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Linear Algebra
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FIG paces
Bet: WEIR

"
Is called a subspace

daxtbyew for all qyew
a. be R

.

f±: Fix v.
,

"

, Vue IR "
.

Then
�1�

spank,
.

> ✓w)±

{ air ,+ . . own : a
, ,

. , an
ER }

Is a subspace .

@ for
any

set Self
,

the

orthogonal complement
st={v€k

"

:vtx=o Kass

B a subspace



Thin: IfS c- IR
"

Is a subspace
,Then

R "= S + St and # ±s

Let Aekm
"

.

Definethe
four fundamental subspaces.

range #E{Ax:xeknt= span{ A
. , ,

.  .

,
A.is

NWA
)E{xtR

: Ax=o }

range
a¥=¥:' Ann ,

Am .}t
Null CAY =

. . .



Observation:

MH : LA
, .

,
Az

.

,
. .

,
Amit

± span IA .,Az ; ;Amit
= Range (Ayt

The Null # = Range #
t

Null # = Range#
Gaussian fthiinahm :

Ft yen doitmembor !



#edition

pefix
a matrix Aek

" "

.

We
say

x is an eigenralue
of A if Fo* with

Ax=xx× HA.iDx=o
We call x an eigenvector

corresponding
to × .

Thus {eigen values A A }
"

lx : det(A- Ito 's

polytonal in X .

There are n eigenvahus * ¢

country multiple.ly .



Defu .
. Symmetric

Matrices

.

- § :{ AEIK"
: AEAI

Orthogonal Matrices
�1�

" ={ Uekn
"

:
UTUI }

The A matrix Aeis
" has

only real eigenvalues
and

for each real eigennalm them
Is a real eigenvector .

Manure
if A , ,k ,) and ( in ,k ) are

eigenpais with t.tt .
,

then

Xp Xz=o .

Thnetfigenvabae Decomposition ] Let AESP
.

Then there exists UED " st .

A- Utut where t.EE?.D
.

Moreover ,
in any

such decomposition

iii.U . ;) are eigcnpaivs .



Renata A Uhlir E.xiuiai'

Quadrate form
# decomposition

- :

Ddr: A function f. IR
"

→ K of
the form ftp..EE aijxix ;

for some arseIR is called
a quadrate .

Red: Define the matrix

an

At tail:L:
.ie?aitaRmfCD=Ehf.aijxixsi=xTAx

We can always assume Aeb
"

since

xtAx= kE'Adt 's # D=
=L XTAX + {

xtAtx=%TA¥tT)x
So AHR

" "

and A÷Ae§ define the same

tnadnatz form .



For any xek
"

,
define IHKFFXI FEE

Grdlargffkayleogh . Rita Let A c- $ "
.

T

Then

ym.nl#EYfftYtxmaxlA

) #

Equality holds on the left ,ff
X is an eigenvector corresponding

to xm.ua
.

Similarly on
the rightp.fifix an eiglnvalne decomposition

A Ahn
fix xek

"
. Then Fzek

" ft .
×=Uz

Observe pxp.hu#2=ftzIuz=EUnz=
and therefore

n
- k¥1,2

@ E?qYAk±ha×HH2xtAx.EU#lrHUeiEnizi2EE.xmn%A2Fsm.nHD1tzlp



If x is an eigenvector corresponding

to Xmin HH
,

then

x #D= xtfmn # D=xmintttkxx '

Conversely , suppose
xtAx=xm" AHHHP

Then from A we

'

learn

xm ,nfA)zi=xitAlzi2 fi
Suppose xm.nl#=/tilA) for some i

Then Zito
¥DE U•i×

⇒ x E { U .i
: xitsm,nlA)§

"
span { U.int#minlM}

{eigenvectors aqjespxomndnichagfq



DetILetAeSiDAispositivesemidefinI.denotetAqo.ifxTAx70Vx@Ai3positInk.denotedAeo.itxtAx7oV.yx

�3�
" "negated"

Aso
,

if xtttxko Hx
�4�

" " negatively "

Aso
,

it xtA×20 Hot ×

�5� A is indefinite if it is

neither positive nor negate
semi definite .



T.hn the At in
. # 70

Ado At xmaxfa ) to

A indefinite At xm.in#K04naxfA
HE Apply Raelugh - Ritz aThemeAt FL st . ALLT

NI st A. LE
,

then
I 'Ax=xtLEx=KxFEx=K%Bo

se Ate
Conversely suppose Ato

,
and fix

an eigendecomposition A= UIUT
set staff 're # and

t.hr
"

've
•



Hainey zation

We will be studyingproblemsI the form .

D

mihttxitzxt
Ax + gtx

XEIR
" v

where Aek
" "

and
'

gen
"

Recall we can always replace
A even with tttt#ef

"

fifBeta x is a local sdn of
Fee st

. ftp.flx ) for
all × satisfying HEIKE .

