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Interpolation with positive-real functions.

Suppose z1,...,2, € C are n distinct points with |z;| > 1. We define K, as the set of vectors
y € C™" for which there exists a function f : C — C that satisfies the following conditions:

o f is positive-real, which means that it is analytic outside the unit ball and its real part is
nonnegative outside the unit ball (i.e. for |z| > 1).

e f satisfies the interpolation conditions: f(z;) = y; for all i.

We denote the set of all positive-real functions as F.

Question (a) (Show that Ky, is closed convex cone.). If vectors y; and y» can be represented via
positive-real functions f; and fo then for a > 0 vector y; + ays corresponds to function fi + afo
which is also positive-real. Thus K, is a cone.

To prove that this cone is closed we need some results from harmonic functions theory (we
use [1] as a reference). Let us denote by h'(B) the harmonic Hardy space (B is the unit ball
|z] < 1):

hY(B) = {u|u harmonic, |lul[,: < oo}
[ullpr = sup [lur|
0<r<1
where u, is the restriction of w on the sphere |z| = r. For any complex Borel measure p on the
unit sphere S = {|z| = 1} we can define the Poisson integral:

P = [0 (G ) awtor = [ (L) aweo

which is harmonic function on the ball B (since we can differentiate under the integral sign).

Theorem 6.13 ([1]) states that the map u — P[u] is a linear isometry from the space of
complex Borel measures M (S) on the sphere S with the finite total variation norm and the
Hardy space h!(B) with the norm [|[|;1. In particular, computing residuals it is easy to show
that if harmonic function u(z) is continuous on B then the corresponding Borel measure is
u(e®)dA(#) where d\(6) is the uniform measure. Finally, Corollary 6.15 states that if u is
nonnegative on B then |lu|;1 = u(0) and there is a unique nonengative Borel measure p such
that P[u] = u. Converse is obviously true since Poisson kernel:

eie+z> 1—z)?
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is non-negative on B.

The space M (S) is isometrically isomorphic to the dual space C'(S)* and since C(95) is
separable Banach space any bounded sequence of measures p, contains weak-* converging sub-
sequence [in,. In particular, this implies pointwise convergence lim,, Pl ](2) = P|uoo](2) for
all z € B where i, is the weak-* limit.

Now, let f be positive-real. Then f(z7!) is analytic in B, u(z) = Rf(z~!) is nonnegative
harmonic and from the argument above we obtain that there exists nonnegative Borel measure p
such that u = P[u]. But the analytic function is determined by its real part up to an imaginary
constant. Since the real part of the analytic function:

(5 o

is equal to u(z) we have that

et + 271

1@ =s0)+ [ (G ) auto)

Thus there is one to one correspondence between F and M (S) x R. Moreover, total variation
of measure ||| is equal to u(0) = Rf(c0).
There exists a holomorphic automorphism H (z;() of the unit ball such that H(¢;¢) = 0:

(0= 1
—(z

The inverse mapping for H(z;¢) is defined by H(z; —C). Therefore, H(z) = H(z~%; =2 1)1 is

an automorphism of the compliment to the unit ball which maps oo to z;. Function f(H(z)) is

real-positive so considering it instead of f(z~!) we obtain that without loss of generality we can

assume z; = 00.

Finally, if f,, are positive-real functions which represent vectors y, for z; = 00, 29,..., 2,

and y, — y for some vector y then for corresponding Borel measures u, we have ||u,| =
Rfn(00) = Ry, — RNy thus the sequence i, is bounded in norm and contains weak-* converging
subsequence fi,,, . The weak-* limit j1o, of this subsequence is nonengative Borel measure such
that lim,,, P[un,|(2) = Plpco)(z) for every z. Thus y is representable by positive-real function
which corresponds to P[us] and the cone Ky, is closed.
Question (b) (Find the dual cone K7 ,.). The inner product on C" is defined by R(xty) =
R(yH"z) where y" is the complex conjugate transpose (this inner product corresponds to the
usual Eucleadean structure on the corresponding real space). By definition z € K7, if for all
y € Kpp we have R(yz) > 0. Or equivalently,

e~ 1 =1
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for any nonnegative Borel measure p and any A € R. For y =0 and A = £1 we obtain:
+3(1%2) > 0= 3(1%x) = 0.
Since the function

e+ z!
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is continuous in 6 it should be nonnegative. Otherwise, there exists the open interval I where it
is less then € < 0 and the uniform measure dA; on this interval would contradict the assumption:

