
Care : High Dimensional Probability :

applications to statistical learning
and data science

.

Texts:
"

High . Dimensional Probability
"

Roman Vershynin
"

High . Dimensional statistics
"

Martin T. Wainwright

C@hgLetndbessqmePlea.mseFeaondrtata-ClassicalAsymptotinrta.d

, fixed
EI Laws of large numbers

Central limit theorem
- lights

( n
, d) stoo while Ycn ,

d) → L < a

where 4 is a
"

scaling function
'

Ey : Ylu,d) = In
- Non . asymptotic Bounds ←

This class

Fitfully of successful
estimation / inference depends on ( n ,d )



see CW :L ) Lon examples at
the three viewpoints .

Lecture : Review ( V" 1)
an pnpabiliyLet X be a random variable

Expectation
and Variance spare

EX
,

Varcx )=ECx#DEEHYEHI
Moment Generating function :

Mxtt ) = Eetx
,

tekth
norm HXlb= (E 1×199 peso

BanadLp{P#xi
. llxllplo }

Remade E is a Hilbert space

offHEEHXY]
,

11×112=5×5
'=FExJ

HX .

EXHEFARHT

and

cov (X.g) # (X. EIXKS . Ey)
= < x - EX

,
9- Es > z



Limit rems

The (

Strong
Law at Large Numbers)

Let X
, ,Xz ,

...

be ii. d.

random
variables with Eken

.
Then

She
;xi satisfies

tsng
→ inalmost

surelynb;aE'=uw:p
.

1 ]
Intuition :

Varcsn)=Varn¥DIn:( Central Limit Theorem)
Let X

, ,k ,
...

be ii. i. d. with

f- Xian
,

Var Xin 62

Define
z =

S - ES n

nage't E.Cite)
Sn ) 0 n

Thenzn
→ µ(qD in distribution

[P[Zn7t]→÷E{*e→kdx|

J



Chapter I

Concentration Inequalities
Chernoff Bound

Sub - Gaussian RV (Hoeffdiy )

Sub - Exponential RV ( Bernstein)
Johnson .

Lndeustrauss

M Diarmid inequality
-

Rgtsust
Mean Estimation



Ceuceutnatienlties
Good: Bounds of the form

P[ En > net ] ± small

#
)

Prep: Let

Z
~

Mur)
.

Their

p[Hutt] I e- the

At
> .

So would hopePPEmet]£cE¥±
Bad news from CLT :

sypflllpttpttp# I} can be r# )

where 2- ~ No
,

,)
Wen for Bernoulli

[See (V: 2. i) for example ]



chernoffmethod_fgtg.frap.us#maigRV

's

Lemma:C Markov) For
any non . negative

X and to
, we have

MX >tHE¥
Pte EX # Xk{×µzt[ X Huts

7 tenants + o=tMX7tf
G Cchebycher) for anyrandomvariable X
with var CDE 6228

,
we have

PCIX- EHN 7TH EE¥ .

More generally
, suppose y= EX L a Then

for all xp ,
we have

ntygamarkd
P[X - u7t3=lP[e×K→>e Ee

' and

et
⇒ log IPC

Xaztlhinfllag

Ee'*kxt }
='±f¥p{ at - log Ee* 'T



Define for any function 4 :

R→|RVt's
, *he

fended agndrtfgdeguplt

#AT
Let's look at the main example

Ykxkhog
Ee ' #

For all a- R
,

observe

Y×lH=hagEe×*'
> Alge "*nIo

S
. when ×< a and to

,
we have

xt -41×12-0=0.t - 46 )
.

Thereforefor to
, equality holds :

y
;

#

s.ua#.HxH



We therefore arrive at the bound:
Chernoff Bound :

Tphtutkexpt4×44 )
where 4,0kbag # e

"*m ) .

E± Let X ~ Mu
,
62)

.
Then

tea → =e¥
'

her
.

So p[ Matt ]Ee¥L the

Def:X with mean it EX is

,
.s§b-Gaussinnwilhparameter=

¢eX×td< EEI Ker
If X is sub . Gaussian

, §o is - X
.

⇒ p[ IX. al > t ] E2e¥z



E¥ CRademacher)
Let E be a rademacher RV :

R[e=B=p[e=

-4=1
.

Ate " ] a
' of'te*j=cash (a)

Exercise: cosh CD € exp (E) Kan
So E is sub - Gaussian with 6=1

.

Ex:C Bounded RV)

EppardX is supportedon a,b ] .

Ken Jensen 's inequality implies

Ee > at Ex '×
'

)<§×¥H
'd

1
'

where X
'

Is independent copy
at X.

Observe X - X
'

~ E ( X . xD
So

tEx.xiektx1Exx.E1eeEK@Htx.xiexpCxYx-xYY1LexpCx4b.a

) %)



A slightly more involved argument
show that X is sub . Gaussian

with parameter be
⇒

pfx.nl#t2exptEtat)..L.e_mma:[
Sum Rule

.

]
.

n

.

Xi are independent

9 - sub '

Gaussian
fit

,

,f⇒fg'
xi is

klksub
Gaussian

⇐

Cltoeffdng
)

Suppose X
, ... ,

Xn are independent
with EXi=n ; and are Girswb-Gaussian

Thinned.

.ie#tkexptifZ}
⇒ If Mi - n

, 6i=6 ,
then

.

Me 'aE¥×i7u+tKexp{

EE
}



Subexponentiadrvtx
Let Z - NG ' )

.
Let's compute

[t[e>a± 't ] .

ftp.etaitk#dx=E.gIEa*24x

et if XE lz
= LEE

,

it x > I

Deft X with mean µ=EX is

swbexpone_talwilhp_te.rs#D
if ¢[ex*akeo¥tµk£

Back to example Z - Mqi )

Heat 'Y<e÷ne±e4¥ had
,

So -22 is ( 2
, 4) - subexponential.



Thin:C Sub exponential tail bound)
letX be swbexponential with (a)

.

then

£2
MX . nztl HEE .

it HKE
1 O . W .

p£ Back to Chernoff

log MX - uzt ) a- - Y

;
Ct )

where 4 ( ×) . log Ee ' # 4

×
= { v¥? if * ± 's

to
,

0 .
W .

4×61YEH
to .

• to \•\
"

•
/

i¥ .
t¥¥



T.ba:CBernstein Let X be
sub exponential with parameter (0,27
and mean µ = EX

.

Then

Mhtukttezexpf

⇐Inept
]

\÷e#tn¥n⇒h
¥ I

↳±ma:[
Sun Rule ]

x : aviftp.t.pnswkxp#I.xiiBlNk.lkYdbexp

Tk(Bernstein for sums ) Let Xp .

,
Xn

be independent
,

sub - exponential with

parameters ( ri
,

L ;)
,

andwith mean a
,

#X
. :

Ifeanyi. nil

ftp.aol.at#*aka.D



That.CImproved Bernstein for bounded RV )
Suppose

1X-nKlb.EAtnHE.ThenEeMtnkexpGIIbHVn.kiTherefore@Rax-u17tKze-zeIbtTpdTaylorexpansioneEtemt1EerEhExyEt.x#ewesk !±tEEI÷b÷¥I.its.1-±e×p(
¥3,÷ED

tbsl

@ Follows from Chernoff by
setting enter.eG 's) a

This is superior
to Hoeffdy

when fab
.



Application Dimensionality Reduction
Given a

, . .

, ume
Rd with mud

,

can one map
u

, ,
. .

,
am

into a

lower dimensional
space

with low distortion

.

a.

That (Johnson
.
Lindewtrauss)

Fix e. SEED
,

a set U E Rd of on

points and a number
n >

16.by#t
)

.

Let Xekmdansist of i. it NGD entries
.

Then with probability I -8
, the map f(u)=laXu

satisfies yf(w) .fall
1- e k Fit EHE

.

the ,veU
.



Observe pith ,
row of XP€

"EYE -

Ennui, # 5 '

2 Tap
⇒ Many; is

" " #4) -
subexponential

⇒ Bernstein :

MIMIftp.ck.expffg#AnyIfstrongisget=2e×pfdgY
tofu,

f 2

lP[ '¥95111#. e.Heynen.TTgyEnniE%keenftp.msn.ofs

Question: What if m= . but U has

few "

degrees of freedom " ?



So far
,

we have focused on n

cancelation of the average

nt§iYi
.

Often one is interested in bounds

#(x
, ,

.

,
xD .

Etfcx, ... ,x" )ftp.smatkn.tt
bteeeXi are independent and

f : R
"

→ R is some function .

Usefulinsightittslong as f(x, ,
. ,×n ) depends

weakly on individualXi
,

concentration holds '



The ( Mc Diarmid) Suppose that

t.HR
has the bounded difference property :

FL
, ,

. . ,Ln such that

Ifk
,

,⇒xµ
, ÷xD

-

ftp.msn#1kVx,x'eF

Then for independent R 's *At ,

#
haveIPHAD- EFAN >t] £zE¥n?

pfi We will use He Martingale method.

Define

4. = Eftx ) and9÷#lXHx.nxifVi0ybIIs.tEY@swgFPiIsotfitPsandEfyilx.nx

... ifEFHHK ,
.

. ii. it YH
⇒ E[ Djtilx" . mi] a O

⇒ EE # *ftp.#fe*Hi9.)f-



EE' # ' *

ftp.#fe*Hn-9.H=IfoIDif=ftfeH9n.iYdexDn/=1EfeHni9otEEDnlx,...,xnI

Let × 'tatter from × in

xi
.

