on the interval a <t < a+e¢. For very small values of
g, the graph of v(t) will become almost indistinguishable from the graph of the step function (J/m)ug(t).
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fe() fe(t)

ve (t) ve (t)

FIGURE 11.3. As e approaches zero, y.(t) approaches (J/m)u,(t), a multiple of the
Heaviside step function.

The specific choice of f.(t) is unimportant: we only need to insist that it vanishes outside the interval
a <t < a+ ¢ and that its integral remains equal to J.

To understand the behavior of the Laplace transform of f.(t) as e approaches 0, assume for simplicity,
assume that m =1, J = 1, and that f(¢) has the special form:
1 0 t<a,
feo(t) = ~ (ua(t) —vase(t)) = y1/e a<i<ate,
0 t>a+e.
The Laplace transform of f.(t) can then be computed as follows:

LU0} = 1) — L = (S - o) = (1220,

9 S S ES

Using I’'Hopital’s rule, the limit as € approaches zero of the Laplace transforms is easily found:

: _ ,—as|; L—e _ —as|; se”°* _ ,—as
;%E{fg(t)}—e lim <€> =e * lim ( ) =e .

e—0 S e—0 S

Roughly speaking, the Dirac Delta Function 6,(t) is defined by
0q(t) = 1i (1) .
(t) = lim f(t)
Although this is not a well-defined function'®, it does have a well-defined Laplace transform:

L {a(t)} =

(11.15)

REMARK 11.4. When a = 0, the subscript is dropped and the notation §(¢) is used. The identity
(11.15) then reduces to
L{6t)}=1.
An alternate notation for d,(t) is (¢t — a). Then the delta function satisfies the identity

LA(t—a)}=e¥L{t)}=e"1=e""

1514 is something called a “generalized function” or a “distribution,” not an actual function.



112 LAPLACE TRANSFORMS

which is consistent with the general formula £ {u,(t)f(t —a)} = e *“*L{f(t)}.

ExaMpPLE 11.28. Laplace transforms give a way to model the dynamics of a force that acts instan-
taneously on an object of mass m:

m%_(gﬂfg() Jou(t), v(0)=0.

Taking Laplace transforms gives

—as

msV(s) = Je=% = V(s) = (J/m)<

Therefore,

—as

o(t) = (J/m)L™" {e } — (J/m)ua(t) .
Rather than solving for v(t), one can apply Newton’s second law of motion:
maz” (t) = J6.(t), xz(0)=0, 2'(0)=0.
Taking Laplace transforms gives X (s) = (J/m)e~%*/s?. Consequently,
z(t) = (J/m)L™ {e " /s*} = (J/m)(t — a)ua(t),

as expected.

EXAMPLE 11.29. Solve the initial value problem
Y +2y 4+ 2y =0:(t), y(0)=0, y'(0) =0.

SOLUTION. Apply the Laplace transform and solve for Y'(s):

1
2425 +2)Y(s) =€ * Y(s)=e*
(s"+2s+2)Y(s)=e® = Y(s)=¢ 2512
Complete the square and write Y(s) in the form
1 1
Y(s)=e* —e® .
(s) =e 2125s+2 ¢ (s+1)2+1
Therefore
y(t) = L7H{Y ()} = wa(Hh(t — 1),
where
1
h(t)y=L"" = e 'sin(t
0= ey = e
So

0 if t <1,
e~ Dsin(t —1) ift > 1.

y(t) = uy (e~ Y sin(t — 1) = {

Note that this function is continuous everywhere, but it is not differentiable at ¢ = 1. This is not
surprising, because ¢t = 1 is when the delta function is applied—this example models what happens in a
damped spring system when you hit the mass with a hammer.
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FIGURE 11.4. The graph of y(t) = u(t)e~ =Y sin(t — 1).
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FIGURE 11.5. From left to right the solution of the initial value problem (11.16) for
T=mn,T=2r, and T = 2.0. Resonance occurs when T = 27, the natural frequency of
the oscillator.