/ T(0)dA(0) = / T(0)dA(6) < £ < 0
S

I

for A = 0. On the other hand, if (172 = 0) and T(#) > 0 for all § € S then R(y*z) > 0 for
all y € K. Thus:

Ky, = {xG(C"

—if s—1
S3(17z) =0, % (Zxke - +'fk_1> > 0,0 € S}
0
k

€ k

Question (c) (Simplify the definition of the cone K7 .). Let us introduce the following notation:

et? 4+ z,;l

Uk(g) - 61’9 . Zk_l
1
0) = —
wk’( ) 619 . Zk_l
Then we have:
1
wg(0)w,(0) = — 1 (vk(0) +1,(9))
2(1— 22

If z € K, then:

H(9;z) =R (Z xkvk(9)> = % (Z 21.7,(0) + xkvk(9)> >0,¥0 €S
k k

The representation above is unique in a sense that for x # 2’ we have H(0;x) # H(0;x') for
some 6. Indeed, we have:

eie;x
o) = ()
p(z)=[]-="

k

where ¢(z; x) is a polynomial such that deg ¢(z;x) < degp(z). Function ¢(z; x)/p(2) is analytical
outside the unit ball and therefore is uniquely determined by its real part on the unit sphere.
Thus q(z;x) = q(z;2') and z = 2.

From the definition of K}, we have $(17x) = 0 and:

> ap=R01"2) +iS(17z) = RAT2) = RAT2) —iS1T2) =) T
k k

Therefore H(0;x) belongs to the linear subspace generated by the set {vy + v;} and thus there
exist such matrix Hy; that:

H(0;x) = Z Hywy (0)w(0)
k,l



Since H(#;x) € R we have:

and thus we can assume that Hy = Hj, i.e. matrix Hy; is Hermitian. Since H(;x) is uniquely
defined by x we have:

_ 1 Hy _
T) = ZHklwk(a)wl(e) =5 Z W(vk + 1) =
kol

Hy, _ Hy, Hyy
=R —— || ==Y ———— =T =y ——
(Z (Z 1- ) > L T T

Since every Hermitian bilinear form can be diagonalized, for Hermitian matrix Hy,; there exist
such vectors hl,... A" that

H=> +hk(n)H
k

for certain choice of signs. Therefore, we have:

ZHklwm wl Z:I:th hkwm wl Z:f: Zhl wq

We can notice that for positive semidefinite matrix Hy; all signs are positive and therefore
corresponding function H(0;z) is nonnegative. On the other hand, for an arbitrary Hermitian
Hj,; we have

1 . .
H(b:w) == 1 oy > (g™ + qre™)

for some ¢gi. From Riesz-Fejér theorem it follows that H(6;x) > 0 implies the existance of such
pr. that

H(Q;aj):W

n
Z i ezk@
k=0

and therefore H(6;x) can be represented by Hermitian positive semidefinite matrix Hy;. Thus
we have:

Ky, = {xG(C"

HQeH",xzzzQ_’“i__l}

. 1—2.%
Question (d) (Find the cone K,,),.). Let us consider the cone:

hih
IheChm =) fk—llz—l }
l 1

L=<SzeC"
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Since every Hermitian positive semidefinite matrix can be represented as a sum of hy(hg)?
for certain vectors h, and any such sum is Hermitian positive semidefinite matrix we have
K, = conv(L). The cone Ky, is closed, thus:

Knp = K% = (conv(L))* = L* = {y € C" |R(z"y) > 0,2 € L'}

For x € L we have:

Yihihy yihihy
2R (y" x) :yH:c—l—a:Hy:Zﬁ—kzﬁ =

WL T A WL T A
)h h
E yk +gil1 _Ell hHP(y)h
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P(y) ——
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Thus y € Ky, if and only if the matrix P(y) is Hermitian positive semidefinite:
REP(y)h >0, YheCm

Matrix P(y) is called Nevanlinna-Pick matriz associated with points zk, yp.

Question (e) (Approximation problem). The problem of approximation with positive-real func-
tions:

?g;_l Z lys — f(2)]

is equivalent to finding the distance from y to the set K,:

inf —ul]® = dist(y| K,
ug;(npl\y | ist(y| Knp)

Since Ky, is closed convex cone this problem is convex. Moreover, we can write

d(y|Knp) = (o8eL0K,,, ) (2) = (8 + 0k, )" (2) =
= ((5152,0 + (SKng) (Z) = O'ch[(gp(z)

which means that the distance function is the support function to the convex set B° N K7 .
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