Math 300 C - Spring 2015
Midterm Exam Number Two
May 20, 2015
Solutions

1. Let A = Z. So A is the set of all non-zero integers.
Define a relation R C A x A by
(z,y) € Riff zy > 0.
Prove that R is an equivalence relation.
Reflexive? Let x € A.
Then z > 0or z < 0, and so 22 > 0.
Hence, (z,x) € R.

Thus, R is reflexive.

Symmetric? Suppose (z,y) € R.

Then zy > 0.

Since yxr = xy > 0, yx > 0.

Hence, (y,x) € R.

Thus (z,y) € R implies (y,z) € R, so R is symmetric.

Transitive? Suppose (z,y) € Rand (v, z) € R.
Then zy > 0 and yz > 0.

Suppose x > 0. Then y > 0, and hence z > 0.
Thus zz > 0.

Suppose z < 0. Then y < 0, and hence z < 0.
Thus, xz > 0.

Hence, xz > 0,and so (z, z) € R.

Thus (z,y) € Rand (y, z) € R implies (z,2) € R.
Hence, R is transitive.

Since R is reflexive, symmetric, and transitive, R is an equivalence relation. B



2. Suppose A, B and C' aresetsand f : A — Band g : B — C.

Prove the following two statements.

(a)

(b)

Suppose g o f is onto. Then g is onto.

Suppose y € C.

Then there exists a € A such that g(f(a)) = y.

Letb = f(a).

Then g(b) = y.

Hence, for all y € C, there exists a b € B such that g(b) = y.
Therefore, g is onto. B

Suppose g and f are one-to-one. Then g o f is one-to-one.

Suppose a; € Aand ay € A, and suppose g(f(a1)) = g(f(az)).

Since g is one-to-one, we can conclude that f(a;) = f(a2).

Since f is one-to-one, we can conclude that a; = as,.

Thus, g(f(a1)) = g(f(az)) implies a; = ay, and so g o f is one-to-one. W

3. Let A be a set.

Prove the following two statements.

(a)

(b)

A =UP(A).

Suppose = € A.

Since AC A, A€ P(A),and so z € UP(A).

Thus z € Aimplies x € UP(A), and so A C P(A).

Now, suppose z € UP(A).

Then there is a set S € P(A) such that z € S.

Then S C A, and, since x € S, z € A.

Thus, x € UP(A) implies = € A, and so UP(A) C A.
Since A C P(A) and UP(A) C A, A=P(A). R

Let F be a family of sets. If UF C A, then F C P(A).
Suppose UF C A.

Suppose S € F.

Suppose z € S.

Then, since S € F, z € UF.

Hence, = € A.

Thus, x € Simpliesz € 4,505 C A,ie, S e P(A).
Thus, S € F implies S € P(A).

Therefore, F C P(A). R



4. Let n € Z~. Use induction to prove that

n

2= (n—1)2"" 42,

=1

Let n E Z>0.

n

Define P(n) to be the statement “ Y 2" = (n — 1)2"*! 4+ 2.7
=1
Base case: Suppose n = 1.
1

Then ) "i2' =) i2' = (1)(2") = 2.
i=1 -1
Also (n —1)2"" +2 = 2,50 P(1) is true.

Induction step: Suppose P(n) is true for some n = = € Z-,.

Then P(x) is true, so Z i2" = (v —1)2° + 2.
i=1

Then:

z+1

D 2= (x4 12" + ijﬁ
=1

=1
= (x4+1)2"" 4 (z — 1)2°T + 2
=2z +1+2-1)+2
= 202" 2
= 22" 42
= ((z41) —1)2@D+ L9

so P(x + 1) is true.

Thus, P(z) implies P(z + 1), and since P(1) is true, by induction we have P(n) is true for

5. Prove that 11 | 4104 — 3,

We have the following congruences:

4=4(mod11)
4? = 5(mod 11)
4% =9 (mod 11)
4* = 3 (mod 11)
45 =1 (mod 11)

Then 4'° = 1 (mod 11), and so 4% = (410)110 = 1 (mod 11).
Thus, 41404 — 4441400 =3 (mod 11)’ andso 11 | 41404 —3. 1