Then

tE@bilxnxi.ifEfeHi9iMxr.x
:-D

=

fefEHxHtHknxiYx.i.xifsqeq@AHttHDlx.i.xiit-tqeueebxFFcxkdx.b

,

!xYj⇐ex¥
'

so ¢[ex HAD Etfktfz e¥"4.
'

Apply Chery
•



Recall if X
, ,

. . ,
Xu are independent

6- sub Gaussian with EXi=u
,

the

Haeffdig implies that

E=a'fax: satisfies

M IF
- ukt] > 1- expfn¥i )

or equivalentlyP[leakdeaf ] > tp .

Canone achieve a similar guarantee
without sub Gaussian assumption
with a different estimator I ?

Answer:

yes ,

almost !



Thin:(Median of means )

Gnegiderxek
with.§X=uand Valdo ?

X
, ... in be

a.
d realizations of X

Subdivide into her legal bins and form the

qinpirical
means¥ , ^

for is . .

,
k

.

then I . median A
, ,

.
.Hatsatisfies

P[hiukFfgf¥⇒]z
tp

p¥ ByChebydnerorMei- ul > PEEK Intent 3 ti
.

Let 1
;

be indicator of this event
ThennbyHoetfcling

,

pfk.EE#i7tztl-exptFs

)
-

t t
in This event

, Is
⇒ link End

442
'
points B

Notice that in contrast to sub . Gaussian
case

,
I depends on confidence lacdp .



Chapter 2

Random Vectors in High Dimensions

- concentration of the norm

- Isotropy
- Similarity of Normal and Spherical

- Suh .
Gaussian and Sub exponential

random vectors
.

Two main results we 'll phone :

D Sub - Gaussian vectors concentrate
around asphere .

2) Two independent isotropic sub Gaussian

random vectors are nearly orthogonal
In high dimensions

.



hfpenext investigateHe behavior
random vectors in high dimensions

Gnceutratibuatthenormlet
* H, , ... ,XDERD have independent

6 - Suh Gaussian coordinateswith

Ellie and EXP - 1

What can we expect from

HXIKand 11×11
.

Lead: Suppose y is ← sub Gaussian

Then
y

'

is ( d. 462) subexponential

pf sketch :

M Estimate [t[1ylH±rz%6TCr⇒

using Eflyirfftpflyht
" ] dr

Slept Use Taylor Expansion a

deny #Mk. urge Hitterteeth
2- expf . . ) &



Cat Let # H, , ... ,XDERD have independent
6 - Suh Gaussian coordinateswith

EXEO and EXP - I
Then IPHHXHE dtttdtazexpfgfztttt'D

MINH
.

. tattoo ]tzexpt¥I)
A 11×1.E¥dxi⇒{ Etaxkid

Nhl is 654462)
subexpeneatial.

Bernstein ⇒
¢ zexpf d

IPHIIHEIKH *ttrty 7

Observation : for
any zzo !have #lz.it?t=slE.il7tvE

so Patently#t.pl#xEilztvttzexpHfEtY
a



Isotropic
Recall for XERD

,
covariance

arcxt #ukx#
where µ=€X .

Def: A random vector X ⇐ Rdwith

P isotropic if
EX=o

ECH :# XXEID
Remark: If FEWis invertible

,
then

Z=£4X. n) is isotropic .

Lemma: X Is isotropic iff

E<X,y5aHyK ttyekd
pfi X is isotopic It EXXT - 3

It YTEXXTY =yTy
At EYTXXTY a vylli
At EKX, g) Zanghi Oh



Thus if tEX⇒
,

Ken X isotropic Its
marginal < x,¥y, > has unitrqfanyed

↳±ma: Let Xtkd be isotope!t Then

EHXK
'

- d
.

Moreover ,
if X and Y aretwo

independent isotropic Vectors
,

then

pt: first€<×,Y5=dWHI . xTx=traa(XXY
⇒ EWHi= trace (ID =D

.

Next EKX
,yY=EfEk×is5l5f

=EyME d
on



Let X and 9 be independentandisotope

Then Y#It and tkaifautts
.

÷ Almost orthogonal
.

Qnbe made
rigorous byassuminglighttails

.

.



Examples of isotropic RV :

d. ,

D Spherical X -

Unita
$ ) HWD

2) Symmetric Bernoulli

X~Unif¢

.

SBD
3)Any vector X=CK

,,×dD,
Here Xi are

Ind ' endewt
,

Zero mean
,

unit variance
.

4)GoprdinaleUnit l{racist , )
) Gaussian gag , ,

. ,ga ) ~ NGID
Recall His means g ; are iid NAD

⇒
DmpsiatIII. pies ..tt#ae*Eatanne

"?
⇒ Nasa ) is notation invariant .

£Ee#nj~µb, 4. Then

r := llglk and a ¥1.

are independent random variables and
O ~ Unif(fdty

u



Def:X in
Rd is 6 - sub Gaussian it

L I as Is e- sub Gaussian ttacgdt
E¥ LetX=C×

, ,
.

, g) be RV
with independent o - sub Gaussian Xi

.

Then X is a sub Gaussian .

F# DNA , Id ) is i - sub Gaussian .

D Unifftif )
.

is , .
sub Gaussian

3) Unit ( {

rdeis
;= , ) is s . sub Gaussian

withgyTI-
leg(d)

Way too by
"

to be useful
4) Uuif( TdSd' ') is c-sits . Gaussian

for a constant C .

Q : How to get high probability bound on

HX - EXH ?
Idea : "

-

ftp.B.sx#ss



Chapter 3

Uniform Laws .

÷ivenko- Cantell :

- sample complexity of learning .

-
uniform law w\ Rademacher Complexity

- Upper Bounds on RademacherComplexity :

• Massart Lemma
• Finite sample Glivenko- Cantell i

. VCdimension
• Dimension Independent generalization bounds

- linear models
- convex losses



Ceutralsetup :

Let F be a family of integrate
functions on some probability

space ( X
,

E. P )
.

'

Goal: Estimate

Npn
-Hk:a¥gl tnfneittxd -

F¥pAY
where

x
, ,

.

,
xu

#FP.

£1 (Empirical CDF )
Suppose we want to estimatetheCDFgH:=p[X±t

]
.

We can use the empirical CDF

gftktnfiftttatst" )

Want to control

llgiglbtstuplgntt

) - gal



This is

exactlysfufdlkfiitlxd
' EH'M

where f={ 11
- *at ]

G : tense
.

Then:( Gliake - Cantell
:)

For any
distribution

tlgnglbaso
[We 'll prove a finite sample version soon ]

CalPlug in Estimator) [ HW]
Let TH be a It Hoo continuous

functional of CDF 's . Then

rlgn) → kg) in probability

EE 8 quartiles,

median
,

mean
,

uniform distance to hypothesis CDF
.



Ex:( Statistical Learning )
Consider a family of probability measures

{ Poioors
where r Is some set

.

Suppose we are given
×

, ,
... ,

Xnnidp *

for some F

Tray
not be in r]

Fix a

"

goodness of fit
" fun@

On Lo (X)
Goal is to minimize population risk

min NO)
-

.
our #*allow ]

One approach is to instead minimize

the EmpiricalRIH:q¥rRk9÷'
ask Low 8



Coal:

Bqund

the

excuse
ECQ

:=RCe)
zintrrlo )

~
h

where On is He minimizer of @

Ex:( Maximum Likely had )
Let p• be the density of PODefine

↳ a) =lg(PEAY)Thenn

oneqq.mx{

tnftleglpolxd
) }

E¥(

Binary
Classification)

Data

Ali
,9.DE/Rdx.tsa5 according HP

.

We Want to estimate f. Rd → this solving

Fein

P*¥H#f=EgE

.tt#tfaHHs&fandass
RCf)



Try instead to solve

q.ytoEHHtxD-t9i3-ntDeampositionofAocessRiskEtin.o9-R@toinetrrH.R#-

Rna+

Ruled
- Rnloo )

+ Rn(9)- ROD

where
oeafgemnr RH )

is approximation error
.

How to control ?
- ^

is optimization .

If On is

true minimizer at RNH)
,

ten
2- O

easy to control approximation error :

E¥nl0DaRQo

)



= R (e) - Rda )

Main Difficulty : Fn is not fixed !

But we can estimate

tasapelrnlo) - Ray

= EH 'a€hdxD - E.Local

%

Eton
,
054211 Pn - 1M¥

there
F={ xp ↳ ( x) : oer }

Retake
Function class F st .

NPN . PH§→o in probability is

calledGhvenkocautellie
If F is tobig it may

not be
Glirenke . Cartelli ( see Ex 4.7 in W)



Our first approach will be based on

Rademacher Complexity .

Este

.am#ggnImfewagr

.

RAHIE
. sauatcae

where EYE
, ,

. .

, ⇒ are ii. d
.

Rademacher random variables
Recall that supportfunction
a set A = atGate.su#Gasa0qy

.

£
)z(A) =Ee6A(E)



Def : Consider a sequence
of random

( ×
, ,

. , xu ) c- 21
" and a

yahoo.atof functions F on X
.

The

RATE .ly of F isRCFI:=Ee¥bk€neA.=ERCFTXD
. )

⇐ 2 #RCFCXKN )

where # = { fat. .

,tGnD:feFfIn "EHPN-1%1=42)?nH)

pf: Let y , ... ,
ynindlp and independent

of ×
, ,

.
. ,×n

.

The "

µ
EHR

.PH#xhIIpettnEiHEsitt8iDD=Exfyg=IEyLtnEHxittGiDH



# [

ftp.IEYEE#xittGiDHjEExEyEg.KnE'fHDtG.Dl=Etx.geg:B=lkEhe:.HkittGiDlt=2Ex.esyg=lhEneitWt=zR

.
Them: Suppose F is b- uniformly

bounded
, meaning

Htkesxyfxlflxlkb
Hfef

.

Then for
any new

,
to

,
it holds

Pr (HPHPH,÷E2RnH)+t)7tE¥L



pf÷ AH we have to do is show

the bounded difference property
for the function Hpn . Pllp
with Li  = 2£ .

