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Abstract
Variable projection is a powerful technique in optimization. Over the last 30 years, it
has been applied broadly, with empirical and theoretical results demonstrating both greater
efficacy and greater stability than competing approaches. In this paper, we illustrate the
technique on a large class of structured nonsmooth optimization problems, with numerical
examples in sparse deconvolution and machine learning applications.
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Introduction

This paper revolves around the Variable Projection technique in nonsmooth optimization.
One of the prominent early references on the topic [11] concentrates on separable least-squares
problems, having numerous applications in chemistry, mechanical systems, neural networks,
and telecommunications; see the surveys of [12] and [18], and references therein. Setting the
stage, consider a separable least-squares problem
min f (x, θ) := ky − Φ(x)θk22 ,
x,θ

(1)

where the matrix-valued map Φ(x) is smooth in the parameter x. One may formally eliminate
the variable θ by rewriting the problem:
min fe(x)
x

where

fe(x) := min f (x, θ).
θ

(2)

Though fe(x) is implicitly defined, it can be explicitly evaluated, since f (x, ·) is a convex
quadratic in θ. The variable projection technique for this class of problems, going back to [11],
then aims to solve the original problem (1) by instead running a nonlinear optimization
solver on minx fe(x). The authors of [27] showed that when the Gauss-Newton method for (1)
converges superlinearly, so do Gauss-Newton variants for (2); moreover, empirical evidence
suggests that the latter schemes outperform the former.
The underlying principle is much broader than the class of nonlinear least squares
problems. For example, the authors of [4, 5] consider the class of problems
min f (x, θ) ,
x,θ

(3)

where f : Rn × Rk → R is a C 2 -smooth function, the vector x ∈ Rn models the primary set
of parameters, while θ ∈ Rk is a secondary set of nuisance parameters (such as variance,
tuning, or regularization). Applying the variable projection technique requires approximate
evaluation of the function fe(x) = minθ f (x, θ) along with its first (and potentially second)
derivatives; such formulas are readily available under mild conditions [5].
There is significant practical interest in nonsmooth functions f , generalizing (3). Nonsmooth regularization in both x and θ occurs often in high dimensional and signal processing
settings, as well as in PDE constrained optimization, and machine learning problems. In
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many cases, problem-specific projection-based algorithms have been developed. Our goal is
to provide a unifying framework for a wide range of problems, illustrating its current uses in
a range of fields, and to explore new applications.
The outline of the paper is as follows. In Section 2, we present important applications of
nonsmooth variable projection algorithms. Throughout, we emphasize the subtleties involved,
and in several cases propose novel techniques. In Section 3, we justify some technical claims
made in Section 2, using basic techniques of variational analysis. Section 4 presents promising
numerical results with applications to exponential fitting, sparse deconvolution, and robust
learning formulations. Conclusions complete the paper.

2

Nonsmooth Variable Projection in Applications

As alluded to in the introduction, the variable projection technique has been widely used in
different application domains. In this section, we describe a number of notable examples:
PDE-constrained optimization, exponential data fitting, robust inference, and multiple kernel
learning. We emphasize that despite the variety of these applications, the underlying algorithmic techniques all fall within the same paradigm. However, there are subtle modifications
that may be required to make the scheme work, which we emphasize when appropriate. As
a warm-up for the general technique considered, we begin with ODE or PDE constrained
problems.

2.1

PDE-constrained optimization

Optimization problems with ODE and PDE constraints occur often when modeling physical
systems; see e.g. optimal control [10,22] and inverse problems in geophysics [6,13] astrophysics
[14] and medical imaging [1]. Setting notation, consider the problem
min g(x, u)
x,u

s.t.

c(x, u) = 0,

(4)

where u is the state variable (a vector field), the system c(x, u) = 0 is an ODE or PDE with
parameters of interest x, and g is an objective that we aim to minimize (e.g. data misfit).
Here we assume that g is lower bounded and convex. Upon discretization, u becomes a
high-dimensional vector. For the current exposition, we will assume that the PDE is linear.
Abusing notation slightly, we assume that the system (4) is already discretized, and is in the
form
min g(x, u) s.t. H(x)u = q,
(5)
x,u

where H(x) is a square invertible matrix depending C 1 -smoothly on x, the function g is
C 1 -smooth and the margin function g(x, ·) is convex for each x.
In large-scale applications, it is impractical to store and update the entire vector u.
Instead, adjoint state methods compute u on the fly and optimize in x alone. Observe that
the problem is equivalent to minimizing the smooth function fe(x) := g(x, H(x)−1 q) and it is
well-known [13, 23] that ∇fe(x) is given by
∇fe(x) = ∇x g(x, ū) + ∇hv̄, H(·)ūi(x),
where (ū, v̄) satisfy the equations

H(x)∗ v̄ + ∇u g(x, ū)
H(x)ū

=0
=q


.

