Anti-concentration, from small-ball estimates
to Fourier decay
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Concentration

Concentration: Functions have small effective range.
1 n
e Example 1: :[-1/2,1/2]" - R, f(x)=— Zx,-.
Vi
Standard: Vol ({x € [-1/2,1/2]"||f(x)| > t}) < e~ 10%.
e Example 2: \/nB, — R, f(x) = ZX,2
i=1

Also standard: Vol ({x € \/nB|f(x) < /n— t}) < e 10t

Anti-concentration: But why? How do things look like when
they concentrate?
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How about Var,(f) = 27 Small support? Some outliers?

Maybe not suitable for a good quantitative description.
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Variance bounds - Polynomial Regression

Given Y; = h(X;), h polynomial, find the polynomial h. In matrix
notation

d
Y1 agX{,...,a1X1, a0 EW
= =M
d
Ym ade, 560 g ale, a0 a0

Want to invert M. Need MM T > cly, on span(Y).

When X; ~ 1, ¢ ~ Var,(h). (Emschwiller, Gamarnik, Kizildag,
Zadik)
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Small-Ball Estimates

Small-balls: For ; a measure on R”, f : R" - R, and ¢ > 0

feu([—&,€]) = p({x € R[|f(x)| < e}).

fop([—e,€]) =0 0 iff f.pe non atomic.

Multi-scaled estimate of anti-concentration.

Strictly stronger than variance Var,(f) > e2(1 — fiu([—¢,€])).

Much harder to compute/estimate.
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In general, can't expect to have meaningful small-ball estimates.

Both measure and function have to be 'nice’.
Today, nice u = e~ ¥dx is log-concave (¢ is convex).

Examples: Gaussian, uniform on convex sets...

Theorem (Carbery-Wright 2001)

If 1 is log-concave and h degree-d polynomial

hep([—e,e]) < C (Varu(h)> :
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Small Ball Estimates - Beyond Polynomials

a
Carbery-Wright: h,u([—¢,¢]) < C <\/\ﬁ> . h polynomial.

What if h is not a polynomial?

Theorem (Cornacchia, M., Mossel)

If f is Lipschitz, analytic, normalized

f([—,]) < exp(—log(1/2)*/?).

1. Extend Carbery-Wright: d — effective degree.

2. In practice need to have a lower bound on Var,(f).
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1
d
Carbery-Wright: h,pu([—¢,¢]) < C (\f(h)) . h polynomial.
ary,
Two forms of anti-concentration:
e Small-ball: Ve >0, h.pu([—¢,e]) < p(e).
e Variance bound: Var,(h) > c.

In general small-ball = variance bound.

Carbery-Wright says: variance bound = small-ball. (for
polynomials and log-concave measures)
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Variance Bounds

1
d

However, C [ ———— is unsuitable for a variance bound.
Var,, (h)

1
Can we prove h,u([—e,e]) < C (ﬁ) “ . n(h) independent of .

1

Answer: Generally no, if 4 is uniform on ball, Var,(|| - []?) = +.

But sometimes yes,
Theorem (Glazer, M.)

If ju is log-concave product measure and h degree-d polynomial*

hop([—e,€]) < C (H_(h))d

Leoeffy sum of squares of coefficients
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Oscillatory Integrals

For u, h, consider H,(t) := [ e™(*)dy(x).

e H(t)=1 < hyu=do.

|t|]—o0

e By Riemann-Lebesgue, if h,j abs. continuous H,,(t) —— 0.

Classical result by Esseen:
27 €
ha(l-eel) <= [ |Hu(Oldk

—27/e

Fourier decay = small-ball estimates.
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Van der Corput

Another classical result by van der Corput:

Lemma

If p = lo<x<1dx, and h degree-d monic polynomial

C
HE

[Hu(8)] <

Set As = {X c [0’ ]-]Hh/(X)‘ < 6}
\Hu(t)| < |/ e—ith(x)dx|_|_|/ e—ith(x)dX"

First integral bounded by A, u([—d,0]). Integrate by parts second.



Different Notions of Anti-Concentration

Van der Corput: On R, small-ball estimates = Fourier decay.
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Different Notions of Anti-Concentration

Van der Corput: On R, small-ball estimates = Fourier decay.
In fact can say more, building on Kosov 21'.

Let 1 be log-concave on R" and let h be degree-d homogeneous
polynomial. The following are equivalent:

1. Var,(h) > &.

2. ¥e >0, hup([—e,e]) < C (Coeé;d(h))ﬁ.
i

3. VEER, |Hy(t)) £ —&—.
|coeff4(h)t|d

12
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Recall: if y is product, then Var,(h) > +.

Corrolary

For « the standard Gaussian in R"” and h degree-d normalized

C
[Hy(8)] < —5
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Sample Application

Recall: if y is product, then Var,(h) > +.

