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Part 1

Linear Algebra and Matrix Analysis






CHAPTER 1

Vector Spaces

Throughout this course, the base field F of scalars will be R or C. Recall that a vector space
is a nonempty set V' on which are defined the operations of addition (for v, w € V, v+ w € V)
and scalar multiplication (for « € F and v € V', av € V'), subject to the following conditions:

) z+y=y+z

J(x+y) +z=x+(y+2)

) There exists an element 0 € V such that x +0 = z for all x

) For each x € V|, there is an element of V' denoted —z such that x + (—z) =0
) a(fr) = (ap)z

) a(z+y) = oz +ay

) (a+ B)r = ax + fo

8) lx ==z

A subset W C V is a subspace if W is closed under addition and scalar multiplication, so W
inherits a vector space structure of its own.

(2
(3
(4
(5
(6
(7

Examples:
(1) {0}
T
(2) Fr = | :eachz;eFpy, n>1
Tn
aip -+ Qin
(3) Fmxm = : © | :eacha; €Fp, mmn>1
Am1 - Gmn
Zy
(4) F> = T2 | reach z; € F
Iy e
(5) £1(F) C F>, where (}(F) = Ty | - Z|x]| < 00
T

(>(F) C F>°, where (*(F) = T2 | :sup|z;| < o0
. J
(1(F) and ¢>°(F) are clearly subspaces of F*.
I o)
Let 0 < p < 00, and define (?(F) = Ty | Z|xj|p < 00
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Since

[z +yl" < (el +y))P < (2max([z], [y]))”

= 2Pmax(|z]’, [y[?) < 2°(lzf” + |y["),
it follows that ¢7(F) is a subspace of F>°.
Ezercise: Show that (*(F) G (4(F) if 0 < p < ¢ < oo,

(6) Let X be a nonempty set; then the set of all functions f : X — F has a natural structure
as a vector space over F: define f1 + fo by (fi + f2)(x) = fi(z) + f2(x), and define af by
(af)(x) = af ().

(7) For a metric space X, let C'(X,F) denote the set of all continuous F-valued functions on
X. C(X,F) is a subspace of the vector space defined in (6). Define Cy(X,F) C C(X,F)
to be the subspace of all bounded continuous functions f : X — F.

(8) If U C R™ is a nonempty open set and k is a nonnegative integer, the set C*(U,F) C
C(U,F) of functions all of whose derivatives of order at most k exist and are continuous
on U is a subspace of C(U,F). The set C=(U,F) = (,—, C*(U,F) is a subspace of each
of the C*(U, F).

(9) Define P(F) C C*(R,F) to be the space of all F-valued polynomials on R:

PF)={ao+az+ -+ a,z™:m>0, each a; € F}.

Each p € P(F) is viewed as a function p : R — F given by p(z) = ag + a1z + - - - + apz™.
(10) Define P, (F) C P(F) to be the subspace of all polynomials of degree < n.
(11) Let V = {u € C*(R,C) : u” +u = 0}. It is easy to check directly from the definition that
V is a subspace of C*(R,C). Alternatively, one knows that

V ={aicosz +azsinz : a;,ay; € C} = {b1e™ + bye ™ : by, by € C},

from which it is also clear that V' is a vector space.

More generally, if L(u) = u™ + a,,_1u™ Y + ... + a;u' + apu is an m™ order linear
constant-coefficient differential operator, then V = {u € C™(R,C) : L(u) = 0} is a
vector space. V can be explicitly described as the set of all linear combinations of certain
functions of the form 27e™ where j > 0 and r is a root of the characteristic polynomial
™ 4 Q7™+ - ar + ap = 0. For details, see Chapter 3 of Birkhoff & Rota.

Convention: Throughout this course, if the field F is not specified, it is assumed to be C.

1. Linear Independence, Span, Basis

Let V' be a vector space. A linear combination of the vectors vq,...,v,, € V is a vector v € V'

of the form
V=101 + -+ QU

where each o; € F. Let S C V be a subset of V. S is called linearly independent if for every
finite subset {vi,...,v,} of S, the linear combination y .* ayv; = 0 iff oy = -+ = a,, = 0.
Otherwise, S is called linearly dependent. Define the span of S (denoted Span(S)) to be the set
of all linear combinations of all finite subsets of S. (Note: a linear combination is by definition a
finite sum.) If S = (), set Span(S) = {0}. S is said to be a basis of V if S is linearly independent
and Span(S) =V.

Facts: (a) Every vector space has a basis; in fact if S is any linearly independent set in V', then
there is a basis of V' containing S. The proof of this in infinite dimensions uses Zorn’s lemma
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and is nonconstructive. Such a basis in infinite dimensions is called a Hamel basis. Typically it is
impossible to identify a Hamel basis explicitly, and they are of little use. There are other sorts of
“bases” in infinite dimensions defined using topological considerations which are very useful and
which we will consider later.

(b) Any two bases of the same vector space V' can be put into 1 — 1 correspondence. Define
the dimension of V' (denoted dim V') € {0,1,2,...} U{oo} to be the number of elements in a basis
of V. The vectors ey, ..., e,, where

ej=| 1| « j* entry,

0

form the standard basis of F™, and dimF" = n.

Remark. Any vector space V over C may be regarded as a vector space over R by restriction of
the scalar multiplication. It is easily checked that if V' is finite-dimensional with basis {vy, ..., v,}
over C, then {vy,... ,v,,iv1,...,iv,} is a basis for V over R. In particular, dimg V' = 2dimc V.
The vectors eq, ey, ... € F> are linearly independent. However, Span{ey, es, ...} is the proper
subset [Fy° C F*° consisting of all vectors with only finitely many nonzero components. So
{e1,€9,...} is not a basis of F>*°. But {z™ :m € {0,1,2,...}} is a basis of P.
Now let V' be a finite-dimensional vector space, and {vy,...,v,} be a basis for V. Any v € V

can be written uniquely as v = Zn: x;v; for some x; € F. So we can define a map from V into F"
" =1

by v : |. The z;’s are called the coordinates of v with respect to the basis {vy,...,v,}.
T

This coordinate map clearly preserves the vector space operations and is bijective, so it is an

isomorphism of V' with F" in the following sense.

DEFINITION 1.1. Let V., W be vector spaces. A map L :V — W is a linear transformation if

L(Oél'l}l —+ 062'112) = 051L<U1) —+ OéQL(’UQ)

for all vi,vy € V and ay,as € F. If in addition L is bijective, then L is called a (vector space)
isomorphism.

Even though every finite-dimensional vector space V' is isomorphic to F", where n = dimV/,
the isomorphism depends on the choice of basis. Many properties of V' are independent of the
basis (e.g. dim V). We could try to avoid bases, but it is very useful to use coordinate systems.
So we need to understand how coordinates change when the basis is changed.

2. Change of Basis

Let V' be a finite dimensional vector space. Let {v1,...,v,} and {wy,...,w,} be two bases for
V. ForveV, letx=(x1,...,2,)7 and y = (y1,...,yn)" denote the vectors of coordinates of v
with respect to the bases By = {v1,...,v,} and By = {wy, ..., w,}, respectively. Here 7 denotes

the transpose. So v = 3 ", wv; = > 7 y;w;. Express each w; in terms of {vi,...,v,} 1 w; =
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Ci1 - Cin
Yo cijv; (ci; € F). Let C = : € F*»*"_ Then
Cnl c Com
n n n n
invi =U= Zijj = Z (Z Cz‘jyj> Vi,
i=1 j=1 i=1 \j=1

SO x; = Z;;l ¢ijYj, i.e. v = Cy. C is called the change of basis matrix.

Notation: Horn-Johnson uses M,,,(F) to denote what we denote by F™*": the set of m x n
matrices with entries in F. H-J writes [v]g, for z, [v]g, for y, and p,[I]s, for C, so x = C'y becomes

[v]g, = B,[I]|B,[V]B,. Similarly, we can express each v; in terms of {wy,...,w,} : v; = > o bijw;
bu -+ bin

(bj; € F). Let B = : € F™". Then y = Bx. We obtain that C' and B are
bnl bnn

invertible and B = C~1.

Formal matriz notation: Write the basis vectors (v, -+ ,v,) and (wyq,--- ,w,) formally in rows.

Then the equations w; = Y"1 | ¢;;u; become the formal matrix equation

(wla"' >wn) = (Ula"' 7Un)c
using the usual matrix multiplication rules. In general, (vy,---,v,) and (wq,--- ,w,) are not

matrices (although in the special case where each v; and w; is a column vector in F*, we have W =
VC where V,W € F"*" are the matrices whose columns are the v;’s and the w;’s, respectively).
We also have the formal matrix equations v = (vq,- -+ ,v,)z and v = (wy, -+ ,wy,)yY, SO

(/l)l7 DY 71}”)1’ — (w17 DY ’wn)y fr— (Ulj e ’Un>0y,
which gives us x = C'y as before.

Remark. We can read the matrix equation W = VC' as saying that the j* column of W is the
linear combination of the columns of V whose coefficients are in the j** column of C.

3. Constructing New Vector Spaces from Given Ones

(1) The intersection of any family of subspaces of V' is again a subspace: let {WW, : v € G} be

a family of subspaces of V' (where G is an index set); then ﬂ W, is a subspace of V.

yeG
(2) Sums of subspaces: If Wy, Wy are subspaces of V', then

Wy + Wy = {w +ws : wy € Wi, we € Wa}

is also a subspace, and dim(W; + W) + dim(W; N W) = dim Wy + dim W,. We say
that the sum Wy + Wy is direct if Wi N W, = {0} (equivalently: for each v € Wy + W,
there are unique w; € Wi and we € Wy for which v = w; 4+ wy), and in this case we
write Wy @& Wy for Wy + Ws. More generally, if Wy, ..., W, are subspaces of V', then
Wi+ + W, ={w +-- +w, :w; € W;,1 <j <n} is a subspace. We say that the
sum is direct if whenever w; € W; and Z?Zl w; = 0, then each w; = 0, and in this case
we write Wy @ --- @ W,,. Even more generally, if {W, : v € G} is a family of subspaces
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of V', define Z'yeG W., = span (U W,Y). We say that the sum is direct if for each finite
veG
subset G’ of G, whenever w, € W, for v € G’ and Z%G, w, = 0, then each w, = 0 for

v € G' (equivalently: for each § € G, Wz N (Z%G’#B WAY) = {0}).
(3) Direct Products: Let {V, : v € G} be a family of vector spaces over F. Define V' = XGV7
vE

to be the set of all functions v : G — L_JV7 for which v(y) € V, for all vy € G. We
yeG

write v, for v(v), and we write v = (v,),eq, or just v = (v,). Define v +w = (v, + w,)

and av = (aw,). Then V is a vector space over F. (Example: G =N = {1,2,...}, each

V, =F. Then X V, = F>.)

n>1
(4) (External) Direct Sums: Let {V, : v € G} be a family of vector spaces over F. Define

@ V, to be the subspace of X V, consisting of those v for which v, = 0 except for
yeG yeG

finitely many v € G. (Example: For n = 0,1,2,... let V,, = span(z™) in P. Then P can
be identified with €D V;,.)

n>0
Facts: (a) If G is a finite index set, then XV, and €V, are isomorphic.
(b) If each W, is a subspace of V" and the sum . W, is direct, then it is naturally
isomorphic to the external direct sum @ W.,.

(5) Quotients: Let W be a subspace of V. Define on V' the equivalence relation v; ~ vy if
v1 — vy € W, and define the quotient to be the set V/W of equivalence classes. Let v+ W
denote the equivalence class of v. Define a vector space structure on V/W by defining
aj(vy + W) + ag(vg + W) = (av1 + agvy) + W. Define the codimension of W in V' by
codim(W) = dim(V/W).

4. Dual Vector Spaces

DEFINITION 4.1. Let V' be a vector space. A linear functional on V' is a function f :V — F
for which f(aqv1 + aove) = aq f(v1) +aaf(ve) forvi,ve € V, ay, a9 € F. Equivalently, f is a linear
transformation from V' to the 1-dimensional vector space F.

Examples:

(1) Let V =F", and let f be a linear functional on V. Set f; = f(e;) for 1 <i < n. Then for
= (x1,...,2,)" =Y xwie; € F",

f(z) = Zﬂ?z‘f(ei) = Z fizi

So every linear functional on F” is a linear combination of the coordinates.

(2) Let V = F>. Given an N and some fi, fo,..., fn € F, we can define a linear functional
flx) = ZZN:1 fiz; for x € F*°. However, not all linear functionals on F* are of this form.