(6)

A variational viewpoint elucidates the formula. Indeed, basic convex duality (e.g. [7, Corollary
3.3.11]) implies that fe(x) can equivalently be written as
fe(x) = sup min g(x, u) + hv, H(x)u − qi.
v

u

(7)

Now observe that equation (6) simply says that (ū, v̄) is a saddle point of (7) while the
description of ∇fe(x) is the partial gradient with respect to x of the inner function in (7)
evaluated at (x, ū, v̄).
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Penalty methods for PDE constrained optimization In some applications, it
may be desirable to relax the constraint H(x)u = q and formulate a penalized problem
introduced in [35]


min g(u, x) + λ · p H(x)u − q ,
x,u

where λ is a penalty parameter and p is strongly convex, smooth penalty function (e.g.
p = 12 k · k22 ). The variable projection technique is immediate here. An easy application
of [25][Theorem 10.58] shows that the function


ge(x) := min g(u, x) + λ · p H(x)u − q
(8)
u

is differentiable and its derivative is simply the partial derivative of the inner function in
x evaluated at (x, ū), where ū achieves the minimum. For an extended explanation, see
Section 3. Notice that in case of the least squares objective g(u, x) = kRu − dk2 , only one
equation solve is needed to compute ū and hence the derivate ∇e
g (x). This is in contrast to
the adjoint method where another equation solve is needed to compute the adjoint variable
v̄. For promising numerical results, see [35]. Hence the variable projection technique, even in
this rudimentary setting, can yield surprising computational benefits.

2.2

Exponential data-fitting

In this section, we present the general class of exponential data-fitting problems – one of the
prime applications of variable projection [21]. The general formulation of these problems
starts with a signal model of the form
yi =

n
X

aj exp(−ϕij (θ)),

j=1

where a ∈ Rn are unknown weights, y ∈ Rm are the measurements, and ϕij are given
functions that depend on an unknown parameter θ ∈ Rk . Some examples of this class are
given in table 1.

problem
pharmaco-kinetic
signal classification
radial basis functions

known parameters
time t
distances xj
locations xj

unknown parameters
decay rate θ
direction θ
center r and scale s

ϕij
θi t j
ıθi xj
s2i kxj − ri k22

Table 1: Some examples of exponential data-fitting in applications.
Introducing the matrix Φ(θ) with entries Φ(θ)ij := exp(−ϕij (θ)), we express the noisy
measurements as
y = Φ(θ)a + .
A natural approach is then to formulate a nonlinear least squares problem,
min kΦ(θ)a − yk22 ,
a,θ

which is readily solved using the classic variable projection algorithm. In practice, however,
we may not know the number of terms, n, to include. We can of course over-parametrize the
problem, choosing a rather large value for n, but this may lead to unreliable estimates. By
including a sparsity prior on a we force a sparser solution. We arrive at the formulation:
min kΦ(θ)a − yk22 + λkak1 .
a,θ

Note also that we can replace the `2 data misfit term to account for the statistics of the
noise. Additional constraints on a may be added as well [19, 33]. The variable projection
approach allows us to efficiently solve this problem by projecting out a using any suitable
method to solve LASSO problems (we use IPsolve [3]) and using a non-linear optimization
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method to find the optimal θ. Indeed, we will see in Section 3 that provided Φ(θ) has full
column rank for all θ, the function
fe(θ) = min f (θ, a) := kΦ(θ)a − yk22 + λkak1 ,
a

(9)

is differentiable with gradient ∇fe(θ) = ∇θ f (θ, ā) where ā achieves the minimum. If Φ(θ)
does not have full column rank, we can add a quadratic regularizer in a and obtain an
analogous result. We note that numerical optimization in both variables (θ, a), without
variable projection, performs poorly in comparison to the reduced approach; see section 4
and figure 2.

