An accelerated algorithm for minimizing convex
compositions *

D. Drusvyatskiy ' C. Kempton *
April 30, 2016

Abstract

We describe a new proximal algorithm for minimizing compositions of finite-valued
convex functions with smooth mappings. When applied to convex optimization prob-
lems having an additive composite form, the algorithm reduces to FISTA. The method
both realizes the best known complexity bound of O(1/e) in optimality conditions
whenever the objective function has bounded domain, and achieves the accelerated
rate O(1/4/€) in function values under standard convexity assumptions. A natural
convexity parameter of the composition quantifies the transition between the two
modes of convergence.
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1 Introduction
Our work revolves around minimization problems of the form:

min F(z) := g(z) + h(c(x)), (1)
where g is a closed convex function (possibly extended-real-valued), h is a finite-valued
closed convex function, and ¢ is a smooth mapping. Problems of this form afford great
modeling flexibility. For instance, nonlinear least squares problems |14} Section 10] corre-
spond to the setting A = || - ||>. The function g allows to incorporate side constraints or
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structure inducing regularization, such as sparsity or low-rank. Such considerations appear
often in recovery problems where the design matrix is corrupted; e.g. structure-aware to-
tal least squares [19,[23]. The setting where ¢ maps to the real line and h is the identity
function is now ubiquitous in optimization [1,5,/13[20]. We will call this situation “additive
composite minimization” to distinguish it from the more general problem class .

Given the expressive power of , it is important to develop algorithms for the problem
class with provable global convergence guarantees. One such method was investigated in [9].
The ideas behind the scheme (and of its trust-region variants) go back much earlier. See
for example [2,7,|16}/17,21,[22], or [2] for a historical discussion. The proz-linear method
iterates the steps:

Tpy1 = argjl;nin {g(z) + h(c(zy) + Ve(zp) (@ — 1)) + ﬁ”x - :Uk||2}

Here, the control sequence t; > 0 can be chosen by a back-tracking line search for example.
In the setting of additive composite minimization, the prox-linear method reduces to the
popular prox-gradient algorithm (e.g. [1, Section 2.1], [13]), while for nonlinear least squares,
the scheme is the Levenberg-Marquardt method — a damped variant of the Gauss-Newton
algorithm |14} Section 10].

For simplicity, suppose that we set t, := L3, where L is the Lipschitz constant of h
and [ is the Lipschitz constant of the Jacobian Ve. It is natural to measure the progress
made by the prox-linear method by the scaled step lengths py, := t7||x, — x411]]. Indeed,
the quantities pp measure the approximate stationarity of the iteratesE] The prox-linear
algorithm has the complexity bound min;—; __ p? < (’)(%); see e.g. [6, Section 5].

Within the class of additive composite minimization problems, where ¢ is in addition
a convex function, the prox-gradient method is suboptimal from the viewpoint of compu-
tational complexity [10,/11]. Accelerated gradient methods, beginning with [12] and [1,|13]
achieve the superior and best possible rate, F(xy) — F* < O(k%) Left standing was an
intriguing question of designing an acceleration scheme realizing optimal convergence rates
for convex problems, while performing no worse than the prox-gradient method on prob-
lems lacking convexity. One would expect such an algorithm to significantly outperform the
prox-gradient method on nonconvex instances. In the recent manuscript (8], Ghadimi and
Lan answered this question in the affirmative. Acceleration techniques have also been used
for the broad problem class (1) with numerical success, but without formal justification [4].

Our goals are succinct. We propose an accelerated scheme for the problem class ,
generalizing the algorithm proposed by Ghadimi and Lan [8] for additive composite min-
imization. Assuming that the domain of g is bounded, the algorithm has worst-case con-
vergence guarantees analogous to those of the prox-linear method and achieving optimal
rates for composite functions satisfying a convexity condition. We precisely quantify the
balance between the two modes of convergence, based on an intuitive constant measuring
convexity of the composition, or lack thereof.

IFor any index k there always exists a point 2, satisfying || — zp11|| < tpox and F'(#;v) > —58py for
all unit vectors v [6, Theorem 5.9].