Define f-(x) = f 6) - Efhd
.

Then
NR.pl#=sEf.ItnEhkxDl

As before
,

let ×
' latter from

X only in i
'

th entry .

Thu

KEIFADT ;:#
KEGAN

the
,

FKDI - theft
'Dkn#

Take
s¥g=

and

exchange

x. ×
'

.q



Rademacher complexity characterizes
the asymptotes of 111Pa - Plf.

.

Pra

ERFE.lt#lPntPlbtt2RnH
Where

f- = { f. Iff : FEI }
.

[ fee Prop 4. 1.1 in Wainwright ]

Png (HW) Suppose F is b- bounded

Then Knew
,

to
,

it holds

PRHPHMEKRCH - HELEN.

t)
7- 1- e¥I



Goal: Bound the Rademacher Complexity
of interesting sets

.

tenma (Basic Calculus)
n

for
any A

BEN
,

eek
,

a. ER it thdts

. RGA ) = KIRHH
. R ( At B) s RCAHRCB )

with equality

'

it A and B are convex

. R ( Ata . ) = RCA )

. R (A) a Reen CAH

Lemme (Massart) Let A- { a
, ,

. ,
a }eR!

Define a.tn#.ai
.

Then
N

RAH < am;¥ ha - all . Et



pfi WLOG assume a=o . Let x > a and
A '={ xa

,
, . ,

ia an }
.

Then

RCA '

)=Eema¥<

e. as

tEalg@a.qx.d5aDEnEtEbgCEa.e9aYEleglEa.Eee9aD0hECeaaEITEeeiaig.tIeEEadi.bagHa.e

"a"%)

⇐ hogchtyma:* (e"a#))
=lag(H 'D + many

" ¥'
'



Thus

Rath .tk#sbgHDtmaEax'Ia¥
Optimizeover 7 > e.

. @

Defn: F has polynomial discrimination
of order v if then and

Xi
,

.
.

, XNEX ,
we have

card ( FCX, .
. > xD ) < cmdr.

61 Suppose F has polynomial
discrimination of order V

.

Then

HATEftp.ifeng.F#nipf:fixXeCxn.

> xn )
.

Then Massart inphesmax.EE#R(FlxYn)E4.teF_n.M
'

on



In particular if F is b- bounded
,

then )z(sj±4.br#t '

Cer:( Glivenko - Cantell:)
Let get )=lP[ XH ] be

the
CDF

of X
,

and let gnat.tn#1CxietT
where x

, ,
.

,
xniiidlp.

Then

lpfllgn . glb > 8k€
'

+stexpt#pd Let Fa { It . ,£jtHR }
.

Thetgn
. gibes:p ,

Kewish -

IRKEH= stealthythis - EHCXY

Since I is I - bounded

Me llgrglbtz # + s]7texpfn¥)
Observe F has poly discrimination with oil 8



VapnikncherronnnklrdlheryMethod for bounding polynomial
discrimination of { o

,
its -valued F

.

Consider a class F of binary valued
functions on X

.

Def: We say
that ×=G . . , xu ) Is

shattered by F if card ( Fata .

The Vcdimensionn is

Vcff)=smp{ new : Fxexnshattered by F}
Note : If F= { Is : somesets}
set SCD # Cd andkiss:=K( F)

E± Sµft={ C- *
,

a ] a e R } ⇒
VCCS

,ep+)=l

Sweat Ca,b3 :qbik
,a<b}⇒Vc(§w)=2

e-



Thin (Sauer and Shelah)

For any
xacx

, ,
. .nu ) with a > VCCD

,

we have
vdsyncard (SG))±§j it a+ is

" " '

Therefore F has polynomial discrimination
of order Vas ) and

Bn(F) E 2M¥47 began,
can be

removed
.

[See Prop 4.18 in Wainwright for a proof. ]
Examples: Let G be a class of functions

.

For
any g :X -112 define

5 :g={xexgates
SCG) = { Sg

: g£G}



Prep: Let G be a vector space
at

functions g
:lRd→R with dm (G) < •

.

Then
✓ c( SCG) ) Edm (G)

plc set n=dm( G) tl and
'

fix x={x , .
. > xn }

with x,
. e X.Define L : G→1R "

by
L (g) = (glad . ,gknD

Since n > dna
,

there exists

* er
"

st . tfkgiio ¥£G.

→ ftp.ofmg#yE..ogrigcxisVgoa
WLOG

suppose ri > a for some i.

Suppose there were GEG such that

Sg includes only { xi : rice } .

ThenOZLHS
= RHS > o

Contradiction a



E

:B§MAD
s = { xekd :<a ,x > tbao }

gates sat :abHN
, .g

Then 6={449×4}
a.be/.R

vols ) #dim (G) =d+i
.

actually equality

£±(
Balls

.)
Define f- { XHRD

: lixalhab }

,= { 5
. ,b

: a # bzo }
Define

ga,b(D= 11×1422 La ,x > + Halfhi
= Hx . all ? br

Trek: Define a :Rd→Rdt2 by
$(x)=( 1,4 ,

. . , XD
,

kxdi)
9cCD=4otD > where cekd "



Then

{ gab:gEfR}E{ go
: cards

-
vector space

of dimension dtz
.

⇒ VCCS)<_ dtz
a

[Exactbound isdn; harder to
prove]

Rademacher Complexity and VC - dm
often scale with the dimension of

the ambient space XEX
.

The Consider new

;µfCw)=
Ezfttz) where

mffxw .

Wilt B and ft ;⇒ isthThen netted µ ,.gg

'pschitz
www.pwtnet.tw#s*tHHf=d(fdnEgD

[We 'll prove thislatest
,



DimensionindependentB_d.tl#u

• linear models

.convexity

Linearmetels:

Consider the problem

wnehwteasfpkwia
>

,
b)

To get generalization bounds we

need to compute Ruff) whereF-f@idmlkw.as.b
) :we#temma:( Contraction)

n

Consider a set Aek and let
Di : R→1R be a ptipschitz function .

Let A = { (d. (a)
,

...

,
�1�

nlanl
: at

*
S

Then
RIA '

)<pR(A)



ph WLDG
,

assume p=i .

It safhus
to assume At { 104cal

, .az ,
.

,
an :aeA}

TkTAktEelau.pa.EneiaitkE.afsIAEHdtEneiaif-epaI.o.ah.E.eiai.M-kEeu.en@p.alQ.GD-ACaiHEkeilaitaitftttteu.enGuaaai-EtEzeiCaitaiTf.R

(A) a



Rademachercompkxityothheardasses
Leena: Consider a

'

set of vectors
×

,
.

.

,

xn
£ Rd and define

A={ Kw, xp
,

.

,<w,xnD

: IWKH }
TThen

R(A)

sift
and therefore

Rn(£xi→<
w.is#qeiDaEmExnNilkPtJ4AlEtesaypa.EneiaM=Etes,,gpaE?ekwxis=tEes.yhahw,Eeixi3=EellEmIeixillz

t.EE#kaiGMNiMl9



Leda: Consider a

set
of vectors

×
,

.
.

,×m£Rd and define

A={ kw.gs
,

.,<w,xmD:µyu

}
Then

RCAIFH.MY?nNib
and therefore

RnHxi→< was :# e (5) E. EnergyHxilb1 8hAM

¥
RCA) Etesaypa ,Eneia.it=Etesµ;p

,
Ethekwiniteak

. ,< w
,

Emfixi >tell
E.

eixilb
=Eesup E. eicxi ,v >

vttessdi
,



n
.

Eesup E.eicxiiv )
vtteskp

,

=D
(¢x,;D ,

.
. ,an ,vD:r£t±e;D

⇐

GdTengEggllkxihhxniYkkFn@M.gInNilla.BBack

towmemwfa.sn?.k4a3bftfEr1B
,

So
if lt

,
.b) isftp.cht#Vb.thenthe Rademacher

'bands are

'

least : EnergyHathp .

#lease : EngenHaikP

.
#



Guveity : Regret without uniform laws

Suppose we want to solve

@

mwyw.tn#xupfCwx

)

letf-

six
, ,

.

,xn
} he iid from IP

,
and let AID be an output Is

an algorithm which aims to
approximately

solve *
.

LetEA, ,
.,x:-, ,xsxitt.  #there x '~P independentofX

, , .

, xn

Which tts ) generalizes ?

Intuition: FCACSD
,xD-

HAH
,xDshould not be big ,

otherwise overfittihgf

Then:

ESHHHSD

- KEMAH,x:D

=E§¥yp
; #

tsilxil
- HAD

,

xD
]



Pf: for
every

i
,

Esf HAD

.tt#HAlD.xD=Esp.ftAlsitxD

Observe

Es

'aEnHAatxD=Es

,

# AH
,

xD
]

DetI

At
) isleareoueatstabkwithrate e Cn) if

ftp.zypanytf#tsiIxDtHatxdkeas
.

Henceforth
,

fix no and we 'll analyze
AA) ⇒

argmauw.tt#fExttzHwK

Also suppose

Wantflix
,) are convex .



Def: A function g :

lRd4RHtA3isItong@vexifgftEll.l

12 is convex
.

Lemme.
If of is L - strongly convex

,

then it has a unique

minimizexw

and

g.CH-go>Ear
.

#
?

thThen: Suppose Wis convex
,

and FGD is annex and

p - Lipchitz .

Then He ruleAlstarwgmwu
theftwxtt¥11412is leave - one - out . stable with rate }¥

Thuetgfep# , ,) . in

,⇐fHtsHD]±}p÷

plf Define

fdwittn
⇐'

flw
,

xiltxzllwli
.