11.8. Modeling Examples

ExAMPLE 11.30. Consider a mass-spring system, with mass m = 1 kilogram and spring constant
k =1 Newton/meter. Suppose, in addition, the mass is repeatedly struck with a unit impulse every T
seconds. The following initial value problem models this situation:

y'+y=f1), y0)=y(0)=0, (11.16)

where f(t) = Z d;r(t), and T > 0. Notice that the natural frequency of this harmonic oscillator is 2.
j=0

Therefore, we expect to observe some sort of resonance when T = 27 (see Figure 11.5).

Taking Laplace transforms gives
> e*st

Y(S):Zﬁ—kl'

J=0
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Taking inverse Laplace transforms yields the solution
ZUJT sin(t — jT).

ExaMPLE 11.31. (A MixING PROBLEM) Suppose a large tank contains algae that grows exponen-
tially with a doubling time of 24 hours. The tank initially contains 100 kilograms of algae. Every 12
hours, h kilograms are instantaneously removed. How large can h be so that this process can be repeated
indefinitely?

SOLUTION. Let t denote time in hours and let y(¢) denote the total mass of algae in the tank at
time ¢t. Then y(t) is a solution of the initial value problem

Y =ky—> héa(t), y(0)=100, (11.17)
j=1

where k and h are to be determined. Observe that we modeled instantaneously removing h kilograms
of algae at time ¢ = 12j by the impulse —h d12;(t).

250

A

150 A
AL

AN

L~ V
i 1
sof=—h=35 |
— h=100(V2 —1)
— =45
0 l l l
0 10 20 30 40 50 60 70

FIGURE 11.6. The solution of the initial value problem (11.17) for values of h below,
at, and above the critical value h = 100(v/2 — 1) & 41.4 kilograms.

Taking the Laplace transform of the initial value problem gives

> . 100 e e—12js
(s —k)Y(s) — 100 = — Z he 1% — Y (s) = Z
j=1 j=1
Taking the inverse Laplace transform gives
y(t) =100e™ — by " L7 {e /(s — )}
j=1
= 100e** — hZulg )eFIT120) = {1100 — 1Y " ugg;(t)e "2k | bt (11.18)
j=1 j

If the term in parentheses ever became negative, then the tank would be empty, so the condition on h
is that the term in parentheses be positive for all ¢, no matter how large. Since uio;(t) = 1 for ¢ large,
this amounts to the condition

100

oo
100—hY e ™*>00rh< o

J=1
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Using the sum formula for the geometric series Z;’;l rl = T, With r = e~ 12% this can be rewritten as
100(1 — e~'2F) 12k
h < W =100(e™=" — 1)
Since the doubling time is 24 hours, €*** = 2, so k = In(2)/24. Hence e'?¥ = ¢!(2/2 = /2. We conclude

that
h < 100(v/2 — 1) = 100(0.4121) ~ 41.4 kilograms.

11.9. Convolutions

Equation (3.7) of Section 3.2.2, gave the formula

t
y(t) = ekt / MU f(u) du + yo e ™™
0
for the solution of the first order initial value problem

v +ky=f), v(0)=uyo,.
Notice that if y(0) = 0, then the formula simplifies to

t t
y(t) = e_kt/ e f(u) du = / Flu)e ™ =) gy,
0 0
Notice also that e~ ** is the solution of the initial value problem
y' +ky=0, y(0)=1.
There is a similar formula for the solution of the initial value problem

ay’ +by' +ey=f(t), y(0)=y'(0)=0:

/ Flu)g(t —u)d (11.19)

where g(t) is the solution of the initial value problem
y' by +ey=0, y0)=0, y(0)=1/a.
The right-hand side of Equation (11.19) is called the convolution of the functions f(¢) and g(t).

More generally, if f(t) and g(t) are any two functions defined for ¢ > 0, then their convolution is
defined to be

(f % g)(t / Flu)g(t —u)d (11.20)

The asterisk * does not mean ordinary multiplication: it is a new operation, convolution, defined by the
integral on the right side.)

