Fourier Series

Let {e; : 1 < j < n} be the standard basis in R". We say f : R* — C is 27-periodic in each
variable if
f(x +2me;) = f(x) VeeR" 1<j<n.

We can identify 27-periodic functions with functions on a torus. Let S* = {e? : § € R} C C,
and T" = S x -+ x S' € C". To each function ¢ : T — C we can identify a 2r-periodic
function ¢ : R* — C by ¢(x1,...,2,) = ¢(e, ... e®). Conversely, each 2m-periodic
function ¢ : R” — C induces a unique ¢ : 7" — C for which ¢(e™!, ..., ei™) = ¢(z1, ..., ).
If ¢ : R — C is 2m-periodic, ¢ is uniquely determined by its values ¢(z) for z € [—m, m)" or
for x € [0,27)". Let v, = (2) "\, where )\, is n-dimensional Lebesgue measure. Then v,
induces a measure 7, on 17" for which

o dv, = / b dv,,.
n [0,27]™

From here on, we blur the distinction between ¢ and gg and between v,, and v,,, and we will
abuse these notations. Note: v,(T") = 1,([0, 27]") = 1. Let LP(T™) denote LP(]0, 27]") with
measure v, (1 <p < oo). L2(T™) is a Hilbert space with inner product

(.6) = | bodv, = / Do dv.
n [0,27]™

Theorem. {e™%: ¢ € Z"} is an orthonormal system in L*(T™).

Proof.

e 77’ ezxf — / el (&—n) dl/n — { ) )
( ) [0,27]" 0, £#n
]

Definition. A trigonometric polynomial is a finite linear combination of {¢™¢ : ¢ € Z"}.

Note: since {€¢, e~®¢} and {cos(z - &), sin(z - €)} span the same two-dimensional space, we
could use sines and cosines as our basic functions.

Definition. C(7™) is the space of all continuous 27-periodic functions ¢ : R® — C. Note
that C(T™) S C([0, 27]").

We will use the uniform norm ||¢||, = sup, |¢(z)| on C(T™). C¥(T") (for k > 0,k € Z)
is the space of all C* 27-periodic functions ¢ : R® — C. Again C*(T™) & C*([0,2x]"). We
will use the norm [|¢]|cr = 3|, <4 |00 u-
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94 Fourier Series

Fourier Coefflicients

For f € LY(T"), define

~

for = [ e pwin )

for £ € Z". Then |f(§)| < || fll. We regard fasamap f:Z" — C; then f € [=(Z")
and ||f|lec < ||f]li. Since v(T™) = 1, we have L2(T™) C LY(T™) and | f|l1 < ||f]lo- For
f € L3(T™), f can be expressed as an inner product: f(&) = (e, f).

~

The Fourier series of f is the formal series dezn f(&)e™c. We will study in what sense
this series converges to f. A key role is played by what is called a summability kernel; this
is a sequence @y with properties (1), (2), (3), (4) below. Define

N k
Qr(r) = a;! (H 11+ COSIL‘j)>
where

ay = /n <ﬁ (1 +cosxj)>kdun(a:).

Jj=1

Lemma.

Me(0) = max{Qy(x) : x € [—m, 7|"\(—6,9)"}.

Then limy,_o 7x(0) = 0.

Proof. The first three properties are clear. To prove (4), we first show that the sequence ay,
satisfies ar, > (2(k + 1))7". In fact, since 1 + cosz is non-negative on [0, 7] and concave on
[0, Z], we have

1 T 1 k 1 T 1 k
— (A1 +cosz)) dz = = i (A1 +cosz))” da

T
1 w/2 T\ k
> ()
= k+D'1 -2 >2k+1)"
Now if z € [—m, 7"\ (=9, )", then

Qi) < a;t (A(1+cos))" < (2(k +1))" (2(1 + cos )" — 0
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as k — o0. O

Theorem. Given f € C(T™), let

pe(@) = (f* Qu)(z) = | [z —y)Qu(y)dva(y).
T?’L
Then py is a trigonometric polynomial, and ||py — f|l. — 0 as k — oc.

Proof. Since @k(f) = 0 for || sufficiently large,

pe(r) = | F@)Qulx—y)dva(y) = | fy) > Q&) du,(y)
Tn Tn :

= Y F(OQ)e™*
13

is a trigonometric polynomial. Given € > 0, the uniform continuity of f implies that there
is 0 > 0 such that
‘1’1 — SL’Q|OO <d= |f<.§l]1) — f(.T2)| < €.

Then

pe() = f2)] =

| =)~ f@) Q)
< [ 1@ -9 = F@IQuwdny) =+ I

where I is the integral over y € (—4,6)" and I, is the integral over y € [—7, 7]\ (—0,0)".
Now

L o< / € Quly) dvn(y) < € and
(,575)n

L < / 2 1l 7 (6) i < 20|l 7(8) < €
—m,7|?\(—6,6)"

for k sufficiently large, so the result follows. OJ
Corollary. Trigonometric polynomials are dense in C(T").

