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1. (20 points) For each of the following, determine whether the statement is TRUE or FALSE.
You do not need to provide any justification.

(a) The function f : R → R× R defined by f(x) = (x− 3, 2x+ 1) is a bijection.

(a) TRUE FALSE

(b) The function g : Z× Z → Z× Z defined by g(n,m) = (m− 3, 2n+ 1) is a bijection.

(b) TRUE FALSE

(c) There exists a bijection f : Z → N× N.

(c) TRUE FALSE

(d) If A and B are countable, then A−B is countable.

(d) TRUE FALSE

(e) Q− Z is denumerable.

(e) TRUE FALSE

(f) Let S = {(x, y) ∈ N× R : xy = 1}. Then S is uncountable.

(f) TRUE FALSE

(g) Suppose f : R → R and g : R → R and define h : R → R by h(x) = f(x) + g(x) for all
x ∈ R. If f and g are onto, then h must be onto.

(g) TRUE FALSE

(h) Suppose f : R → R and g : R → R. If g is decreasing, then g◦f must also be decreasing.

(h) TRUE FALSE

(i) If f : A → B, g : B → C, and g ◦ f : A → C is onto, then f must be onto.

(i) TRUE FALSE

(j) If f : A → B, g : B → C, and g ◦ f : A → C is onto, then g must be onto.

(j) TRUE FALSE
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2. (10 points) Prove that 3|(22n − 1) for every n ∈ N.
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3. (10 points)

(a) Define a relation R on Z by

R = {(x, y) ∈ Z× Z : x2 + y2 is even}.

Is R an equivalence relation? (Justify your answer, of course.)

(b) Let A be a non-empty set and T be a relation on A. Prove or give a counterexample
of the following statement: If T is symmetric and transitive and the domain of T is A,
then T is an equivalence relation.
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4. (5 points) Let A, B, and C be sets and suppose f : A → B, g : B → C, and h : B → C.
Prove that, if f is onto and g ◦ f = h ◦ f , then g = h.
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5. (10 points) Suppose A and B are sets, f : A → B, and C ⊆ B.

(a) Prove that
A− f−1(C) ⊆ f−1(B − C).

(b) Suppose A is countable. Prove that, if B is uncountable, then B −A is uncountable.
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6. (10 points) Define f : R− {1} → R− {3} by

f(x) =
3x

x− 1
.

Is f a bijection? Prove your answer.