Corrolary

For ~ the standard Gaussian in R"” and h degree-d normalized

C

HE

[Hy(8)] <

In particular:

Corrolary
After d convolutions h,y has a bounded density. Bound does not

depend on the dimension.
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More General Case

What happens when g is log-concave but not product?

When g is uniform on a ball, h(x) = ionHz is a ‘bad polynomial’.

Can somewhat generalize: Let B, , = {x € R"|||x||, < R}, and

tip,n uniform on B, ,. Choose R so that Var,,  (x1) = 1.

Then,
1
Ve, (=l = o(2).

In particular, when p is even, h(x) = —=||x||5 is bad.
/n1Xllp



Anti-Concentration in L, balls

Turns out, that in the class of L, balls these are the only bad
examples.

Except at a few exceptional cases

1
Varup,n(h) > ol
Consequently,
C
|H,U«p,n(t)’ S 1

Q=

t]
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Anti-Concentration in L, balls

Turns out, that in the class of L, balls these are the only bad
examples.

Except at a few exceptional cases

1
Vary, ,(h) > Yk
Consequently,
C
|Hyp n(B)] < —
|t] 4

Exceptional cases: p is an even integer, d = p, and
1
hx) = x5

15



Anti-Concentration with Symmetries

Iip,n are examples of measures which are invariant to

e Permutation of the coordinates.

e Reflection of any coordinate.

Since Var is an “Lp-quantity”, can study with representation
theory.
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Anti-Concentration with Symmetries

Ip,n are examples of measures which are invariant to

e Permutation of the coordinates.

e Reflection of any coordinate.

Since Var is an “Lp-quantity”, can study with representation
theory. Some partial results:

If v is log-concave and permutation+reflection invariant, h
degree-d polynomial.
e when d =2, Var,(h) > %, unless ;i is (close to) fi .
e when d =3, Var,(h) > L.

16
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Further Questions

Many questions remain. First can we classify the bad measures

and polynomials?

Among symmetric measures, are the only bad cases of the form

t = Ljp(x)|<rdX, for some convex polynomial?

What about no symmetries?

Second, we focused on polynomials and specific decay functions.

Can we replace the exponent % by something more refined?

For example for the Gaussian and h multilinear,

hy([=6,6]) S e



Further Questions

Another question deals with non-Euclidean spaces.

In general Carbery-Wright can be extended to polynomials on the
sphere. That is, if 41 is uniform on the sphere and h: S"1 - R is

a degree d polynomial.

1

wehl-=e) < ¢ (i)

Var,

Can we get the same sort of equivalence for polynomials on the
sphere?

How about other spaces? Product of spheres? The orthogonal

group?



Thank You
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e Find miny f(x)
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Motivating Problem

Two optimization problems: Given f : R — R and 6, € S9~1.

Classical: Stochastic:
e Find miny f(x) e Find 0.
e Choose x1,...,xT e Get random Xi,..., Xt

Choose 01,....,071
Query (8] X;), F(0] X;)

e Query f(xt)

® Xiit1 = Xt — an(Xt)

® 01 =
0r — nVs(F(0], Xe) — F(0], Xt))?

20



How Fast? - Classical

Xe+1 = Xt — NV (x¢): nice f and xp, x¢ — x. = argmin f.

Rate of convergence determined by k := min{¢|f(¥)(x,) # 0}.

Gradient Descent Iterations for f(x) = x~2

Gradient Descent Iterations for f(x) = x~10
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How Fast? - Stochastic

Oes1 = 0 — nVs(F(OF, Xe) — F(OT , X:))%: nice f and 6, 0; — 6.

22



How Fast? - Stochastic

Oes1 = 0 — nVs(F(OF, Xe) — F(OT , X:))%: nice f and 6, 0; — 6.

e If X; ~ ~ are Gaussian?, set H; Hermite polynomials.
e Since H, orhotonormal for Ly(7), write f = aHy.

e Rate of convergence determined by k := min{/|a; # 0}.
(Ben Arous, Gheissari, Jagannath 21")
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How Fast? - Stochastic

Oes1 = 0 — nVs(F(OF, Xe) — F(OT , X:))%: nice f and 6, 0; — 6.

e If X; ~ ~ are Gaussian?, set H; Hermite polynomials.
e Since H, orhotonormal for Ly(7), write f = aHy.

e Rate of convergence determined by k := min{/|a; # 0}.
(Ben Arous, Gheissari, Jagannath 21")

Remark ay = \/% [ nge_X2/2 — \/% [ F(0) g—x2/2

2_ 1 —IIxII?/2
e
(2m)d/2

22
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Major difference - Are the Problems Stable?

For some shift y transform f(-) — £, :== f(- + p).

Classical: Stochastic:
o k:=min{|fO(x,) # 0} o k:=min{¢| [ FOdy #£ 0}
e Everything is invariant: e No invariance...
argmin i, = x, — pu o min{(| [ £Pdv £ 0} =72

o k=min{e|fi"(x. — ) # 0}

Fact: Fi(u) == [fidvis analytic = Fi(u) # 0.
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