⇒

fdw
) - FSCAAD

zzkw-
AHN

'

Hw



for all

view
it holds

fdw
) -

fstvl
=

tnsifkw

, x ) +

EHWIFas
- the

far,×
) -

EHV
112

*
s

= th ↳

items
+ E " wk

x

-

taxes
,.fKH

-

Envy
'

+twixt-far,xDfar,xj .HH- + -
Settingw=ACsD,v=AHget
tdatsilt.tt#-fs.fAtsiD-fsitAtsD

⇐ZHAGD - As ) 112

t.PH#CsDn*H
⇒ HACSD - AHN a-÷E a



Cat Egf# D

Emjnf

+

Zhou
't ,¥n3

Where

J
is

any
minimizer of

fanw
.

Therefore under optimal choice x=

ftp.3.IT
ottey # SD ± mmf

+2M¥
Ptf

ESFCACS)

)=€k[⇒fAHstx
)]

X

+ ESHHHSD -TNESHAAKBX

test'a§sfHH,#+2¥I.x

for
any

W
,

we have

Etsftn

.gs#HstHtEMtsNYeEsfsH-fsCACsD.Efkw)tIllwlP

⇒

Es[k§⇒ftAAtH]<
mint +

Elia



Chapter 4

Metric
.am#rix6atratI

- Nets
, covering

numbers
,

and metric

- Eigenralues and Singular valuesentropy

of random matrices
- Matrix

Concentration- Operator norm ✓ s .
rowkdamn norms

- Applications :
.

community
detection

,

• (sparse) covariance matrix
estimation

• matrix completion



Let ( T
, p ) be

a metric
space

E± . ( Kd
,

H . a.) with play ) .

- Ki -ylh
° ( { o ,Bd,pµ) with Hammy metric

Pµ(Q8=at§'1[ ojtg ]

• Lyn
,

can ) with

Hfglle.IM#g6D'ducx)eC6iB
with

H - glb=s*y
, ,

#- gall



Def: A

er
of a set T with

respect to a metric p is a set

{ o
'

, . ,
ONFCT sack Hat

HOET tied ,
.

, ng st . pcqoiks
The

S.com.ng#nber_N(S;T,p

)
is the cardinality of the smallest
S - cover

.

The quantity bag (MS;T, PD
is called the

metncewtopysi

g-

B.
•aaa•



Detn: A S - packing of T with respect
to p is a set B. . ,oM5 ET

such that p( 0905) > f th;j9t3 . ,m }

The fpackingnumber MG ,Ip)
is the cardinality of the largest

s . pack 'Y '

an
. ••

Lemma: @ @

Tmksp.pk/VG;t,pk.MG;Fp)
PE D MCI ,T, p) @ MKS

,

T
, p )

Psg No S Ball can

cover Q ;0 's
= Mls
#
p)7MfT,p) simultaneously .

•



temma : Let H . Il

,
H . H

' be norms on Rd
and setD={ x : 11×11 £ ISB'a { x : 11×11

' kits
Then

# v. KB ) @
Ms;D ,

a

.D'e%KEBtB
' )

RTKBJ
±

#

Remark: If B
'

EB
,

then simplifies

NH; B
,

11.11
') ± ( H })d Vol(B)

Ms
pfeffer. If 104,0ns is a f- awry
A B

,
then BE ¥n

,

{ OITSB ' }
⇒ roll B) ± Nsdvoklb

') → @
.

Let @song be a maximal % .packing
of B .

⇒ must albbe s -

covering .



Taking
into account :

{bst£B 'S E IB + £113
'

get :

are drsjaaf

' Mvol (EB ') E Vol (Bt £1134

"

E.fmvdlBY CEYYEKEBHBD

Cost: If 11.111=11.11
,

then#dbglsttt leg NA; B ii. a)±dlgGtB
Metric entropy can be very large

...£fEfaYtdT{f. and. Rites ### ftp.EIY.gdg

Then
by NCS; # it

,
Hook #

d

See ex 5.6 in Wainwright .



One of the main uses of
covering

numbers is for random matrix ' theory .

Review: Any AE Rm "

can be written as

A= Ehsiuivit

here r=raka
s.jo#YdEhE.ifEy

, , Milk Nina

. Decomposition, is called a singular
valuation .

• Si are thesizes.

We

define Sru
, .

. ,Seo.

and arrange5,7522537. . . zsnzo

. g. (A) = FEAAJ = FEAHT the
. ,r .

The set Rm
" admits the inner . product

( A. B)

⇒f,AiisBis=tr(
AtB)

and the norms

HAVE.§TAi5FAA'= HSCAH
.

Halle §×ua,HAN - s
,
CAKHSHH.



Red . s
,
(A) and SNCA) are respectively

the smallest in andlargest a with

a 11×1124 Httxlkcmllxlk Kick "

The (

Eckart
- Young . Mirsky

Let A=fglsiuivit be an SVD of A

Then the matrix A- ftesiuivit
solves the problem

min
.

At: rank CA's an

11 A- AH

Where lltl is

either
kills or ltllz

.

We next aim to show that

for AEIRM
" iwith independent sub Gaussian

entries
,

it holds "

HAVE rmtn

with high probability .



Lecea, Let AHRM
"

'

and

Eater
. D. Then

for any e- nets N of fn
'

and

not fm
,

' it holds :

@ @

ftp.y.ae#yHNtktI5exsurpyduAM

'

p¥ @ Isclear
.

To see 6
, suppose

HAH
,

-- ( Axsy ) for some xesinytfm!

FIEN
, fell with IHEHEE

, liyylke
→ LAX,ys= CAF - AHD

, g- ljy ) }

HAH . Htxiyy ) . LACED,y7
+ LACED.gg >

12AxTj)+2eHAk+#he⇒ HAIK .IE#cAajs La



Then:
Let AHRMM

,

where Aig are

independentmean - zero G - sub Gaussian
.

then t constant cost .

s

lP[HA #
c-ftp.gxa.D.fmoa.it#t2et2

[tfeuerthantwhysttiynamai,optimal ]
plc Stepl : Approximation

We know N( Shite, made (HEY
N( bye

,
had E CHET

⇒ Set ⇐ ¥. There are nets

and# £9 "
,

card (d) £9
"

Eta HAHE 3-
*qq.ee#ys



Step : Concentration

TheRV (Axiys ;§ Aijxiyj satisfies

E#D=µj eaxigdttise ¥eiaiixiyi2
2 2 2

2

= of@fy6iD§jxi2gj=emg×Ej
So Hoeffdmg ⇒ - u f
p[ easy> zu]£et¥Ei a > o

⇒
pfqm.ee#xgsaya.FmeEtEai

Chose utcfmgxs, ;) #tritt )
Then

Rtes £ ght? e-
C Catmtt 2)

= ehfhcntm) - C ( ntmet 2)
± e-

£2

by chasing C large Be



Coe ( Hw) f-HAILE Cemex⇒ # rn )
Obvious analogues held for symmetric matrices

.

Application : Community Detection

Def:C Stochastic Block Model)
Divide nnvertices into two sets Q

,,Q.ofsizenh each
.

Buildthe graph

lP[ is is an edgef. { P itijea,

or

cijtaz9 ,
o .

w

The goal is to find the communities

from the realization at the graph .



Let A be He adjacency matrix
.

Write it as

A =D + R where

Hawkish
fee:( as

9 9

Show that D has rank 2 and

ii. HE)n
,

uiffflrxelfftn ,ueftttkIf we knew uz
,

we would be

able to identify the communities
.



signaltoneiu.nl#sNR) :

"DI
1kHz

We know HDHEX,
~ n

IP [ HRIH Crn ]7l - 4th

So SNR ~ rn

⇒ problem should be solvable
.

A natural idea is to use spectral
clustering .

Atgf (Spectral Clustering)
Input . graph G

D Compute adjacency matrix A

2) Compute eigenvector KCA) corresponding
H second largest eigenvalue of A .

3) set a ,=[ i : HAI > o 5
Qi=Li: HAD ,

so }
.



Perturbationresaltslhm
:( Weyl 's inequality )

for any symmetric X,y£Rn×
" it 6/6

Yeah
lxixl- HH41×-9112

Them ( Davis - Kahan)
Let X

,
use IN

"

be symmetric .
fix an

index i and assume

jmfhi Hit#
-

xjk
)/=S > o

Then
s ,n< ( v:Cx)

,

v ;l D) 1211¥12
Remark: This implies

dynes Aviator.to#z34sEk



Let's compute He eigengap
S = mintbut ,

-xtfmin { PF
,

q } . n

in
µ

⇒

Eyes IKCD - OKAHE " It"± HIK
µn

⇒ Mta . is Ndbtordatlkfrn] >- Hein
.

Since all coordinates of

OKCDD
are Eta ,

k.EE?Eb?Glasagne in at most

T.hn: Set it mnlq,p¥5.

Them with
probability 1 -4in

,
thespectral clustering

algorithm identifies the communities correctly

up to EµP misclassified vertices
.



We next obtain two - sided bounds on

the full spectrum

Fn - CK ± SICA) E Futch
and we relax indepena ofentries

toindependence of the rows .

T.hn: Let Aekm
"

be a matrix with

rows Ai that are independent and

G. Sub - Gaussian isotopic .

Then

F-

ailrnetksnatksfttkktcktatt

)

wp .

I - Zexpft
')

,

where Kamiax 6
;

pti We first show

Htm ATA -

Znlkatimax
{ s

,
55 where

s=c( fit #
Slept.

As before
,

the exist a ta . over

N of Sir
'

with card DD ± gn .



for BatuATAI have HBH
,

= sup L Brit
VE fh

- 1

If ✓ achieves
sup .