As it applies to differential equations, the most important property of convolution is given by the
following theorem:

THEOREM 7 (The Convolution Theorem). If L{f} = F(s) and L{g} = G(s), then
|L{f g} = F(s)G(s).]
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PROOF. (Skip this proof if you haven’t taken Math 126.) Compute as follows, using the definition
of the Laplace transform, followed by the formula for convolution:

LA{f*g}= / *g)dt/ (/f t—udu)dt
/(/f g(t —u)e Stdu)dt //f g(t —u)e * dudt .

R={(u,t) : 0<t<u}

FIGURE 11.7.

This is a double integral over the infinite region R in Figure 11.7. Now change variables, letting
v=t—u,s0t=u+v and dv = dt:

L{f*g}= /0°° /ooo f(u)g(v)e > dvdu

= </O°o e fu) du> (/Ooo e *g(v) dv) =L{f}L{g}.

A number of properties of convolution follow immediately from The Convolution Theorem:

COROLLARY 8. Let f(t), g(t), and h(t) be continuous functions. Then the following identities hold:
fxg=gxf (11.21a)
(fxg)xh=fx(g*h) (11.21Db)

PRrOOF. By Theorem 5, to prove each identity, we need only show that the left-hand side and the
right-hand side have the same Laplace transform:

() L{f*g}=F(s)G(s) = G(s)F(s) = L{g* [}
(i) L{(f*g)xh} =L{f g} L{h} = F(s)G(s)H(s)
L{f*(gxh)}=L{f}L{g*h} = F(s)G(s)H(s).
O

Equation (11.19) follows immediately from the Convolution Theorem. For, consider the initial value
problem

y' by +ey=f(t), y(0)=0, y(0)=0.
Apply the Laplace operator to get

(as® + bs + )Y (s) = F(s).
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Therefore,
1

as? +bs+c
Let g(t) = L7 {G(s)}. Tt then follows from The Convolution Theorem that

y(t) = (f=g)(t).
That ¢(t) is the solution of the initial value problem
ay” +by' +cy=0, y0)=0, 3 (0)=1/a
follows by taking Laplace transforms of the initial value problem
a(s?Y (s) — y'(0) — sy(0)) + b(sY (s) — y(0)) +cY(s) =0.

Solving for Y (s) and recalling that y(0) = 0 and y/(0) = 1/a, shows that Y (s) = G(s). Hence, the
solution is g(t) = L7 {G(s)}.

Y(s) = F(s)G(s), where G(s) =

REMARK 11.5. The function ¢(t) is perhaps best viewed as the solution of the initial value problem
ay” + by +cy = 4(t),y(0) = y'(0) = 0.
For taking the Laplace transform of this initial value problem also yields G(s):
1

(a82 + bs =+ C)Y(S) =1or Y(S) = m = G(S) .
ExAMPLE 11.32. Consider y” + 3y’ + 2y = sin(¢), y(0) = 0, 4’(0) = 0. Then
1 1 1

Gls) = 213s+2 s+1 s+2

So
9o(t) = LG} () = et — e,
and the solution is, therefore, given by the convolution
y(t) = (e7" — e %) xsin(t).
REMARK 11.6. The solution to the initial value problem
ay” + by’ +cy=45(t), y(0)=0, y'(0)=0. (11.22a)

is called the (unit) impulse response function; it is often denoted by g(t). Taking the Laplace transform
of (11.22a) shows that

1
G(s)=L{glt)} = ———. 11.22b
(8) =Ly} = 5 re ( )
G(s) is called the transfer function.
) . . b b2 — dac
There is a rather nice formula for g(¢) in terms of the roots r,ry = ~5a + 5 of the
a a
b
characteristic polynomial as? + bs + c. Let p = %"
a
QM7 if b2 — 4ac > 0, w = 7\/%2;4(10’
a w
g(t) = ¢, if 5% — 4ac = 0, (11.22¢)
a
thsjﬂ(wt), if b2 — dac < 0, w = YAe=bZ
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VBT =1
PROOF. (i) If b2 — dac > 0, let w = 27“ Then
a