Recall llylktyy =§fyi
' )



Tkm:( Existence and Uniqueness)
LetAef

" and g£lR
"

.

Then the

following are true
D A local sdn to @ exists iff
Aero and Fist

.

Axigao
,

in

which case x is a global seek of @
2) st * is a local sdn do

,
the it

is a global sdn A @
.

D The problem has a unique global
In iff Aeo

,
in which case

this sdn is E- - Aig
a) If either A is not positive

semi definite or there is he sdn
to

Axtg
=o

,
then

- oo = inxf tzxtttxtgtx .



prod

:O
Suppose it is a local ah

. fixrefff!
Then

ffittvttztxttilttlxitr

) +

gtfxetr
)

=

tixtttxttFAX
 -

=

#
+

tEAItFfYTtEtIr4aY-ftxIttvtfAxejitntriAvforaHsmalltsqthenA@okfCxetD-ftxl-tvTfAetg7tkEEArDitidebytaadlettw.t7oevTfAxtg3Vvs.trtftxtg
) ⇒ .

Axtgo
Back to *@ :

oe
'ZEFAV their

,
rek

"

⇒ farm tr ⇒ Ato
.



Conversely suppose Aeo and AEtya
for some E. from previous amputation

,

ftttd = ftxt +tvtlaxtg) +t.tt#trtteR=ftxT+tt2vtAv7fGD

VEIR
"

Se I B a global minimizer off .

@ Clear from �1�
.

�3� Suppose

ft
70

,
then by �1�

¥Agis a global
sdn

.

Connealy , suppose
there is A

uniqueIn . Then �1� implies
Aero and all sdns are characterized

by Axtgao ⇐un?µmA
invertible .

�4� Suppose A is not positive seuidefuite
.

Let ✓ be an e . vector corresponding to
e- val in < e

.

Then

fltv ) =

t.tw#v+tgtv=IlmFE+tlgty

who
Let t→ a. Then FHD → . a. •



Suppose there is no oh to the system

Axtgao a

⇒ get Range A
. *

⇒ we can write g.
= Yntw
Ray # Yrangeadt

Net
.

Hence
ftp.t#FAtHetgtw=tgtw
Notice gTw=#we11412 > a .

Lett → to.→fHw)→ a

q



Minimization at a quadratic overaft
Consider

min
' zxtttxtgtx

st . Bxac
Reduction :

Find xp sit . Bxp=c .

Then { x : Bx=is= xp + Null(B)

Let Hefdn Hr . - H.u|
has, } for Null (B)

.

Then the problemis equivalent to

min'zGptHyTA4ptHy)+gYxp+Hy
)

Y Unconstrained quadratic
optimization problem !



Principal Minor Test

Between .

for any
set

Is{ 1

, .

.

,
4

,
the determinant

of the 1×1 snbmatnx
B called a principals .

If Is { t.sk } for some k
,

then

intends.

called a

t.adypnncpale.si#E

Renoir: There are 221 principal
m . hasand n body pineal

.

The Let AES
"

. Then the Albany #
D)Ago⇐o all principal miners zo

@ Aeo ⇐ all leading principal mgorg
.



Linearly :

Fix a matrix It⇐ HE
"

fF]
tall and skay

Suppose we wish to solve

Ax=bUsually impossible
if errors in b-

L.ua Least squares
Problem

my 'HAx. HEH . b) Tax . b )

¥ikI¥¥#E*Atb-BTAXHIHM' Atbk +
'znblp

Spmblehh?is a quadratic optimization



The : The problem
*

m*mtHA*bH
'

always has a global miuimren

and every
local minimizer is

global .

The minimizers of @

are precisely to solutions of

the norhalepuationtf'Ax=Atb
pfi Since this is a quadrate

optimization problem
, everybeat minimizer is . global, and

is characterizedby
ATAEO andAtAx .

Abu
Notice from pnevnoou

theorems
ATA a always positive

semidetute nhile #Ax=ATb
has a solution

,
since otherwise

→ = opt A) to
,

acatradehog



A more direct argument ten ex . > tune

Lemta: Null

CATAKNIKAPRAYCATAI -
- Range #

pt Suppose xt Null (A)
.

Then

AtAx= AYAd. AT .o=o

⇒ xt Null LATM.

Conversely suppose
A 'Ax=o

⇒o=xtA'Ax = # t ⇒ Ax ⇒

ThusNIKATALAHLKAF× e Nadal

and

rageCA # ⇐Range #AFI
ICNN.AM# aunt

Range At
q



Example :CData fitting )

Suppose we have collected

data Ctipi) ten

it...
,

m

,
iii

'

iiia.fi
Sppoeriapftikx.tx.to#ztEtxatiPossible formulations

-

!