1.1 Notation

The notation we follow is standard. The domain and the epigraph of any function f: R" —
R U {400} are the sets

dom f:={z € R": f(z) < +o0},
epi f = {(z,r) €R" x R: f(z) <1},

respectively. We say that f is closed if epi f is a closed set. The subdifferential of a convex
function f at a point x € dom f is the set

Of(z) ={veR": f(y) > f(z)+ (v,y —z) forallye R"}.
The Fenchel conjugate of a function f: R" — R U {+oc0} is the function

[ y) = sup Uy, x) — f(x)}.

Whenever f is closed and convex, equality f = f** holds. For any convex function f and
parameter t > 0, the prozimal mapping is the assignment

1
prox, ;(z) := argmin {f(z) + gﬂz - IHQ} :

2 Main results
Our work centers around optimization problems of the form

min F(x) := g(x) + h(c(x)). (2)

T

Throughout, we make the following assumptions:

(i) g: R" - R U {400} is a closed convex function, with the diameter of its domain
bounded by some constant M > 0;

(17) h: R™ — R is a finite-valued L-Lipschitz continuous convex function;

(i17) ¢: R® — R™ is a C'-smooth mapping with the Jacobian x +— Vc(x) that is (-
Lipschitz continuous.

Since the optimization problem is nonconvex, it is natural to seek points x that are
only first-order stationary, meaning that the directional derivative

F'(z;0) := liminf Fla+rv) = Flz)
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is nonnegative in every direction v. Equivalently, these are the points x satisfying the
inclusion

0 € dg(x) + Ve(x) Oh(c(x)).

See for example |15] or [18, Example 10.8] for the stated equivalence.
Linearizing c, the proz-linear mapping appears naturally:

1
Sy(z) := argmin {g(z) + h(c(z) + Ve(z)(z — z)) + % |z — | }.
The prox-linear algorithm is then simply the recurrence:

LT+1 = Sflg ($k>
In the additive composite setting, where ¢ maps to the real line and A is the identity
function, equality Si(z) = prox,,(z — tVe(wr)) holds, and the prox-linear method reduces
to the familiar prox-gradient iteration w1 = proxg1 (s — B7IVe(xy)).
Convergence guarantees for the prox-linear method are best stated in terms of the
prox-gradient mapping

Gi(z) ==t (z — Sy(z)).

Note that for any ¢t > 0, a point z is first-order stationary for F' if and only if equality
Gi(z) = 0 holds. Hence the norm ||G;(z)|| serves as a measure of proximity to stationar-
ity. More precisely, [6, Theorem 5.9] shows that for any point x there exists a “nearby
approximately stationary point” & satisfying

12 =S| < tGe(=)l|  and  F'(Z50) 2 =LAt +2)[|Gi(=)|

for all unit vectors v. In the additive composite case, one can simply set & := S;(z); the
more general setting requires a perturbation. Denoting by F™ the limit of the decreasing
sequence {F(z;)}, the iterates generated by the prox-linear method satisfy [6, Section 5]

2LB(F(xy) — F™)

2 for all indices k.

. 2
Join (|G 1 ()| <

In this paper, we describe an accelerated version of the prox-linear method, in a sense
to be made precise shortly. To this end, we will use the following variant of the prox-linear
mapping:

. 1 1 2
Sa(y,v) == argmin {g(z) + ah(c(y) +aVe(y)(z —v)) + o |z — " }.

Observe the equality S;1(z,z) = Si(z). In the additive composite setting, the mapping
St.o(y,v) does not depend on « and the definition reduces to

. 1
Sta(y,v) = argmin {(Ve(y), 2 —v) +  [lz = v|* + 9(2)}.
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Algorithm 1: Accelerated prox-linear method

Initialize : Fix two points zy, vy € dom g and a real number g > LJ.
1 k+1

3 g < 27
4 |y apvp—1 + (1 — ag)zr—
5 | @ Suya(yr)
2(1
Th-1 i(l‘k —xpa), ok - xk—lHQ < (1]\{%132

’ KA S (Yr, Vk—1), otherwise

fiax’ ¢
7 k+—k+1
8 end

9 return xSol = xy,

This is exactly the construction fundamentally used by Ghadimi and Lan [8, Equation
2.37]. We are now ready to state our proposed scheme in Algorithm .