1 1 1 1 1
G(s) = 3 = = — .
as?+bs+c a(s+pt+w)(s+p—w) 2aw \s+p—w s+p+tw

Hence,
_ 1/ —(otw e Pt
9(t) = L7HG()} = 57— (e (p=w)t _ o=(p+ >t) = S sinh(wt)
1
(ii) If b% — 4ac = 0, then G(s) = —————. Therefore
a(s + p)?
1 1 1
t)y=~-L1 ———— b= —te P,
=3 {8—(—,0)} o'’
Vdac — b?
(iii) If * — 4ac < 0, let w = %. Then
a

1 1 1 1 1
G(s) = = . S = ‘ - — -]
as?+bs+c  a(s+(ptwi)(s+p—wi) 22awi\s+p—wi s+p+wi
Hence, by Equation (11.6),

1 . . efpt ezwt _ efiwt efpt
— pr-1 — —(p—wi)t _ —(ptwi)t) _ _ .
o(t) = £7HGE) = 5 (e ertorent) — 8 (2S5 = < i),

The state-free solution is the solution to the initial value problem
ay” +by +cy=f(t), y(0)=0,y'(0)=0. (11.23)
Taking Laplace transforms gives
Y(s) =G(s)F(s). (11.24)

By The Convolution Theorem, the state-free solution is the function (f % ¢)(t). The input-free solution
is the solution to

ay” + by +cy=0, y(0)=yo, ¥ (0)=y,. (11.25)
PROPOSITION 9. The solution of the initial value problem
ay’ +by +ey=f(t), y0)=wo, ¥(0)=uyp
is the sum of the state-free and input-free solutions:

y(t) = (f xg)(t) + ayo g’ (t) + (ayg + byo) 9(t) - (11.26)

ProOF. Taking the Laplace transform gives of the initial value problem gives the formula
Y (s) = F(s)G(s) + (ayo s + (ay, + byo)G(s) .
for the Laplace transform of the solution. On the other hand, taking the Laplace transform of (11.26)

using the convolution theorem gives the same thing. Consequently, the two functions agree and (11.26)
is the solution of the initial value problem. O

EXAMPLE 11.33. Consider y” + 4y = f(t), y(0) = 2, y/(0) = 3. Then g(t) = L7 {1/(s* +4)} =
1/2sin(2t). The state-free solution is

¢ ¢
1sin(2t) x f(t) = }/ sin(2u) f(t — u) du = 1/ sin(2(t — w)) f(u) du.
2 2 J, 2/

The input-free solution is

3
ayo g’ (t) + (ay) + byo)g(t) = 2cos(2t) + 3 sin(2t).



Therefore,
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y() = 2cos(2t) + %sin(2t) + % /O sin(2(t — u)) f(u) du.

119
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EXERCISES 7.

sing Laplace Transforms, find the solution of each of the following initial value problems,
1) Using Laplace Transt find the soluti f each of the following initial val bl
otice that the left hand sides are the same.

Notice that the left hand sid h

(a) " =3y +2y =0,(0) = 0,/(0) = 0.

(b) y' =3y +2y = t,2£y(0) =0,y'(0)=0.

(¢) ¥ =3y +2y =e*, y(0) =0, y'(0) = 0.
(2) Evaluate each of the following Laplace transforms or inverse Laplace transforms

a t + ug cos(t —

L{2 2

e
(c) £ {32+2$+5
(d) L{tsin(2t)}

2s+1
—1 e
(e) £ {4S2+4S+5}
2s+1
f) £718 ——r
0 e )
1
LY
(g) {S($2+48+5)} , I
(3) Solve the initial value problem 3" — y = uq(t) — us(t), y(0) =1, y’(0) = 0.
(4) Consider the following initial value problem:

y' +2y +5y =us(t), y(0)=0, y'(0)=0.