2.3

Trimmed Robust Formulations in Machine Learning

Data contamination is a significant challenge for a range of inference problems. An alternative
to robust penalties is the trimmed approach [15, 28], where one solves an inference problem
by minimizing over k least residuals. Suppose that our inference problem can be written as
X
min
gi (x) + r(x),
x

i

where gi represent the error or the negative log-likelihood of the i’th component, while r(x)
is any regularizer. The trimmed approach aims to only use k “best” components, treating
the rest as “outliers” to be excluded. However, correct classification of these residuals can
only be done once x is known. A natural approach is to use the k smallest residuals at
each iteration of a numerical scheme. Recently, such a scheme was used to develop robust
graphical models [37], using a sparsifying regularizer r(x) = λkxk1 .
Consider the reformulation
!
X
min
min
wi gi (x) + r(x),
(10)
x

w∈∆k ∩B∞

i

where ∆k = {w ≥ 0 : 1T w = k} is a scaled simplex, and B∞ = {w : −1 ≤ wi ≤ 1} is
the infinity norm unit ball. P
Variable projection naively seems directly applicable, since the
function x 7→ minw∈∆k ∩B∞ i wi gi (x) simply selects the k smallest gi (x)’s. However, it is
easy to see that this function is nonsmooth in the simplest of cases; see Fig. 1.
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Figure 1: g1 (x) = (x−1)2 and g2 (x) = (x+1)2 . The resulting function min{g1 , g2 } is nonsmooth
at the origin (black solid curve). The effect of the smoothing formulation (11) shown in dashed
blue for β = 1, and dash-dot red for β = 0.5.
Instead, we propose a regularized formulation:
min
x

min

w∈∆k

X
i

β
wi gi (x) + kwk2
2

4

!
+ r(x).

(11)

We then seek to solve the problem minx ge(x) + r(x), where
X
β
geβ (x) := min
wi gi (x) + kwk2
w∈∆k ∩B∞
2
i


β
= dist2∆k ∩B∞ −β −1 g(x) − (2β)−1 kg(x)k2
2
Here we use the notation g(x) := (g1 (x), . . . , gm (x)). A standard computation shows that
geβ (x) is indeed differentiable with gradient ∇e
gβ (x) = ∇g(x)x̄, where x̄ is the nearest point to
−1
−β g(x) in the set of interest ∆k ∩B∞ . Projection onto this set has been recently considered
and implemented [36]. Hence standard methods are directly applicable to solve (11), including
prox-gradient for non-smooth r(x), provided ∇g is Lipschitz continuous. In the numerical
section of this paper, we illustrate the approach on a logistic regression model with data
contamination. In section 3, we observe that the regularization technique just described fits
into a broader paradigm.
This example illustrates the importance of a theoretical framework underlying algorithmic
development. While (10) is not differentiable, a small modification (11) is, and shows good
performance in applications.

2.4

Multiple Kernel Learning

Kernel methods are a powerful technique in classification and prediction [32, 34]. In such
problems we are given a set of m samples xi ∈ Rn and corresponding labels yi ∈ R and the
goal is to classify new samples. To do so, we search for a function g(x) = hv, Φ(x)i : Rn → R,
with Φ a given map from Rn to a specified (possibly infinite-dimensional) function class H
(Reproducing Kernel Hilbert Space [29, 31]), such that hv, Φ(xi )i ≈ yi . We can then use v to
classify new samples. This problem can be formalized as follows
min

m

v∈H, b∈R, ξ∈R+

2
1
2 kvkH

+C

m
X

ξi

i=1

yi (hv, Φ(xi )i + b) ≥ 1 − ξi

s.t.

for i = 1, 2, . . . , m,

The dual to this problem is always a finite dimensional Quadratic Program:
min m 21 kαk2K − 1T α

s.t.

α∈[0,C]

m
X

αi yi = 0,

(12)

i=1

where K is the Kernel
Pmatrix given by Kij := yi yj hΦ(xi ), Φ(xj )i. Once the dual is solved, v
is recovered via v = i αi yi Φ(xi ).
The choice of kernel is an art-form; there are many options available, and different kernels
perform better on different problems. To develop a disciplined approach in this setting, the
multiple kernel learning framework has been proposed. In this framework, we suppose that
we have a choice of M kernels functions Φi with corresponding kernels Ki . We can now
consider the linear combination
M
X
K(w) =
wi Ki ,
i=1

where w are some weights. A natural question is to find the best weighted combination; such
an approach has been proposed in [24]. Specifically, requiring w to be in the unit simplex
yields the problem
(
)
m
X
2
T
1
b
min f (w) :=
min
kαkK(w) − 1 α
s.t.
αi yi = 0 .
w∈∆1

m

α∈[0,C]

2

i=1

This problem was solved in [24] by using variable projection, with the outer problem solved by
prox-gradient. Notice that each iteration requires a complete solve of a Quadratic Program.
Our novel approach switches which variable is projected out. Analogously to the trimmed
regression case, a naive approach is given below:
min m fe(α) − 1T α

s.t.