(3) Let V- = (YF). If f € (>=(F), then for x € (*(F), >, | fiws] < (sup|fi]) Dopoy || < o0,
so the sum f(x) = > i, fiz; converges absolutely, defining a linear functional on ¢*(F).
Similarly, if V' = ¢*(F) and f € (Y(F), f(x) = >_;°, fix; defines a linear functional on
>°(IF).

(4) Let X be a metric space and zy € X. Then f(u) = u(zg) defines a linear functional on
C(X).
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(5) If —co<a<b<oo, flu) = fab u(z)dz defines a linear functional on C(]a,b]).

DEFINITION 4.2. If V' is a vector space, the dual space of V is the vector space V' of all
linear functionals on V', where the vector space operations on V' are given by (o fi1 + asfo)(v) =

a1 f1(v) + g fo(v).

Remark. When V' is infinite dimensional, V' is often called the algebraic dual space of V, as it
depends only on the algebraic structure of V. We will be more interested in linear functionals
related also to a topological structure on V. After introducing norms (which induce metrics on
V), we will define V* to be the vector space of all continuous linear functionals on V. (When V is
finite dimensional, with any norm on V', every linear functional on V' is continuous, so V* = V".)

5. Dual Basis in Finite Dimensions

Let V' be a finite dimensional vector space and let {vy,...,v,} be a basis for V. For 1 <i < n,
define linear functionals f; € V' by f;(v;) = d;;, where

P 1 ifi=j
Y10 if 7 #£ j.
Let v € V, and let © = (xq,...,7,)T be the vector of coordinates of v with respect to the basis

{viy ... o}, e, v =300 2w, Then fi(v) = x;, Le., f; maps v into its coordinate x;. Now if
f eV’ let a; = f(v;); then

fv) = f(z Tiv;) = Z a;T; = Zaifi(v)>

so f =" a;f;. This representation is unique (exercise), so { f1,..., f,} is a basis for V', called
the dual basis to {vy,...,v,}. We get dim V' = dim V.
fi
If we write the dual basis in a column : and the coordinates (a; - --a,) of f = >0 a;fi €
In
f1
V' in a row, then f = (a;---ay) : The defining equation of the dual basis is (matrix
In
multiply, evaluate)
J1 1 0
() S R (R
fn 0 1

Change of Basis and Dual Bases: Let {wy, ..., w,} be another basis of V' related to the first basis
{v1,...,v,} by the change-of-basis matrix C, i.e., (w;---wy,) = (vy ---v,)C. Left-multiplying (x)
by C~! and right-multiplying by C gives

fi
cCHl o | (wwy) =1

i
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Therefore
g1 fi g1
: =C! : satisfies : (wy - wy) =1
9n I 9n

and so {g1,...,9n} is the dual basis to {wy,...,w,}. If (by---b,) are the coordinates of f € V'
with respect to {gi,...,gn}, then

g1 fi

F=b | 2 | =@ebae [ ) =@ean |

dn In I

so (by--0,)C " = (a1---ay), ie., (by---b,) = (a;---a,)C is the transformation law for the
coordinates of f with respect to the two dual bases {fi,..., fn} and {g1,..., 9.}

S

Y

6. Linear Transformations

Linear transformations were defined above.

Examples:
(1) Let T : F™ — F™ be a linear transformation. For 1 < j < n, write

T(Gj) = tj = S F™.
tmg
T1
If x = : € F", then T'(z) = T(Xxje;) = X t;, which we can write as
xn
1 i1 -ty 1
T(x) = (tr---tn) =

So every linear transformation from F” to F™ is given by multiplication by a matrix in
men.

(2) One can construct linear transformations 7" : F*° — F>° by matrix multiplication. Let

t11 tio

be an infinite matrix for which each row has only finitely many nonzero entries. In

T .
forming Tx for x = ) € >, each entry in Tz is given by a finite sum, so Tz

makes sense and 7T clearly defines a linear transformation from F> to itself. (However,
not all linear transformations on F*° are of this form.) The shift operators (z1, s, ...)T —
(0,21, 29,...)7 and (21, 2o,...)T = (29, 73,...)T are examples of linear transformations of
this form.
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(3) If sup [t;;] < oo and @ € £, then for each 4, Y72 [tz;] < sup [tij] Y72, |z;]. Tt follows
1,J 2¥)
that matrix multiplication Tz defines a linear transformation 7" : ¢! — ¢°°.

(4) There are many ways that linear transformations arise on function spaces, for example:

(a) Let k € C([c,d] x [a,b]) where [a,b], [c,d] are closed bounded intervals. Define the
linear transformation L : Ca,b] — Clc,d] by L(u)(x) = fab k(x,y)u(y)dy. L is called
an integral operator and k(z,y) is called its kernel.

(b) Let X be a metric space and let m € C(X). Then L(u)(x) = m(x)u(x) defines a
multiplier operator L on C(X).

(c¢) Let X and Y be metric spaces and let g : X — Y be continuous. Then L(u)(z) =
u(g(z)) defines a composition operator L : C(Y) — C(X).

(d) w > o' defines a differential operator L : C'[a,b] — Cla, b].

Suppose V, W are finite-dimensional with bases {v1,...,v,}, {w,...,w,}, respectively and
suppose L : V' — W is linear. For 1 < j < n, we can write Lv; = »_\" | t;;w;. The matrix

tin -+ tin
T = : : e Fmxn
tml tmn
is called the matrix of L with respect to the bases By = {vy,...,v,}, Bs = {wq,...,wy,} (H-J
x
writes T = g,[L|p,.) Let v € V and let : be the coordinates of v with respect to B; and
Ty
Y1
the coordinates of Lv with respect to Bs. Then
Ym

i=1

iylwl =Iv=1"L (zn: ZL‘jUj) = Zm: (271: twﬁj) w;,
i=1 Jj=1

so for 1 <17 < m, we have y; = Z?Zl tijxj, i.e. y = Tx. Thus, in terms of the coordinates relative
to these bases, L is represented by matrix multiplication by 7.

Note that the relations defining 7" can be rewritten as L(vy - - - v,) = (wy - - - w,,)T. Suppose now
that we choose different bases B = {v{,...,v,} and B, = {w],...,w.,} for V and W, respectively,
with change-of-bases matrices C' € F**" D € F™*™:

(vp---v)=(vy--v,)C  and (w)---w) = (wy- - wy)D.

Then

so the matrix of L in the new bases is D™'T'C. In particular, if W = V and we choose B, = B,
and B, = B], then D = C, so the matrix of L in the new basis is C~*T'C’. A matrix of the form
C~ITC is said to be similar to T. Therefore similar matrices can be viewed as representations of
the same linear transformation with respect to different bases.

Linear transformations can be studied abstractly or in terms of matrix representations. For
L :V — W, the range R(L), null space N'(L) (or kernel ker(L)), rank (L) = dim(R(L)), etc.,
can be defined directly in terms of L, or in terms of matrix representations. If 7' € F"*" is the
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matrix of L : V' — V in some basis, it is easiest to define det L = detl" and tr L = trT". Since
det (C7'TC) = det T and tr (C~'TC) = tr T, these are independent of the basis.

Vector Spaces of Linear Transformations. Let V', W be vector spaces. We denote by L(V, W)
the set of all linear transformations from V' to W. The set £(V, W) has a natural vector space
structure: if Ly, Ly € £ and oy, a9 € F, define oy Ly + agls € L(V,W) by (o Ly + asls)(v) =
a1L1(v) + az2Le(v). In the infinite-dimensional case, we will be more interested in the vector space
B(V, W) of all bounded linear transformations (to be defined) from V' to W with respect to norms
on V and W. When V and W are finite-dimensional, it will turn out that B(V, W) = L(V, W).

If V., W have dimensions n, m, respectively, then the matrix representation above shows that
L(V, W) is isomorphic to F™*" so it has dimension nm. When V = W, we denote L(V,V) by
L(V). Since the composition M oL : V — U of linear transformations L : V. — Wand M : W — U
is also linear, £(V) is naturally an algebra with composition as the multiplication operation.

7. Projections

Suppose Wy, Wy are subspaces of V and V = W; & W,. Then we say W7 and Wy are comple-
mentary subspaces. Any v € V can be written uniquely as v = w; + wo with wy; € Wy, wy € Wh.
So we can define maps P : V. — Wy, P, : V. — Wy by Piv = wy, Pov = wy. It is easy to check that
Py, P, are linear. We usually regard P;, P, as mapping V' into itself (as Wy, C V, Wy C V). P is
called the projection onto Wy along Wy (and P, the projection of Wy along Wy). It is important
to note that P; is not determined solely by the subspace W; C V, but also depends on the choice
of the complementary subspace W5. Since a linear transformation is determined by its restrictions
to direct summands of its domains, P; is uniquely characterized as that linear transformation on
V' which satisfies

:1‘ and P| =0
W1 W2

It follows easily that
Pl=P, Pi=P, Pi+P=1PP=PRP =0

In general, an element ¢ of an algebra is called idempotent if ¢> = q. If P : V — V is a linear
transformation and P is idempotent, then P is a projection in the above sense: it is the projection
onto R(P) along N (P).

This discussion extends to the case in which V.= W; & --- @ W,, for subspaces W;. We
can define projections P; : V. — W, in the obvious way: P; is the projection onto W; along
Wi@- - ®&Wi 1 &@Wi1 & --- & Wy, Then

P’=Pfor1<i<m, Pi+---+P,=1, and P/Pj= PP, =0 fori#j.

If V' is finite dimensional, we say that a basis {wy, ..., wpy,uy,...,u,} for V=W, & Wy is adapted
to the decomposition Wy @ Wy if {wy, ..., w,} is a basis for Wi and {us, ..., u,} is a basis for Wh.
With respect to such a basis, the matrix representations of P, and P are

L0 and 00 , where the block structure is pxp pxq ,
0 0 0 I gxXp qXq

abbreviated as:

* ¥ 3

3
—
* %
1
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Invariant Subspaces. We say that a subspace W C V is invariant under a linear transformation
L:V = Vif L(W)cC W. If V is finite dimensional and {wy,...,w,} is a basis for W which we
complete to some basis {wy, ..., wpy, u1,...,u,} of V, then W is invariant under L iff the matrix
of L in this basis is of the form
Ak
q Y
i.e., block upper-triangular.
We say that L : V' — V preserves the decomposition W1 & ---®&W,, =V if each W is invariant
under L. In this case, L defines linear transformations L; : W; — W;, 1 < i < m, and we write

L=L & ---®L,. Clearly L preserves the decomposition iff the matrix 7" of L with respect to
an adapted basis is of block diagonal form

Ty 0
15

O *x 3
* % Q

0 T
where the T;’s are the matrices of the L;’s in the bases of the W,’s.

8. Nilpotents

A linear transformation L : V — V is called nilpotent if L™ = 0 for some r > 0. A basic
example is a shift operator on F": define Se; = 0, and Se; = ¢;_; for 2 < i < n. The matrix of S
is denoted S,;:

0 1 0

Sn = € Fm,
1
0 0

Note that S™ shifts by m : S™e; =0 for 1 <1 < m, and S"e; = e¢;_,,, for m+1 < i < n. Thus
S" = 0. For 1 < m < n — 1, the matrix (S,)™ of S™ is zero except for 1’s on the m'™ super
diagonal (i.e., the ij elements for j =i +m (1 <i <n—m) are 1’s):

0 --- 0 1 0 +—— (1,m + 1) element
1 +— (n —m,n) element.
(Sn)™ =
0
0 o0

Note, however that the analogous shift operator on F*> defined by: Se; = 0, Se; = ¢;_ for ¢ > 2,
is not nilpotent.

Structure of Nilpotent Operators in Finite Dimensions. We next prove a theorem which de-
scribes the structure of all nilpotent operators in finite dimensions. This is an important result in
its own right and will be a key step in showing that every matrix is similar to a matrix in Jordan
form.

THEOREM 8.1. Let V' be finite dimensional and L : V — V' be nilpotent. There is a basis for
V' in which L is a direct sum of shift operators.
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PROOF. Since L is nilpotent, there is an integer r so that L" = 0 but L™! # 0. Let vy, ..., vy,
be a basis for R(L"1), and for 1 < i < [, choose w; € V for which v; = L™ 'w;. (As an aside,
observe that

V =N(L")=N(L"") @span{wy,...,w,}.)
We claim that the set
S ={Llfw;:0<k<r—1,1<i<l}

is linearly independent. Suppose
i r—1

i=1 k=0
Apply L™~! to obtain

1
E CioLr_lwi =0.
i=1

Hence 221:1 ciov; = 0, 50 ¢cio = 0 for 1 <4 < l;. Now apply L"~? to the double sum to obtain

l1 ll
r—1
0= E cinl' T w; = E Ci1Usg,
i=1 i=1

so ¢;; = 0 for 1 <4 < [y. Successively applying lower powers of L shows that all ¢;; = 0.