LeastAngkRegmsum_
←

useful when

mxeyeda En
,

lpttitril
there are gross

corruption in

Leaot Squares Regression data ,
batnotmeotta

÷,n#µ, ⇐
lpttitri

) '=

Elxotatottxatidt
:)

ttIit¥¥IIE¥I¥tE*H¥Ni



when d is large one can

over fit the data

⇐Am÷
Gaiman : penalize

the function it the coefficients

mail.gg?IiiwtIwYixMdlt+y.N*idlt

positive regularization
parameter .



In general , palatially regularized least

squares problems take the form

my fly :#Ax . blptx HDXH
'

when AEKMM
,

be Rm
,

Depth
,

> > o .

Observe

ftp.#.bfCAx.b)+xCDxMDx):xTCAtA+xDD)x.zfFb5xtHblF

Clearly
ATATDD to .

Therefore minimizers x

are characterizedbagHTATIDIPI:* A



we:( Demand

Suppose b B a good estimate

at .x,

Hat is

b.arrahmthsignawltnau

Gods Find a good estimate dx
,

with the prior
information

that x a dscretzaton
of a smooth

innutbrn%:**&s .

:

.

.

• rakes;hFda
is' 34's

'

.: '

.:
'



Common formulation :

÷YarnHx - bll
'

+

Keihin

.xD
'

a
forces xi

to
vary

Nota
ah,anEzs

.

Eddie.

. xD's

HDXH
'

atone

←EtIEi¥;D
So solution

-

of the problem is

'x=(znbD)tb.W=

see the numeric s in Section 3.4
of Beck

.



OrthogonalProjection as Linear least Squares.

Defn:
Consider a subspace S

.

Then the solution A

the problem my 11×-412
,

denoted Pdb) is called

the orthogonalprojection,
autos

.

Let A=[A . ,
A

.z
.  . - A.nl be

snhthtangdntfspanltt

. , ,Ar ,

,A.m)=S
.

Then to find Blb)
,

we must

sdmq.in#blt=mgnenmNty-b"
'

⇒ g- HAT'Atb May #¥Fty

⇒ BlD=Ag= AAFAJATB .



Thus
PDHHAFATHTB

Red: In particular Pg is

linear and represented
as the matrix

IHAAMF
.FrhmuctwareAlgebra recall

b=BCb)+B¥$

Psdbk @ACATATAYB .

In particular,

if IA
. , ,

...

,
A. m}

are
orthenormal then AH :[

and

pdb)=AAband BID# AAYB
.



Analysis
Notation :

FFballBrak Lyekn:uxyikr }
Def: Let QEIR

"

.

. Q a open if for
every

xta
,

there a no
,

such that BRGDEQ
.

• Q is dad if for
any Xi ⇐ Q

converging
to IHN

,
He pointFlies in @

.

• A is beaded if FR> e at . @ c- BRG)
.

• Q is compete if Q is cloud and
bounded

• I is a fimtpitI aiguana
Xi if there exists subsequence

× is
→ I .

The Qis compact At every
infinite sequence

in QHas a

limit put in Q
.



Def: A functionf : Q → K a

continuous it for everyFedwe have hmftx) =f⇐ )
,

xlix
Ihm: Every continuous function

on a compact set Q attains
its

.

htnum and
sup remain over Q

.

Differentiation
We will use the notation

ftp.duhn#.nbygMhatM=o
HELeftf.R"→R
. and eek

"
.

we

say
f isdifferentiable at I if Fr st

ffxth) = # + Th +04141)
Then we call v the gradient of

fatty and we denote it by pfht)
.

The zp f : Rnsk is differentiable at I
,
then

ottxtlgfakt - istatxtj



We
say a map film → HE Is

mm

differentiable at it if

FAHR

st
.

Ftxeh
) =

Ftxl
+

Ah
+

OHHH
Then we use the

notation
A=pFhi )

.

T.hn.
. If f is differentiable at E

,

then

pFH=Ef⇐Ht¥±;¥nm
seen

The second derivative of f://t.sk
Not ) ID

,
Hat isis HM

jgh , .PT#xfxDiisi....in

* Ianmatrix

The Let f. Risk be such that a H
partials z§→,

exist and are continuous .

Then p2f(×) is a
real symmetric matrix

.



C¥ Let's capote of
,

of at the

function fld = ExTAx+ gtx
where Aef "

, go.IR
"

.

f(xth)=HxthFAktH+gYx+h)
= EIAX +

tzxtahttzhtttxtkhttth

=ftp.H#tgYh+ytgIaxy
"

= ftp.tAxtgjh + oath
⇒ ofG) = Axtg

Ptlxth) = Alxthltg = Axtg +Aha
⇒ ff(×)= A

= PHD + Ah+ oaky

TkmllD- mean
value that

Let it IRHR be hti times differentiable
.

on (a. b) .

