Math 300 D - Autumn 2025
Final Exam
December 11, 2025
Solutions

1. Suppose A, B and C are non-empty sets. Suppose f : A — Band g : B — C.

()

(b)

Prove that if f is onto and g is not one-to-one, then g o f is not one-to-one.
Suppose A, B, C, f, and g are as introduced above.

Suppose f is onto and g is not one-to-one.

Then there exist by, by € B with by # by and g(by) = g(b2).

Since f is onto, there exist a;,as € A, a1 # a; with f(a;) = by and f(az) = bs.
Then g(f(a1)) = g(f(az)).

Since a; # as, we conclude that g o f is not one-to-one. [ |

Prove that if f is not onto and g is one-to-one, then g o f is not onto.
Suppose A, B, C, f, and g are as introduced above.

Suppose f is not onto and g is one-to-one.

Since f is not onto, there exists a b, € B with b, not in the range of f.
Let z = g(by).

Suppose there exists a € A with g(f(a)) = 2.

Since ¢ is one-to-one, by = f(a), and so b, is in the range of f; this is a contra-
diction.

Hence, there does not exist a € A with g(f(a)) = z and so g o f is not onto. [



2. Let Aand B be sets. Prove that A C B iff P(A) C P(B).
Let A and B be sets.
Suppose A C B.
Suppose S € P(A),so S C A.
Suppose z € S.
Thenz € A,soz € B.
Hence, z € S impliesz € B,so S C B,and so S € P(B).
Thus, S € P(A) implies S € P(B), and hence P(A) C P(B).

Now, suppose P(A) C P(B).
Since A C A, we have A € P(A).
Hence, A € P(B),and so A C B.

Thus, A C Biff P(A) C P(B).



3. Suppose Ais a finite set and b € A. Prove that A\ {b} is finite by demonstrating the necessary
bijection. You need not prove it is a bijection.

Suppose A is a finite set and b € A.

Then A ~ I, for some n € Z>( and there exists f : A — I,, that is a bijection.
If A\ {b} = @, then A\ {b} ~ [; and hence is finite.

Suppose A\ {b} # @.

Let k = f(b).

Define g : A\ {b} — I,,_1 by

Then ¢ is a bijection, and so A\ {b} ~ I,,_;.
Hence, A\ {b} is finite. |



4. (a) Let a be an integer. Prove that if a = 1 (mod 2), then a* = 1 (mod 8).
Leta € Z.
Suppose a = 1 (mod 2).
Then a = 2k + 1 for some integer k and we have

a®= 2k +1)* =4k* + 4k + 1 = 4k(k + 1) + 1.

Suppose £ is even.
Then k = 2m for some integer m, and a? = 4(2m)(k+ 1) + 1 =8m(k + 1) + 1.
Hence, a®> — 1 = 8m(k + 1), and so a* = 1 (mod 8).

Suppose k is odd.
Then k = 2m + 1 for some integer m, and a* = 4k(2m +2) +1 = 8k(m + 1) + 1.
Hence, a®* — 1 = 8k(m + 1) and so a* = 1 (mod 8).

Thus, a* = 1 (mod 8). ]

(b) Let m € Z,m > 0.
Suppose a = b (mod m) for some integers a and b.
Suppose d | m for some positive integer d.

Prove that
a = b(modd).

Let m be a positive integer.

Suppose a and b are integers and a = b (mod m).

Then m | a — b, and so a — b = mk for some integer k.

Suppose d | m for some positive integer d.

Then m = ds for some integer s.

Hence, a — b = dsk,sod | a — b.

Thus, a = b (mod d). [



5. Use induction to prove the following theorem.
Theorem: Let n € Z,n > 1. Then

Proof:
Forn € Z,n > 1, let P(n) be the statement

So P(1) is true.

Induction step: Suppose P(k) is true for some k € Z>.
Then
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Hence, P(k + 1) is true.

Thus, P(k) implies P(k + 1).

Therefore, since P(1) is true, by induction P(n) is true for all n € Z>;.



6. (a) Prove the following theorem.
Theorem: Let A be a non-empty set and suppose R is an equivalence relation on A.
Suppose B C Rand C C R are disjoint, i.e., BNC = @.
Then B and C cannot both be equivalence relations on A.
Let A, R, B and C be introduced as above.
Suppose B is an equivalence relation.
Leta € A.
Since B is reflexive, (a,a) € B.
Since BNC =g, (a,a) & C.
Hence, C'is not reflexive and so C' is not an equivalence relation on A.
Thus, B and C' cannot both be equivalence relations on A.

(b) Give a set A and two equivalence relations R and T on A such that R C T'and R # T.
You need not prove R and T are equivalence relations.
Let A = {1,2}.
Let R={(1,1),(2,2)}
Let T ={(1,1),(2,2),(1,2),(2,1)}.



Elementary Properties of the Integers (EPIs)

Suppose a, b, ¢, and d are integers.

Closure: a + b and ab are integers.

Substitution of Equals: If « = b, then a +
c=0b+ cand ac = be.

Commutativity: a +b = b+a and ab = ba.

Associativity: (a+0b)+c¢=a+ (b+c) and
(ab)e = a(bc).

The Distributive Law: a(b + ¢) = ab + ac

Identities: « + 0 = 0+a=cacanda -1 =
1l-a=a.

0 is called the additive identity.
1is called the multiplicative identity.

Additive Inverses: There exists an inte-
ger —a such thata + (—a) = (—a) +a = 0.

Trichotomy: Exactly one of the following
is true:
a>0,—a>0,ora=0.

The Well-Ordering Principle: Every
non-empty set of positive integers con-
tains a smallest element.

Sets

AC Biffz € Aimpliesz € B

A=Biff ACBand BC A

re AUBiffr€e Aorzx € B

reANBiffre Aandz € B

re A\ Biffr € Aandz ¢ B
P(A) is the set of all subsets of a set A

For a family F:

U}":{x:EISe}"suchthatxeS}
ﬂ]—":{x:VSE}",xES}

a-0=0
.Mfa+c=b+c thena =0b.

—a=(=1)-a

(—a)-b= —(ab)

(—a) - (=b) =ab
Ifab=0,thena=0o0rb=0.

Ifa <band b < a,thena = b.
Ifa<band b < ¢, thena < c.
Ifa<b thena+c<b+ec.

Ifa < band 0 < ¢, then ac < be.

. Ifa<band ¢ < 0, then be < ac.
.Jfa<bandc<d, thena+c<b-+d.

.If0 < a<band 0 < ¢ < d, then
ac < bd.

14. If a < b, then —b < —a.

15. 0 < a?, where a? = a - a.

16. If ab = 1, then either a = b = 1 or

a=b=—-1.

NOTE: Properties 8-14 hold if each < is re-
placed with <.

Euclid’s Division Theorem: For all posi-
tive integers m and all integers n, there ex-
ist unique integers g and r, with 0 <r <m
such that n = gm + 7.

Bijections have inverse functions Theo-
rem: Let f : A — B be a bijection, where A
and B are sets. Then f~!: B —+ Aandisa
bijection.

Inverse composition Theorem: A func-
tion f : A — B is a bijection iff there is
a function g : B — Asuchthat fog =ip
and go [ = iy.