Observe that for 1 < ¢ <[y, span{L" tw;, L""%w;, ..., w;} is invariant under L, and L acts by
shifting these vectors. It follows that on span(S;), L is the direct sum of I; copies of the (r x r)
shift 5., and in the basis

(L Yy, L™ 2wy, . .wy, L Mwe, o woy o L7 g, wy )
S, 0
for span(S;), L has the matrix . In general, span(S;) need not be all of V', so we
0 S,

aren’t done.
We know that {L"'wy, ..., L' twy, } is a basis for R(L™!), and that

(L Yy, .. L7y, L wy, . L 2wy, )
are linearly independent vectors in R(L"~2). Complete the latter to a basis of R(L"~?) by append-
ing, if necessary, vectors s, ..., u,. As before, choose wy,; for which
L' 2wy, =105, 1<j<l.
We will replace wy, 4; (1 < j <o) by vectors in N(L"!). Note that
L = L' @y, € R(LY),

SO we may write
l1

r—1~ r—1
L Wiy 45 = E CLz‘jL w;
i=1
for some a;; € F. For 1 < j <y, set
Iy
~ r—2
w4y =Wy — »_agw;  and ;= L' w4,
i=1
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Replacing the @;’s by the u;’s still gives a basis of R(L"?) as above (exercise). Clearly L™ twy, 4; =
0 for 1 < j <ly. (Again as an aside, observe that we now have the direct sum decomposition

N(L™Y = N(L"2) @ span{Lwy, ..., Lwy, , Wy 41, - -, Wiy 41, }-)
So we now have a basis for R(L"~?) of the form
{0 Yy, . L7y, L 2wy, o L 2wy, L 2wy g, - L 2w, 40, )
for which L™ wj,+; = 0 for 1 < j < ly. By the same argument as above, upon setting
Sy ={LlFw,,;: 0<k<r—21<j<l},

we conclude that &) U S, is linearly independent, and L acts on span(Sy) as a direct sum of [y
copies of the (r — 1) x (r — 1) shift S,_;. We can continue this argument, decreasing r one at a
time and end up with a basis of R(L") = V in which L acts as a direct sum of shift operators:

U l2 Iy

- Y -~ -\ ~ /_/h
L=5®& - ®S0S 1® - ®S 1@ 0S-S5  (Note: S; =0¢eF*)

OJ OJ
Remarks:
(1) For 1 < j, let k; = dim(N(L7)). Tt follows easily from the above that 0 < ky < kg < -++ <
k. = kyy1 = kyyo = --- =mn, and thus r < n.
(2) The structure of L is determined by knowing r and [y, ...,[l.. These, in turn, are deter-
mined by knowing k1, ..., k, (see the homework).

(3) General facts about nilpotent transformations follow from this normal form. For example,
if dimV =nand L:V — V is nilpotent, then
i) L" =0
(ii) tr L =0
(iii) det L =0
(iv) det (I + L) =1
(v) for any A € F, det (A\] — L) = A"

9. Dual Transformations

Recall that if V' and W are vector spaces, we denote by V' and L(V, W) the dual space of V'
and the space of linear transformations from V' to W, respectively.

Let L € L(V,W). We define the dual, or adjoint transformation L' : W' — V' by (L'g)(v) =
g(Lv) for g € W, v € V. Clearly L — L' is a linear transformation from L£(V,W) to L(W' V")
and (Lo M) =M'oL"if M € L(U, V).

When V| W are finite dimensional and we choose bases for V and W, we get corresponding
dual bases, and we can represent vectors in V., W, V', W’ by their coordinate vectors

Tn Ym



9. DUAL TRANSFORMATIONS 13

Also, L is represented by a matrix 7' € F™*" for which y = Tx. Now if g € W’ has coordinates
b= (by---by), we have
T
g(L’U) = (bl e bm)T )
Tn
so L'g has coordinates (a;---a,) = (by---b,)T. Thus L is represented by left-multiplication by
T on column vectors, and L’ is represented by right-multiplication by 7" on row vectors. An-
other common convention is to represent the dual coordinate vectors also as columns; taking the
transpose in the above gives
ai by
—7T :
Qn, b

so L' is represented by left-multiplication by 77 on column vectors. (T7T is the transpose of T":
(T")ij = tji-)

We can take the dual of V’ to obtain V”. There is a natural inclusion V' — V”: if v € V', then
f +— f(v) defines a linear functional on V’. This map is injective since if v # 0, there is an f € V'
for which f(v) # 0. (Proof: Complete {v} to a basis for V' and take f to be the first vector in the
dual basis.)

We identify V with its image, so we can regard V' C V”. If V is finite dimensional, then V' = V"
since dimV = dim V' = dim V”. If V is infinite dimensional, however, then there are elements of
V" which are not in V.

If S C V is a subset, we define the annihilator S* C V' by

S*={feV': f(v)=0forallve S}
Clearly S® = (span(S))®. Now (S%)* C V", and if dim V' < oo, we can identify V" = V" as above.
PROPOSITION 9.1. If dim V' < oo, then (S%)* = span(S).

PROOF. It follows immediately from the definition that span(S) C (S*)*. To show (S%)* C
span(S), assume without loss of generality that S is a subspace. We claim that if W is an m-
dimensional subspace of V and dimV = n, then dim W* = codimW = n — m. To see this,

choose a basis {wy, ..., wy,} for W and complete it to a basis {wy, ..., Wpi1,...,w,} for V. Then
clearly the dual basis vectors {fm41,..., fn} are a basis for W% so dimW® = n — m. Hence
dim(S*)* =n —dimS* =n — (n —dim S) = dim S. Since we know S C (S*)%, the result follows.
] ]

In complete generality, we have
PROPOSITION 9.2. Suppose L € L(V,W). Then N (L") = R(L)".

PROOF. Clearly both are subspaces of W/. Let g € W/. Then g € N(L') < L'g = 0 <—
Vo eV)(L'g)(v) =0<= VveV)g(lv) =0<= g € R(L)™ O O

As an immediate consequence of the two Propositions above we conclude:
COROLLARY 9.0.1. Suppose L € L(V,W) and dim W < oo. Then R(L) = N (L)".

We are often interested in identifying R (L) for some L € L(V, W), or equivalently in determin-
ing those w € W for which there exists v € V satisfying Lv = w. If V and W are finite-dimensional,
choose bases of V', W, thereby obtaining coordinate vectors z € F" y € F™ for v, w and a matrix
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T representing L. This question then amounts to determining those y € F™ for which the linear
system Tz = y can be solved. According to the Corollary above, we have R(L) = N(L')*. Thus
there exists v € V satisfying Lv = w iff g(w) = 0 for all g € W’ for which L'g = 0. In terms of

Y1
matrices, Tx = y is solvable iff (b; - - - by,,) : =0 for all (b - - - by,) for which (b - -- b,,)T = 0,
Ym
b
or equivalently, 77 [ --- | = 0. These are often called the compatibility conditions for solving
bm

the linear system T'r = y.

10. Bilinear Forms

A function ¢ : V x V — F is called a bilinear form if it is linear in each variable separately.

Examples:
(1) Let V =F". For any matrix A € F"*",

x) = Z Z aijyir; =y Ax

i=1 j=1

is a bilinear form. In fact, all bilinear forms on F" are of this form: since

¥ <Z Yi€i, Z%’%’) = i zn:yﬂj@(@h €j),

i=1 j=1

we can just set a;; = @(e;, e;). Similarly, for any finite-dimensional V', we can choose a
basis {v1,...,v,}; if ¢ is a bilinear form on V and v = ) z;v;, w = Y y;v;, then

=3 wirse(vi,v) = y" Ax

i=1 j=1
where A € F"*" is given by a;; = ¢(v;,v;). A is called the matriz of ¢ with respect to
the basis {v1,...,v,}.

(2) One can also use infinite matrices (a;;); ;>1 for V = F* as long as convergence conditions
are imposed. For example, if all |a;;| < M, then o(y,z) = 3%, 377 ayyir; defines a
bilinear form on ¢! since

S oy < (z ul ) (z w) |

=1 j=1 7j=1

Similarly if > 7%, >°°% |a;| < oo, then we get a bilinear form on (.
(3) If V' is a vector space and f,g € V', then ¢(w,v) = g(w) f(v) is a bilinear form.
(4) If V =C [a, b], then the following are all examples of bilinear forms:

o(v,u) fbfbk:c y Yu(y)dxdy, for k € C([a,b] % [a,b])
( v,u):f h(x )d:v for h € C([a, b))
(iii) o(v,u) = v(zo) f” ( )d:v, for z € [a, b]
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We say that a bilinear form is symmetric if (Vv,w € V)p(v,w) = p(w,v). In the finite-
dimensional case, this corresponds to the condition that the matrix A be symmetric, i.e., A = AT,
or (Vi,7)aij = aji.

Returning to Example (1) above, let V' be finite-dimensional and consider how the matrix of
the bilinear form ¢ changes when the basis of V' is changed. Let (v],...,v]) be another basis for
V related to the original basis (vy,...,v,) by change of basis matrix C' € F"*". We have seen

that the coordinates z’ for v relative to (v],...,v]) are related to the coordinates z relative to

rrn

(v1,...,v,) by x = C2'. If y and y denote the coordinates of w relative to the two bases, we have
y = Cy and therefore

o(w,v) =yT Az = yTCTACY'.
It follows that the matrix of ¢ in the basis (v},...,v/,) is CTAC. Compare this with the way the

’n
matrix representing a linear transformation L changed under change of basis: if T' was the matrix
of L in the basis (v1,...,v,), then the matrix in the basis (v],...,v)) was C7'TC. Hence the
way a matrix changes under change of basis depends on whether the matrix represents a linear
transformation or a bilinear form.
Sesquilinear Forms. When F = C, we will more often use sesquilinear forms: ¢ : V xV — C
is called sesquilinear if ¢ is linear in the second variable and conjugate-linear in the first variable,

ie.,
(1w + aws, v) = arp(wr, v) + dap(ws, v).

(Sometimes the convention is reversed and ¢ is conjugate-linear in the second variable. The two
possibilities are equivalent upon interchanging the variables.) For example, on C" all sesquilinear
forms are of the form (w,z) = Y71 Y7 | a;w;z; for some A € C**". To be able to discuss
bilinear forms over R and sesquilinear forms over C at the same time, we will speak of a sesquilinear
form over R and mean just a bilinear form over R. A sesquilinear form is said to be Hermitian-
symmetric (or sometimes just Hermitian) if

Vo,w e V) p(w,v) =@(v,w)

(when F = R, we say the form is symmetric). When F = C, this corresponds to the condition that
A= AR where AT = AT (i.e., (A®),;; = aj;) is the Hermitian transpose (or conjugate transpose) of
A, and a matrix A € C"*" satisfying A = A is called Hermitian. When F = R, this corresponds
to the condition A = AT (i.e., A is symmetric).

To a sesquilinear form, we can associate the quadratic form (v, v). We say that ¢ is nonnega-
tive (or positive semi-definite) if (Vv € V) (v, v) > 0, and that ¢ is positive (or positive definite)
if p(v,v) > 0 for all v # 0in V. By an inner product on V, we will mean a positive-definite
Hermitian-symmetric sesquilinear form.

Examples:

(1) F" with the Euclidean inner product (y,z) =" | G;x;.
(2) Let V. =F", and let A € F"*" be Hermitian-symmetric. Define

n

(y,z)a = Z aigiv; =7y Ax

i=1 j=1

The requirement that (z,z)4 > 0 for  # 0 for (-,-)4 to be an inner product serves to
define positive-definite matrices.
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(3) If V is any finite-dimensional vector space, we can choose a basis and thus identify V' = F"
and then transfer the Euclidean inner product to V' in the coordinates of this basis. The
resulting inner product depends on the choice of basis — there is no canonical inner
product on a general vector space. With respect to the coordinates induced by a basis,
any inner product on a finite-dimensional vector space V' is of the form (2).