Then Fw with Hw - VHHF

TfBh=< Bw - Blw - D
,

w - ( w . h )
=LBwsw > - KBW,

w - v ) + < BHD
,

heD

two,pr< Bmw > +'s, HBIH toHBH

→ HBHZE ZswygrlBw
, at

=2(swy,r
'

NHAUIEI
)

Step: Concentration

Fix wet and write

HAwHi=§mcA,.µ5= : Enix,

?

⇒ Xi are
independent

,
6 ;  .

sub Gaussian

with €Xi2=l .

Therefore

,

Bernstein

IPU 'aHAwHi -474£zexpf'REage ))



zexpfkhIaEnetf2expFe.mfEanteifsdt@k2maxds.s
's

= Zexpfgmsif
k

Step: Union bound

IN mwaex,rµmMAwlh
'

.117 khaxls.si }]thexptc,c4n+t2)}<zett
if C is big enough .

Finally result follows from
Leeman Suppose Aek

" "

and so satisfy
HATA - Ill Emaxcs ,

8 }

Then
+ s ±sn(As Is,

# Hts a



MW)
⇐ EHTMATAIHECKYFFN + E)

destination
Assume XER

"

and EX=o
Dehue £=EXF

.

Let 's estimates '

by the sample covariance

m

Emit 'a§' Xixit

Clearly for S '
- I 'm to be small we

need m > n
.

We 'll see m~n suffice

Them Suppose Xek
" satisfies

¥xe×v>
±ekiilsiwitfwera .

for some K > 0
.

Then
fhlsinisilht CKYFM

'that
*' 112



¥ Fix random X
,

×
, , .

. ,Xm .

Define

Z= EKX Z ;= gikx
,

.

Recall Z
,

Z ; are independent and
isotropic. Moreover for

any
we FY

'

havexz.wsxcs
' "x,w )

Ee#e
.

¥ekxiihwsstzxktasihudsiky=etxk '

So Z and Z ; arg K . sub - Gaussian

⇒ his 'll .=H5"'HEHEHE "y
.

4kHz . HTNEYZZEHK
Define A whose rows are Zi

.

Then
'AATA - I=tm¥n

,
Zzitt .

•



So can get

Hsin . Elke Kill
.

as long as m - ME

E # CHH Actually get He high
probability estimate

Him . EHECK'( Ft 't " ¥ Kill
.

with probability tzet

Remade: In particular
. setting t= Sm

g. in . Elke cpiffmthats)
a

'

with probability tzesm



Clustering

:(
Gaussian Mixture ModeD

Generate m random points in R
"

as follows
.

Flip a fair can

- ifheads choose x.nN(u ,
I )

- if tails choose xi~NC.ee , 1)

Suppose we are given m points
drawn from the Gaussian Mixture Model

.

Goat Identify which points belongto
which cluster .

Speutralclusterig :

Znfut: X
, ,

. , xm e- IR
"

Output: a partition of points into 2 clusters
.

D Compute Em=tn§f xixit

D Compute eigenvector of sin cases pending to

msi )
.

3) If < v
, Xis > o put x ; in first community

otherwise
,

'

put x ; in second
.



T.hn: Let 8 > o best . Hulk >_

BT
.

Suppose m ? (,FµD
'

where a

Isa constant . Then with probability
+ 4th

,
the algorithm identities commands

correctly up
tosinmissdasifed

Vertices

.pl#k:Mkx=cn+g
where

E is a Rademacher RV and g~N↳D
⇒ § xxt.IE#TtggT)=ItunT
⇒ Exx '

has eigenvatws Kmt
,

I
,

.

. il

Eigenvector correspondingt Hunt is a

Sofrom the e- vector corresponding
to the largest eigenvake , you

Ian
"

guess
"

at the communities

bychecking the
sign

of (xiii .

ban to the rest in your Hwa



Our next goal is to investigate tails
of matrices generalizing bounds

Htm§lxix?
-

EN
frombefore

.

Notation :

Fsdare dxd symmetric matrices

• $d+={ aefd : < Qx,x > 70 Kurd }
. 8. (X) > KCDZ ... 78k ) are the

eigennalues of Xefd
. Did = { u€Rd×d:

µTu=I }
Any function f:R→R define's

a function f :$→ fd by
f (a)=Udiag(fatal

,
. .

AHIQNUT
where Qtldiagl HQDUT Is any
eigenvalue decomposition of Q

.

[The choice of U does not matter (check !) ]



Note

y(faD={ for; CQD : j=s . ,d}

Menzel : EQ

mail.xlgarithm_i.bg

Qdehudoufdu
The Lowy on

X 2.9 ←→ y . xefde
.

Leena :C
HUI Qi Qieo ⇒ lg (a)

legal[ EQ is notmonotone]
Leena:

It f : R→R is continuous and )
non . decreasing ,

then

Q± R ⇒ truETRHCR) )
Lenny It A 2- It

d

Ihdkiebd: For any
Has ,

the function

f. fdtpkgiven by ftattfettteg ")
is concave .



Deft
Moment generating function

at a
random matrix Qefd is

the function Ya : R → Sid
given by

Yah = Ee ' Q.EE#Efa9
Delta

: A Zero - mean at fd is

ksak Gaussian (with VE §
,
) if

Ydx) } e¥ k.HR

E¥ Suppose D= EA where E is

a Rademacher RV and Aefd is fixed
.

Ee'QEtEEeAt=nEo¥IA
"

t.ena.e.IT
= ex¥2

So Q is A
'

.
subGaussian

.



Exercise (HW)
distributor

If Q=gA ,

where GEIR is a symmetric

6- swb Gaussian variable
,

then Q , ]

62A
2 sub ' Gaossian

.

E¥ Suppose Q=eA where e is

Rademacher and A is random
with HAILE b. Then why

?)

4dD=EdQ=EaEeeeAtEae¥EeE¥

So Q is his - subGaussian
.

Detfi A zero - mean random matrix Q

pettedwith parameters CYD

Yeah.e¥ that



E± Q=eg2A
where e is Rademacher

and g~NGD
independent.

[ You 'll compute V and £ a HWD

Lenya: Suppose Zero - mean Qefd satisfies

KQKEB .

Then wehave

Ya A) { exp(Franca )

•

Ftb ) final
P¥ Eeea ExIEak=

too k !I

#Nasa t§I*ffI
I#¥0 ' '

+ §;eight
I It'IVTf$ + arranged ytzbit
=3

+ Eyed'ta2e×ppnIYFbMIDa



Matrixchernefflemma
: Let Qefd be zero mean

with Ya existing on Goya)
.

Then

for any t > o
,

it holds :

p[ r
,

(a) =tktr(YaADe→t¥↳a,

Consequently

p[ karat ]E2tr(YAGDE
't

keaa ,

ph We begin as in scalar case :

Mr
,
(a) zttpleriaabet]=Nr,k'a) > eat ]

£ Efr ,
@ a) ] eat

2- Et #defeat
± treatment a



Leda : Let Q
, ,

. . , Quasi" be independent

with 4@ ( x ) existing for all ×

in an interval J .
Define SEE

,

Qi .

That Hawk fleshly Yaia ') ¥
,

Note: together with the previous
lemma

,

§pgY!F⇐a.net#rlE*g.Mpt:DefineGCD..=tp(4snCxg.FLn

"

GA )=tr( Ee > snitbgexp KQD)
Lieb

=€sn
. ,

Etantr ( ism + leg expGQn))
t

Esntrleismtnbg
8D ")

E.
. ...

a-

tr(e€t94aiN
) as



Than (Hoeffdiug)
LI Q

, ,
. ,

Qntfd he independent
,

zero - mean
,

and Vi -
sub Gaussian

Then

1Pa,EQ.lk#f.2ronkfEnvDeteELzdentEVte

,where tall 'ao¥Vilk
.

pt : Define V=§fVi . Suppose
first

rank V=

d.
Then

Ebg4af*R¥§lvi
it 1

because legl. ) ismatrix monotone.

The function ttset isincreasing
⇒ trend,lg4a:C" ) 1

tr(e¥¥Vi
)



Chernoff
⇒ MAKEa

.tk#atyeEyentNoYeA)fdeHkbnanyAeRdEzdeEno2xnt

Optimize over x ⇒ x=tE . Done
.

If a rank (D < d
,

we can

forman egenralue decomposition
V= U.DK

' where uekdtr
Thenreplace a by
D= WTQU ekmn .

a



a

Then Let Q
, ,

.
.

,

Qntf
be zero . mean ,

with HQ
,.lk < b

.

Then independent ,

lP[11

§Qilh>t]£2ran4DapfonE÷⇒)

k
"

"www.expfpntoh#bt
where

V=£EQI
andEhHVIK.

( Hw ) El

Callender same assumptions,

EHK .IQHEMI'+bbg#d
The Bernstein bound can be
extended to

rectangular
matrices

.

Idea: Given a sequence A
, ,

.

,AnelRt×d2

form Qi

:=[a9grhoAi

]
died ,



FE.LY#!kEiktaiEYMkE**AiMand therefore
' Pata

,
#Aillpt ]k2H+dye¥f¥÷t,

Gvarianuestimationfongeneraldstnbulialetxerd be a
random vector with

EX=o .

Define EAEXXT and

En= thing
,

x. xp where xi are

ii. d realizations of X
.

a. k
If X.were subGaussian

, we provedHeineken# +⇒ ]



The Assume for some K> 0
,

have
HXHE

Ktrsf
EEHXKT ]

Then

Hedtke
+

ktnegcdy
1151k Where t.at#gPgd

p& Matrix Bernstein

Elkin .

sideEH'anE*xE£H.

a- C #

#
+

MLGHHD
where of HE

#
£511

,

and MZ 1k¥91
.

Let 's estimate a and M
.Elxxes'kExHEE3Eki5

of!y2=uxaixxT .sk#rsi)xxT
Take expectations ⇒ €623khtrki) E '

⇒ at RHINE 'll
.



finally

11×5
'

. Ellie

11×14't
Kilk

=k2trsi t KK

s
.