Then for every Ig € Gb)
,

there

II's.tw#kxIttfEtExnrxite*e.asexF"



Letfi IR "→1R be differentiable on anTk'

open
at containing a cloud internal

[Yyt{
G- a)xexy : > ten }

Then there exists
Z

,
weCx

, g)
÷ { ( I - Dxttg : > econ ) }

satisfying
ftp.fld.offztly 'D

and
g) =ftp.rffdty#tfCy.x5Ffag-x)pt:pefIe4tt7=ftxttly

- xD
HWI Y

'

# = pfcxttiy - xD'Ty - x )

9
" It ) = (y -xjpoftxftty - xD ey

- x )

⇒ ft
,,tzeaBst .

yH=Ho) + YH ,
)( to )

ftp..tk) + of kit , g- DYG - D
F

andy (D= held + HDA . e)Yee 4) Kot

scjtflxi +

rt.g.xt.my#TifEEExDg.D
We

- Dh



Ihnn:( Quadratic Approximation)
Left f. IN → K and suppose 0761
exists and varies continuously .

Then

ftp.ftdtpftxfly-xltttgxykxky#+ofyxHpt:mVTshasVyeBe6)FweCxy
) st .

ftp..tt#oflxIly.A+'zg.x)p2fkky-A=f(x)+pffdtlyx)e'zCy.x)PY6kyx)

+ iz g-
xHt¥tD

. a ly . x )

oaiyttxiiy

Optimality
Conditions

•

=
Consider the problem

(D) mxngpnt#

Deft:
f : IR

"

→ IR is coerced if for

every sequence x ; for which Will - to ,

it must be the case that FGD → + P .



EE f (x) =P
,

ex
'

are aware

fly = ex
,

x
,

×3 are It Gerace

Leana: A continuous function f://2.hr/R

is coerciveIt for every
LEIR

,
the set { x :86k£}

iscompact
.

pt continuity ⇒ Lx : flxka } is

closed. suppose f-coercive

but { x :f 6) 2-£3 is not bounded
⇒

z¥ieL with will → too .

⇒ fl xD → + p
£7 contradictor .

.

For converse ,
see

book .

B

TIM, If fs Rhsk is continuous and
coercive ,

then f has at leastone

global minimizer .

plc Letter be such that lalx : FIDEL }

is nonempty.Then arxgmhfcx)
= argyyg.tw

Trendy a



Thin, Let f.IR "
→ 112 be differentiable and

let I be a local minimizer off
.

Then pftx)=o

ptffxth= # +PFEDYH + duh" )
Fen s .

t .

.

theBaa)
,

thth ) zfty

⇒ of #he
duh ")

Let he -
total

⇒ turf#117oft )
Divide by t and let to

⇒
oftxto . q

Thin: Let t.vn/R be twice continuity
differentiable

.

1) (Necessity) Tt I is a local mini miter

then Pftxto and OHHH
.

2) (Sufficiency) If Pftxto and Fftxko
,

then Faust.ftp.ffdtdllkxlt.tt#Bqtx)



pkg
Opfksaaaefreafy

pored rfhiko
.

fkheffxeh) = # eof#x5+ th#how 2)

⇒

htoFHh7oa&H

Then ✓ be e .
rector corresponding to tmn

⇒
h=tr with IMH

⇒ thxmnlotlxt) 7042 )
D. ride by t and At tso .

⇒ PYATHO
.

@ Suppose ottoto and

bm.nl#xY)7m

> °

⇒ ftehfft )

.int#htthtoHxth+oHhH7ftx)YnzllhH2+oHhllYFqs.t.1oHhll41ttyhhlPVhtBeA

)

→ ftxthpfflt#
1h11

'

on



Convexity
Dekn

:
A set QEIR

"

is canex if
yxta - Hy EQ Fayed

t.EE#
tea 's

convex not annex .

. A function f : IR
"

→ R aannex

' tf( * + Hay) :# #-Dtty) VIII.
, , ,

¥
in y

EI Ex
, vii. eYx2



Recall ftxdl := fyn.tk#Hxl
t

The: let t.IR"→lR be convex .

@ Then
µ flxttd ) .f÷

Is hen decreasing on ( o.to )

f.
@ The

directional
derivative fksd)

exists and equals.

ftx.tt#f.kxftla
plc @ is trivial from �1�

.

Now we prove o : Let x. dek
"

,

qlt,2tz
.



Then fGet, d) =f(x+f¥
.
) to d)

=

ffftttilxttttdxettl)
44¥,)f( At ¥ flxttd )

→

lxethdktxle theft "
.

tz
They Let f :#SIR be convex and suppose

f is differentiable at F .