(4) One can define an inner product on ¢ by (y,z) = > Zx;. To see (from first prin-
ciples) that this sum converges absolutely, apply the finite-dimensional Cauchy-Schwarz

inequality to obtain
1 1 1
n n 2 n 2 o0 [ee] 2
zmm(zw) (zw) s(zw) (zw) |
=1 =1 =1 =1 =1

Now let n — oo to deduce that the series Y .-, J;x; converges absolutely.
(5) The L*-inner product on C([a,b]) is given by (v,u) = f(f v(x)u(x)dr. (Exercise: show
that this is indeed positive definite on C'([a, b]).)

An inner product on V determines an injection V. — V. if w € V. define w* € V' by
w*(v) = (w,v). Since w*(w) = (w,w) it follows that w* = 0 = w = 0, so the map w — w*
is injective. The map w +— w* is conjugate-linear (rather than linear, unless F = R) since
(cw)* = aw*. The image of this map is a subspace of V. If dimV < oo, then this map is
surjective too since dim V' = dim V’. In general, it is not surjective.

Let dim V' < oo, and represent vectors in V' as elements of " by choosing a basis. If v, w have

L1 Y1

coordinates : , : |, respectively, and the inner product has matrix A € F**" in this

Tn Yn

NI

basis, then

w*(v) = (w,v) = (Z az‘jE) ;.
i=1 \j=1
It follows that w* has components b; = Z?:l a;;y; with respect to the dual basis. Recalling that
the components of dual vectors are written in a row, we can write this as b = 77 A.

An inner product on V' allows a reinterpretation of annihilators. If W C V is a subspace, define
the orthogonal complement W+ = {v € V : (w,v) = 0 for all w € W}. Clearly W+ is a subspace
of V.and WNW+ = {0}. The orthogonal complement W is closely related to the annihilator 1/¢:
it is evident that for v € V, we have v € W+ if and only if v* € We. If dim V < oo, we saw above
that every element of V' is of the form v* for some v € V. So we conclude in the finite-dimensional
case that

W= {v":ve W}
It follows that dim W+ = dim W* = codimW. From this and W N W+ = {0}, we deduce that
V = W & W=, So in a finite dimensional inner product space, a subspace W has a natural
complementary subspace, namely W+. The induced projection onto W along W+ is called the
orthogonal projection onto W.



CHAPTER 2

Norms

A norm is a way of measuring the length of a vector. Let V' be a vector space. A norm on V
is a function || - || : V' — [0, c0) satisfying
(i) |lv]|=0iff v =10
(ii) |lav]| = |a| - ||v]| for a € F,v € V
(iii) (triangle inequality) v + wl| < ||v|| + ||w|| for v,w € V.

The pair (V|| - ||) is called a normed linear space (or normed vector space).
Fact: A norm || - || on a vector space V' induces a metric d on V' by
d(v, w) = v — wl].

(Exercise: Show d is a metric on V.) All topological properties (e.g. open sets, closed sets,
convergence of sequences, continuity of functions, compactness, etc.) will refer to those of the
metric space (V,d).
FExamples:
(1) ¢? norm on F™ (1 < p < o0)
(a) p=o0 |z]| o = max |z is a norm on F".
1<i<n

(b) 1<p<oo |zl = i [@il”)

The triangle inequality

n ; n ; n ;
(Z |2 +yi\p> < <Z |$z’\p> + (Z |yz"p)
=1 =1 =1

is known as “Minkowski’s inequality.” It is a consequence of Hdlder’s inequality.
Integral versions of these inequalities are proved in real analysis texts, e.g., Folland
or Royden. The proofs for vectors in " are analogous to the proofs for integrals. The
fact that the triangle inequality holds is related to the observation that for 1 < p < oo,
the function z — 2P for x > 0 is convex:

Y — P

y
) (1<p <o)

(c)0<p<1 o, |xz|p)% is not a norm on F" (n > 1).

D=

is a norm on F".

The triangle inequality does not hold. For a counterexample, let z = e; and y = es.

" 1 1 n 1 n 1
Then (3, |z +ul?)r =27 > 2= (30, |zilP)r + (i |vilP)».

The failure of the triangle inequality is related to the observation that for 0 < p < 1,
the map x — 2P for x > 0 is not convex:

17
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Y y = zP

i 0<p<l)

(2) ¢7 norm on ¢ (subspace of F*°) (1 <p < o0)
(a) p=o0 Recall £° = {x € F* : sup;-, |2;| < oo}.
| 2|sc = sup;>; |74] is a norm on £°°.
(b) 1<p<oo Recall 7 = {xEFC’O (002 ]xl\p)% <oo}.

lzll, = O,y |m|p)% is a norm on (7.
The triangle inequality follows from the finite-dimensional case: exercise.
(3) LP norm on C([a,b]) (1<p<o0) (—0<a<b<oo)
() p=00  |Flle = 5UPyzpcy |F(x)] is a norm on C{([a, b).
Since |f(z)| is a continuous, real-valued function on the compact set [a,b], it takes
on its maximum, so the “sup” is actually a “max” here:

[ flloc = max |f(z)].

a<z<b

1

b 1<p<oo |Ifl,= (fj |f(a:)|pdx> ? is a norm on C([a, b]).

Use continuity of f to show that ||f|, =0 = f(z) =0 on [a,b].
The triangle inequality

([ 1+ ote rpdx) ([ i \pdz);+(/abrg<x>\pdx)’l’

is Minkowski’s inequality, a consequence of Holder’s inequality.

(c)0<p<1 (f |f(x |pdx>p is not a norm on C([a, b]).
“Pseudo-example”: Let a =0, b =1,

— o
A A
8 8

= O
IN A
=N

VR
()
o
=
=
=
QL
S
~~
S
+
VR
c\
o
Q
8
S~—
s
Q.
=
~~
i~

3=

1
1 1\»
~(3) +(5) =2 - (/ 7) + ol "’d‘”) ’
so the triangle inequality fails. This is only a pseudo-example because f and g are

not continuous. Exercise: Adjust these f and g to be continuous (e.g., f

ﬂ ) to construct a legitimate counterexample to the triangle inequality.
Remark: There is also a Minkowski inequality for integrals: if 1 < p < oo and u € C([a, b] X [¢, d]),

then 1 l
</ab /Cdu(g;,y)dy pd$>p < /cd (/ab|u(1:,y)]pdx>p dy.
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1. Equivalence of Norms

Lemma. If (V|| - ||) is a normed linear space, then || - || : (V,|| - ||) — R is continuous.

PROOF. For vy, vy € V| ||v1|| = [Jvy—vatuve|| < ||v1—va||+]||v2]], and thus ||vq||—||ve]| < ||vr—uv2]].
Similarly, ||va]| — [|v1]| < [|Jve — v1]] = [|[v1 — v2|. So |[|v1|| = ||v2]]| < |Jvg — v2]]. Given e > 0, let
0 =€, etc. O O

DEFINITION 1.1. Two norms || - || and || - ||2, both on the same vector space V', are called

equivalent norms on V' if there are constants Cy,Cy > 0 such that for allv € V,

1
a||v||2 < vl < Coljv]lo.

Remarks.

(1) If |lvlli < Coljvlla, then |jvp —v|ls = 0 = |lvp — v||y — 0, so the identity map I :
(Vo - 1l2) = (V|| - ]1) is continuous. Likewise if ||v||2 < Ci||v||1, then the identity map
I:(V|-|li) = (V,||-|l2) is continuous. So if two norms are equivalent, then the identity
map is bicontinuous. It is not hard to show (and it follows from a Proposition in the next
chapter) that the converse is true as well: if the identity map is bicontinuous, then the
two norms are equivalent. Thus two norms are equivalent if and only if they induce the
same topologies on V', that is, the associated metrics have the same open sets.

(2) Equivalence of norms is easily checked to be an equivalence relation on the set of all norms
on a fixed vector space V.

The next theorem establishes the fundamental fact that on a finite dimensional vector space, all
norms are equivalent.

Norm Equivalence Theorem If V is a finite dimensional vector space, then any two norms on
V' are equivalent.

ProoF. Fix a basis {v,...,v,} for V, and identify V with F" (v € V < x € F", where
v = xv1 + -+ + x,v,). Using this identification, it suffices to prove the result for F". Let

1
lz] = (300, |@i|*)? denote the Euclidean norm (i.e., 2 norm) on F". Because equivalence of norms
is an equivalence relation, it suffices to show that any given norm || - || on F” is equivalent to the
Euclidean norm | - |. For z € F",

n n n 2 n %
S| < Sl el < (zw) (z uew)
i=1 i=1 i=1 =1

by the Schwarz inequality in R”. Thus ||z|| < M|z|, where M = (3}, ||ei||2)%. Thus the identity

N =

)l =

map [ : (F",|-|) — (F", || - ||) is continuous, which is half of what we have to show.

Composing the map with || - || : (F", || -||) = R (which is continuous by the preceding Lemma),
we conclude that || - || : (F",|-|) — R is continuous. Let S = {z € F" : |x| = 1}. Then S is
compact in (F",|-]), and thus || - || takes on its minimum on S, which must be > 0 since 0 ¢ S.

Let m = minjg— ||z|| > 0. So if |x| = 1, then |[z| > m. For any x € F" with  # 0, ‘ﬁ‘ =1, so

Z
||

>m, ie. |z| < L|z|. Thus || - | and |- | are equivalent. d O
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Remarks.

(1) So all norms on a fixed finite dimensional vector space are equivalent. Be careful, though,
when studying problems (e.g. in numerical PDE) where there is a sequence of finite
dimensional spaces of increasing dimensions: the constants C; and C5 in the equivalence
can depend on the dimension (e.g. ||z|l2 < /17|« in F™).

(2) The Norm Equivalence Theorem is not true in infinite dimensional vector spaces, as the
following examples show.

Ezxample. Recall that F® = {x € F* : (IN)(Yn > N) =z, = 0}. On F, the Z norm and ¢?
norm are not equivalent for 1 < p < ¢ < co. We will show the case p =1, ¢ = oo here. Note that
2l < 3252 il = lllly, so 1 (BF, || - 1) = (B, |l - [loo) s continuous. But if

y1:(170707"')a y2:(171a07"')7 y3:(1717170a"')7

then [|ynlloo = 1Vn, but ||y,|i = n. So there does not exist a constant C' for which (Vz €
F&o)llzll < Cllz/lo-

Ezxample. On C([a,b]), for 1 < p < ¢ < oo, the LP and L? norms are not equivalent. We will show
the case p =1, ¢ = oo here. We have

b b
[ully = [ |u(z)|dz S/ [ullocdz = (b= a)[ulloo,

so I :(C([a,b]),] - |lec) = (C([a,b]), ] - |l1) s continuous.
(Remark: The integral Z(u) = fab u(z)dz is continuous on (C([a, b)), || - [|1) since |Z(u1) — Z(usz)| <
fab |ug(z) — ug(z)|dx = ||ug — uzll;. So composing these two continuous operators implies the

standard result that if u,, — w uniformly on [a, b], then fab up(z)dr — fab u(z)dz.)
To see that the inequality the other direction fails, WLOG assume a = 0, b = 1. Let u, have
graph:

n

0] 1 2 1
Then |ju,|l1 = 1, but ||us|le = m. So there does not exist a constant C' for which (Vu €

C(la,0])) [lullee < Cllully-
(3) It can be shown that, for a normed linear space V', the closed unit ball {v € V : |v|| < 1}
is compact iff dim V' < oo.
Ezample. In ¢ (subspace of F>®) with ¢? norm ||z|s = /> ., |7:]? considered above, the closed
unit ball {z € £ : ||z]|s < 1} is not compact. The sequence e;, e, €3, ... is in the closed unit ball,

but no subsequence converges because ||e; — e;]]2 = v/2 for i # j. Note that this shows that in an
infinite dimensional normed linear space, a closed bounded set need not be compact.

2. Norms induced by inner products

Let V be a vector space and (-,-) be an inner product on V. Define ||v| = /(v,v). By the
properties of an inner product, ||v|| > 0 with |[v|| =0 iff v =0, and Va € F)(Vv € V) |av| =
|| - [Jv]|. To show that || - || is actually a norm on V' we need the triangle inequality.
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Cauchy-Schwarz inequality: For all v,w € V:
[ (v, w)| < o] - [Jw]]

Moreover, equality holds iff v and w are linearly dependent. (This latter statement is sometimes
called the “converse of Cauchy-Schwarz.”)

PROOF. Case (i) If v = 0 or w = 0, clear.

Case (ii) If ||v|| = [Jw]] = 1 and (v,w) > 0, then 0 < |lv — w|]* = (v — w,v — w) = (v,v) —
2Re(v, w) + (w,w) = 2(1 — (v,w)) so (v,w) < 1 (with equality iff v = w).