(a) Let Y(s) denote the Laplace transform for the solution. Find Y (s).
(b) Find the solution y(t) by computing the inverse Laplace transform of Y (s).
(¢) Give the numerical value of y(3). (Use a calculator for this part.)

(5) Compute y(7), where y(t) is the solution of the the initial value problem

y' —y=ua(t) —us(t) +us(t), y(0)=0, y'(0)=0.
(6) Compute y(107), where y(t) is the solution of the the initial value problem
v ' +y=906(t—m)—d(t—2m)+d(t—3m), y(0)=0, ¢'(0)=0.
(7) Consider the initial value problem
y'+y=f@), y0)=0, y(0)=0,

where
&) =142 (=DFurn(t)
k=1

(a) Draw the graph of f(t) for 0 <t < 6.
(b) Find a formula for F(s), the Laplace transform of f(t).
(¢) Find Y (s), the Laplace transform of the solution y(¢). Express your answer in the form

Y(s)=H(s)y e "=,
k=0
(d) Find h(t), the inverse Laplace transform of H(s) (from part (c)) and use this to find a
formula for the solution y(¢).
(e) Graph y(t) for 0 <t < 87. (Notice that although y(t) is expressed as an infinite series,
most terms in the series vanish for ¢ < 87.)
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Consider the initial value problem

y'+02 +y=f(@t), y(0)=0, y(0)=0,
where f(t) is the same as in the previous problem. Repeat steps (b)—(e) of that problem.
When making prescriptions for drugs that will be taken over a prolonged period of time it is
necessary to take into account the fact that the concentration of a drug in the bloodstream
grows after each subsequent dose. In this problem you derive a formula in standard use by
physicians.

Let ¢ be the concentration of a drug immediately after the first dose (this is proportional
to the size of the dose and the weight of the patient and is information known for all commonly
used drugs). After ¢ units of time the concentration will be given by the formula ¢ = coe™"*
where r is a constant that depends on the drug (this is just the law of exponential decay and
again the value of r is known for all commonly used drugs).

Now suppose that the same dose is taken every T units of time (e.g. every 4 hours). Let
y(t) denote the concentration of the drug in the bloodstream t hours after the first dose. Then
y(t) is a solution of the following initial value problem

y +ry=ft)=>_ cod(t —kT),y(0) =0
k=0

(a) Compute Y (s), the Laplace Transform of y(¢). (Note: it is an infinite series.)

(b) Now compute the inverse Laplace Transform to obtain a formula for y(¢) as another infinite
series.

(c) Use part (b) to find a formula for ¢;, = y(kT'), the concentration of the drug right after a
dose is administered at time ¢t = kT

(d) Initially, ¢; will grow pretty rapidly, but it will eventually level off and approach

Coo = lim ¢y .
k—o0
Use the formula for the sum of a geometric series to find a formula for cn.
(e) Find the value of r if the half-life of the drug in the bloodstream is 3 hours.
(f) Use the result of the previous parts of the problem to obtain a graph of the ratio c.o/co

as a function of T for a drug with a half-life of 3 hours. What is the time between doses
if the stable concentration is twice the initial concentration?
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A. Basic Formulas from Algebra, Trigonometry, and Calculus

Algebra:
Completing the square: X2 +bX +c= (X + 2)2 - % +ec.
Quadratic formula: roots of a X2 + bX + c are %j—élac
Exponents: a’ - a® = a**¢; Z—i =a""% (a®)° = a*%; 0!t = Va
Logarithms: In(1) =0; In(e) = 1; In(ab) = In(a) + In(b); In (%) = In(a) — In(b)

Geometry:

Circle: circumference = 27r; area = 7r;