Remark. The proof of the Theorem above used only the properties (1)—(4) of the Q.
Therefore the same result holds for any summability kernel. Another example for n = 1 is
the Féjer kernel, which is given by

k

Fi(z) = (k + 1)—1Sin (ZUE +)1)x) = (1 - ﬂ) e,

=kt

If we define Si(f) = Engk f(&)e””f and op(f) = (K + 1)71(So(f) + -+ + Sk(f)), then
or(f) = f * Fy. It follows that for f € C(T), ox(f) — f uniformly. This is the classical
result that the Fourier series of f € C(T') is Cesaro summable to f.
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The partial sums Si(f) themselves are obtained by convolving f with the “Dirichlet
kernel”: Syi(f) = f * Dy, where

Dk<SL’) — i eizf — sin ((k+ %) .T)

= sin (%x)

The Dirichlet kernel however, is not a summability kernel: Dy is not nonnegative (not
horrible), and more crucially it does not satisfy condition (4) of a summability kernel. This
is the reason that pointwise convergence of Fourier series is a delicate matter.

Corollary. Trigonometric polynomials are dense in L*(T™).

Proof. Given f € L*(T™) and € > 0, there exists g € C(T™) such that || f — g[|» < 3¢ and

there exists a trigonometric polynomial p such that ||p — g, < 3¢, so since v,(T™) =1,

If=plle<|If —gllo+1llg=ple < If —gll2+lg —pllu < e

Corollary. {e®*¢: ¢ € Z"} is a complete orthonormal system in L?(T™).

Hence if f € L*(T"), the Fourier series of f (any arrangement) converges to f in L?. Also,
the map F : L*(T™) — [*(Z") given by f 7 is a Hilbert space isomorphism and ||f||l2 Zny =
1 |2y

Theorem. If f € LY(T"), then p, — f in LY(T™), where p = f * Qi and Qy, is as above.

Proof. The proof is similar to the proof of the Theorem above, except we use continuity of
translation in L' instead of uniform continuity. Given e > 0, choose § 3 ||f(z—a)—f ()| < €
whenever ||, < §. By Fubini,

[ )= s < [ @) [ 1o =) - @i ()] i) =1+ 1

and
[t edny) =
I < 2|fllim(0) — 0 as k — oo.

I

IN

g

~

Corollary. (Uniqueness Theorem). If f € L'(T") and (V& € Z™) f(€) = 0, then f =0
a.e. Thus if f,g € LY(T™) and f =7, then f = g a.e.

Proof. If f =0, then py(z) = > FOQ(£)e™ =0, and p, — f in L. O
Theorem. (Riemann-Lebesgue Lemma). If f € L'(T™), then f(f) — 0 as [£] — o0.

Proof. This follows from the analogous result for the Fourier transform, which will be proved
later. The statement for the Fourier transform is that if f € L*(R"), then [p, e ¢ f(z) dx —
0 as [£] — oo, £ € R™. The Fourier series version stated here follows by applying the R"
version to f(2)X[—xx»(x) € L'(R™) and restricting to £ € Z™. O
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Absolutely Convergent Fourier Series

Theorem. Suppose [ € L'(T") and fe [Y(Z™). Then the Fourier series of f converges
absolutely and uniformly to a g € C(T"), and g = f a.e.

Proof. Let g(z) = > ccpm F(©ems. Since f € I1(Z"), this series converges uniformly and
absolutely, and g € C(T™). By the Dominated Convergence Theorem,

316) :LL;”“<§Zﬂm&”>mMm
= Zf(n)/

e
nez" L

Sy, (1) = e),

so g = f a.e. O

Decay of Fourier Coefficients <~ Smoothness of f

Lemma. Suppose a(§) € I'(Z") and i§;a(§) € IN(Z"). Let f = > a(§)e™* and g =
D¢ igo(§)e™*. Then f,g € C(T™), 0,, f exists everywhere, and 9, f = g.

Proof. The two series of continuous functions converge absolutely and uniformly to f and g,
respectively. Since 9, (a(§)e™*) = i&a(£)e™*, the result follows from a standard theorem
in analysis. U

~

Theorem. Suppose f € L*(T™) and (1 + [£]™)f(§) € I*(Z") for some integer m > 0. Then
the Fourier series of f converges absolutely and uniformly to a g € C™(T™), and f = g a.e.

Proof. By the theorem above, we only have to show that g € C™(T™). For each v with
| <m, (i) f(€) € IN(Z"), so Y- (i€)" f(§)e™* converges absolutely and uniformly to some
g, € C(T™). By the Lemma and induction, g, = 9"g. 0J

Theorem. Suppose f € C™(T").

—

(a) For [v] <m, 87 f(§) = (i§)" f(£).

-~ -~

(b) (1+ (&™) F(€) € 2(Z) and [[(1 + &™) (€)@ < cnmllfllcmern) for some constant
¢n,m depending only on n, m.

-~

(©) [FOI < enm+ 1D flleman) for £ € Z7.

Proof.



98 Fourier Series

(a) follows by integration by parts. Set ' = (za,...,x,), so x = (x1,2’). Then

38:3{1@ _ /T [ /T e—mfg—i@) dul(:cl)] v, (2)

= [ 6 [ e @ anten)] dnae)

~

= (ifl) (f)

Iterate for higher derivatives.

(b) Part (a) gives for 1 < j <n:

1€ Flliz@ny = 19 flliz@ny = 105 A2y <N 07 -

Adding gives R

I+ 1&l™ + -+ 18N Oll2@) < [ fllomem),
and (b) follows.

(c) is immediate from (b) and the fact that || - ||oc < || - |2 on functions on Z". O

In comparing the last two theorems, we see that in order to conclude that a given f €
LY(T™) is C™, it suffices to know that (1+ |¢[)™f € {!, and in the other direction, if f is C™,
then (1 + |¢[)™f € (2. Thus the space of Fourier coefficients of C™ functions lies between
(1+[€))~™" and (1 + |¢])~™2. So faster decay of f corresponds to more smoothness of f.