Case (iii) For any v # 0 and w # 0, choose a € F with |a| = 1 and a(v,w) > 0. Let v; = Tor?

and wy = pir. Then |lv1|| = [Jwi|| = 1 and (vy,wq) > 0, so
ool _ alou)
[l el ol - fJwl]

(with equality iff v; = wy).
Exercise. In case (iii), show v, w are linearly dependent iff v; = w;. O O

Now the triangle inequality follows:

lv+wl|* = (w+wv+w) = (v,v)+2Re(v,w) + (w, w)
< ol + 2l v, w)l + lwll* < [lll* + 2llvll - [lwll + [wll* = (o]l + lw]])*.
So |Jv]| = \/{v,v) is a norm on V, called the norm induced by the inner product (-,-). An inner
product induces a norm, which induces a metric (V, (-,-)) = (V|| - ||) = (V,d).
FExamples.

(1) The Euclidean norm (i.e. ¢* norm) on F" is induced by the standard inner product

<y,CL’> = Z?:l EZEZ HxH? =V Z?zl |Iz|2

(2) Let A € F™" be Hermitian symmetric and positive definite, and let

(y,2)a = Z ZEaz‘j%’

i=1 j=1

for x,y € F". Then (-,-)4 is an inner product on F”, which induces the norm ||z| 4 given
by
l2]|% = (z,2)a = Zzﬂc_iaijxj =71 Ar = 2" Ax,
i=1 j=1
where 2zl = 77
(3) The ¢ norm on ¢* (subspace of F*) is induced by the inner product (y,z) = > 2, Yz, :
2l = 3232 Taws = 3272, |wil*. )
(4) The L? norm |Jul|s = (fab |u(a:)|2dx> * on C([a, b]) is induced by the inner product (v, u) =
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3. Closed unit balls in finite dimensional normed linear spaces

DEFINITION 3.1. A subset C of a vector space V is called convex if
(Vo,w e C)(Vt e [0,1]) tv+ (1 —t)w € C.

Remarks.

(1) This means that the line segment joining v and w is in C":

o[ = 1
v
t = 04&]%15': % midpoint)

tv 4+ (1 — t)w = w + t(v — w) is on this line segment.
(2) The linear combination tv + (1 —t)w for t € [0, 1] is often called a convexr combination of
v and w.

It is easily seen that the closed unit ball B = {v € V : ||v|| < 1} in a finite dimensional normed
linear space (V, || - ||) satisfies:

(1) B is convex.

(2) B is compact.

(3) B is symmetric. (This means that if v € B and o € F with |a| = 1, then av € B.)

(4) The origin is in the interior of B. (Remark: The condition that 0 be in the interior of a
set is independent of the norm: by the norm equivalence theorem, all norms induce the
same topology on V', i.e. have the same collection of open sets.)

Conversely, if dimV < co and B C V satisfies these four conditions, then there is a unique norm
on V for which B is the closed unit ball. In fact, the norm can be obtained from the set B by:

|o]| = inf{c > 0: © € B).
&

FEzxercise: Show that this defines a norm, and that B is its closed unit ball. Uniqueness follows
from the fact that in any normed linear space, [|v|| = inf{c > 0 : £ € B} where B is the closed
unit ball B ={v: [|v| < 1}.

Hence there is a one-to-one correspondence between norms on a finite dimensional vector space
and subsets B satisfying these four conditions.

4. Completeness

Completeness in a normed linear space (V, || - ||) means completeness in the metric space (V, d),
where d(v,w) = ||[v — wl|: every Cauchy sequence {v,} in V has a limit in V. (The sequence
vy, is Cauchy if (Ve > 0)(IN)(Vn,m > N)|v, — vn|| < €, and the sequence has a limit in V' if
(Fv e V)|v,—v| = 0asn— oco.)

Ezample. F™ in the Euclidean norm ||z|js = /Y., |z;|? is complete.

It is immediate from the definition of a Cauchy sequence that if two norms on V' are equivalent,
then a sequence is Cauchy with respect to one of the norms if and only if it is Cauchy with respect
to the other. Therefore, if two norms || - ||; and || - |2 on a vector space V' are equivalent, then
(V)| - l1) is complete iff (V.|| - ||2) is complete.
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Every finite-dimensional normed linear space is complete. In fact, we can choose a basis and
use it to identify V' with F". Since F" is complete in the Euclidean norm, it is complete in any
norm by the norm equivalence theorem.

But not every infinite dimensional normed linear space is complete.

DEFINITION 4.1. A complete normed linear space is called a Banach space. An inner product
space for which the induced norm is complete is called a Hilbert space.

FExamples. To show that a normed linear space is complete, we must show that every Cauchy
sequence converges in that space. Given a Cauchy sequence,

(1)

(2)

(1) construct what you think is its limit;

(2) show the limit is in the space V;

(3) show the sequence converges to the limit in the norm of V.

Let X be a metric space. Let C'(X) denote the vector space of continuous functions
u: X — F. Let Cyp(X) denote the subspace of C'(X) consisting of all bounded continuous
functions Cp(X) = {u € C(X) : (FK)(Vx € X)|u(z)| < K}. On Cy(X), define the sup
norm |[ul| = sup,ex |u(z)].

Fact. (Cy(X)), || -]|) is complete.

Proof. Let {u,} C Cy(X) be Cauchy in ||-||. For each x € X, |u,(z) —upm ()| < ||un—um],
so for each x € X, {u,(x)} is a Cauchy sequence in F. Since F is complete, this sequence
has a limit in F which we will call u(x): u(z) = lim,,_,o u,(z). This defines a function
on X. The fact that {u,} is Cauchy in Cy(X) says that for each ¢ > 0, (IN)(Vn,m >
N)YVz € X)|uy(x) — up(x)| < e. Taking the limit (for each fixed x) as m — oo, we get
(Vn > N)(Vx € X)|u,(x) — u(x)| <e. Thus u, — u uniformly, so u is continuous (since
the uniform limit of continuous functions is continuous). Clearly u is bounded (choose N
for e = 1; then (Vz € X)|u(x)| < |lun|[+1), sou € Cp(X). And now we have ||u, —ul| — 0
as n — 00, i.e., u, = uin (Cy(X), [ - |- O
/P is complete for 1 < p < oo.

p = oo. This is a special case of (1) where X =N ={1,2,3,...}.

1 < p < oo. Let {z"} be a Cauchy sequence in (?; write 2" = (z7,z%,...). Given ¢ > 0,
(IN)(Vn,m > N)|jz" —a™||, < e. Foreach k € N, |z} — 2| < (D pe, |2} — a:@”]p)% =
|z — a™]|, so for each k € N, {z}}°°, is a Cauchy sequence in F, which has a limit:
let z;, = lim, o 2}. Let z be the sequence x = (x1,22,3,...); so far, we just know
that x € F*. Given € > 0, (3N)(Vn,m > N)|[z" — 2™|| < e. Then for any K and for

n,m > N, (Ele |z} — xﬂp); < €; taking the limit as m — oo, (Zle |z} — xk]p> ’ < €

then taking the limit as K — oo, (3, |2} — xk]p)% < e Thus 2V —z € (P, so also
z =z — (zV —z) € 7, and we have (Vn > N)|z" — z||, < e. Thus |[|z" — x|, — 0 as
n — oo, i.e., xr, — x in P, O
If X is a compact metric space, then every continuous function u : X — F is bounded,
so C(X) = Cp(X). In particular, C'(X) is complete in the sup norm |Ju|| = sup,cy |u(x)]
(special case of (1)). For example, C(]a, b]) is complete in the L> norm.

For 1 < p < o0, C([a,b]) is not %mplete in the LP norm.

Example. On [0,1], let u, be: O 111 % 1 Then u, € C([0,1]).
Exercise: Show that {u,} is Cauchy in || - ||,.

We must show that there does not exist a u € C([0, 1]) for which |lu, — u|l, — 0.



24 2. NORMS

Exercise: Show that if u € C([0,1]) and |lu, — ul, — 0, then u(z) =0 for 0 < z < § and
u(x) =1 for % < x < 1, contradicting the continuity of u at x = %

(5) Fe = {x € F>* : (AN)(Vi > N)z; = 0} is not complete in any ¢’ norm (1 < p < o).
1 < p < oo. Choose any = € P\FJ, and consider the truncated sequences y; = (21,0, ...);
Y2 = (71,22,0,...); y3 = (21, 29, 23,0,...), etc.
Exercise: Show that {y,} is Cauchy in (F3°, || - ||,), but that there is no y € Fj® for which
lyn = yll, — 0.
p = oo. Same idea: choose any x € ¢\ Fg° for which lim; .., x; = 0, and consider the
sequence of truncated sequences.

5. Completion of a Metric Space

Fact. Let (X,d) be a metric space. Then there exists a complete metric space (X,d) and an
“inclusion map” i : X — X for which i is injective, i is an isometry from X to i(X) (i.e. (Va,y €
X)d(z,y) = d(i(x),i(y))), and i(X) is dense in X. Moreover, all such (X,d) are isometrically
isomorphic. The metric space (X,d) is called the completion of (X,d). (One way to construct
such an X is to take equivalence classes of Cauchy sequences in X to be elements of X.)
Representations of Completions. In some situations, the completion of a metric space can be
identified with a larger vector space which actually includes X, and whose elements are objects
of a similar nature to the elements of X. One example is R = completion of the rationals Q.
The completion of C'([a,b]) in the L? norm (for 1 < p < oo) can be represented as L”([a,b]), the

vector space of [equivalence classes of] Lebesgue measurable functions u : [a,b] — F for which
1

fab \u(z)|Pdx < oo, with norm |[Jul|, = (fab |u(m)\pdx> ". We will discuss this example in more detail

next quarter. Recall the fact from metric space theory that a subset of a complete metric space is

complete in the restricted metric iff it is closed. This implies

PROPOSITION 5.1. Let V' be a Banach space, and W C V' be a subspace. The norm on V
restricts to a norm on W. We have:

W is complete iff W s closed.

(If you're not familiar with this fact, it is extremely easy to prove. Just follow your nose.)

Further Examples. Define
Co(R™) = {u € Cp(R™) : limy| 00 u(x) = 0}
Ce(R™) ={u € Cp(R") : (3K > 0) such that u(z) =0 for |z| > K}.
We remark that if X is a metric space and u : X — F is a function, the support of u is defined to

be the closure of {x € X : u(z) # 0}. C.(R") is thus the space of continuous functions on R" with
compact support.

(6) Co(R™) is complete in the sup norm (exercise). This can either be shown directly, or by
showing that Cy(R™) is a closed subspace of Cy(R™).

(7) C.(R™) is not complete in the sup norm. In fact, C.(R") is dense in Cy(R"). So Cy(R™)
is a representation of the completion of C,.(R") in the sup norm.

6. Series in normed linear spaces

Let (V.| - ||) be a normed linear space. Consider a series Y -, v, in V.
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DEFINITION 6.1. We say the series converges in V' if 3v € V' such that limy_, ||Sy — 0| =
0, where Sy = ZN v, s the N partial sum. We say this series converges absolutely if

n=1
> ot |[vall < oo

Caution: If a series converges absolutely in a normed linear space, it does not have to converge in
that space.

Ezxample. The series (1,0---) + (0, %, 0-- ) + (0, 0, }L, 0-- ) converges absolutely in F§° with the

¢ norm, but it doesn’t converge in this space.
PROPOSITION 6.1. A normed linear space (V.|| -||) is complete iff every absolutely convergent
series actually converges in (V.| -||).
Sketch of proof (=): Given an absolutely convergent series, show that the sequence of partial
sums is Cauchy: for m > n ||, — S, || <377, ) (vl
(«<): Given a Cauchy sequence {v,}, choose n; < ny < --- inductively so that for k = 1,2,.. .,
(Vn,m > ng)||v, — vm|| < 277 Then in particular ||v,, — vn,,,|| < 27%. Show that the series
Up, + Zziz(vnk — Vp,_,) is absolutely convergent. Let v be its limit. Show that v, — v. [
A special case encountered in the classical literature is the Weierstrass M-test, obtained by
taking V' = Cy(X) with the sup norm on a metric space X. The Weierstrass M-test states that if
uj € Cp(X) and 377 sup u;| < oo, then the series )77, u; converges uniformly to a continuous
function. This is traditionally called the M-test because one sets M; = sup |u;| so that the
hypothesis is » 72| M; < oc.






CHAPTER 3

Norms on Operators

If V, W are vector spaces then so is L(V, W), the space of linear transformations from V' to
W. We now consider norms on subspaces of L(V,W).