3

4
Sphere: vol = §7TT : surface area = 471>

Cylinder: vol = 7r?h; lateral area = 2rrh; surface area = 27rh + 27712,
1
Cone: vol = §7r7°2h; lateral area = wry/r2 + h?; surface area = wr\/r2 + h? +

w2
Analytic geometry

Point-slope formula for straight line: y = yo + m(z — xo)
Equation for circle centered at (h,k): (z — h)2 + (y— k)2 = 2
(z—a)® (y—k)? _

Equation for ellipse centered at (h, k): >+ = 1
a
Trigonometry
. opposite adjacent opposite
sin= —————; S S = PP
hypotenuse hypotenuse adjacent
1 sin oS
sec = —; ¢s¢c = —; cot = —; tan = —; cot = —;
cos sin tan cos sin
. ™ LT
sin(z) = cos (5 — ;v); cos(z) = sin 5 m)
sin(x + m) = —sin(z); cos(z + 1) = — cos(x)

sin(x +y) = sin(x) cos(y) +cos(z) sin(y) ; sin(z —y) = sin(x) cos(y) — cos(z) sin(y)

cos(z+y) = cos(z) cos(y) —sin(z) sin(y); cos(x —y) = cos(zx) cos(y) +sin(x) sin(y);

sin(z)+sin(y) = 2 sin <x—;—y> cos (y ; x) sin(z)—sin(y) = 2 sin (x;y) cos (x ; y)
cos(z)-+cos(y) = 2 cos (CC—QHJ) cos (y ; x) cos(z)—cos(y) = 2 sin (W) sin (y ; x)

sin?(z) + cos®(x) = 1; tan?(z) + 1 = sec?(z); 1 + cot?(x) = csc?(x).

1-— 2 1 2
sinz = 7(:;5( ac); cos’x = 74_ C;)S( x)
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0=10| /6 | n/4 | ©/3 |7/2

Values at g, LSO = 0] 1/2 1/V2 | V3/2]| 1
alues at common angles: cos0) = |1 Vaz v 12 | 0
tan(@) = | 0| 1/vV3 | 1 V3 | —

The phase-shift formula:

z(t) = C1 cos(wt) + Cy sin(wt) = A cos(wt — ¢) = Acos (w(t — tg)),

¢ /
here tg = —; A= 2 3
where to = ~; Ci+Cs,

cos(¢) = \/% sin()
4(0102)
A
:

= L tan(¢)

G
C

—— x=Acos(wo(t - to))

----- = Acos(wot)
¢
<4

— 27
T_w

FIGURE A.1. The figure above illustrates how to graph the function y(t) = C; cos(wt)+
Cysin(wt). It is a “cosine curve” of amplitude A = \/C? + C3, period T = 27 shifted

w

by to = £ units. The angle ¢ is called the phase angle or phase shift. Notice, however,
that the actual shift is the quantity ¢ty = ¢/w rather than ¢.

EXAMPLE A.1. Sketch the graph of the function y(t) = 2e~°3 cos (3t — 4).

Step 1: Graph the function f(t) = cos(3t), a cosine function with period 27/3 ~ 2.

Step 2: Graph the function f(t —4/3) = cos(3t —4) = cos (3(t —4/3)). This is the graph of cos(3t)

shifted to the right by 4/3 units.

Step 3: Next graph the functions g(t) = 2¢7%3% and —g(t) = —2e~03%.

Step 4: Finally graph y(t) = 2¢ %3¢ cos(3t —4), which is the product g(t)- f(t —4/3) —a shifted cosine
function cos(3t — 4) with varying amplitude g(¢) = 2e~%3%. Notice that in the right-hand figure below,
the graph of y(t) touches the graphs of ¢(t) and —g(t) (the dotted curves) when cos(3t —4) = +1, which

is where 3t — 4 is an integer multiple of 7:

3t—4=nn =

T T
3 — y=cos(3t—-4)
---- y=cos(3t)

¢ 4+ ™
=—+n—.
3 3

X
— 207 03tcos(3t — 4)
— cos(3t—4)
—_—= ze—O.Bt

T
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Calculus

Basic differentiation formulas:

d( to) = dfu_‘_@ i( ) dv du
dxu de  dx’ dz wr= dx dz’

d /u 1 du dv
dx<y)_112<vdm_ud$>’ for v # 0.