£245 '
= :m

Ellen

.si#dFodhTI. ,
. +24=(5*1),

i

Simplifying completes the proof.
:

Sparse covariance estimation
°

FEET
'

is sparse,

we should Be able to estimate it

using fewer

observations,
God: replace

-

11¥91
HE by Hsin .

silvery
where l is the sparsity level

.



for x > o
,

define the hard
.
threshold

g
T.lu) :-. { a

,
if # operator

0
,

O
.

W
.

As a surrogate for sparsity we

will use HAHZ where

Aig. { !if ins or Eijtof
0

,
on

Leman If I
' has at most s nonzero

entries
per row

,

then 11 Allies .

Hi
AHSHI is diagonally dominant
and

therefore
positive semi definite

.

⇒ A

IAHES
- I

Let
d

u bein eigenvector of A
correspondingtoHAIand let j

index its maximal entry .

WLOG

upoThen 8.
uj  = #ulja LAJ , a) ⇐ Sujq



n

Them: Let

{Xi5⇐
,

be ii. d zero mean

with covariance E
,

and suppose
Xij is 6- sub Gaussian

.

Then a

long as n > leg@ setting

it hhffe'
2 ( 8 # + s )

MELEE#HHHH . # a)

£8 e-
Fudgy

)

We proceed with the following lemmas
.

Lem_ma.iSuppeseKn-Ellmaxh7nC@wqrdenatDTkenlTxnKD-slE2tnAcfoe.rsdeatefpkA.i.spo-slEniskxn-sTxdEniDaoA.o

⇒ k.DE#.Ei4ah.nlsinHiiY
+lsinsisiil"

12 > in @



lender: for
any symmetricmatrices 0£

AEB
,

it holds HAH
.

a- HBK
.

pt

Observe

Lai
, an a- < b

, ;b ;)
=) A2 £ B

2

Since A
' and B

'

are positive
semi definite

,
HAYIE 8. CAY

HBYIEFCBY
The Perron . Frobenius theorem guarantees

that there exists an eigenvector at

corresponding to g.(AY .

In this symmetric
selling lhs followsdirectlyfrom :

riCAtIsnuuR.RHtisuiuj@yheCA7jluikgtax.fA
')

Therefore ,

r
,
IA ) a- (Amuse

pride ,

LBW > = HB4k
.

⇒
HAH'z= HATLHIBILEHBK?

•



So I Ersilmaf > n

Leda:

⇒ HIM

.si#4HAHzlP(khjEkxzEfspdEFtnep&SetD:n=En-

[
.

Observe
2

Dnii

.tn#x.d...Exi
. Apply Bernstein

If # j ,
then

zdnii.la#xdd.xntj-25ij:
±⇐f¥hat¥ihEEEE.io?iIo*iD

Apply Bernstein
again

+ union bound
.

@



Notice the bound

Mxnk 'd. EllieHAKKA
can be ~ da if E is dense

,

with small entries
.

This is much

worse than our bounds from before
.

Operator vs now norm-

for
any

Aebd
,

it holds

HAH 27 miax HA.tk

The Let AESD whose entries on

and above the diagonal are

independent mean zero . Then

EHAH.EC#.EtmgxHAilk
The proof Is based on

Bernstein
.

(



pte Write

A=§jZij where

z
,

.gg/tijkieItejeiTJ,

if iyj
Aii ,

if i=j

EHAHEE.AE?ii.EPislkkEeHEjEijCZij-Zijlk£2E⇐y€jEijZijlk
Recall E;jZij is ZFS- subGaussian

.

Therefore with GEHSZ
,?slkget# §ftp.lhtkidexpfz#

'

=

exp legal - €2 )
set t.org#EEn

⇒ Me.EE#sFlzfEF+uk I
¥2



Integrating , get
,

EeHE
,

GJZJHEC #Nazisma-
Next evaluate Elz EZER6

Quick computationshows
Z ,j2= {

Aistleieittesee)
, czj

Aiuteieit
,

c÷j .

fridge
; .MY"¥µ*f

⇒ ftp.msn.my#HAik•



CaIHV) Let A € Rn
"

whose entries

are independent mean - zero .

Then

EHAH
.

a- CattlemanHaitham.gxHAHk)

Application Matrix Gnpletion .

Consider Xtkdxd with ran #

Had
.

Suppose each entry Xij is revealed

independently with probability ptai )
So we get to see is c-Rdxd with

bigSisxij where Sieber (p )

Thus we get to see

m : =p .

d
' entries on

average



Them: Let I be a best rank . r approximation

to p
' Y

.
Then

ttallx
. xkeCFE Nllmax

as long as m > leg (d)
.

So in order to ensure

ftp.Edsxstte

Nllmax
,

it suffices to see m='zrdlgH)
entries on average .

He First bound error is operator harm

NFXHEKFFYIHHFY - Hk

EZHFY . XHz=f1lY-pX/k
easy to
understand



(Y . PX) if (Sij -p)Xij
infpendat mean - zero

⇒ Elly .

pxlk.ca#m.axHHpHilk

Observe
#

mgxlHpxMlDH-px1lE.ges-pxtEfiCsisP5kita@CSi5PYMlm2axCanbggdEm.ax

§CSispjtcpd
using concentration and Union bound

⇒ Elly .pl/1KcFdlegCdTNllmax

⇒ HEWETT " lkllmax



Slept .
Pass to fnokenius

.

IN - Xllf E FrHI - xlk:ak2r
F

⇒ EHN . xlttcj LIN"ma×
.

h
DE



Chapter 5

Ethan- meanestimation for NCM
, E)

- Hanson - Wright inequality
- norm concentration what Isotropy
- projections of random rector's

-



As motivation
,

let's find the

sample complexity of estimating
the mean of a multivariate normal .

The Suppose x ; ktN(µ , ED .

Then

MIKE
.eu#Fr*tfE*nTEEfnj

del 1

Read Lugosi - Mendelson survey ! Kgb
d

pti fix a matrix Aef and
z ~ N (0

, 3)
Then AA HEEATAZ . §,

#Atjzizi
Write the eigenvector

- decomposition

A=§i
,
riuiuit

ThEAtAz= HErinuittztfdinrituyai
No , 1)

Notice qui.at#.reindependent.



Bernstein ⇒

IPFLHAHEHAKY > H

↳

zexpf¥gtrFa#at]
- mass

finally setn-Then'A¥n£"5z⇒¥§'s
"Yx.→)

NN'aEIxinkfIItl
> t ]

a-

zexpf.EE#ntttethH

Be



We will now generalize results at
this type to sat - Gaussians

.

Namely we want to understand

| IAX - EFAX /
hhere thecoordinatesof * An .

, xD

are independent and sub Gaussian
.

Thm IHanson . Wright)
Let x=Cx , ,

. . ,xn)£R
"

be a random vector

with xi independent
,

mean zero
,

and
6- sub Gaussian

.

Let AEIRNM be arbitrary .

Then

lpflxtltx - EIAXHT ]t2expteminb¥#e¥yT#I

See Vershynm 6. I -6.2 for the proof



Ca: Let Bek
" "

be a fixed matrix
.

and let xhx , ... ,xn)ek
"

have

Independent6- sub Gaussian coordinates

with fxiao and Exihl
Then

lP[HB×k - ABH
.ftp.ze.EE#pk

Apply Hanson - Wright with

A= B'B
.

Compute

. xTAx= HBHE
,

Extaxtttrttxxl
;tgfBfpB}

°

HAHEHBIE
,

HAHEHBTBHEHBK . tat
⇒ lP[|µxlEHBltHeH2expfE(ffp#edFpµD

→ continue like in the
of the norm w , .

conggehtration



Cost Let Eck
" be a subspace

with dim (E) =D
.

Let xacx , , .  yxn )
have independent a sub Gaussian

coordinates with Expo ,
Ex ,El .

Then

lP[HAH . Edt>t]t2expf¥Y
He Let her #

d)
have

as

alums
an orthnenmal basisfor f.

£

Then
Prigge

at ' and
r at

distlx
,

E) = Hall
,

"÷"you.

Then a

Ehsttx,EH= Extuutuaix
' E

=ExtUNx=tr( at')=n . d

⇒ Edstfx
,
Et) a- nfd . Apply previous

result B=UE a



Chapter 6

GaussianProu=
- Concentration of Lipchitz functions

of the uniform spherical random vector

- Basics at Gaussian processed.

- Slepian 's Inequality .

- Sudakovfernigne Inequality



In this chapter
,

we explore a number
of constructions built from gaussians .

We begin with He following

TL±@
Let f : Kf"→R be Lipschilz

withconstant ↳ and let xnkniffnSID

lhen

path) - EFHHH]t2expfY÷)
The proof will be based on

the is parametric
inequality
Thai Let Go .

Then
among

all sets
Aefm

' with prescribed area nnftt),

the spherical caps minimize the
area of the blow .

up

AE { xesm : FYEA st
. llx .YHEE}

a. room



Recall that oh is
"

Is a natural

seating of He sphere because

In
Unit ( oh is ") is isotropic

and C - Sak Gaussian for a constant c
.

Vershynin
Them 3. 4.6

:#ohhh
where

[of NGI ) and ngq.sn
' whip .

]
Lema : Fx Acsnfn

" with mm
' # 7k

Where um ' denotes the normalized
area on Ti fm

.
Then

mm (At ) > tzett
"

thx
.

pf÷ Define
µ÷{ xesnfn ! x. to }

By assumption nn
' # z trunk )

⇒ um # 7 unttlt ) ← let's compute



nmltkkIPIXIHT]
Notice

an .

