Math 300 B - Spring 2025
Midterm Exam Number Two
May 21, 2025
Solutions

1. Let A and B be sets.
Prove that ANB = Aiff AUB = B.
Proof:
Suppose AN B = A.
Suppose z € AU B.
Thenx € Aorz € B.
Suppose z € A.
Thenx € AN B,sox € B.
Hence, x € AU Bimpliesz € B,so AU B C B.

Suppose x € B.
Thenxz € AU B.
Hence, x € Bimpliesz € AUB,so B C AU B.

Since AUBC Band BC AUB,AUB = B.
So AN B = Aimplies AU B = B.

Now, suppose AU B = B.
Suppose z € AN B.
Then z € A.
Hence, x € AN Bimpliesz € A,so AN B C A.

Suppose z € A.
Thenx € AUB,sox € B,sox € AN B.
Hence, x € Aimpliesz € AN B,so AC AN B.

SinceANBCAand ACANB, AN B = A.
So, AU B = B implies AN B = A. |



2. Prove the following.
Suppose A and B are sets. Suppose A ¢ Band B ¢ A. Then

P(A)UP(B) £ P(AUB).

Proof:

Suppose A and B are sets with A ¢ Band B ¢ A.

Then 3z € Asuch thatx ¢ B, and Jy € B such thaty ¢ A.
Let S = {z,y}.

Since a € S impliesa € AUB, S C AUB.

So, S € P(AU B).

On the other hand, since y ¢ A, S € A.

Also, sincez ¢ B, S € B.

SoS ¢ P(A)and S & P(B).

Thatis, S ¢ P(A) UP(B).

Since S € P(AU B) but S € P(A) UP(B), we conclude that P(A) UP(B) # P(AUB).



3. Let F and G be families. Prove that

JFng) ¢ <U]—") N (Ug).

Proof:
Let F and G be families.
Suppose = € |J (FNG).
Then 35 € FNGsuchthatz € S.
SoS e Fand S €G.
Sozxel|JFand x € JG.
Soxze (UF)NUI).
Thus, z € |J(FNG) impliesz € (UF) N (UJI)-
Hence, J(FNG) C (UF)NUJG)- [



4. Use induction to prove that 2" > n® for all integers n > 4.
Proof:
Let P(n) =" 2" > n?” for integers n > 4.

Base case: Let n = 4.
Then 2" = 2% = 16 = 4% = n2.
So 2™ > n?, so P(4) is true.

Induction step: Suppose P(x) is true for some integer x > 4.

So 27 > 2.
Then:
97+l — 9. 97 > 9,2
=% +2?
> 2 + 4z (since z > 4)
=224 22+ 2z
> 2?4+ 22+ 8 (sincex > 4)
> a2+ 2+ 1
= (x4 1)

So P(x + 1) is true.

Hence, P(x) implies P(x + 1), and, since P(4) is true, P(n) is true for all integers n > 4 by
induction. |



5. Define a relation R on the integers 7 by
(a,b) € Riff ab > 0.

Is R reflexive?

Is R symmetric?

Is R transitive?

Is R an equivalence relation?

Prove your answers are correct.

Reflexivity Let a € Z.

Then a? > 0, so (a,a) € R.

Hence, forall a € Z, (a,a) € R, so R is reflexive.

Symmetry Suppose (a,b) € R.

Then ba = ab > 0, so (b,a) € R.

Hence, (a,b) € R implies (b, a) € R, so R is symmetric.

Transitivity We note that (1,0) € Rand (0,—1) € R, but (1,—1) € R since (1)(—1) 2 0.

Hence, R is not transitive.

Since R is not transitive, R is not an equivalence relation.



Elementary Properties of the Integers (EPIs)

Suppose a, b, ¢, and d are integers.

Closure: a + b and ab are integers.

Substitution of Equals: If « = b, then a +
c=0b+ cand ac = be.

Commutativity: a +b = b+a and ab = ba.

Associativity: (a+0b)+c¢=a+ (b+c) and
(ab)e = a(bc).

The Distributive Law: a(b + ¢) = ab + ac

Identities: « + 0 = 0+a=cacanda -1 =
1l-a=a.

0 is called the additive identity.
1is called the multiplicative identity.

Additive Inverses: There exists an inte-
ger —a such thata + (—a) = (—a) +a = 0.

Trichotomy: Exactly one of the following
is true:
a>0,—a>0,ora=0.

The Well-Ordering Principle: Every
non-empty set of positive integers con-
tains a smallest element.

Sets

AC Biffx € Aimpliesz € B
A=Biff ACBand BC A
reAUBiffr€e Aorx € B
reANBiffre Aandz € B
re€ A\ Biffr€ Aandz ¢ B
P(A) is the set of all subsets of a set A

a-0=0
.Mfa+c=b+c thena =0b.
—a=(-1)-a

(—a)-b= —(ab)

(—a) - (=b) =ab
Ifab=0,thena=0o0rb=0.
Ifa <band b < a,then a = b.
Ifa<band b < ¢, thena < c.
Ifa<bthena+c<b+e.
Ifa < band 0 < ¢, then ac < be.
. Ifa<band ¢ < 0, then be < ac.

.Ifa<bandc<d, thena+c<b-+d.

.If0 < a<band 0 < ¢ < d, then
ac < bd.

14. If a < b, then —b < —a.

15. 0 < a?, where a? = a - a.

16. If ab = 1, then either a = b = 1 or

a=b=—-1.

NOTE: Properties 8-14 hold if each < is re-
placed with <.