Chain rule:

dz  dz dy
dv dy dx’

Fundamental Theorem of Calculus:
d g(x) . .
— h(u)du = h(g(x)) g'(x) — h (f(x)) f'(x)
dz J y(a)

Derivatives of specific functions:

At de L dinfe] 1

dr de 7 dx o

dsin(r) = dcos(x) = . Cdtan(x) 5,
e cos(x); — = —sin(z); T = Sec (z);

d arcsin(x) 1 darctan(z) 1

dx T V122 dx Tl 422

Basic integration formulas:

/(u+v)dx:/ud:v+/vdx; /audx:a/udx;

Substitution:

/f (u(z)) v (z) dz = F (u(z)), where /f(u)du = F(u);

Integration by parts:

/udvzuv—/vdu;

Standard integrals:

" xn+1 dx . -
" dr = +C (n# -1); — =In|z|+C; | e®dx=e"+C,
n+1 x

/sin(x) dx = — cos(z) + C; /cos(x) dx = sin(x) + C; /tan(a:) dx = —In|cos(z)| + C;

= arcsin(z)

xdx
+C;/7=—\/1— 24+ C,
\/1 V1—22 v

dx 1 14z
/1+ 5 = arctan(z) + C; /1—332_2111‘1—%

+ C;

T dx

Tra2 ln(l—i—x )+ C
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B. Review of Partial Fractions

When computing integrals and inverse Laplace transforms, rational functions, i.e. ratios of polyno-
mials, arise:
P(s)  pps" +pp_18""t 4+ p1s+po
Q(S)  amS™ + gm_15™ '+ + @5+ qo
It is useful to express R(s) as a sum of simple fractions, this is called the partial fractions expansion of
R(s). Here’s how to do that:

R(s) =

Step 0: If degree P(s) > degree Q(s), first perform a long division.
B ! s?+1 253 +5—1
rample: ————— =8— —————.
P st +2s2 41 st+2s24+1
Step 1: If the denominator hasn’t already been factored, factor it completely.
253 +5—1 283 +s5—1

Ezample: — -
rampie st 4252 +1 (s2+1)2

Step 2: For each factor in the denominator of the form (s + a)P include terms of the form
Al =+ A2 + -+ & ,
(s+a) (s+a)? (s+a)r
and for each term in the denominator of the form (s? + bs + ¢)?, include terms of the form
Ais+ By Ass + Bs A,s+ By
(s24+bs+c) (s2+bs+c)2 (524 bs+c)e

in the partial fractions expansion.

FEzxzamples:
23 +s—1 As+B Cs+D
T2 +1)2 (241 (2412
283 — s2 4+ 25 A B Cs+ D
(3—1)2(32+s—|—1): s—1 +(5—1)2 (s2+s+1)’
35 +3s3-3s2-2s+4 A B C Ds+ E
s2(s—1)(s2+2s5+2) :§+87+(s—1)+(s2+23+2)'
3s' +3s°—3s°—2s+4 A B C Ds+ E Fs+G

212125127 s 2 -1 (P+25+2)  (2t2s+22

Step 3: Determine a system of equations for the unknown constants by collecting terms in the partial

fractions expansion and equating the numerator of the result with the numerator of the original fraction.

-2 —s+1 As+B Cs+D  As®*+Bs*+ (A+C)s+ (B+ D)
(s2+1)2 (s2+1)  (s2+1)2 (s*+1)°

SoA=-2 B=0, A+C=-1, B+D=1.

Step 4: Solve the system to determine the unknown constants.