Ht > { xenrsit : x. Eat

•t÷;i¥rnnx
"

rn
fn

$ avg.IT?an
⇒ Mm (Ht ) > 1pA

, that 71 -
Zexpfgtay

ptotThan@
-

:

Let M denote a median of fat
,

namely

PHAIKM ] 7 's and IPHAI) -7MHz

/



Dehue

A :={ xernf
"

: fad -4nF
Since PAIEAJZ 's

,
we just

showed

IPEEEAE]7 tzexpfcty
Notup #At ]
c.PH#TtMtLtt

]
sincefor txe- At.Fy€A sit .

f(¢ ) a- ftp.t.gl#yHaMtLft
So PHAI) Emtft ] Etzexpfct

')
Replace f by . f

proves the lower
deviation inequality . Finally ,

the

centering inequality fvershymn 2. 6.8 )
⇒ HAD . EHXIK

, .=kt#m) - EHAIHDKQ

a. Hf#)-Mllyhthf Be



Cot If f : Sin '→/R is Lipchitz and

# Whiffs " )
,

then

pflfkd - Elf # 1 ZtK2expfgy¥2)
This result extends to

many other

settings

The Let Go .

Then
among

all sets
HER" with prescribed Gaussian measure

KAH,
the half . spacesminimize the

Gaussian measure rn (Aa )
1HWI

The Consider a # No
,

I ) and a

Lipchitz f : Rnsk . Then

M HEH
-

IEFHII> ttexpfqttf



See Vershynin 5.2 forother examples

of probability spaces on
which

functions concentrate
.

Typical results require I to

be very symmetric .

One important
exception is the following .

The (Talagrand)
Consider a random # (x

, ... , xD ER
"

whose coordinates are independent
and satisfy AIIKI almost surely

.

Then for any convex Lipschitg
f :[ a,B" → IR it#

pflfkd - Elf # 1 #K2e×pfgy¥2)
[See Boucher on, Lugosi, Massart tenpin



Deft: A random Is a collection
of random variables { Xt : EET } indexed

by some set teT
.

Let Lastedbe a random
process .

Assume for simplicity EIXEA that
.

Define thecovariantEH , starch ,Xs)=E¥Xs
and the increments

dtt
,
D : = ECXEXDT

Red dl :
.) is a pseudometric on T

.

Red: dyt ,
D= EH ,t ) + Else ) -22ft ,s )



Deft : { X€}t← Is called aGatsonprocess if for any
finite To CT

,

the random vector (×€)£⇒
.

has a Gaussiandistribution
.

Main example is the canonical

GaussianPnI@xedbyTIR1xesg.t> that

there g~N6, 3) .

Notre
dct.st.FEEF.tt#As5ggTIHtsH.

Our goal is to

estimate¢E¥p Xt
or more formally

T.tk#EIExt.



Thin (Slepian 's inequality)
Let {Xt5€a

,
{ Yt } #

be mean . zero

Gaussian processes .

Assume ftp.T:

EXIaEyEandtEAExs5EhsEgjThenlPffuaXt7s.klPGfa9zHVsThereforeEEpXttEtfIf9t.ProofStraleggAssameTisfiuile.andsetXHxttE@t7Zlaf-TuXtaYforuEoiD.W

e will show thatutslpfemax
Zita) } § isneuiucneasiy



Lemme CHH

Let X~NG.si )
.

Then for
anydifferentiable f. R "→R

,
it holds :

§ xfhd = EE #
or equivalently n

Exiled = ,§EgE¥xt×) ,

Kinton

Leena :CInterpolation) Consider independent

XINGEY
,

b- Nas
' )

,

and set

Z (a) =fX + Fu ' Y for ktcai ] .

Then for
any

twice
.
differentiable

f :lRn→R it holds :

tgztfftztuktzcs '±E?
,

EPYCHUD)
PI Chain rule :

tfutco
, DFNEHZEUD

,

#Haza ,
#Hub

FEEHAN,÷n÷.us#tAkDI
i )



o =§IEXi¥xfrX+F9)

=Ey,{ Etxxisfxilruxt Fu 9)

=Ey,§h§EisE×aE¥*f*

"

=ru E- (

EYMAN
) }

Similar computation gives
�2� = oft

ECEYPFGAD

,

Lada: Let X~N6,ED
,

y~µfq[9)

be independent .
Assume

Exit Eye
,

# Cxixjttfttfts;5 th;

Consider f : R "→1R with [PYIPO k¥j
Then §f(x)zEftY)



pte Notre

EKE :P and Eoxzs:p
He can assume X and 9 are

independent. Apply the previous kmmga.

Finally
,

we are ready to prove Skpian 's

inequality.

The (Skpian 's inequality)
Let {Xt5€a

,
{ 9€ } #

be mean . zero

Gaussian processes .

Assume ftp.T:

EXI# YE and El¥xs5±Eh¥gj
Then

lP[stuff ¥744Peats ] As

Therefore Eg¥pXtt€f¥f¥ .



pf= Let h :R→[ on ] be the function

~O

s

We can ensure his a CZ smooth

approximation to ttfqs )
.

Define f :R" → R by ftp.hcx.I.hlxn )

[Note f approximates
#

{mgxxits's ]
Note

3¥. # Kahn.BE#hnfsYf7o
So

§f(x)zEfts)
Pass to the limit Eeg . dqoinnatdqna ]

•



Thin (Sudakov - Fernipe )
Let Hatta

,
{ 9£5* ,

be two mean - zero

Gaussian processes .

Assume

ECXEXSTHEHEYD
'

¥teT .

Then
E{yfxt HE If 't

pti As before assume X~N(qE 'D
y~NlaaD

Fix B > o and define

ffxktsbegfnfesxiYou can check
.mx#ittfaa..m;.gnxitbef.f

Apply Gaussian interpolation to deduce

da Effzcu )) to ( Hw )
p a



Cg :CGaussian

Contraction

Inequality)
fix a set TCR

"

and let
g , ,

.

,
gniitncap

Let di :R→1R be 1- Lipschutz .

Then

Estep .§gidiHD£E¥p§giti
ple Apply Sudakev - Fernique .

a

We will how use Shaker . Fernique to

prove a useful lower bound on

step Xt

Recall : dtt
,s)=E(¥xDT

defines a pseudo - metric on
T

.



The (Swdakov's mine ration inequality )
Let { Xtestet be a mean - zero

Gaussianprocess .

Then

Etup,
# CE ENTE Ken

,

Where MT , d. E) denotes the

covering number of T is dl ;D metric
.

p¥ Suppose N := NCT
, d. e) Is finite .

You'll consider the infinite casefor HW.

Let M be a maximal e- packing .

ThenHeknow lml 7N . It
suffices to show

€fIPm×tZce #
Define Heston by bets go
where g€nN6,D independent .



Fix t.se M .

Then

Eat - xD '= dust .

> i

While

East . ss5=E#gEgs5=E
Therefore Swdakor - fernique
⇒ '

Et

;pµXt7E£Ipm9

ten

= sq

Eqgyngo.EC#We next study a particular type of a

Gaussian process ,
whichis an analogue

of the Rademacher complexity .

Detin : The
Gaussian_dtkat a set

Ter
"

is WCH :=E¥yp ( g. x )

where g~N6,
3)

.



Properties :

c) WCT) < a iff T is bounded
.

(2) Affine Invariance :

wcutty ) = wit )

for
any orthogonal UERH

"

andyer
?

(3) Ward ) = WCT)
(4) wife D= WG) + WCS)

WC at ) Hal WCTJ tack
.

E) WCT) = IWCFTHEftp.fg.x-y>

(6) ¥,
diamante of diamt )

(7) for any
I - Lipschutz 9 :R→R it holds

W ( HT ) ± WCTI

p¥ CD - 4) fellow from detn of support

functions .
To see A observe

w E) = tzlwkl + WED = Hwa + WTTD

*' zwttl .



To see (6)
,

Lx x. YET. Then

WCTHIE maxkx -

y.gs,

go.x.gs

)
= 'zEk*y,g>l=tzF#HxyH

Take sup
KYET.

Next

waktftgsug,
<g. x-p

E 's
saga,

11×711.
. EgHoytEdam a

(7) , } the contraction inequality we

already proved.

Lemma: for
any

Herman
,

it holds

walk

HAILWGI
[Hint: singular value decomposition t contracted



The ( Gaussian vs Rademacher Complexity)
For any

set TERD
,

it holds :

Itn
's RCTKFEWCH

d
PERCH

.tt#ypEeixi=FE.Ees;g..&eitElglxit.FI#e.gsyf&eilgilxieilgiH9i=f.qsya&.8ixi

2
of

=FEwe

convene

www.Egsyap#igiti=Eg.exuep.!&Eigixi



ttgp
( g.

T)EhEgTey¥lg.int )

a za RN
•

There is a close cousin of Gaussian

width called spherical width
.

Detn: The sphericalwidth of Tekd
is stD=E¥q< 9×3

where on llnifcsn
')

Leda: f-c)sctk WCT) EHt C)

SCT
)

pkwH=Egs¥klg⇒=Egsuat4Y"iFg"'
× >

= Egly
; st

)



Let's compare He sizes of

BIB
,

!B!
.

d.ftp.EBEEEFE.in
a

E ¥n �4�
t �3�

1

rd
zd

ptoEgsyfps.cosxs-Egkg1bouFgI@SwdakerewABdDzmgxcSFNaBuds7DwClBIt.E

gllgll, - f¥d
@ Sudakor
t.EE#IE*tEj&wdB.tn#rEqnsnbed)wdBd=w@Irnbed

)



Algebraic Dimension is highly unstable

Beth: Define the stableman
of T by
DCT) =

http ~
was

IF
I

where h( D=

.tt#gTgxFgLeTailHW)h(Tt)kzcWCT)zwlHt:Lem_ma:dCT)Edim(
spent )Pd

We can assume
TE Span { e

, ,
. , en }

ahere k= dim CTI
.