1. Bounded Linear Operators and Operator Norms

Let (V.|| - |lv) and (W, ] - ||w) be normed linear spaces. An operator L € L(V, W) is called a
bounded linear operator if

sup || Lv|lw < oo.
llvllv=1

Let B(V, W) denote the set of all bounded linear operators from V' to W. In the special case
W =TF we have bounded linear functionals, and we set V* = B(V,TF).

PROPOSITION 1.1. Ifdim V' < oo, then every linear operator is bounded, so L(V, W) = B(V, W)
and V* =V".

PROOF. Choose a basis {vy,...,v,} for V with corresponding coordinates xi,...,z,. Then
> iy |z: is anorm on V, so by the Norm Equivalence Theorem, there exists M so that Y., |z;| <

Ml|v|| for v = > x;v;. Then
i=1 w

n
< > lail - Zvillw
i=1

n
(1 el ) 3
1=

< (max ||Lvi||w> Mivllv,

1<i<n

[Lolw =

IN

SO
sup || Lv||w < (m X ||Lvi||W) - M < o0.
folly =1 1Si<n

0 U

Caution. If L is a bounded linear operator, it is not necessarily the case that {||Lv||w : v € V'}
is a bounded set of R. In fact, if it is, then L = 0 (exercise). Similarly, if a linear functional is
a bounded linear functional, it does not mean that there is an M for which |f(v)| < M for all
v € V. The word “bounded” is used in different ways in different contexts.

27
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Remark: Tt is easy to see that if L € L(V, W), then

sup || Loljw = sup IILUIIW—Sup(llLvllw/llvllv)

[ollv=1 [ollv<1
Therefore L is bounded if and only if there is a constant M so that || Lv||w < M||v||y for allv € V.

Ezxamples:

(1) Let V=P be the space of polynomials with norm ||p|| = supy<,<; [p(z)|. The differenti-
ation operator - : P — P is not a bounded linear operator: [|2"|| =1 for all n > 1, but
| = llna" ")l = n.

(2) Let V. = Fy with P-norm for some p, 1 < p < oco. Let L be diagonal, so Lz =
(Alxl,Ang,)\gxg,...)T for x € F, where \; € C, ¢ > 1. Then L is a bounded linear
operator iff sup; |\;| < oco.

One of the reasons that boundedness of a linear transformation is an important concept is the
following result.

PROPOSITION 1.2. Let L : V. — W be a linear transformation between normed vector spaces.
Then L is bounded iff L is continuous.

PRrROOF. First suppose L is bounded. Thus there is C' so that || Lv|lw < C||v||y for all v € V.
Then for all v, v9 € V,

| Lvy — Lus|lw = ||[L(v1 — v2)[[w < Cllvg — vav.

Hence L is continuous (given ¢, let § = C~ ¢, etc.). In fact, L is Lipschitz continuous with Lipschitz
constant C' (and in particular is uniformly continuous).
Conversely, suppose L is continuous. Then L is continuous at v =0. Let e =1. Then 36 >0

so that if ||v]|y < 4§, then HLUHW < 1. For any v # 0, ”U”V =4, so HL <||v(|5|v ) ‘ <1, ie.,
v W
ILvllw < 5llvlly. Let €' = O 0

U

DEFINITION 1.1. Let L : 'V — W be a bounded linear operator between normed linear spaces,
i.e., L € B(V,W). Define the operator norm of L to be

ILIl = sup |Lvlw (= sup || Lollw = Sup(IILvllvv/llvllv)> -

lollv<1 [ollv=1
Remark. We have ||Lv|lw < ||L]|| - ||v||v for all v € V. In fact, |L|| is the smallest constant with
this property: ||L|| = min{C > 0: (Vv e V) ||Lv||lw < C|v|lv}

We now show that B(V, W) is a vector space (a subspace of L(V,W)). If L € B(V,W) and
a €T, clearly aL € B(V,W) and ||aL| = |«| - ||L]|. If L1, Ly € B(V, W), then

I(La + Lo)vllw < [ Lyvllw + [[Lovllw < (ILall + | L2 [0]lv,

so Ly + Ly € B(V,W), and ||Ly + Lo|| < ||L1|| + || L2||. It follows that the operator norm is indeed
anorm on B(V,W). || -|| is sometimes called the operator norm on B(V, W) induced by the norms
| - [[v and || - [[w (as it clearly depends on both || - ||y and || - [|w).
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Completeness of B(V, W) when W is complete.

PROPOSITION 1.3. If W is complete, then B(V,W) is complete. In particular, V* is always
complete (since F is), whether or not V is.

Proor. If {L,} is Cauchy in B(V,W), then (Vv € V){L,v} is Cauchy in W, so the limit
lim,, .o, L,v = Lv exists in W. Clearly the map L : V — W so defined is linear, and it is easy to
see that L € B(V,W) and ||L,, — L|| — 0. O O

2. Dual norms

In the special case W = F, the norm || f||* = supy,<; [ f(v)| on V* is called the dual norm to
that on V. If dim V' < oo, then we can choose bases and identify V' and V* with F". Thus every
norm on F™ has a dual norm on F". We sometimes write F"* for " when it is being identified
with V*. Consider some examples.

(1) If F" is given the ¢!-norm, then the dual norm is

n
Z fi%’
i=1

which is easily seen to be the /*-norm || f||« (exercise).
(2) If F™ is given the ¢*°-norm, then the dual norm is

n
Z fiiUz'
i=1

which is easily seen to be the £'-norm || f]|; (exercise).

(3) The dual norm to the £>norm on F" is again the ¢*-norm; this follows easily from the
Schwarz inequality (exercise). The ¢*-norm is the only norm on F" which equals its own
dual norm; see the homework.

(4) Let 1 < p < co. The dual norm to the ¢’-norm on F" is the (%-norm, where » + . = 1.
The key inequality is Holder’s inequality: >, fiz:| < [|fllq - [|]l,- We will be primarily
interested in the cases p = 1,2,00. (Note: i + % = 1 in an extended sense when p = 1
and ¢ = oo, or when p = oo and ¢ = 1; Hélder’s inequality is trivial in these cases.)

fOI‘ f:<f17~--7fn)€Fn*7

* = max
Hf” lzfl1 <1

for f=f1,..., fn) €™,

If" = max
llzlloo <1

It is instructive to consider linear functionals and the dual norm geometrically. Recall that
a norm on " can be described geometrically by its closed unit ball B, a compact convex set.
The geometric realization of a linear functional (excluding the zero functional) is a hyperplane. A
hyperplane in F" is a set of the form {z € F": > | fiz; = ¢}, where f;, ¢ € F and not all f; =0
(sets of this form are sometimes called affine hyperplanes if the term “hyperplane” is being reserved
for a subspace of " of dimension n — 1). In fact, there is a natural 1 — 1 correspondence between
F™*\{0} and the set of hyperplanes in F" which do not contain the origin: to f = (fi,..., fn) € F"*,
associate the hyperplane {x € F" : f(x) = fiz1 + -+ + fax, = 1}; since every hyperplane not
containing 0 has a unique equation of this form, this is a 1 — 1 correspondence as claimed.

If F = C it is often more appropriate to use real hyperplanes in C* = R?"; if z € C" and
we write z; = x; + iy;, then a real hyperplane not containing {0} has a unique equation of the
form 377 (ajz; + bjy;) = 1 where a;,b; € R, and not all of the a;’s and b;’s vanish. Observe

that this equation is of the form Re (Z;;l szj> = 1 where f; = a; — ib; is uniquely determined.

Thus the real hyperplanes in C™ not containing {0} are all of the form Ref(z) = 1 for a unique
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feC™\{0}. For F =R or C and f € F*"*\{0}, we denote by H; the real hyperplane H; = {v €
F": Ref(v) =1}.

LeEmMMA 2.1. If (V.|| ||) is a normed linear space and f € V*, then the dual norm of f satisfies
[FII* = supy,<1 Ref(v).

PROOF. Since Ref(v) < |f(v)],
sup Ref(v) < sup |f(v)] = [[f]".

llvl[<1 llvl[<1
For the other direction, choose a sequence {v;} from V' with ||v;|| = 1 and |f(v;)| — || f||*. Taking
0; = —arg f(v;) and setting w; = e"v;, we have ||w;|| = 1 and f(w;) = |f(v;)] = [|f]|*, so
sup|,<1 Ref(v) > || f]I*- O O

We can reformulate the Lemma geometrically in terms of real hyperplanes and the unit ball in
the original norm. Note that any real hyperplane Hy in F" not containing the origin divides F"
into two closed half-spaces whose intersection is Hy. The one of these half-spaces which contains
the origin is {v € F" : Ref(v) < 1}.

PROPOSITION 2.1. Let || - || be a norm on F™ with closed unit ball B. A linear functional f €
F\{0} satisfies || f||* < 1 if and only if B lies completely in the half space {v € F" : Ref(v) < 1}

determined by f containing the origin.

Proor. This is just a geometric restatement of the Lemma above. The Lemma shows that
f € ™ satisfies || f||* < 1 iff sup,j<; Ref(v) < 1, which states geometrically that B is contained
in the closed half-space Ref(v) < 1. O O

It is interesting to translate this criterion into a concrete geometric realization of the dual unit
ball in specific examples; see the homework.
The following Theorem is a fundamental result concerning dual norms.

THEOREM 2.1. Let (V| - ||) be a normed linear space and v € V.. Then there exists f € V*
such that || f||* =1 and f(v) = ||v||.

This is an easy consequence of the following result.

THEOREM 2.2. Let (V,|| - ||) be a normed linear space and let W C V' be a subspace. Give W
the norm which is the restriction of the norm on V. If g € W*, there exists f € V* satisfying

flw =g and || fllv- = ||gllw-

The first Theorem follows from the second as follows. If v # 0, take W = span{v} and define
g € W* by g(v) = ||v||, extended by linearity. Then ||g|[w~ = 1, so the f produced by the second
Theorem does the job in the first theorem. If v = 0, choose any nonzero vector in V' and apply
the previous argument to it to get f.

The second Theorem above is a version of the Hahn-Banach Theorem. Its proof in infinite
dimensions is non-constructive, uses Zorn’s Lemma, and will not be given here. We refer to a
real analysis or functional analysis text for the proof (e.g., Royden Real Analysis or Folland Real
Analysis). In this course we will not have further occasion to consider the second Theorem. For
convenience we will refer to the first Theorem as the Hahn-Banach Theorem, even though this is
not usual terminology.

We will give a direct proof of the first Theorem in the case when V' is finite-dimensional. The
proof uses the Proposition above and some basic properties of closed convex sets in R". When we




2. DUAL NORMS 31

get to the proof of the first Theorem below, the closed convex set will be the closed unit ball in
the given norm.

Let K be a closed convex set in R™ such that K # (), K # R". A hyperplane H C R" is said
to be a supporting hyperplane for K if the following two conditions hold:

(1) K lies completely in (at least) one of the two closed half-spaces determined by H
(2) HNK #10.

We associate to K the family Hy of all closed half-spaces S containing K and bounded by a
supporting hyperplane for K.

Fact 1. K = ﬂgeq.[KS.
Fact 2. If x € OK, then there is a supporting hyperplane for K containing x.

In order to prove these facts, it is useful to use the constructions of Euclidean geometry in R”
(even though the above statements just concern the vector space structure and are independent of
the inner product).

Proof of Fact 1. Clearly K C Ny, S. For the other inclusion, suppose y ¢ K. Let © € K be a
closest point in K to y. Let H be the hyperplane through x which is normal to y — z. We claim
that K is contained in the half-space S determined by H which does not contain y. If so, then
S € Hkgand y ¢ S, soy ¢ Ny, S and we are done. To prove the claim, if there were a point z
in K on the same side of H as y, then by convexity of K, the whole line segment between z and
x would be in K. But then an easy computation shows that points on this line segment near x
would be closer than x to y, a contradiction. Note as a consequence of this argument that a closed
convex set K has a unique closest point to a point in R" \ K.

Proof of Fact 2. Let x € OK and choose points y; € R™ \ K so that y; — x. For each such y;,
let x; € K be the closest point in K to y;. By the argument in Fact 1, the hyperplane through
x; and normal to y; — x; is supporting for K. Since y; — x, we must have also z; — z. If we
let u; = IZj:ijl’ then u; is a sequence on the Euclidean unit sphere, so a subsequence converges
to a unit vector u. By taking limits, it follows that the hyperplane through = and normal to u is
supporting for K.