We remark that when the constants L and [ are unknown, one can instead equip
Algorithm [I] with a backtracking line search. More precisely, one can insert Algorithm
after line 4 in Algorithm [l The line search is entirely analogous to the one used in
FISTA |[1]. For succinctness, we only analyze the complexity of the constant stepsize
scheme with the adage that the resulting guarantees for the backtracking line search are
completely analogous.

Algorithm 2: Backtracking line search in iteration k

Initialize : Real numbers 7, c € (0,1) and t;,_; > 0.

t <t

while h(c(Si(yr))) > h(clyr) + Ve(ye) (Se(yr) — vr)) + 2 [1Se(ye) — wi|)* do
|ttt

end

tp <1

Choose ji = ¢t

return [, t;;

B =R VL NV R SR

Algorithm [I] behaves differently in convex and nonconvex settings, as one expects. In-
deed, we will be able to quantify this change in regime precisely. To this end, observe that
since h is closed and convex, equality holds:

h(e(x)) = sup {{w, c(x)) — h*(w)}. (3)

weR™



It is the behavior of the functions « — (w, ¢(z)) that will play a decisive roll. To illustrate
the significance of these functions on complexity guarantees, suppose that the function

x+— (w,c(x)) is convex for any w € dom h*. (4)

Then equation represents the composition h o ¢ as a pointwise supremum of convex
functions, and hence h o ¢ is itself convex. This setting is already of interest.

Example 2.1 (Sufficient conditions for convexity). Condition , in particular, captures
convex additive composite minimization and minimization of the pointwise maximum of
finitely many convex functions.

e (Monotone composition) Suppose that the component functions ¢; of ¢ are convex
and that h is the separable function h(y) = ). h;(y;), with each h; convex and non-
decreasing. For example, the functions h;(t) = ¢t and h;(t) = max{0,¢} fit the bill.
The target problem takes the form

min g(z) + Z hi(ci()).

The domain, dom h*, is clearly a subset of [0, +00)™ and therefore property holds.
In particular, convex additive composite problems satisfy this condition, as well as
usual exact penalty formulations of convex mathematical programs [3, Lemma 5.1].

e (Pointwise mazimum) Suppose that the coordinate functions ¢; of ¢ are convex and h
is the coordinate maximum function h(y) = max y;. Then the target optimization
problem amounts to

min{g(z) + max ¢;(z)}.
The domain of A* is the simplex {w > 0: >, w; = 1} and hence condition (4] holds.

In general, even if the function = — (w, c(z)) fails to be convex for some w € dom h*,
it will become convex after adding the quadratic perturbation %H -2

Proposition 2.1. For any w € dom h*, the function  — (w, c(z)) + 22||z||* is convez.

Proof. Standard convex analysis shows the bound ||w|| < L for all w € dom h*. To see this,
note that the subdifferential 9h* is nonempty on a dense subset of dom A*. On the other
hand, a vector z lies in 0h*(y) if and only if y lies in Oh(x). Hence the inequality ||y|| < L
holds whenever 0h*(y) is nonempty.

Thus for any vector w € dom h* and points z,y € R", we successively deduce

(w,e(y) > {w,e(a) + Ve(a)y — 2)) — 2z — g

= (w, o) + (Velzw,y — ) — 2 lr — y?

This inequality is exactly the derivative characterization of convexity of the function x —
(w, c(x)) + £2||z||*. The result follows. O



Thus there always exists a constant r € [0, L], such that the function x — (w, ¢(x)) +
Ll|z||* is convex. Intuitively, 7 measures the extent to which h o ¢ fails to be convex. It is
this constant r that governs the regime of convergence exhibited by Algorithm [l We are
now ready to state the main result of this paper.

Theorem 2.2 (Convergence guarantees). Define the constant p := Lf3, fix a real number
i > p, and let x* be any point satisfying F(xz*) < F(xy) for all indices k. Let r € [0, p] be
a real number such that the function

x = (w, c(x)) + g”IHQ is convez for every w € dom h*.

Then for any index N > 1, the inequality holds:

242 i llz* — wol|” rM*(N +3)
N( '

in (G| <
j=l N WA =y N+1)2N+1) 2(N+1)(2N+1)

Moreover, in the case r = 0, the inequality above remains true under the convention 0 =
0 - 00 and the following complexity bound on function values holds:

o 27— )
F(xN)_F(x>ST1)§

Succinctly, setting ji = 2u, Theorem [2.2] guarantees the bound

2] % 2 20 /2
: 2 ||z — vl r M
(1 < Ll i L —. LS, I
min (G| < 0( e 9y
The fraction r/p balances the two terms. In particular, if 7/ is near zero, then the method
will be less sensitive to the choice of the constant M, which may have been set superficially

at the onset.
The rest of the paper is devoted to proving Theorem [2.2] In large part, our arguments
refine the analysis of FISTA [1].