Thenhttttttgsyfdg,×5⇐EgMo?dL4"Lap
.

=k diana
'

a



ExedaHw ) : Let A HR
" "

.

Then

DCAB !) = HAI
7 HE

• Stable rank
at matrix

• changes gradually
with perturbations

Random Projections of Sets

The Let TCR

"
and let P be

a projection onto a uniformly
random m .

dimensional subspace .

Then wp . tzen
,

we have

diaml PT) t C ( st ) +

fmndiamt
))



lemma( HW) : Let P be a projection
in Rh onto a uniformly random

m -
dimensional subspace .

Let Q
be an mxn orthogonal matme
drawn uniformly .

Then

@ for
any

xekn
,

it holds :

Hpxlk and HQXIL have the
Same distribution

.

D for
any z with HHH

,
it holds

Qtz ~ Unit ( Sing

pt•ftkm= Covering argument .

Can replace
P by Q by Lemma

.

Can assumeDanone
Approximation .

.

Let or be t.net I f
.

Then 1Mt 5h
.



Then

damlQTJtfuffHQxki-supsupLQxz7XtFTzefm-ita2sEEdsugrcx.aTz5fh-2sEBr@E.4aTz5fF.x

zetr
.

Then QTZ - tlniflfn " )
.

the
ftasxuf ,

2 x. QEKSCFT

)⇒sHEdon : The function On ftp..com >

is I - Lifschitz on S,

" "⇒ Concentration

Plsxyf
,
Lxatzszzstdttfzexpfentt



widowed :

Mnessrsxaftelatzixtzzsattt ]

2- 5m . 2exp( - cut 2)

set
t.IE?exPCmbgcsT-cnty

4 EM .

@

Exercise ( HWD For all bounded sets :

tEtiam( PT) 7 CCSCH + EndianGD

The phase transition :

dam # ±4
Fu diamltl

,
if mzdet )

$CTt
,

if m -2 DCT)



Chaining
We now prove the following upper
bound

a

E§qp ¥ CKSJ Frett
On sub Gaussian processes .

^

MIDIShrek
,

Ddr: Consider a random
process # See

on a metric space ⇐d) if Fkzo
st '

11¥ . Xsllq EKDHID Vas
swfhoawsian

Ex. If ¥ ,Tomaanenciaudisianprocess anddlt ,s) = H - SK
,

then Kei



-1¥:( Discrete version )

Let Has be a mean - zero subGaussian

process

on ( T
,

d)
,

Then

E.If a- CKE.it#dFg
Idea: Let It ) be project one . net repeat¥Est"yptxe±E¥p×

* + €¥fE*Et]
pfi WLOG assume Kel

,
T finite

.

Set Erezh
,

ke #

and let Tu be an genet of T
.

Since T is finiteFk . ,% st .Tie
.= It . } for some t.cl

T = T

I tot ,
letIICHEKsatisfydlt.tt#ttDhEu

.



Since

Elko
,

we can write

KIUEMEE

If HE#
Write

XEXE.EE#Edt54t...HDsEyaCxExdgtEuyEsyfH.M.h

Sapremum isoverfor Axed t
,

have
Kutkntk Hat

NTNHME
. .HN#dClIttttn..Ht )

2- data # E) + date ,
HD

k Eat Ewi
42 Eu - I



So Etsuf Heat'

II. a) HE . KT
a

Exercise
2.5.10 .

CHD
- lS

Eye ,¥* .
a- GEY.ie#.Fy

.

Thin" (Dudley 's Integral)
Let Hotter be a mean zero random

process on CT, d ) with sub Gaussian

increments. Then

Estep
,

heck BETIS de .

plc menetoue

t⇐¥ .

zk zK⇒



TMLCHW)
Let {Xd£←,

be a sub Gaussian

process on ⇐,d ,possibly not centered
.

Then wp . | -

ze*pfS4
have :

§
,

;Rtl×E×skCk( Krattde
+ 8. diamc #

Ibm:C Two - sided Sudoku )

Let Htszzo be a canonical Gaussian process
on a set T .

Define

YCTH {;D EMI
Then

c. let ) a. WCT) to
, @gµ)ECT )

[Read in Vershyninf



Impmvedllnitormlawslet
F be a class of indicator

functions with VC - dimension v .

We showed

BNCF) a- 2fEbgf±T
Let's get a betterbound on

RIFHE#e§;p,=hEIeitkD
Define Zf := ¥ ⇐eiflxi ) and

consider the process Etfsfeg
Let's compute

a

#f-Zglly ;fall # ei # DJKHKI
.

⇐

ftp.EHEg#EHfglli



So Dudley

⇒ ftp.ltneeif.KE#EFD
The

Nhs,#
±

Est
0

[ Vershynn7hm8.3.18 ]

So continuing

a- Instead # TE
so Hate

The CImproved Glicnko . Cartelli)
Let X

, , . , Xn be iid random variables

with CDF f. Define FnHth§1%#}
Then EHFNFH.

± Fu
Pk Let f={ Heat ]

:tdR3

⇒ rd F) =L .
B



Anew :

Behne
¥{ f. a

,D→[aid
Hfkptl }

Thin: Let X
, ,

. . ,Xn be iid random
variables in 8,13 .

Then

Egypt 'aEhtkitEkdKF÷
plc WLOG assume t '

.

Again ,
let 's upper band

RfFt¥×ke¥qkEneif÷
Petre zf=

ntfhgeiflxilThey
- zghehheeittktgcx.DK,

a-

t.EE#MtfHtgH
.



diameter
Dudley ⇒ to

,

Esfqpglztttnf
#

ftp.Idelenmadht
: Nk

,
mg

,

a) ± (EP
⇒ Esup

ftp.lt
En §fbgEI de

ttf
t Ern

q
So far we know that

d. earningsEstaXtofK¥445de

Gaussian Sub Gaussian

Question: Is there a tighter bound that
separates a the sub Gaussian parameter?

�2� size of T
.

.

best
.



7

Recall the key bound from chaining
Koo

8 Eyed Xtt ' Enema
there Ta are en - nets of T

.

⇒ We chose ea followed by Ta
.

Let's switch the order
.

Fix subset Ti
,

Tz
, . ;Tu

,
...

CT
Such that

t.tl and Kal ± 22
"

for KH

Thesequence (TDK is called admissible

Define Eutfyp data )

Then Tu isan erohet of T
.

*

becomes

E§¥p¥cE.its:p,

date )



Deft ( Talagrand 's K functional )

Let IT,
d) be a metric

space .

Define

r.IT ,
d) = gjnaf

, step Ejz% data )

where gifts
,

is taken over all

admiss able sequences .

That ( Generic chaining bound)
Let debtor be a mean zero

sub Gaussian process satisfying
11¥ - Xskqikdkis)

.

Then

Estep Xthckkthd )



p€ WLOG assume KH
.

We de the chaining as before

f. → t.CH - t.CH → . . . →In
# =t

N

⇒ XE '6= Elitists- II.HD
k=l

Fix k ,t .

We know

11 × .
- Fatally.tt#tttFe..CtD

⇒ N 1 Xituct )
- xtudtll ECUEKDCECH,I← , #

7 t

2expf8u2z4
Take onion bound over

ITUI Had EITUIE22h "

KEN
So get uniform bound up .

1- §
,

22 "!2exp(
-8%47

t

Zexpteur
)

9
check

for u > e
.



In this event
, get

1XexdeCuEr4dCtuHtltnHDEcuE242dCGTajr1T-ssyfHExd1cuKCIDNariwtegnatethetail@RemankablykCT.d

) is also a lower
bound

Ttmtalagrand) Let { ¥}£← ,
be

a

Gaussian
Process on T.

Bethe
dcts ) = WE Xslk

.

Then

CECTH # ftp.Xtkcrttd)



for us the nestimportant consequence
is the following generalization of

Sudakov - ferniqne comparison inequality
.

They (Talagrand Comparison Inequality)
Let { X£bt← be a mean - zero random

process on
T and let He}€⇐t

be a Gaussian process Assume

Nt -

XskqfkkYfsskThen
[t§yp HECKE stuff 9£

.

plc Dehne dais

)=HYE9sk

.

Then

ElstyfxtfckrdtdlFEKETE,

"
to

upper lower
bound bound

in Talagrand in Talagrand



Core Let { ¥ }
#

be a mean - zero

random process on TEIR ? Assume

HXT - Xsllqfk Ht - she

Then
EsupX±t CKWCT )

tot

P¥ Dehne yet get > whine

g€N9D . Apply previous 1hm
. @

Ibm:( Sub Gaussian chant Inequality )
Let AEIRM

"

be a random matrix
with independent mean zero K - sub Gaussian

parameters . Let TER
"

,
Sc Rm be

arbitrary bounded sets
.

Then

Es×¥py¥AxiD<Ckcwthadls)
+ nadtswcs))



pti WUG assume KH .
Dehue

XuesAu ,v ) for uet
,

as
.

Compute

NurXwzHyeH§fAislairj ' wits ) He

±(§.

kiri.wizspj
"

= Hartwell
= HUCV - ⇒Ttctwjztlf
a- HUCV-2544 t Ku- w) Elk
= HVFHZHUIKTHUWHZHZK
EN - Zdzradt ) + Hu . wllinad (5)

Define Yar:=2g , a) radtd +244rad S

where f~N6 ,
I )

,
h~N(q2)

Then
Mw . Ywzllt µ . wlpzradtl)2

+ khzatradls)2



£

War - Xwzllqt CK Yur - Yaak

Talagrand
⇒ Etsu:p

.
Yurt #t¥h⇒Yw

= ttasyplqu> radcsl

+ Etsyflh,
v ) radtd

= WCT) andG) to (5) nad N
.

•