Proof of first Theorem if dim(V') < oo. By choosing a basis we may assume that V' = F".
Clearly it suffices to assume that ||v|| = 1. The closed unit ball B is a closed convex set in F” (= R”
or R?*"). By Fact 2 above, there is a supporting (real) hyperplane H for B with v € H. Since the
origin is in the interior of B, the origin is not in H. Thus this supporting hyperplane is of the
form Hy for some uniquely determined f € F"*. Since H is supporting, B lies completely in the
half-space determined by f containing the origin, so the Proposition above shows that || f||* < 1.
Then we have

L=Ref(v) <|f)] <SPl =A< 1.

It follows that all terms in the above string of inequalities must be 1, from which we deduce that

*=1and f(v) =1 as desired. [
[hal f(v)
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The Second Dual. Let (V|| - ||) be a normed linear space, V* be its dual equipped with the
dual norm, and V** be the dual of V* with the norm dual to that on V*. Given v € V, define
v e V™ by v (f) = f(v); since [p(f)] < [[f[]" - [[o], v € V™ and [v™]| < flvf|. By
the Hahn-Banach theorem, 3 f € V* with || f||* = 1 and f(v) = ||v]]. Thus v**(f) = ||v]|, so
o™ = supy =1 [v™*(f)] = ||[v]|. Hence [[v**]| = [[v]|, so the mapping v > v** from V into V** is
an isometry of V onto the range of this map. In general, this embedding is not surjective; if it is,
then (V|| - ) is called reflezive.

In finite dimensions, dimension arguments imply this map is surjective. Thus we can identify
V with V** and under this identification the dual norm to the dual norm is just the original norm
on V.

The second dual provides one way to realize the completion of a normed linear space (V|| - ||).
Let us identify V' with its image under the map v — v*™*, so that we view V' C V**. Since V**
is always complete whether V is or not, the closure V' C V** is a closed subspace of a complete
normed linear space, and hence is complete when given the norm which is the restriction of the
norm on V**. Since V is dense in V, V is a realization of the completion of V.

3. Submultiplicative Norms

If V' is a vector space, L(V,V) = L(V) is an algebra with composition as multiplication. A
norm on a subalgebra of £(V) is said to be submultiplicative if || Ao B|| < ||A]|-||B||. (Horn-Johnson
calls this a matrix norm in finite dimensions.)

Ezample: For A € C™", define ||A|| = sup,.; ;<, |a;j|. This norm is not submultiplicative: if
1 - 1

A=B=| : : |, then ||A]| = ||B|| = 1, but AB = A%? = nA so |AB|| = n. However, the
1 - 1

norm A — nsup;; ;<, |a;| is submultiplicative (exercise).

Fact: Operator norms are always submultiplicative.

In fact, if U, V, W are normed linear spaces and L € B(U,V) and M € B(V,W), then for u € U,
(M o L)(uw)l|w = M (Lu)llw < [M]| - | Lully < [|MI] - [[L] - [[ullo,

so M oL e B(UW) and [|[MoL|| < |[[M]| -||L||. The special case U = V = W shows that the
operator norm on B(V') is submultiplicative (and L, M € B(V) = M o L € B(V)).

4. Norms on Matrices

If A € C™", we denote by AT € C™™ the transpose of A, and by A* = Af = AT the
conjugate-transpose (or Hermitian transpose) of A. Commonly used norms on C™*" are the
following. (We use the notation of H-J.)

m n

1Al = 33 |ail (the ¢'-norm on A as if it were in C™")
i=1j=1

|Allee = max;;|ai;l (the £>*°-norm on A as if it were in C™")

D=

NgE

|Alle = ( > |aij|2) = (tr A*A)% (the (>-norm on A as if it were in C™")
—1j=1

2
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The norm || A||2 is called the Hilbert-Schmidt norm of A, or the Frobenius norm of A, and is
often denoted ||A||gs or ||A||F. Tt is sometimes called the Euclidean norm of A. This norm comes
from the inner product (B, A) = 7" >, bija;; = tr (B*A).

We also have the following p-norms for matrices: let 1 < p < oo and A € C™*", then

ANl = max [[Az],.
llz/lp=1
This is the operator norm induced by the ¢Z norm || - ||, on C™ and C".

Caution: |||A]||, is a quite non-standard notation; the standard notation is ||Al|,. In numerical
analysis, the Frobenius norm is typically denoted ||Al|z. We will, however, go ahead and use the
notation of H-J.

Using arguments similar to those identifying the dual norms to the ¢'- and ¢*°-norms on C",
it can be easily shown that

[JAlllL = maxicj<n Yoy ai] (maximum (absolute) column sum)

[Allloo = maxi<icm Y5 |ai] (maximum (absolute) row sum)

The norm |||A|||2 is often called the spectral norm (we will show later that it equals the square
root of the largest eigenvalue of A*A).

Except for || - ||, all the above norms are submultiplicative on C"*™. In fact, they satisfy a
stronger submultiplicativity property even for non-square matrices known as consistency, which
we discuss next.

5. Consistent Matrix Norms

The concept of submultiplicativity can be extended to non-square matrices.

DEFINITION 5.1. Let i, v, p be norms on C™*", C**k C™*  respectively. We say that pi, v, p
are consistent if VA € C™*" and ¥V B € C™¥,

p(AB) < p(A)v(B).

Observe that in the case m = n = k and p = p = v, this definition is equivalent to stating that
the norm on C™*" is submultiplicative.

The next proposition shows that with the exception of || - ||, each of the norms defined above
constitutes a consistent family of matrix norms.

PROPOSITION 5.1. Let || - || be any one of the norms ||| - |||,, 1 <p < oo, or |- |1, or || - ||2. If
A e C™" B e C™F, then we have
[AB]| < || A[l[|B]]-

Proor. We saw in the previous section that operator norms always satisfy this consistency
property. This establishes the result for the norms |||-|||,, 1 < p < co. We reproduce the argument:
[ABl[, = max [[ABz|, < max |[[A[|[,|| Bz, < max [[[All[p|[[Bll|pll<]l, = [[[Alllol Bl

zllp=1 lzllp=1 lzllp=1
For || - || and || - ||2, the proposition follows by direct estimation:

m k n

<SS allbal = AL B,

i=1 =1 j=1 r=1

n
E aijbﬂ

j=1

B =3

=1 [=1
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ABE=30Y 3y (Z |az-j|2> (Z |bﬂ|2> ~ ARIBIE

n

Z aijbﬂ

i=1 =1 | j=1 i=1 1=1 \j=1

0 U

Note that the proposition fails for || - ||»: we have already seen that submultiplicativity fails for

this norm on C™*". Note also that || - ||; and || - || on C™*™ are definitely not the operator norm
for any norm on C, since ||I|| = 1 for any operator norm.

PROPOSITION 5.2. For A € C™*" we have
Al < [[AlL and —[|[A]l]2 < [|A]l2

ProOF. The first of these follows immediately from the explicit description of these norms.
However, both of these also follow from the general fact that the operator norm on C™*" determined
by norms on C™ and C" is the smallest norm consistent with these two norms. Specifically, using
the previous proposition with £ = 1, we have

1Al = max 4z < max [Alz]]s = Al

] 2=1
and similarly for the 1-norms. 0 0

The bound [||A|||l2 < ||A]|2 is useful for estimating |||A||2 since this is not explicit, but || Al is
explicit.

6. Analysis with Operators

Throughout this discussion, let V' be a Banach space. Since V' is complete, B(V) = B(V,V)
is also complete (in the operator norm). We want to define functions of an operator L € B(V).
We can compose L with itself, so we can form powers L¥ = Lo ---o L, and thus we can define
polynomials in L: if p(2) = ag + a1z + -+ + a,2", then p(L) = agl + a1 L + - -+ + a,L™. By taking
limits, we can form power series, and thus analytic functions of L. For example, consider the series

o

1 1

k=

0
(note L is the identity I by definition). This series converges in the operator norm on B(V): by
submultiplicativity, || L*|| < ||L]|*, so

o0 [e.o]

1 1
ST = ST S = el < oo

k=0 k=0

since the series converges absolutely and B(V) is complete (recall V' is a Banach space), it converges
in the operator norm to an operator in B(V) which we call e’ (note that ||el|| < elZl). In the
finite dimensional case, this says that for A € F"*", each component of the partial sum Z]k;vzo %Ak
converges as N — oo; the limiting matrix is e4.

Another fundamental example is the Neumann series. We will say that an operator in B(V') is
invertible if it is bijective (i.e., invertible as a point-set mapping from V onto V', which implies that
the inverse map is well-defined and linear) and that its inverse is also in B(V). It is a consequence
of the closed graph theorem (see Royden or Folland) that if L € B(V) is bijective (and V' is a

Banach space), then its inverse map L™! is also in B(V).
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Note: B(V') has a ring structure using the addition of operators and composition of operators as
the multiplication; the identity of multiplication is just the identity operator I. Our concept of
invertibility is equivalent to invertibility in this ring: if L € B(V)and 3M € B(V)> LM = ML =
I, then ML = I = L injective and LM = I = L surjective. Note that this ring in general is not
commutative.

PRrROPOSITION 6.1. If L € B(V) and ||L|| < 1, then I — L is invertible, and the Neumann series
> ne L¥ converges in the operator norm to (I — L)™!

Remark. Formally we can guess this result since the power series of 1T1z centered at z = 0 is
> e 27 with radius of convergence 1.

Proor. If | L] < 1, then

Z IZ*) < Z IZ|* = “L” < 0o,

so the Neumann series Y ., L* converges to an operator in B(V). Now if S;, 5,7 € B(V) and
S; — S in B(V), then [|S; — S|| — 0, so ||S;T — ST|| < ||S; — S| - IT|| = 0 and ||T°S; — T'S|| <
||| - IIS; — S| = 0, and thus S;7 — ST and T'S; — T'S in B(V). Thus

_L)<2Lk>:1&i§;f LZL’“—]&:%O - LY =1
k=0

(using [|[LNFH| < ||L|¥ — 0), and similarly (Y 5o, L¥) (I — L) = I. So I — L is invertible and
([— L) =50, L~ O O

This is a very useful fact: a perturbation of I by an operator of norm < 1 is invertible. This
implies, among other things, that the set of invertible operators in B(V) is an open subset of B(V')
(in the operator norm); see the homework.

Clearly the power series arguments used above can be generalized. Let f(z) be analytic on
the disk {|z| < R} C C, with power series f(z) = > -, axz® (which has radius of convergence at
least R). If L € B(V) and ||L|| < R, then the series Y ;- axL* converges absolutely, and thus
converges to an element of B(V') which we call f(L) (recall V' is a Banach space). It is easy to check
that usual operational properties hold, for example (fg)(L) = f(L)g(L) = g(L)f(L). However,
one must be careful to remember that operators do not commute in general. So, for example,
el M oL eLeM in general, although if L and M commute (i.e. LM = ML), then eX+tM = eleM,

Let L(t) be a l-parameter family of operators in B(V), where t € (a,b). Since B(V) is a
metric space, we know what it means for L(t) to be a continuous function of ¢. We can define

differentiability as well: L(t) is differentiable at t = tq € (a, b) if L'(ty) = limy_y, %fo(to)
the norm on B(V). For example, it is easily checked that for L € B(V), e* is differentiable in ¢
for all t € R, and Le'’ = Le'l = e'F L.

We can snmlarly consider families of operators in B(V') depending on several real parameters
or on complex parameter(s). A family L(z) where z = x + iy € QP C C (z,y € R) is said to be

holomorphic in €2 if the partial derivatives %L(z), %L(z) exist and are continuous in €2, and L(z)

exists in

satisfies the Cauchy-Riemann equation (% + z'(%) L(z) = 0in Q. As in complex analysis, this is
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equivalent to the assumption that in a neighborhood of each point zq € €, L(z) is given by the

B(V)-norm convergent power series L(z) = Y 2~ (2 — 20)* (d%)k L(zp).
One can also integrate families of operators. If L(t) depends continuously on ¢ € [a, b], then it
can be shown using the same estimates as for F-valued functions (and the uniform continuity of

L(t) since [a, b] is compact) that the Riemann sums
b—a e~ k
L —(b—
3 ( P a>)

converge in B(V)-norm (recall V' is a Banach space) as n — oo to an operator in B(V'), denoted

f L(t)dt. (More general Riemann sums than just the left-hand “rectangular rule” with equally
spaced pomts can be used.) Many results from standard calculus carry over, including

b b
[ i < [izena
which follows directly from

bj_vaNz_:lL(aJr%(b—a))

k=0

~+

e o)

By parameterizing paths in C, one can define line mtegrals of holomorphic families of operators.
We will discuss such constructions further as we need them.