α∈[0,C]

m
X
i=1

5

αi yi = 0,

(13)

where
1
kαk2K(w)
w∈∆1 2

fe(α) = min

= min

w∈∆1

1X
w hK α, αi
2 i i i

(14)

As in trimmed regression, this approach does not work, as fe can be nonsmooth. We use the
same smoothing modification, considering a modified function
1X
β
feβ (α) = min
wi hKi α, αi + kwk2
w∈∆1 2
2
i


β
= dist2∆k −β −1 g(α) − (2β)−1 kg(α)k2
2

(15)

where gi (α) = αT Ki α. Now, feβ (α) is smooth, with ∇feβ (α) = ∇g(α)ᾱ, where ᾱ is the
nearest point to −β −1 g(α) in the unit simplex. This projection has also been studied and
implemented [9]. With the smoothing extension, standard approaches can be applied to
solve (13) with the modified feβ . In our numerical experiments, demonstrate the efficiency of
this novel formulation.

3

Theory

In this section, we discuss some of the claimed derivative formulas in the aforementioned
applications. To this end, recall that a function f : Rn → R is differentiable at x̄ if there
exists a vector v, called the gradient and denoted ∇f (x̄), satisfying
lim

y→x̄

f (y) − f (x̄) − hv, y − x̄i
= 0.
ky − x̄k

On the other hand, a function f that is differentiable at x̄ is strictly differentiable at x̄ if it
satisfies the slightly stronger property
lim

z,x→x̄

f (z) − f (x) − h∇f (x̄), z − xi
= 0.
kz − xk

The following fundamental result [25][Theorem 10.58] is key for establishing derivative
formulas for ge in (8) and for fe in (9). Strict differentiability, in particular, implies local
Lipschitz continuity of the function, in contrast to conventional differentiability [25, Theorem
9.18].
Theorem 1 (Derivative of the projected function). Consider a function f : Rn × Rm → R
satisfying the following properties
1. f is continuous;
2. f (x, z) is level-bounded in z locally uniformly in x,Smeaning that for any α ∈ R and
any compact set X ⊂ Rn , the union of sublevel sets x∈X {z : f (x, z) ≤ α} is bounded.
3. gradient ∇x f (x, z) exists for all (x, z) and depends continuously on (x, z).
Define now the projected function and the minimizing set:
fe(x) := inf f (x, z)
z

and

P (x) := argmin f (x, z).
z

Then fe is strictly differentiable at any point x for which the set Y (x) := {∇x f (x, z) : z ∈
P (x)} is a singleton, and in this case equality ∇fe(x) = Y (x) holds.
Let us see how this theorem applies. Consider the function ge in the formulation (8).
Clearly the inner function satisfies properties 1 and 3 of Theorem 1. Property 2 follows
quickly from strong convexity of p and the assumptions that g is lower bounded and H(x)
is invertible. Then the set Y (x) is clearly a singleton, and the claimed derivative formula
follows (even if p is nonsmooth).
Next, consider the function fe in (9). Again, properties 1 and 3 of Theorem 1 hold. To
justify property 2, we must assume that Φ(θ) has full column rank for all θ. Then property 2
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follows immediately. Since the objective is strongly convex in a, the set Y (θ) is a a singleton
and the derivative formula follows.
Next note that there are important limitations
P to Theorem 1. We already saw that
the naive projected function x 7→ minw∈∆k ∩B∞ i wi gi (x) in equation (10) can easily be
nonsmooth; see figure 1. The same occurs for the naive formulation (14). The difficulty is
that the parameter that is projected out varies over a constrained set, and hence properties
1 and 3 decisively fail.
As we saw in sections 2.3 and 2.4, we can circumvent these issues by smoothing the
projected problem while still preserving the structure of the solution set P (x) (feasibility,
sparsity, etc.) This technique seems promising much more generally for problems of the form
min g(z, x) := h(z, g(x)) + r(x),
x,z

where h, r, and g satisfy appropriate conditions. Such a smoothing technique in nonsmooth
optimization appears to be new, and will be the subject of further investigation.

