Convex Analysis and Optimization
FIFTH HOMEWORK SET

(1) Let f and g be elements of T := {h :E — R | h is closed proper and Convex}, and write f +— ¢ to denote

that f and g are conjugate pairs. Establish the following conjugate relations ships.
() f(@) = {a,2) <= g(v +a)
(z +b) <—>9( ) = (v,b)
() +ce—=g(v) —c
f(@) = Ag(v/A)  (A>0)
Fo/A) = Ag(z) (A>0)

(2) Let Q €Sy (where S is the cone of n x n symmetric positive semi-definite matrices), a € R”, and a € R, and
set L := Ran(Q). Define f(z) := %xTQx +(a, ) + . Suppose Q has eigenvalue decomposition Q = UDUT,
where U is orthogonal and D = diag(d,02,...,0k,0,0,...,0) with 6; > 6o > .-+ > § > 0. The Moore-
Penrose pseudo inverse of @ is the matrix Qf := UD'UT, where Dt = diag(51_1, 52_1, cee 6;1, 0,0,...,0).

(i) Show that QQ' = Q'Q is the orthogonal projector onto the L.
(ii) Show that
f*(v):{é(v—a)TQT(v—a)—a when v € L +a,
+00 otherwise.

(3) Let @ € ST, cR", A€ R™ " and b € R™. Let | - || denote a norm on R* and let || - I, denote the p-norm

on RF. Compute the Fenchel-Rockafellar dual for each of the following optimization problems.
(i) min{127Qz + Tz | Az < b}
(i) min {327Qz + Tz | ||Az —b|| < 6}
(iii) min {||[Az —b|| | 327 Qz + Tz < B}
(4) Let Q € S, cR", A€ R™" and b € R™. Let || - || denote a norm on R*, and let || - ||, denote the p-norm
on R, Compute the Lagrangian dual for each of the following optimization problems.
) min {327 Qz + Tz |[Az <b}
(i) min {327Qz + Tz | |Az — b]loc <0}
(i) min {|[Az —bl|; | 127 Qz + Tz < B}
Note that in problems 3) and 4) above, you must also discuss when these problems take infinite values.



