Linear Difference Equations



Constant Coefficient LDEs

Let x; be a (scalar) sequence defined for i > 0.
A k-step linear difference equation is an equation of the form

(LDE) Xitk + Q—1Xitk—1 + -+ aogx; = b; (i >0).

If b; =0, the linear difference equation (LDE) is said to be
homogeneous, in which case we will refer to it as (/h).

If b; # 0 for some i > 0, the linear difference equation (LDE) is
said to be inhomogeneous , in which case we refer to it as (/i).



Initial Value Problem (IVP)

Given x; for i = 0,..., k — 1, determine x; satisfying (LDE) for
i > 0.

Theorem: There exists a unique solution of (IVP) for (Ih) or (Ii).

Theorem: The solution set of (Ih) is a k-dimensional vector space
(a subspace of the set of all sequences {x;}i>0).



Characteristic Polynomial for LDEs

Define the characteristic polynomial of (/h) to be
p(r) =r‘ + a1 P+ +ao.

Assume that ag # 0. (If ag =0, (LDE) isn't really a k-step
difference equation since we can shift indices and treat it as a

k- step difference equation for a k < k, namely k = k — v, where v
is the smallest index with «a;,, # 0.)

Let ry,...,rs be the distinct zeroes of p, with multiplicities
my, ..., ms. Note that each r; # 0 since ag # 0, and
my + - -+ 4+ ms = k. Then a basis of solutions of (/h) is:

{{i’rj};?io L1<j<s, oglgmj—l}.



Example: Fibonacci Sequence

Fivo = Fipan—Fi=0, F=0, FA=1
The associated characteristic polynomial r> — r — 1 = 0 has roots
ry = sz/g (ry = 1.6,r— =~ —0.6). The general solution of (/h) is

Fi=Cs <1+2\/§> + C_ (1 _2\/§> .

The initial conditions Fp = 0 and F; = 1 imply that C; =

C_ = —-L. Hence
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Since |r_| < 1, we have (1_—2‘@) — 0 as i — 0o. Hence, the
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sequence behaves asymptotically like % (HQ‘/“F’) :



Conversion to 1-Step Vector LDE

Xj
L~ Xi+1 - - .
Define x; = . . Then Xj+1 = Ax; for i > 0, where
Xi+k—1
0 1
A= ' )
0 1
—Qag ... — )1
and Xo = (x0, X1, --., Xk_1)" is given by the I.C. So (/h) is

equivalent to the one-step vector difference equation
;H‘l - A};, I 2 0,

whose solution is x; = A'xp.



Solutions to 1-Step Vector LDEs

The characteristic polynomial of (/h) is the characteristic
polynomial of A.

Because A is a companion matrix, it is nonderogatory.

If A= PJP~1is the Jordan decomposition of A, then
X = PJ' P,
or, equivalently,

Vi =J% where y; = P7Ix;.



Solutions to 1-Step Vector LDEs

Let J; be the m; x m; block corresponding to r; (for 1 < j <'s), so
Jj = rjl + N;, where N; denotes the m; x m; shift matrix:

Then
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Since <2> is a polynomial in i of degree ¢ and I\/Jf"f =0, we see

entries in y; are of the form

(constant)i’rj for 0< /< mj—1,
which implies the same is true for the entries of X; if xg = Py for
some yp.



Stability of LDEs

All solutions {x;}i>o of (/h) stay bounded (i.e. are elements of /°°)
& the matrix A is power bounded (i.e., 3M so that ||A’|| < M

for all i > 0)
< the Jordan blocks Ji, ..., Js are all power bounded
=
(a) each || <1 (for 1 <j <s)
and (b) for any j with m; > 1 (multiple roots), |r;| <1 '

If (a) and (b) are satisfied, then the map Xo — {x;}i>0 is a
bounded linear operator from R¥ (or CK) into /°°.
Spectral Radius:  p(A) := max {|A| : det (A—\l)=0}.