FEzxzample:

Ezample (From Step 3): A=-2, B=0, C=1, D=1

—233—3—|—1_ —2s n s+1
(s2+1)2 (s241)  (s2+1)%

Hence,



C. TABLE OF LAPLACE TRANSFORMS

C. Table of Laplace Transforms

f(t) F(s) f(t) F(s)
1 7; e 87; 2
", n=123 T tre G
sin(a) o cos(at) e
M sin(at) = b; 3 | Meos(an) (stb)_gblag
£ sin(at) & Qf‘;)g t cos(at) (3522;;22)2
sinh(at) S coshat) o
¢ sinh(at) (S_b;ﬁ ¢ cosh(at) (stb);”lag
u(t) e; 3(t = c) e
General Formulas
a f(t)+bg(t) aF(s)+bG(s) f(at) %F(S/a)
A F (D) F(s—b) £ f(t) (—1)"F™(s)
uc(t) f(t —c) e “F(s) uc(t) f(t) e “L{f(t+)}
Ot F(u) du FS) %f (1) / " ) du
f'@) sF(s) — f(0) @) s?F(s) — sf(0) = f'(0)
Feo)= [ fa-ngar FOGE | ST =10 A (UL
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ampere, 6 G.F. Gause, 36
analogue computer, 71 general solution, 61, 75
argument, 48
autonomous, 32 half-life, 27
harmonic oscillator, 5, 69
beats, 85 harmonic oscillator, driven, 83
British system, 5 Heaviside step function, 104
Henry, 6
carrying capacity, 35 homogeneous differential equation, 58
cgs (centimeter-gram-second) system, 5 homogeneous linear differential equation, 13
characteristic polynomial, 63 Hooke’s Law, 5
complex conjugate, 46
complex exponential function, 50 imaginary part, 45
conservation of energy, 57 impulse, 110
convolution, 115 impulse response function, 117
Convolution Theorem, 115 independent solutions, 61
coulomb, 7 inductance, 6
critical point, 32 initial value problem, 55
initial condition, 3, 55
damped harmonic oscillator, 70 initial value problem, 3
damped harmonic oscillator, 70 input-free solution, 118
damping coefficient, 71 integral curve, 15
Dirac Delta Function, 111 integrating factor, 24
direction element, 14 intrinsic rate of growth, 35
direction field, 15 inverse Laplace transform, 95
drag, 30
drag coefficient, 30 kilogram (kg), 5
driven harmonic oscillator, 71, 83 kinetic energy, 57
dyne, 92 Kirchhoft’s law, 7

dyne (dyn), 5
Laplace transform, 95

equilibrium point, 32 line element, 14
FEuler’s Formula, 50 linear differential equation, 13, 21
Euler’s method, 15 linear operator, 59
existence, 26, 59, 62 linear second order differential equation, 58
exponential order, 98 logarithmic growth rate, 34
exponential shift formula, 99 logistic function, 36
logistic curve, 36
Farad, 6 logistic equation, 35
first order differential equation, 2
fixed point, 32 micro Henries (¢H), 6
forcing function, 13, 58 mixing problems, 29
fundamental basis, 61 mks (meter-kilogram-second) system, 5
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modulus, 46

natural frequency, 83

Newton (N), 5

nonhomogeneous differential equation, 13
nonhomogeneous differential equation, 58
nonlinear differential equation, 21

ohm €, 6

partial fractions expansion, 101, 128
particular solution, 25, 75

periodic solution, 23

phase-shift formula, 126

piecewise continuous, 98

potential energy, 57

pound, 5

pulse wave, 105

quadratic formula, 63

rational functions, 128
Raymond Pearl, 34
reproduction function, 34
resonance, 84

resonant frequency, 87

INDEX

RLC-circuit, 6

sawtooth wave, 105

second order differential equation, 2, 55
separable differential equation, 19
separable differential equation, 13
slug, 5

solution, 2, 55

square wave, 105

stable equilibrium point, 33
stable solution, 23

state-free solution, 118

steady state solution, 86

T. Carlson, 34

tangent line approximation, 15
terminal velocity, 31

transfer function, 117
transient, 86

undetermined coefficients, 76
unique solution, 14, 26, 59, 62
unit of mass, 5

Wronskian, 62
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