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ExXAMPLE 3.6. (THE LocIisSTIC EQUATION FOR POPULATION GROWTH)

In the late 1920’s Raymond Pearl analyzed data collected by to determine how well the logistic
equation predicted the population growth of yeast.® In Carlson’s experiments a small number of yeast
cells were placed into a jar containing sugar, and the approximate number of yeast cells were counted
each hour. Here is some of the data from the experiment:
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Pearl conjectured that the number of yeast Y (¢) after ¢ hours obeyed a differential equation of the
form

where R(Y) is a function involving only the number of yeast. Notice that the left hand side is the
“fractional rate of growth” (or the logarithmic growth rate). The right hand side is called the reproduction
function. The object of Pearl’s analysis was to determine R(Y").

At any t, the derivative can be approximated by a “difference quotient” AY/At. A better estimate
can be obtained by averaging successive quotients. For example, Y”(5) can be estimated by

Y'(5) ~ % (Y(G) -Y(5) N Y(5) — Y(4)) _Y(®) -Y(E)
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Because the logistic equation. is separable, it can be solved by separation of variables:
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The left hand side can be integrated by partial fractions:
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