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1. (12 points) Prove or disprove:

(a) If A ⊆ B and A is denumerable, then B is denumerable.

(b) If A ⊆ B and B is denumerable, then A is denumerable.

(c) If A and B are denumerable, then A−B is denumerable.

(d) If A and B are denumerable, then A ∩B is denumerable.

(e) Q− N is countably infinite.
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2. (8 points)

(a) Let T be the relation on R defined by

xT y ⇔ |x| = y.

Prove that T is not an equivalence relation.

(b) Let A be the set of all functions f : R → R. Define a relation R on A by:

f R g ⇔ there exists a real constant c such that f(x) = g(x) + c for all x ∈ R.

Prove that R is an equivalence relation.
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3. (6 points) Let A, B, and C be sets and suppose f : A → B and g : B → C.

(a) Prove that, if f and g are one-to-one, then g ◦ f : A → C is one-to-one.

(b) Prove that, if g ◦ f : A → C is onto, then g is onto.
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4. (6 points) Prove that 7|(2n+2 + 32n+1) for every n ∈ N.
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5. (8 points) Define a function f : R → R by:

f(x) =







−4x− 30 if x < −5
2x if − 5 ≤ x ≤ 5
15− x if x > 5

Prove that f is surjective but not injective.
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6. (10 points) Let A and B be sets, X and Y be subsets of A, and U and V be subsets of B.
Suppose f : A → B.

Recall: If C ⊆ A, then f(C) = {b ∈ B : b = f(a) for some a ∈ C}. If D ⊆ B, then
f−1(D) = {a ∈ A : f(a) ∈ D}.

(a) Prove that f−1(U)− f−1(V ) = f−1(U − V ).

(b) Prove that f(X)− f(Y ) ⊆ f(X − Y ).

(c) Give an example to show that f(X − Y ) need not be a subset of f(X)− f(Y ).