3 Convergence Analysis

Henceforth, we let ay, yi, zx, and v; be the iterates generated by Algorithm [I] Notice that
the points x; always lie in the domain of g, while ¥y, and v, may lie outside of the domain.
We begin the analysis with the following two elementary lemmas.

Lemma 3.1. Consider the point z := Sy o(y, v) for some points y,v € R™ and real numbers
t,a > 0. Then for all w € R" the inequality holds:

9(2) + Sh{ely) + aVe(y)(z —v) < glw) + ~h(e(y) + aVe(y)w )

1 2 2 2
+ o7 (o =l = flw = 2" = ||z = o[) .



Proof. This follows immediately by noting that the function

w s g(w) + ~h{e(y) +aVely)(w — v)) + o lhw - vl

is t~1-strongly convex and z is its minimizer by definition. O]
Lemma 3.2. For any index k > 0, the inequality ||z, — vy]|* < o holds.
Proof. We consider two cases. Suppose first ||z, — z5_1]|* < 1]\{—‘”3 Then according to the
definition of vy, we deduce
1-— ag 2
s — vell* = # e — @l
k

and the result follows. Assuming on the other hand ||z — z4_1|* > %, we obtain
M2

ok — ol < M? < ;

Qk+1

thereby completing the proof. ]
Finally, we will need the following key lemma.

Lemma 3.3. Define p := LB and fix a real number i > p. Then for any point x € R"
and any index k, one has

F(xy) < h(C(yk) + Ve(yr) (arz + (1 — ag) w1 — yk)) + arg(z) + (1 — ap)g(vg-1)

2 SN
+ B (o = el =l = ) -

Bl — we?
2

Proof. Taking into account that h is L-Lipschitzness and V¢ is -Lipschitz, we obtain

hle()) < h(e(ye) + Vel (@n = w)) + 5 low — ul”.

and hence
Fan) < h(ely) + Vel (o =) +9(ee) + 5 e = wil> (5)

We now consider two cases. For the simpler case, suppose ||z — zx_1]|> < ({\4 a5z We

apply now Lemma to xp = S1/p1 Yk, Yk) With w = a2 + (1 — ag)2p—1, yleldmg the
inequalities

h(c(yr) +~Vc(yk)($k — i) +g(zx) < h(clyr) + Velyr) (arz + (1 — arg)Tr1 — yi))
+ g (laxw — arverl® = llaxe — axvill” — lloe = wel*) + gl + (1 — ax)zi—1)
S h(c(yk) + Vc(yk)(akx + (1 — CLk>SL’k,1 — ylc))

+ g (||ak:$ - ak“k—lHZ — |larr — ak”k”2 — ||lzx — yk||2) +arg(z) + (1 — ar)g(zp—1).



Combining this inequality with the bound in () yields

F(zi) < h(c(yr) + Velyr) (arz + (1 — ag)zi—1 — yi)) + arg(@) + (1 — ar)g(zp_1)

2 2 H—p 2
20 (o — o~ = wl?) — B e — )
as claimed. ,
Suppose we are now in the second case ||z — zp_y[|> > (IM_—Z:) Returning to (f]), we

apply Lemma as above but with w = agvy, + (1 — ag)z_1. Similar arithmetic gives the
analogous inequality to @, except where we drop the term ||w — z||?, namely

h(c(yr) + Velyr) (xr — yr) + g(z) < h(c(yr) + Ve(yr) (arve + (1 — ar) i1 — yi))
+ Sllacon = axve-a = llow = el
+ arg(vr) + (1 — ar)g(e-1).
Taking into account , we conclude

F(zi) < h(c(yr) + Velyr) (arvr + (1 — ag)zp—1 — yi)) + arg(vr) + (1 — ar)g(xp—1)

~ 2 _
+ B o — v P - E5E

||iUk _yk“2'