Then * is

a global minimizer iff pf(E) =o

pkftEEIB.at't, d)=p.fi#dieoVt.dq
Then: Let f :lRn→1R

a If f is differentiable
,

then
the following are equivalent

'

@ f is convex

@ fly) zflxtoflxltly 'D Kay
@ ftp.otlyytlx -g) a Kay

�2� st f is twice differentiable
,

then
f- is convex ill PFA) 70 tx

.



@ ⇒ to

ftp.#zpth)
at t%d=jxtttty- x

@ ⇒ @ from b :

fly ) > flat PftxFly ' x )

flx ) > fly ) toftylyxy )
Adding →

mewtomuty@q.bO.LetxyelN.BgMrT.7zctx.y

)
Z=tytf→)×

* GDSH .

and
fly) - flx )= rftzstg . x )

⇒ oe@fH.Pf1xyyZ-x7-xlrfa.oflxDYy.i.x)

=x[ ftp.ttxl - HGYG - xD •

to ⇒ @ is : see
book

.



Lie Search

Methods

Def.

. Let t.IR
"

→ IR be dtferentiabk
at X. Thea otd is a

teeth
of f at ix if

pfcxy 'd < o
.

Thatd is a
decent direction

,

then !fl*etd) hfkt ttsmallt .

pti fcxttd) - flyego÷iota 'd < a

E¥ Steepest : D= - oft )

⇒ pHxId= - Hpffx)112

Newton :
D= - of #

'

oft ) if ofhdceo

Comes from THAIftp.tpffxfhtkhttf/x)h
in , him ill

.

Neuter : D= . Hrftx ) where Hyo.



dtraokx.de, c) :

i

Cheese re Con) C econ )

while{flxxttd )

"

>fcytctpflxj 'd}
returnEt ← rt .

time :

for kzo :

Cheese t= backtrack Kaduna )
set

xmpXu-tdu.Thm@nLettilRhslRandx.ek" be

suck that f is differentiable with

MHD - PFIYHKLKTYH Kay .

Let xn be a sequence satisfying
Xue xu - tda

Where dn satisfies rfkrdtdn .co

and toois chosen by backtracking.

Then one
d the following holds :

A Fu . st .
084%7=0 Cid fads - oo

4) tendondiverges (g) for every
bounded FN

for which {daheof is
banded

,

we have

'

lying 086.5'd*=o



Examples :

Fattah "

Let is be abinary response
variable with

P[Y=i1x ] = PG )

.PE#nolxs=tpcxYa

Here x are the predictor

variables
and 9 tells as

how H

combine x together ,

÷ -
-

o

gtx where
Assumption : log

ftp.O.t
garn

'

solving for
p

yields
⇒ PCx.a) = I otx

He



So suppose na you observe

lkiy.ie,
.

How to defang;e
pasjiixitpcxi.gs?g.pcxioI7i
Define the ihkdyhad function

LM . #pcxi.opig.pcxi.de
"

Let's maximize it in 0 .

Take

mgx.gg#tSi&bglPlxit9Dyp.gtpcxiidDEilgillglExpiYxID+q+axioD=Eyilo.+otxil+lg(

f¥*:))=E A .# xD -

lglnieatotxi
)Yananfunction in a!P '



Again to prevent omrfitty
are may

insteadsolve

mfEflglite9toixityilqt8xiDttzl0o2tH9IToa@tgrsTeR.D

Huber Regression :

Suppose you
want to

"

fit
"

t.mF.w.tkagain,

• but the data
has Outliers

.

•
•



Dne idea is to solve

mx" ⇐ h
,kaitx -

y :)

uhenegkr

is the

Function
• •*n k

Hakata/
Linear

.

This B called Huber

regression
. Again this

problem
is convex .



Back

"
to algorithm
#proof of

-

?

Assume we of childanddv )

hold .
Thus Had to the . and

{fCxkM is a bounded decreasing

sequence .
⇒ Fl st . fgwgflxah⇐ l

.

New F sequence JCINB and
a vector d sit

. dµ5d and

sgp oflxnftdw = :p < o

Line search guarantees tnrfladtdoso

Thus

t£o

.
Observe

fatter 'd*) > flxrd + of 'tw&x*Jd.

By MVT
,

FOECAD st .

fcxnttar 'dD - flat . tat
'

Hadawhere p[( tax + ocxuttatldn )
= XutFetus . ' He



→

flxuttnrtdn) .

ftp.t.tuipffxwydn

= twgtpftxnftdu +
tujftknsiofhidfd

.

L
.tufpfcxnftdnttarlllxrixaltild

#

=

turbflxdtdnftniltolldnlt
SEE't.pl#wjdnLtybftxaIdnttrsikolHnk

60<1
- e) pfcxajd.

+ to 'LHd.lt

Eci
- c) Bttartlldalp

Let k5o

⇒ 0<4. c)Be- auntradnton .

•



Car: If { du } and Hard} are

bounded
,

then ubjngrftxultfio .

