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Proof. (a)For the stochastic optimization problem
i E
min folz, u)
st. Efj(x,u) <0, i=1,....m

where the expectation is with respect to v € R*, and f;,i = 0,...,m are
convex in z € R" for each u. For Vz;,25 € R", VA € [0, 1], we know

fildzy + (1 = Nzg,u) < Afi(zg, u) + (1 = N) fi(z2, w)
Efi(Az1 + (1 — Mg, u) < E\fi(z,u) + (1 = N) fi(z2,u))
Efi(Az1 + (1 — N)zo,u) < AEfi(z1,u) + (1 = MEf;(xq, u)

So Ef; are convex functions on z. Thus the problem is a convex optimization
problem.
L(z,y) = Efo(z,v) + 3%, yiEfi(z,v) — ory (y)
== infx(Efo(ﬂf, u) + 2111 yZEfZ(:E, u)) - 5RT (y)
= infy B(fo(z,u) + 300, vifi(z,w) — orr (y)
So the dual problem is:

max infB(fo(z,u) + ;yifxx,u))
Remark: inf, E(F(x,u)) = E(inf, F(z,u)) does not always hold. One simple
counter example is: suppose we have u € {uy,...,un}, N > 1, with prob(u =
u;) = p;. Let F(z,u) = (x — u)? where z,u € R, then

N
inf E(F(z,u)) = ian(x —u;)?*p; > 0, optimal sol 7 = E(u)
i=1

E(mfF:cu f(x —u;)?*p; =0

IIMZ



il;le(F(x, u)) > E(il;lf F(z,u))

Therefore, generally we could not interchange the infimum and expectation
in the above dual problem.

(b)For the worst-case optimization,

min sup fo(z,u)
x uelU

st. sup fi(x,u) <0, i=1,....,m
uelU
If f; are all convex in x for each u, we know sup,; fi(z,u) are convex func-
tions in x. Therefore the problem is a convex optimization problem.
L(z,y) = supyey folz, u) + 2210, yi supyep fiz, w) — orp (y)
= infy(sup,epr fo(w,u) + 300, yisup,ep fi(2, 1)) — orm (y)

Generally, the infimum and supfefnum in the above expression can not be in-
terchanged except that we add more assumptions. We know most of minimax
theorems:

iz sap Flort) = sup fnf Pl
require the quasiconvex-quasiconcave of function F(x,t), and the compact-
ness, convexity or connectedness of sets D and(or) T. In the above g(y),
D =N,domf;,T =U x U x --- x U;m+ 1 product space of U. We al-
ready know f;(z,u) are convex in x for each u. So for example, assume that
filz,u),i = 0,...,m are also quasiconcave in u for each x, and continuous
finite on D x U, D and U are closed nonempty convex sets(in fact we already
know D is convex), either D or U is bounded. Then the above infimum and
supremum can interchange. Then the dual problem is:

max sup (iI;f(fo(%Uo) + Z?/zfz(xauz)))
i=1

y=0  w,eU, i=0,...,m

In fact, if we are futherly given the explicit form of f;,;i = 1,...,m, we
can simplify the above dual problem. For example, if f;,7 = 1,...,m are
affine functions, the dual will just maximize the supremum of the conjugate
function of fj.



(¢)When u has a finite number of possible values;i.e., u € {uy,...,uyx}, with
prob(u = w;) = p;, we can rewrite the stochastic optimization problem and
worst-case optimization problem explicitly as follows.

Stochastic optimization:

:EER"

N
min Z fo(z,u;)p;
j=1

N
s.t Zfi(x,uj)p] <0, i1=1,....,m
j=1
Worst-case optimization:
min ¢
s.t. fo(l’,u]')gt, j: ,...,N

filz,u) <0, i=1,....m, j=1,...,N



