
Lecture 26

Convolutions .
The impulse -response
function



Example . Pure HR this rate ( in kglyr) that
chemical is added to lake .-

y , volume of lake in meters
'

t = time in years. b = rate (in mYyd that as by
ylt : quantity (in kgl of water both enters t leaves

chemical in the lake . the lake.

dyas fth - b (Yf) dyqtay-S.tt)

Take the Laplace transform :
{ Y'" :O

(Sta) Yas Fcs) ⇒ Yesss ,÷a - Hsi ⇒ ya s L
"{ ¥a ' FG}

• Suppose at time t so , 1 kg of the yr

chemical is dumped into the lake. \
5-Hs 8th ⇒ Fois 's 1¥,

then
guys g

"

I start. ) s Eat
• Now suppose the chemical is added
at a constant rate: f# s r §!#¥!¥±>
idea : Replace fits by !§

,

rot &!tl
Then Its sing

,

rot gettis ⇒
ytt' a !L

,

rot qq.ie
-att-til

I ,&
,

r e-att
- tithe

let otro to get yH= lot r e- att -Mdt = Ia ( I - e- at)
. fotsme.at#dr=f*e-at
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Goalie Obtain a better understanding of solutions of the initial value problem

ay
"
t b y

'
t c y = fth

ylols yo , y
'lots yo

'

Ideai Break problem into 2 parts :

µ, ay
"
t b y
'
ta y so the input -free solution{ ya : yo , y
'lol : go

' -

ay
"
t by't cysfkl

⑦ / glosso , yyo, so
the state-free-oaf.in

Both of these will be expressed in terms of the
(unit) impolse-response-fanctiong.lt) , which is the solution to the following
initial value problem :

ay
"
t b y

'
ta y = SHI

* { ylol so , y
'
lol so

The Laplace transform of 1*1 is (a s't b s t c) Gals 'b n

so get
get's L

" lastly } # t

Note . GH is also the solution of

ay
"

t by't cy so**) { yeolso , y
'

lol s 'la

to see this , take the Laplace transform of # i

a ( s' Ils) - y
'

lol) t b (s Ild) t c Ils) so

⇒ a ( sails) - Y ) t b (s Ild) t c Ils) soa

⇒ Yds)sb- = Gcs) .
Hence

, gas L
"

{IN}
a s 't b s t c



d) Theinputi :

Goali Find a formula in terms of gel
for the solution of
'

ay
"
tb y
'
ta y so{ gloss yo , y
'lots yo

'

Take the Laplace transform :

a HEH - y; - yos) t b (s Yin -got toYds) so

⇒ (as' tbs + c) Yds) s (ay, s t lay; tbyo)
⇒ Yds) : Cayo) a÷+, t latiotbhdo as¥s+e

= (ayo) - s - Glo t lay; tbyo) Glsl

So yetis (ago) L
"f s Glo} t (ayjtbyo) L

"

fast

slaydgttltlayjtbydg.lt#input-free-oution



(2) Thestate.fr#esoution .

Goali Find a formula in terms of gel
for the solution of

a y
"
tb y
'
ta y s HH

"

{ ylo) so , y
'lol so

Take the Laplace transform:

(as't bstc) Yds) : Ffs) s { F-HE"dt
Then ya : L'

'

{ FH - GH} where Glas 1-
as
'tbstc

Fix t and divide the real line into It

small subintervals of width Ot with t.tn as shown : I

#i¥i÷÷÷ t.tn

Notice is, = footage'd, a i.%fCq.se#sot=Lf&fH!otolt.tglg (Riemann sum)

"
yea . If sitio .

= "tiottil:÷÷}
= !§

,

Sitio . utica . get - til ueinsf! Yat: t
= ,%

,

fit! get - t! ot
'let * → ° "

yfpsgotgqygft.gg#convoutionottandgf*glH



Convolutions

DI The convohitim of THI and GH :

5- * g Itt = fthdgtt-al du .

theorem (The Convolution Theorem):

Additionally.es :
LHI*)=L.tt/iLfg3S-*g=g*f

⇐*g)* h=t*lg*h)
5-*Cgth) f*gtf*h- { 5-* I g) = c t*g les const)

Summary

Solution of
a Y
"

t by't c y stay{ gloss go y
'lots yo

'÷÷÷:÷÷÷÷÷÷÷:÷:i÷÷:i..
( the solution to ay

"

tby 't Cy = OH yeol so,y'lolso



Example . Laps y
''t 2g

'
+ toy y"t2yt toy so

"" s÷to=c÷, = 's ,÷µ,
I sass. His ⇒

yttls 5 g'Htt (7+2.5) GH
- t

GH : g sin Gtl = 5g 'Htt 17gal3

gilts Et ( cosCHI - g tinka) = 5 Et (costal - g tinta)
1- It e-t

g
tin Gtl

y
''t 2 y
't log = t = Et ( 5 boot) t 4 LinGtl){ Yoko, y'lolso ⇒

yltts lot (t - a) Eg" timbal du
Aangh !

YIN 1- =

544+132+9) Fat SB tastily
(Stift 9

= "

jog
-

"

Et Holst't 't
-

(Stift 9
YA. Tot -got Etosha - oetsincstl