Co± If de - Methods
.

,
then

every
limit point I of { xi satisfies

pftxfo .

Cae Suppose f is twice differentiable

and there Is

BN
st . in

,fo#xDzB
the

.
Suppose we set D= - Hadith

Then every
limit phtxsatsbes

pt sketch :

Hato .

Tpexwjdu .

oftxnptPYGWJPFK . )
1

g

¥quotient
1

• a



Thegnadent_mth.la:

Gradient method on

Ydgn x7iy2
with an

"

exact
"

lineadf.arg.q.h.tt#tdd

Lemay.
Let {xig be generated by

gradient descent with exact line
search on a dlterentabk f://t.HR

.

Then
(×µt×wDt(×n+itD=0

ply Xnez - Xue - tntifkuti )
tn = angry

⇒opf(×.

Hk ' tofu . ) )

yrftreit '*Y¥IEkI÷IY'' on



Them: Suppose t.IR "→1R satisfies

o< Lan.IM#ttyHH)EBVxThen gnahat descent fnts

a point x with kx -FHEEafterKahnM¥44 )
iterations

. Kantian number
Ee (Rosenbaum

flx ,y)= iodxix ,4i( 1- x
,)2

(x ,xp Cia) is the unique stationary
point and pHHtf?f2E)

.

⇒ condition # 7 2.5×103



Can the convergence
rate S gadmethod

be improved ?

Let's look at
min

ftp.zxtax
-

btx with Ayo .

DIE: Vectors v. WEIR
"

are

A.ua#yateLeI?stMdt.YdIedEtoaxeAaisgak
,

then they are linearly independent .

pti Suppose a E.nidi Then

o=§%nidI. Adi =  Midi : Adi .

hxto because
So miso Ki R AYO .



Suppose

'

we have available
A- conjugate rector d

,

,d←
. ,

dn
.

and considerthe sequence

taeargmnflxuittdu
)

{xueexuttadn.
}

Set he b- Axu
Note intern tnttdn

Lemma:

turned
.

.

du du

T.hn: We have

rneidi-0Vieb.k@lntoXut1B.aminimize
off Oh

xp
span {d

,

.dz,
. , d. 3

pkZndnutioniAssumernideotianh-iThenrnIdwrnTdwtu.dEAda-oforiat.i.ikni_dEAdi-0.ruIdi-rEgdinyThnstua-ofKe.DL@i.de

, . yda B



How de

ie
generate conjugate

directions on the fly?

Conjugate Gradert Method

aifnYI "
b. Ax .

,d.← r
. ,k←o

White rnto do

tieride
dµtAdµ

d
Xue ,

= Yet tn a

pre ,
= b- Axnt ,

Snee - ruinAdyDEAD
.

date the ,
+ Bae ,

du
k-k=

let's check that di areA- any
'

.

dnI, Ade rail Ada + Brady Adu ⇒

for i =/ , . .

,
k - 1

date
,

Adi = rwii Adi  + Put DEAD;
a

=r←IAdi=tailor ; - rit , ) to
'



Notice r ; E spantdi
,

di
. , }

rint span { di
,
die , }

Se the ,
1- Lriirieb

.

⇒ dµiAdi=o.

The If A has m distinct
eigennalues,

then CG terminates

after at most m iterations.

Then: CG will Into a point ×

satstgyiy kxwxotke after
at most

oCFEfFIhlMeat))
iterations

.



NewtonMttheodt :=
Consider solving

GCx)=o
ahere G :lRayR

"

, ,
differentiable

main
:

G=
Pf for a twice

differentiable function .

The Suppose 110619-068111441'tyHVxg

Suppose
at some point x

,

OGKI is invertible .

Then

Xn
: XFRGGITGCX) satisfies

Wµ
-
XMKTEHPGKYHIH . ay

'

where x* is
any pit satsfyiy 66% .

plc Xµ . x*= × - x* - pcolxi
'
GG) =

=0GCxY[oG(ycx . F) +61×7 - Gad ]
= DGCXT '[ 5.11064 - Pblxttftxl)fx¥9

→ IKNFHHHGGTH . 11*-511
.LI/x-x4l.Itdt==kunG.xMlntx9p

@



Constrained Optimization
(F)ME

S .
t . XER .

where r , } a closet set .

Dela: Tangent Cone

Tslx ) = { d : Ftiwo
,

{ xiscr ,

with x. → × and

at Cxi . x) → d }
E± If r= lx : Arab }

,
then

Trlx ) = Null # Kar
.

. It r= (kg) t 1122 : Xtyti }

then Today) a fight.

TIM: If r is annex
,

then

Tslxtdl Ky -

Djxsfg



Tut Suppose t.IR "
→ R is

continuously differentiable .