4

Numerical Illustrations

Direction-of-arrival estimation (DOA)
A classical problem in array-based signal processing is the estimation of the direction-ofarrival. In a typical setup, incoming signals from multiple sources (e.g., electromagnetic or
acoustic waves) are recorded by an array of receivers. The goal is to identify the directions
from which various contributions originated. This problem falls in the class of exponential
data-fitting, as an incoming plane wave can be described by a complex exponential. The
signal model is
y = Φ(θ)a + ,
where y ∈ Rm denotes the signal, Φ(θ) ∈ Rm×n is a matrix with elements exp(−ıθj · xi ),
a ∈ Rn are the amplitudes of the individual components; θj ∈ S1 are the directions and
xi ∈ R2 are the locations of the receivers.
The classical way of estimating the parameters θi is the MUSIC algorithm [8, 30]. This
algorithm proceeds to estimate the DOA as follows. First, we treat both a and  as random
variables and define the signal correlation matrix
Σθ = Ea {Φ(θ)aa∗ Φ(θ)∗ },
which is an m × m matrix with rank min{m, n}. We let P be the matrix whose columns
span the null-space of Σθ . The MUSIC pseudo-spectrum is now defined as
f (θ) =

1
,
kP ∗ s(θ)k2

where si (θ) = exp(ıθ · xi ). If s(θ) is nearly in the range of Σθ , its projection onto the
null-space is nearly zero, thus causing a large peak in the pseudo-spectrum. The components
in the signal can then be detected by taking the m largest peaks in the pseudo-spectrum.
In practice, we do not have access to the signal correlation. Instead, we construct the
sample average
N
1 X
Σy ≈
y y∗ .
N i=1 i i
If the  is i.i.d. Gaussian with variance σ and independent of a, we have
Σy = Σθ + σ 2 I,
in which case we construct P from the singular vectors of Σy with singular values < σ 2 .
Proper identification of the null-space requires an estimate of the noise level.
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MUSIC vs. Nonsmooth DOA (full and reduced) An example with N = 10,
n = 101 and m = 5 is shown in figure 2. Note that the observed data contains arrivals from
only 3 distinct directions. We solved the LASSO problems using an interior point method
(IPsolve [3]) while using a Quasi-Newton method to solve the outer optimization problem.
We compare this variable projection approach to solving the full optimization problem in
(a, θ) jointly using a non-smooth Quasi-Newton method [16].
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Figure 2: (a) observed and fitted data, (b) true and estimated direction-of-arrival
and corresponding amplitudes, as well as the MUSIC spectrum, and (c) convergence
of the full and reduced approach.
The observed and fitted data are shown in figure 2 (a) and the true and estimated DOAs
and amplitudes as well as the MUSIC spectrum are shown in figure 2 (b). The MUSIC
spectrum clearly picks up the strongest modes but fails to recover the weaker mode. Both the
full and variable projections approaches correctly estimate both the directions and amplitudes
of the 3 arrivals. The full approach, however, fails to converge as can be seen in 2 (c).
We repeated the above experiment for 100 different initial guesses and summarized the
results in terms of the number of iterations required to reach the desired tolerance of 10−6
and optimality (relative norm of the gradient) in figure 3. We see that the reduced approach
almost always reaches the desired tolerance and requires less iterations to do so. In contrast,
the full approach fails to reach the desired tolerance in roughly 35/100 cases.

Blind sparse deconvolution: full vs. reduced In this example, we discuss a
parametrized blind deconvolution problem. We are given a noisy image which we want to
decompose into a number of parametrized basis functions. Such problems occur frequently
in astrophysics [33], image deblurring [2, 20] and seismology [17, 26].
In this case we we let ϕij (r, s) = exp(−s2j kxi − rj k22 ) and use the interior point method
IPsolve [3] to solve the LASSO problems with positivity constraints. The outer optimization
over (r, s) is done using a Quasi-Newton method. We compare the VP approach to a full
optimization over the (a, r, s)-space. The results are shown in figure 4. The ground truth
image consists of four blobs; the initial guess for r is obtained by picking the 50 largest peaks
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Figure 3: Results of reduced versus full-space optimization for 100 different initial
guesses, with a required tolerance of 10−6 . (a) shows the relative tolerance upon
convergence (or failure) of the optimization, (b) shows the number of iterations
required by both methods. We see that the reduced approach almost always
reaches the desired tolerance and requires less iterations than the full approach.
in the noisy image. The reconstructions obtained by the reduced and full approaches look
similar, but we see that the full approach has trouble getting rid of the superfluous points.
The convergence plots, shown in figure 5, show that the full approach does not fit the data
as well as the reduced approach and converges very slowly.

