
Convex Analysis and Optimization

FIFTH HOMEWORK SET

(1) Let f and g be elements of Γ :=
{
h : E 7→ R̄ |h is closed proper and convex

}
, and write f ←→

∗
g to denote

that f and g are conjugate pairs. Establish the following conjugate relations ships.
(i) f(x)− 〈a, x〉 ←→

∗
g(v + a)

(ii) f(x+ b)←→
∗

g(v)− 〈v, b〉
(iii) f(x) + c←→

∗
g(v)− c

(iv) λf(x)←→
∗

λg(v/λ) (λ > 0)

(v) λf(v/λ)←→
∗

λg(x) (λ > 0)

(2) Let Q ∈ Sn+ (where Sn+ is the cone of n×n symmetric positive semi-definite matrices), a ∈ Rn, and α ∈ R, and

set L := Ran(Q). Define f(x) := 1
2x

TQx+ 〈a, x〉+α. Suppose Q has eigenvalue decomposition Q = UDUT ,
where U is orthogonal and D = diag(δ1, δ2, . . . , δk, 0, 0, . . . , 0) with δ1 ≥ δ2 ≥ · · · ≥ δk > 0. The Moore-
Penrose pseudo inverse of Q is the matrix Q† := UD†UT , where D† = diag(δ−11 , δ−12 , . . . , δ−1k , 0, 0, . . . , 0).

(i) Show that QQ† = Q†Q is the orthogonal projector onto the L.
(ii) Show that

f∗(v) =

{
1
2 (v − a)TQ†(v − a)− α when v ∈ L+ a,

+∞ otherwise.

(3) Let Q ∈ Sn+, cRn, A ∈ Rm×n, and b ∈ Rm. Let ‖ · ‖ denote a norm on Rk, and let ‖ · ‖p denote the p-norm

on Rk. Compute the Fenchel-Rockafellar dual for each of the following optimization problems.
(i) min

{
1
2x

TQx+ cTx |Ax ≤ b
}

(ii) min
{

1
2x

TQx+ cTx | ‖Ax− b‖ ≤ δ
}

(iii) min
{
‖Ax− b‖

∣∣ 1
2x

TQx+ cTx ≤ β
}

(4) Let Q ∈ Sn+, cRn, A ∈ Rm×n, and b ∈ Rm. Let ‖ · ‖ denote a norm on Rk, and let ‖ · ‖p denote the p-norm

on Rk. Compute the Lagrangian dual for each of the following optimization problems.
(i) min

{
1
2x

TQx+ cTx |Ax ≤ b
}

(ii) min
{

1
2x

TQx+ cTx | ‖Ax− b‖∞ ≤ δ
}

(iii) min
{
‖Ax− b‖1

∣∣ 1
2x

TQx+ cTx ≤ β
}

Note that in problems 3) and 4) above, you must also discuss when these problems take infinite values.
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