If I Is a local sdn to CP?
ten ftx

,d) 70 Fd Efdxt .

pt By MVT
,

ftx ,
d) =¥gk*td¥a⇒

mass,f§g fk+tD¥xy

Let LEICH ⇒

ftp.xibxs.t.tftlx#
→ d

.

£ fkgdtfyyfcxttitlx,
# - fk )

=
= leg Heft'* zo .

•



Support { × , f.( × ) to ti%
. . s

f ; (x ) ⇒ fi=s+y.

,m}
.Natural candidate for tangent

7ICE ) =H:

rfikstdto tie #

Pf; # do tests
.

,n|
where I E) are the active
indices

a := diets , if : ficx) ⇒ }
.

Ibm : To a Trail .

HI Let dared ⇒ ftp.xfx
,

with
ti

'

C x; ⇒ → d
.

⇒ pf;E5'delay kxD÷kxI
If ie 267

,
then flx;) . # =f(xD L O

zf i = set . .

,
m

,
then f (xD . ftp.qq



So Tstx ) c d : Pfilxfdeo tie #{ rtihtd :O tests
.

:|
*

Bad Example :

FCI )

tTCxDCx-D4yttCxtD4ytlls@fDhat.ca

. , ,

=%B

TzCxT= to}x1R .

The Suppose Mangasarian
. Fromevib

constraint qualification
holds (MFCQ) ;

{ § dirt # =o , tifi KD to fit ... is }7.
,

... is 70

# o

Then TrC⇒=TIH



Them: Suppose MFCQ holds atx

and I is a local minimizer .

Then FXHR " such that

0=08
.

# + EExirficxl
D= y ; file ) Kim

,
. . ,s

04

X
,

. - I Xs

we call x the

Lagrangemultiplet
.

ph Consider Max - pffxytd
st . pf ; #dto KEITH

- pti # do tests. ,m.

optval =o

Dual problem
mm 0

s t.E.se#rfilxT+fg1diPfilxT=tfktotxiVie2H
.



By linear Programing duality
,

the dual is feasible a

Consider the problem

(a) ninthxer

where f is convex

and h is a convexset .

The: The following are equivalent.

(1) I is a local minimizer & (CD

e) I is a global minimaer IKB
(3) f 't

,
Dzo tt # etrcxl .



Fix a set

at'&Y¥f¥IIIn5
Then r is convex provided
f.; lies . ;D are convex and

f ; ( I : sit . ,m) are affine

meaning ftx)= aitxtb ; for
some aiek

"

,
bier

Then: Sppesef; lies . :D are convexandf. ( E- set . in ) are affre .

Suppose Fees with

fiCx)< o ties . , s
.

This is called $aterand,to_ )¢
Then MFCA holds at any xer

.



dptimizationaors.my/eGustrail=
Consider

mxn
ffx ,

s . t . XER
where r is a closedannex set .

and f is differentiable

Detd: Orthogonal projection

projslxrarqmeynH¥xH
oftenpmjrl . ) Is easy

to compute
Examples: sea , it

, r={ xzo : ,§xi=i}
are { x :

llxlkh.r-txiAx-b3.r-IxiEYxiH3ThIz-PrlAittZeRandftzTly-z7L.oVyerpkz-PrCxlazsohesm.gn.l1y-xll2@fz-xjTwzoTHueTncdMaa.x

'5fy
.A)

zotyer .

8



The

I
er satisfies

ftxiw) > o tuetnlx )

in F-
Pmjrf -trfh ))

where t > o a arbitrary
pti By previous

than
,

E- pngjofxtoffs) )

* ( i . tofu - F) Yy - ⇒ ' other .

⇐ of # (y . ⇒ 70 tycr .

GTTkneth.to
Input : E > o

,
x. er

.

While in-

Fall
> E

Pivk a step - size the by a
"

.

degenerate
Psdxwtuotkd)

end



Define

Gmlxtmftprlxfnoflx)) ]
Backtrackings
Require : s > e

, Lean ) , pelai )
Sette=s .

while tkxwtflpdx
.

. t.ofwkhtillq.lx.li
theBtn

Thin: Consider the problem

my
f ( x)

It . XER
where r is a closed convex set and
f is differentiable with

Hoffa - ofly) 11<-41×-211 Kay
and lhxff > - a

.

Let { as } be chosen

byprojected grad method with backtrack
,y

Then every
limit point of Hus satisfies

first - order necessary
conditions for

optimality .



Convex Duality-
:

(D) T.tk
.testily < o for it

,
. ,s

ficxto for it Stl
, .  . in

there to ,f
, , . .

,
fslx) are convex

out fi ( i. sty .
.

,
m ) Are affine

.

Let
d

r be feasible region '

Bek:

Lagrangianfmctionllx, g) = f. Cx) + y ,
f. 1 Ht . .  . tymfmlxl

delved on Rrnxkwhere
.

Ki= IRIYRM
's

.

