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Notation

Function f: R™ — R is a-convex and [-smooth if

0 < f < Qs
where 5
Qu(y) = f(2) +(Vf(2),y = 2) + 5ly — 2’
0:(y) = J(@) + (Vi (@), y = ) + Fly — o’
Q:
f
dz
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Notation

Function f: R™ — R is a-convex and [S-smooth if

Gz < f < Qs
where

Quly) = () + (Vf(a).y — 2) + S|y — af
0:(9) = () + (Vf(2).y = 2) + Gy~ of
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Condition number: k=
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Complexity of first-order methods

Gradient descent: Thy1 = Tfp — %V f(zx)
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Complexity of first-order methods

Gradient descent:

Majorization view:

Tpr1 = o — 5 V(1)
Tp41 = argmin ka()

(B-smooth

[-smooth & a-convex

Gradient Descent

o[

1
m-ln;

Table: Tterations until f(zx) — f* <€
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Complexity of first-order methods

Gradient descent: Thy1 = Tfp — %V f(zx)

Majorization view: Tpp1 = argmin Qg (+)

(B-smooth | f-smooth & a-convex

o[

Gradient Descent k- In %

Optimal Methods B VE-In %

€

Table: Tterations until f(zx) — f* <€

(Nesterov ’83, Yudin-Nemirovsky ’83)

Optimal methods have downsides:

e Not intuitive

e Non-monotone

e Difficult to augment with “memory”
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Optimal method by optimal averaging

Idea: Maximize lower models of f.
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Optimal method by optimal averaging

Idea: Maximize lower models of f.
Notation:

zt =12 ;Vf(:z:) and gt =gz — éVf(x)

Convexity bound f > ¢, in canonical form:

T 2 o
fly) > (f(x)—m;(a)> +§|y—x++2

Lower models:

« @
QA(x):vA+§]x—xA\2 QB(x):UB+§]x—xBZ

— for any A € [0, 1] new lower-model

[0
QO =AQa+ (1 -N)Qp = UA+§| c—zy 2
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Optimal method by optimal averaging

Idea: Maximize lower models of f.
Notation:

zt =12 ;Vf(:z:) and gt =gz — éVf(a:)

Convexity bound f > ¢, in canonical form:

T 2 o
fly) = (f(x)—m;(a)> +§|y—x++2

Lower models:
a 2 @ 2
QA(x):vA+§]x—xA\ QB(x):UB+§’$_xB
— for any A € [0, 1] new lower-model
«
O =AQa+ (1 =XN)Qp =\ + §| c—my)?

Key observation: v, < f*
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Optimal method by optimal averaging

The minimum vy is maximized when

< . 1 V4 — UB
A= Projo,1] (2 + 704:1314 — SCB|2) .

The quadratic Q5 is the optimal averaging of (Qa, @p).

5/15



Optimal method by optimal averaging

The minimum vy is maximized when
3 . 1 VA — UB >
A = pro -t .
ProJio.1] <2 alzy — zpl?

The quadratic Q5 is the optimal averaging of (Qa, @p).
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Optimal method by optimal averaging

The minimum vy is maximized when

. 1 V4 — UB
A= Projo,1] (2 + 704:1314 — SCB|2) .

The quadratic Q5 is the optimal averaging of (Qa, @p).
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Optimal Averaging
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6

Related to cutting plane, bundle methods, geometric descent
(Bubeck-Lee-Singh "15)
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Optimal method by optimal averaging

for k=1, ..., K do

x, 2 o
Set Q(z) = (f(xk) - 7|Vf2(ak)‘ ) + 3 ‘x —
Let Q(z) = v + §|z — ck|? be optim. average of (Q, Qj_1)-

‘ 2

Set 2341 = line_search (ck, x,j)

end

Algorithm: Optimal averaging
The line-search is due to (Bubeck-Lee-Singh '15)
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‘ 2

Set 2341 = line_search (ck, x,j)

end

Algorithm: Optimal averaging
The line-search is due to (Bubeck-Lee-Singh '15)

Optimal Linear Rate (D-Fazel-Roy '16):

1
flzf) —v <e after O ( g -In ) iterations.
V €
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Optimal method by optimal averaging

for k=1, ..., K do
x, 2 o
Set Q(z) = (f(xk) - 7|Vf2(a’°)‘ ) + 3 ‘x —
Let Q(z) = v + §|z — ck|? be optim. average of (Q, Qj_1)-

‘ 2

Set 2341 = line_search (ck, x,j)

end

Algorithm: Optimal averaging
The line-search is due to (Bubeck-Lee-Singh '15)

Optimal Linear Rate (D-Fazel-Roy '16):

1
flaf)—w, <e after O ( g -In ) iterations.
V €

e Intuitive
e Monotone in f(z;") and in vg.
e “Memory” by optimally averaging (Q, Qx—1,-- ., Qk—t)-
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Optimal method by optimal averaging

Minimizing Logistic Loss on LIBSVM ala Data Set Minimizing Logistic Loss on LIBSVM colon-cancer Data Set
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Figure: Logistic regression with regularization o = 1074,
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Nonsmooth & Nonconvex minimization

Convex composition

min g(z) + h(c(x))
where
e ¢g:R" — RU{+o0} is closed, convex.
e h:R™ — R is convex and L-Lipschitz.

e ¢:R"™ = R™is Cl-smooth and V¢ is 3-Lipschitz.
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Nonsmooth & Nonconvex minimization

Convex composition
min g(e) + h(e(z))
where
e ¢g:R" — RU{+o0} is closed, convex.
e h:R™ — R is convex and L-Lipschitz.
e ¢:R"™ = R™is Cl-smooth and V¢ is 3-Lipschitz.
For convenience, set p = Lf.

