Convex Analysis and Optimization
SIXTH HOMEWORK SET

Due Monday, July 6, 2015.

(1) Let H € R2*™, u € R™, and o € R where R7*™ is the linear space of all real symmetric n x n matrices. Recall that H
is said to be positive definite if 7 Hx > 0 for all z € R™ with = # 0. Moreover, H is said to be positive semi—definite
if tTHx > 0 for all z € R™. We consider the block matrix

- H u
w10,
(a) Show that His positive semi—definite if and only if H is positive semi—definite and there exists a vector z € R"
such that u=Hz and o > 2T Hz.
(b) Show that H is positive definite if and only if H is positive definite and o > uT H~1u.
(c) Let Ae R™* " beR™, c € R”, and 6 € R. Use either Part (a) or Part (b) to show that z € R™ is a solution to

the quadratic inequality
(Az +b)T(Az+b) < Tz +6

if and only if the block matrix
I (Az +b)
(Ax +b6)T  (cTz +6)
is positive semi—definite.
(d) Suppose H is positive definite. Show that

|0 oo [ =Lt 1] LE 2]

(e) Recall that the kth principal minor of a matrix B € R™*™ is the determinant of the upper left-hand corner
kxk-submatrix of B for 1 < k <n. Use an induction argument and Parts (b) and (d) above to show that H is
positive definite if and only if every principal minor of H is positive.

Note: Your argument must use either Part (a) or Part (b) above.
Hint: det(AB)=det(A)det(B), and the determinant of an upper or lower block triangular matrix is the product
of the determinants of the diagonal blocks.

(2) Show that the mapping ¢ : E + R is subadditive if and only if epi (¢) is a convex cone.

(3) Given a set S C E, the support functional associated with S is the function og(x) :=sup{(y,z) |y € S }.

(a) Show that og is a sublinear convex function.

(b) Set D :=cl(conv (S)). Show that og = op.

(4) Let C' C E be convex. We define the relative interior of C, denoted ri (C'), to be its interior relative to its affine hull,
ie.,
ri(C):{xeC|Je>0s.t. (x+eB)Naff (C)CC}.
Here, recall that aff (C') is the smallest affine set containing C. Show that x € ri(C) if and only if for all z € C there
exists a A > 1 such that z + Az — 2) € C.
(5) Let f: E~— R be a proper convex function. Show that

ri(epi (f)) = {(z,p) |2 € ri(dom (f)) and f(z) <p}.

(6) Let C' C E be a nonempty closed convex set and let Po denote the projection onto C' in the inner product norm on
E. Show that
(a) ||Pcx — Poyl|3 < (Pox — Poy,x —y) VYV x,y € E, and
(b) [[Pox = Poyllz < [z =yl Vz,y € E.
(¢) [[Pex — Peyll3 + (I = Po)z — (I = Po)yll3 < [le —yl3 Va,y €k
(7) Let C C E be non-empty closed and convex and consider the support function for C":

dc(r) = oc(x) := sup (y,z) -
yeC
(a) Given x € E, show that argmax (y, x) is a closed convex set whenever it is nonempty.
yeC
(b) If argmax (y,x) is nonempty, show that x separates every element of argmax (y, z) from C.
yecr yeC
(¢) If argmax (y, ) is nonempty, show that z € N (z|C') for all z € argmax (y, x).
yel yel
(d) Show that if ri (C') Nargmax (y,x) # 0, then C = argmax (y, x).
yeC yel
(e) Show that the subdifferential of the support function for C' at x, 965 (x), is the set argmax (y, z).
yel
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(8) Let @ € ST, cR™, A€ R™" bheR™and a € R. Let || - || denote a norm on R¥, and let || - ||, denote the p-norm
on R*.
(a) Show that if ¢ € Ran(Q), then, for k = rank(Q), there is a matrix M € R¥*" a vector d € R¥, and an n € R
such that

1 1
éxTQx +clz4a= §||M;v +d||3 + 1.
(b) Compute the Fenchel-Rockafellar dual for each of the following optimization problems.
(i) min{227Qz + Tz + o | Az < b}, when Q €7 ,.
(i) min{327Qz + Tz + a [||[Az —b|| <6}, when Q € ST .
(iii) min {||Az —b|| | 327 Qx + ¢’z < B}, when ¢ € Ran(Q). (Hint: use (a))
(9) Consider the function maxsumy : R” — R given by

k

maxsumg (x) := max {Z x; | I contains k distinct integers from {1,2,...,n} } .
iel

Note that the function vecmax : R” — R given by vecmax(z) := max{x; |i = 1,2,...,n} coincides with maxsum;.

Show that for k =1,2,...,n,

maxsumy () = 6*(z | A}7'), where A}l :i={yeR} |[y<eande’y=k}

with e being the vector or all ones of the required dimension, e.g. in R3 we have e = (1,1,1)7.
(10) Let f : E — R be closed proper convex. Show that the mapping 9f is closed, i.e.

Heaf(ah), b —x =2 = 2eaf(x).

(11) Let C, D C E be nonempty closed convex sets.
(a) Show that dom (67,) is a convex cone.
(b) Show that (J,.p N (z|D) = dom (06},) C dom (6), C cl (U
(c) Show that (dom (3}))° = D* = (U,cp N (z|D))".
(d) Show that dom (y¢) = cone (C'), where ¢ is the gauge function of C and cone (C) = {Az |0 < Aand z € C'}.
(e) Recall from the fourth problem in the homework set that vo(z) = 080 (2) whenever 0 € C. Use this and the
results above to show that if 0 € C, then (cone (C°))° = C'*°. (There are other ways to show this, indeed, it can
be shown directly. You may do this if you choose.)
(12) Let Ky € By and Ks € Ey be nonempty closed convex cones, and let A € L(E,Es).
(a) When E; = Ey, show that (K; + K2)° = Ky N K3.
(b) Show that (AK;)° = (AT)"'K3.
(13) Let C € E; and D € Es be nonempty closed convex sets, and let A € L(Eq, E;). We associate with A the Lagrangian
function

reDN(:r|D)).

L(z,y) := (y, Az) + dc () — 6p(y).

Note that L is convex in x and concave in y.

(a) What are the primal and dual objectives and problems associated with L?

(b) [Von Neumans’s Minimax Theorem (1948)] Show that if 0 € intr (dom (63,) — AC'), then
inf ,Az) = inf (y, Ax).
Jof sup (y, Aw) = max inf {y, Az)

This results is the foundational result for matrix games, and the origins of game theory.
(c) Use the results of problems (11) and (12) to show that

0 € intr (dom (6}) — AC) <= {0} = D> N (AT) ! (cone (-C))° .
(d) Use symmetry to show that if 0 € intr (dom (6;) + AT D), then

min sup (y, Az) = sup inf (y, Az).

nf
zeC yep yeD z€C
(Hint: Multiply the minimax problem in part (b) by —1.)
(e) Show that if either C or D is compact, then there is zero duality gap, and if both are compact then the sups
become max and the infs become min.