A pair eijtelltxk
is a saddle#$it of L ,f

Lt ,y)s UFIDELK, g) kegsarnxk

The If Ep is a saddle point A

L
,

then I selves P
. Gnarulyifx

solves P. and Slater holds
,

then Fj st .

E.f) is a
saddlepoint of L

.



pti

Sipped
Ej) Is a saddkpat,

then

galley) 's they) - t.CH#%fa

a
y .pµ{told
ty.tl#t...tymtilHf=f.tx

)
,ifxertp ,

0 . W .

⇒ Fer and Emgffilxko.

so

Ltiykitllxyt

⇐Medan
f.ttxj = Her hold + Eg,

.fil*)

This *
selvesg. Efrat



Conversely suppose Slater holds and

X solves P .

Then by KKT Fy
st

'o= Pfdxlt §yipfikl

FEKETE,→k
' ⇐ Kay )

Thus

the
IR "

,
we have

Lay)=t.CH+

Ejifilx
)

tell:DLf, g) is convex

'

with I its minimum

Monterey#
"
E. the,

yiti .

c- f. G) =Ltx,y) .

•



Observe

y!Yk Lcxg ) = (
told

,

it xer

+ p
,

0 . W

Head
it ;rµ↳yt nxtrk"

9
Priem .

Delve the dual problem

(D) quaintLATThe H L has a
saddle .pant tip

then I solves the primal ,

if sates the dual and
vallB=vaKD .



pt observe for
any jek ,

Llxiy) a-
sgpllx, y )

⇒

hitHayek inxtgpaellxg)
→ mguitxtlxylainxtqpaLap

Leak duality inequality , requires
he assumptions . Suppose (xsyy
is a saddle paint of L

. Then

if symfnllxgksyykkxiy)

ttlxytenffllxy)

tsgpewr Uxg)

f- quality must heldthroughout
@



Ex:( Linear Programming )

(P) mm btx

s 'I .

ATx7c
X 70

Ux

,yd=bTx+

YTEATH - Fx
where yze,

vze .

(D) max mm

yes
x

481 =

=q¥.

milk- Ar .Fxy→
= ( ytc,

if b- Agro
- N

,
0

. W .

fmeexjh.EE#DdnalLP
rldak variable



Exikanex Quadratic Duality)

(P) mm txTQ× tix when Qxo

It Axkb
,

01 x

LG,yif=EIQx+ExtyYAx . b)
- vtx

that txtaxtextytlaxts)
max mm

- vTx
yzo

x %
fatorx

Qxietfttt- ✓ to

Ag)⇒ ×= A - ' (v - c-

⇒ Plug back in to get latter

myqy.tt#ydaYrAtyyTbaghdDTpnalQP
.



PenattyMethedsPenaltyAly_ittm@1mmtolds.t.xeriHnftjgbYIi.k.gl?mtg
Idea : We will replace (* ) by a

sequence
A unconstrained

problems mean Pdxk t.la +2041

were a > o and 0:12
"

-112
satisfies
1) 9 is continuous
2) OCH 70 ttxek

"

3) A ( x) =o iff XER .

We will use notation

rEmaxfoifE@cexgl.EHicxDttEIltiHlqocxt.iEltkxMt.E

.

KMT

3) g(x)= maxtaficxl
, It's 6) lgiegzs.mg



Algorithm :

* > o be such that 4. → + a

with Li -<Liti .

Let xn solve

male Bd' '
.

EI Y!t
.

F. o

Consider BlxkX+Ex2mnimnhhg get
0=1

tax
⇒f=-@

So need L - E to guarantee HIHEL .

Consider instead EHK

pacxtxtdkl - tax
.

'

,

'free
As soon as a > 1

,
Pa Zo

So minimizer is ¥



Lemma: If Hu} is generated by the

penalty method
,

then :

D tfnkn) t

Pamfxntil

a) Dlxu) 704mi )

3) f. And kf
.

Kuti )

Century: Every cluster point I &

His Is a solution to (A) .

pt_dor : Let xer .

Then

f. a) = Body 7 Bdxa) 7 f.AD

⇒ t.ca 7 t.CA Her
.

Psdx . ) is increasing and bounded

from above se haslimit p←.

Then

f. (x) 2 layB. 'xD =

= hymn f. 1 xu ) + Lu @An)
= , 4 Ku ) so

.

a



pta :

Pddhdttbdxnti ) £ B.
→

Kuti )
se a holds

.

.
Next

f. (xu ) + tnolxu ) £ f. ( Xu ,) Hatchett
and

f. (xm , ) + to ,
Olxnak f. Huttman )

Addy
⇒ He,

- 2.1 otktk @- 2.) Had

=) @ (×a+
. ) Aka )

.

finally
folxw) the Olxn) kfolxual that ' )

t f. Kan ) +2*04. )
•