Robust logistic regression using variable projection Logistic regression is a
popular alternative to support vector machines that seeks to find the best hyperplane to
separate two classes of points. It can be formulated as an optimization problem as follows:
X
min f (θ) :=
log(1 + exp(−yi xTi θ)) + R(θ),
(16)
θ

i

where xi represents the ith feature, yi ∈ {−1, +1} is a class label, θ describes the hyperplane
we seek, and R(θ) is a regularizer; in this example, we use a small multiple of k · k2 as the
regularizer. In this section, we consider a classification problem where a portion of the data
has been contaminated. We pick 2000 features in R200 , and we replace 10% (200 features)
with random noise, with entries on average ten times larger than those of actual features.
The smoothed trimmed approach for this problem is given by
)
(
X
β
T
2
(17)
min fe(θ) = min
wi log(1 + exp(−yi xi θ)) + kwk + R(θ),
w∈∆k ∩B∞
θ
2
i
as described in section 2. We then compare three scenarios:
1. Data has not been contaminated, standard logistic regression used
2. Data has been contaminated, standard logistic regression used
3. Data has been contaminated, robust logistic regression (17) used with k = 1000.
Note that the algorithm doesn’t use information about the exact number of contaminated
features. Rather, it assumes that at least half of the data is good. The results were nearly
identical without using regularization R(θ). We used β = 1 for the smoothing.

Fast MKL using variable projection In this example, we show how variable projection can be used for Multiple Kernel Learning.
We solve the smoothed dual problem (15)
P
using SQP with approximate Hessian H = i wi Ki . We consider two parametrized classes
of kernel functions, polynomial and Gaussian:

p
kppol (x, x0 ) = 1 + xT x0 ,
ksGauss (x, x0 ) = exp(−kx − x0 k22 /a2 ).
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Figure 4: (a) ground truth image, (b) noisy image and initial guess for c, (c)
results using the reduced approach, and (d) results using the full approach.
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Figure 5: Convergence of the full and reduced approaches in terms of the misfit
(a) and the optimality (b).
As an illustrative example, we consider classifying points in R2 to the left and to the right of
an elliptic curve. In figure 6, we show the results for various kernels. In table 3, we show the
number of iterations required for each kernel.
In figure 7 we show the result using a total of 12 kernels; 5 polynomial kernels with
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Fraction Correct
0.95
0.74
0.86

No contamination
Contam. and standard LR
Contam. and robust LR

Standard Deviation
0.006
0.02
0.02

Table 2: Results averaged over 20 runs for three scenarios: no contamination,
contamination with standard logistic regression, and contamination with smoothed
trimmed approach. The test set consists of 1000 data points. “Standard Deviation”
of the “Fraction Correct” is taken over 20 experiments.
linear

5

quadratic

5

0

5

0

-5
-5

0

5

Gaussian (a = 4)

5

0

0

-5
-5

5

0

-5
-5

5

Gaussian (a = 2)

5

0

-5
-5

0

5

cubic

0

5

Gaussian (a = 1)

0

-5
-5

0

-5
-5

5

0

5

Figure 6: Classification of points in the plane using different kernels. The red and
blue stars indicate the training set, the solid line denotes the elliptic curve used
to separate the points and the dotted line shows the classification resulting from
the optimization procedure.
p = 1, 2, . . . , 5 and 7 Gaussian kernels with parameters a = 1, 1.5, 2, . . . , 4. Our approach
quickly hones in on the Gaussian kernel with a = 1 and takes a total of 107 iterations.

kernel
iterations

1
30

2
33

3
21

4
94

5
57

6
45

Table 3: Number of iterations required for the results shown in figure 6.
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-3
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-5
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Figure 7: Classification of points in the plane using the new multiple kernel
learning approach.
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Conclusions

Variable projection has been successfully used in a variety of contexts; the popularity of
the approach is largely due to its superior numerical performance when compared to joint
optimization schemes. In this paper, we considered a range of nonsmooth applications,
illustrating the use of variable projection for sparse deconvolution and direction of arrivals
estimation. We showed that differentiability of the projected function can be understood
using basic variational analysis, and that this approach has limitations and can fail for
interesting cases. In particular, for robust formulations and multiple kernel learning, we
showed that the projected function can fail to be differentiable. To circumvent this difficulty,
we proposed a novel smoothing technique for the inner problem that preserves feasibility and
structure of the solution set, while guaranteeing differentiability of the projected function.
Numerical examples in all cases showed that variable projection schemes, when appropriately
applied, are highly competitive for a wide range of nonsmooth applications.
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