Note that in contrast to inequality @, this bound lacks the essential telescoping property
in the vy’s. To rectify this, note first the equality (1 — ax)zr_1 — yr = —arvr_1. We can
now apply Lemma again with vy = S1/(aay),ar Yk, Vk—1) and w = x yielding

h(c(yr) + axVe(yr) (o — vi—1)) +arg(vr) < h(c(yr) + axVe(yp) (@ — vi-1)) + arg(z)

~ a2
Hay

M

(le = v |* = ll = vll® = llow = veal®)
Thus we obtain

F(x) < h(c(ye) + axVe(yr) (@ = vr-1)) + arg(x) + (1 — ar)g(wr-1)

~ 2
pa 2 2 n—=p
+ e = ol = [l —ul) = 55

[k = yrll -
Appealing to equality arvp_1 = yx — (1 — ag)xk_1, we conclude this is precisely the same
expression as @ O

The reader may notice that the proof of the previous lemma did not use the right-hand-

side of the inequality ||z — z5_1]|> < (1]\{2—;;’“)2; this expression will be used shortly. We are

now ready to prove the main result of the paper.

Proof of Theorem[2.9. We aim to upper bound the right-hand-side of the inequality in
Lemma [3.3] For notational convenience, for any point x and index k define

2 = c(yr) + Ve(yr) (arr + (1 — ap)zr—1 — i)

9



and let wi € Oh(z}) be any subgradient. Convexity of i implies
h(zp) = (arh(e(z)) + (1 — ap)h(e(wr-1))) < hzg) — hlage(z) + (1 — ar)c(ze-1))-

(
< (wi, 2 — (are(@) + (1 = ag)e(zp-1)))
= (W, () — c(zr-)) + (Ve(yr) " wi, T = yr)

+ ap(wy, (1) — c(x)) + ap(Velyr) vy, © — Tp—1))
T

< Q(GkHl’ — x| + lye — zea]?)
Ta

< Sl = il + axlloios — 2.

Combining this inequality with Lemma |3.3] we obtain

ra

F(xy) < apF(2) + (1 —ap) Fzgp—1) + 7’“(“:15 — zpa|]? + allve—r — 2 ) (7)
agfi i — pu

+ - 5 lzw — yill - (8)

(lr = val* = llz = will*) —

Let z* be any point satisfying F'(z*) < F(xy) for all indices k, and set x := x* above. Noting
b2

by Lemma|3.2|the inequality ||zg_1 —vi_1]|* < Ja\/[—; and taking into account ||z*—x_1|| < M,
we deduce
rag 2
— Tk—1 k| Vk—1 — Tg—1 k .
— (2" = |* + axflo pa|?) < awrM
Rewriting by subtracting F* from both sides and using this bound, we conclude
F(x) — F(x* TN 1—a . [ .
@)= P B < L ()~ F) + o —
ay 2 ay 2
L -
p— .1' —
a 2@2 k Yk

Using the inequality 1;# < a21 and recursively applying the inequality above N times,
k

k—1
we get

F(zyn) — F(x*) n g |z* — UN||2 < 11— (F(xo) Flz )> " E |z — U0||2

) ji— MZH%—%H o)

Note that F(zy) — F(z*) > 0 and a; = 1 so that

10



and hence

~ N N

o 1 1

'7?(2%% min {fla; - MH<—W—wﬂ+NW<X§J
j=1 J

j=1 3/ 7 77 j=1 "7
Using the definition a; = k%l, we conclude
N N N
1 1 1 , N(N+1)(2N +1)
4t 12> = 2 _
2= 2 Ut =52 24
7=1 J ]:1 7j=1
and
il_i]’%—l _ N(N+3)
i1 Q; = 2 4
With these bounds, we finally deduce
L—p ) 1241 ||z* — v || 6rM?(N +3)

Al —ul S S ey T v e DN+

thereby establishing the first claimed complexity bound in Theorem
Finally suppose » = 0, that is we are in the convex setting. Inequality @ then becomes

Flay) = F(z*) | f

* 2
2 + 5 Ml — ol
- O A T o Rt V1
< (Flwo) = F() + 5 1" —wol” = == =7
1 j=1 j

By noting i — p > 0 and a; = 1, and dropping terms, we deduce

Play) = F(*) _ J 2
< Bz — :
T < Sl

The complexity bound on function values follows immediately. O]
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