Main examples:
e Additive composite minimization:
min g(z) + c(x)
e Nonlinear least squares:
min {|[e(z)|: i <z <y fori=1,...,m}
T
e Exact penalty subproblem:
min g(z) + dist g (¢(z))
x
(Burke ’85,’91, Fletcher ’82, Powell ’84, Wright 90, Yuan '83)
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Prox-linear algorithm

Prox-linear mapping

ot = argmin g(y) +h(c(@) + Ve(@)(y = ) + Sy = 2l

and the prox-gradient
G(2) = p(z — ).
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Prox-linear algorithm

Prox-linear mapping
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Eg: proximal gradient, Levenberg-Marquardt methods
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Prox-linear algorithm

Prox-linear mapping

ot = argmin g(y) +h(c(@) + Ve(@)(y = ) + Sy = 2l

and the prox-gradient
G(a) = p(z — o).
Prox-linear method (Burke, Fletcher, Osborne, Powell,. .. '80s):
Tpp1 = T3 .
Eg: proximal gradient, Levenberg-Marquardt methods

Convergence rate:
2
IG(z)||> < e after O () iterations

€
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Stopping criterion

What does ||G(z)|? < € actually mean?
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Stopping criterion

What does ||G(z)|? < € actually mean?

Stationarity for target problem:
0 € 9g(z) + Ve(z)*0h(c(x))
Stationarity for prox-subproblem:
G(z) € 9g(z*) + Ve(z)*0h(c(z) + Ve(z) (2t — z))

Thm: (D-Lewis '16)
zT is nearly stationary because 3 (, 9) with
)"

v € 0g(z) + Ve(z) 0h(c())
where
12 — 2t < pllG(2)] and o]l < 5][G(2)||

(pf: Ekeland’s variational principle)
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Local linear convergence

Error bound property (Luo-Tseng "93)

1
dist(z, {soln. set}) < a”g(x)H for = near
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Flag) — F* < (1 - M) (F(ay) — F*)

11/15



Local linear convergence

Error bound property (Luo-Tseng "93)

1
dist(z, {soln. set}) < —yHg(x)H for = near
¢

= local linear convergence

612

Flag) — F* < (1 - M) (F(ay) — F*)

The following are “essentially” equivalent (D-Lewis '16):
e EB property
e Subregularity:

1
dist(z; {soln. set}) < o dist(0; OF(x)) for z near
e Quadratic growth:
F(z) > F(z) + % - dist?(z, {soln. set}) for z near z
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Local linear convergence

Error bound property (Luo-Tseng "93)

1
dist(z, {soln. set}) < —yHg(x)H for = near
¢

= local linear convergence

612

Flag) — F* < (1 - M) (F(ay) — F*)

The following are “essentially” equivalent (D-Lewis '16):
e EB property
e Subregularity:

1
dist(z; {soln. set}) < o dist(0; OF(x)) for z near
e Quadratic growth:
F(z) > F(z) + % - dist?(z, {soln. set}) for z near z

Rate becomes % under tilt-stability (Poliquin-Rockafellar '98)
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Acceleration

For nonconvex problems, the rate

2

1G(zx)||> < e after (9<'u> iterations
€

is “essentially” best possible.
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Acceleration

For nonconvex problems, the rate

2

1G(zx)||> < e after (9<'u> iterations
€

is “essentially” best possible.
Measuring non-convexity:

hoc(z) = sup {{w, c(z)) — h*(w)}

Fact: x> (w,c(z)) + 4[z]* convex Vw € dom h*

Defn: Parameter p € [0, 1] such that

z— (w, c(x))+p- g|x\2 is convex Vw € dom h*
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Acceleration

Accelerated prox-linear method!
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Acceleration

Accelerated prox-linear method!

Thm: (D-Kempton ’16)

2 2 p2

: 2 w oHR
iq&ﬂﬂMH§0<m>+pO< k)

where R = diam (dom g)
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Acceleration

Accelerated prox-linear method!

Thm: (D-Kempton ’16)

2 2R2
; N2 < - . H
i@gﬂﬂMH_0<m>+pO<k

where R = diam (dom g)

e Generalizes (Ghadimi, Lan '16) for additively composite.
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Conclusions

Balanced approach:
e  Computational complexity
e  Acceleration

e  Variational analysis
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Happy Birthday, Jim!



