Math 300 B - Spring 2025
Final Exam
June 11, 2025

Name: Student ID no. :

Signature:

* You have 110 minutes to complete the exam.

* When time is called, you must stop writing immediately.



1. Prove that 11 | 2209 + 31723,



2. Let A, B and C be sets. Prove that
ANn(BUC)CBNC

if and only if
ANB=AnNC.



3.

(a) Let A= {al,ag,ag},B = {bl,bg}, and C' = {01702,03}.
Let f: A— Bandg: B — C be defined by

f={(a1,b1), (a2, b1), (as,bs) } and g = {(b1, c1), (b2, c2)}.

List all elements of the set g o f.

(b) Let A =[1,5] CRand B = [-2,6] C R.
Show that f : A — B given by f(x) = 2z — 4 is a bijection.



4. Use induction to prove that

S n(n+1) = %k(k 1)k +2)

n=1

forall k € Z~,.



5. Let A be the set of all functions from R to R.

Define a relation on A by
(f,9) € Riff there exists k € R such that f(x) = g(kz) for all x € R.

Prove that R is an equivalence relation.



6. Let A = P(R).

Define f : R — A by
flx) ={kz: ke Q}.

(a) Is f one-to-one? Prove your answer is correct.

(b) Is f onto? Prove your answer is correct.



Elementary Properties of the Integers (EPIs)

Suppose a, b, ¢, and d are integers.

Closure: a + b and ab are integers.

Substitution of Equals: If « = b, then a +
c=0b+ cand ac = be.

Commutativity: a +b = b+a and ab = ba.

Associativity: (a+0b)+c¢=a+ (b+c) and
(ab)e = a(bc).

The Distributive Law: a(b + ¢) = ab + ac

Identities: « + 0 = 0+a=cacanda -1 =
1l-a=a.

0 is called the additive identity.
1is called the multiplicative identity.

Additive Inverses: There exists an inte-
ger —a such thata + (—a) = (—a) +a = 0.

Trichotomy: Exactly one of the following
is true:
a>0,—a>0,ora=0.

The Well-Ordering Principle: Every
non-empty set of positive integers con-
tains a smallest element.

Sets

AC Biffx € Aimpliesz € B
A=Biff ACBand BC A
re AUBIiffr e Aorz € B
re ANBitfr€ Aandx € B
re€ A\ Biffr€ Aandz ¢ B

1. a-0=0

.Mfa+c=b+c thena=0b.
—a=(-1)-a

(—a)-b= —(ab)

(—a) - (=b) =ab
Ifab=0,thena=0o0rb=0.
Ifa <band b < a,then a = b.
Ifa<band b < ¢, thena < c.
Ifa<bthena+c<b+e.
Ifa < band 0 < ¢, then ac < be.
. Ifa<band ¢ < 0, then be < ac.
.Ifa<bandc<d, thena+c<b-+d.

.If0 < a<band 0 < ¢ < d, then
ac < bd.

14. If a < b, then —b < —a.

15. 0 < a?, where a? = a - a.

16. If ab = 1, then either a = b = 1 or

a=b=—-1.

NOTE: Properties 8-14 hold if each < is re-
placed with <.

Two theorems for reference:

Theorem DAS (Divisors are Smaller):
Let a and b be positive integers. Then a|b
implies a < b.

Theorem (Euclid Division):
Let m € Z,m > 0. Letn € Z. Then
there exist unique d and r € Z, with
0 <r < msuchthatn =dm +r.