7. Adjoint Transformations

Recall that if L € £(V, W), the adjoint transformation L' : W' — V' is given by (L'g)(v) =
g(Lv).

PROPOSITION 7.1. Let V,, W be normed linear spaces. If L € B(V,W), then L'(W*) C V*.
Moreover, L' € B(W*,V*) and ||L'|| = ||L||.

PRrooOF. For g € W*,

(L'g) ()] = lg(Lo)| < llgll - [1Loll < llgll - L1 - [lvll,
so L'g € V*, and ||L'g|| <|\gll - || L||. Thus L' € B(W*,V*) and ||L'|| < ||L]]-
Given v € V, apply the Hahn-Banach theorem to Lv to conclude that 3¢ € W* with ||g|| =1
and (L'g)(v) = g(Lv) = |[Lv]l. So

Il = sup ||[L'g[| = sup sup |(L'g)(v)| = sup [|Lv] = [|L].
lgll<1 lgll<1 flvll<1 o<1

Hence ||Z']| = || L] O 0

Transposes and Adjoints. Recall that if A € C™*", we denote by AT € C"*™ the transpose of
A, and by A* = A" = AT the conjugate-transpose (or Hermitian transpose) of A. If u,v € C' are
represented as column vectors, then the Euclidean inner product can be represented in terms of
matrix multiplication as (v,u) = v*u. For A € C"™*" z € C", y € C™, we then have (y, Az) =
(A*y, x) since y*Ax = (A*y)*x

)
If (V,(-,-)y) and (W, (-, -}y ) are finite dimensional inner product spaces and L € L(V, W), then
the adjoint operator L* € L(W, V) is defined as follows. For w € W, the assignment v — (w, Lv)w
defines a linear functional on V. We have seen that every linear functional on a finite-dimensional
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inner product space arises by taking the inner product with a uniquely determined vector in that
space. So there exists a unique vector in V' which we denote L*w with the property that

(L*w,v)y = (w, Lu)w

for all v € V. The map w — L*w defined in this way is a linear transformation L* € L(W, V).
However, L* depends conjugate-linearly on L: (aL)* = aL*.

In the special case in which V' = C", W = C™, the inner products are Euclidean, and L is
multiplication by A € C™*", it follows that L* is multiplication by A*. Compare this with the
dual operator L'. Recall that L' € L(W’, V') is given by right multiplication by A on row vectors,
or equivalently by left multiplication by A7 on column vectors. Thus the matrices representing
L* and L’ differ by a complex conjugation. In the abstract setting, the operators L* and L' are
related by the conjugate linear isomorphisms V = V', W = W’ induced by the inner products.

8. Condition Number and Error Sensitivity

In this section we apply our material on norms to the analysis of error sensitivity when solving
inhomogeneous systems of linear equations.

Throughout this discussion A € C™*" will be assumed to be invertible. We are interested in
determining the sensitivity of the solution of the linear system Ax = b (for a given b € C") to
perturbations in the right-hand-side (RHS) vector b or to perturbations in A. One can think of
such perturbations as arising from errors in measured data in computational problems, as often
occurs when the entries in A and/or b are measured. As we will see, the fundamental quantity is
the condition number

K(A) = All-[|A7

of A, relative to a submultiplicative norm || - || on C"*". Since [|I|| > 1 in any submultiplicative
norm ([[7[} = |7 < [1]* = [[1]| = 1), we have r(A) = [[A[| - [A7H] = [|A- A7H| = [|[T]] > 1.
Suppose || - || is a norm on C™*™ consistent with a norm || - || on C" (i.e. ||Az| < ||A] - ||=| as

defined previously). Suppose first that the RHS vector b is SubJect to error, but the matrix A is
not. Then one actually solves the system Ax = b for 7 x, where b is presumably close to b, instead
of the system Ax = b for x. Let z, ¥ be the solutions of Ax = b, Ax = b respectively. Define the
error vector e = x — T, and the residual vector r = b—b = b— AZ (the amount by which AZ fails to
match b). Then Ae = A(x — %) =b—b=r, so e = A"'r. Thus || < ||A~Y] - ||r|. Since Az = b,
1ol < IA]l - || Multiplying these two inequalities gives le| - [[b]| < [|A[l - [[A7]] - [lz]| - [I7]], i.e.

M < k(A)
]l

Il
16]]

So the relative error ”—” is bounded by the condition number k(A) times the relative residual H

lel > 1|7l

Exercise: Show that also el 2 H(A) ol

Matrices for which x(A) is large are called ill-conditioned (relative to the norm || - ||); those
for which k(A) is close to ||I]| (which is 1 if || - || is the operator norm) are called well-conditioned
(and perfectly conditioned if k(A) = ||I]]). If A is ill-conditioned, small relative errors in the data
(RHS vector b) can result in large relative errors in the solution.

If @ is the result of a numerical algorithm (with round-off error) for solving Ax = b, then the
error ¢ = x — T is not computable, but the residual r = b — AZ is computable, so we obtain an

upper bound on the relative error H < R(A)H. In practice, we don’t know k(A) (although we
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may be able to estimate it), and this upper bound may be much larger than the actual relative
error.

Suppose now that A is subject to error, but b is not. Then ¥ is now the solution of (A+ E)z = b,
where we assume that the error E € C™ " in the matrix is small enough that ||[A™'F|| < 1, so
(I + A'E)~! exists and can be computed by a Neumann series. Then A 4+ E is invertible and

(A+ E)™' = (I + A7'E)7'A~!. The simplest inequality bounds %, the error relative to 7, in
IE]

terms of the relative error 171 in A: the equations Az = b and (A+ E)x = bimply A(x—72) = E7Z,
r—7=A1EZ, and thus ||z — Z| < ||[A7Y - ||E|| - ||Z]|, so that

llell £

[ 1A]
To estimate the error relative to x is more involved; see below.

Consider next the problem of estimating the change in A~! due to a perturbation in A. Suppose
|A7Y|| - IE|| < 1. Then as above A + E is invertible, and

AN (A+ B = A - i(—l)k(AlE)’“Al

k=0

r(A)

_ Z(—l)kJrl(A*lE)kA*l,

00
k=1

SO

AT = (A+ B < Y ATE|T AT
k=1

AT B
JAH 2] 4
= 1—ga-qe !
L= w(A)EN/IA] AN '
So the relative error in the inverse satisfies
A A+ _ s
[ AH] 1= rs(A[E[/IA] A

: E — . K(A . .
Note that if /-@(A)H = ||A7Y| - ||E|| is small, then m ~ k(A). So the relative error in

the inverse is bounded (approximately) by the condition number x(A) of A times the relative error
£

AT in the matrix A.

Using a similar argument, one can derive an estimate for the error relative to x for the computed
solution to Ax = b when A and b are simultaneously subject to error. One can show that if 7 is

the solution of (A + FE)x = b with both A and b perturbed, then

lell _ K(A) (HEH +M)'
[l = 1= w(AE]/AL AL (o]
(Use (A+ E)r =b+ Ex and (A+ E)x = b to show z — & = (A+ E)"Y(Ex +r), and also use

Il < Gl Al el




CHAPTER 4

Non-Square Matrices

There is a useful variation on the concept of eigenvalues and eigenvectors which is defined for
both square and non-square matrices. Throughout this discussion, for A € C™*", let ||A| denote
the operator norm induced by the Euclidean norms on C™ and C™ (which we denote by || - ||), and
let ||Al|r denote the Frobenius norm of A. Note that we still have

(y, Ax)em = y"Ax = (A'y,x)cn for z € C", y e C™.

From A € C™*™ one can construct the square matrices A7 A € C"*" and AA” € C™*™. Both
of these are Hermitian positive semi-definite. In particular A% A and AAY are diagonalizable with
real non-negative eigenvalues. Except for the multiplicities of the zero eigenvalue, these matrices
have the same eigenvalues; in fact, we have:

PropPOSITION 0.1. Let A € C™*" and B € C™™ with m < n. Then the eigenvalues of BA
(counting multiplicity) are the eigenvalues of AB, together with n — m zeroes. (Remark: For
n =m, this was Problem j on Problem Set 5.)

PRrROOF. Consider the (n 4+ m) x (n + m) matrices

AB 0 0 O
C’lz{ B 0] and CQZ[B BA]'

These are similar since S71C}S = C5 where

(1 A L [1 -4
s=[14] wa sr-1 )

But the eigenvalues of C are those of AB along with n zeroes, and the eigenvalues of Cy are those
of BA along with m zeroes. The result follows. U ([l

So for any m, n, the eigenvalues of A# A and AA¥ differ by |n — m| zeroes. Let p = min(m,n)
and let A\; > Xy > -+ >\, (> 0) be the joint eigenvalues of A¥ A and AAT.

DEFINITION 0.1. The singular values of A are the numbers
012092 20,20,
where 0; = \/\;. (When n > m, one often also defines singular values 0y = -+ =0, = 0.)

It is a fundamental result that one can choose orthonormal bases for C* and C™ so that A
maps one basis into the other, scaled by the singular values. Let ¥ = diag (o1, ...,0,) € C™*" be
the “diagonal” matrix whose i entry is o; (1 <i < p).

39
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1. Singular Value Decomposition (SVD)

If A € C™" then there exist unitary matrices U € C™*™ V € C"*" such that A = UXV*,
where ¥ € C™*" is the diagonal matrix of singular values.

PROOF. By the same argument as in the square case, || A]|? = ||A¥ Al|. But
AT Al = A =02, so ||A| = o1

So we can choose z € C" with ||z|| = 1 and ||Az|| = 01. Write Az = o1y where ||y|| = 1. Complete
x and y to unitary matrices
‘/1 = [LL’,@JQ,"' ,?]Jn] e C™" and U1 = [y,ﬂQ,"' ,ﬂm] e cmxm,

Since U7 AV;) = A; is the matrix of A in these bases it follows that
oy w*
A= { 01 B ]
for some w € C*! and B € Cm=VUx(»=1) Now observe that

ol +w'w <

= oy(0? + w*w)%

since ||A1]| = ||A]| = o1 by the invariance of || - || under unitary multiplication.
It follows that (02 + w*w)z < oy, so w = 0, and thus
. 01 0
w=[3 8]
Now apply the same argument to B and repeat to get the result. For this, observe that
a? 0 X *
[ 0 pp | =AM =WATAY

is unitarily similar to A” A, so the eigenvalues of B*B are Ay > -+ > ), (> 0). Observe also that
the same argument shows that if A € R™*" then U and V can be taken to be real orthogonal
matrices. O U

This proof given above is direct, but it masks some of the key ideas. We now sketch an
alternative proof that reveals more of the underlying structure of the SVD decomposition.

Alternative Proof of SVD: Let {vy, ..., v,} be an orthonormal basis of C" consisting of eigenvec-
tors of A A associated with \; > Xy > --- >\, (> 0), respectively, and let V = [v; - - - v,,] € C™*™.
Then V' is unitary, and

VAL AV = A = diag (Mg, ..., \y) € R,

For 1 <1¢<mn,
|Av;||> = e} VA" AVe; = \; = 02 .
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Choose the integer r such that
01220, >0 ="=0,=0

(r turns out to be the rank of A). Then for 1 < i < r, Av; = oyu; for a unique u; € C™ with
||ui|]| = 1. Moreover, for 1 <i,j <r,

1 1
uiu; = —vf AT Avy = e;ANe; = 0.
0,05 0,0
So we can append vectors i1, ..., u, € C™ (if necessary) so that U = [u; - - u,) € C™™ is
unitary. It follows easily that AV = U, so A =UXV*. O

The ideas in this second proof are derivable from the equality A = UXV* expressing the SVD
of A (no matter how it is constructed). The SVD equality is equivalent to AV = U3 . Interpreting
this equation columnwise gives

Av; = ou; (1 <i<p),

and
Av; =0 fori>mif n>m,
where {vy,...,v,} are the columns of V' and {uy,...,u,} are the columns of U. So A maps
the orthonormal vectors {vy,...,v,} into the orthogonal directions {us,...,u,} with the singular
values o3 > --- > 0, as scale factors. (Of course if o; = 0 for an ¢ < p, then Av; = 0, and the
direction of u; is not represented in the range of A.)
The vectors vy, ..., v, are called the right singular vectors of A, and uy, ..., u,, are called the

left singular vectors of A. Observe that
ATA=VY*YV* and Y% =diag(o7,...,02) € R™"

even if m < n. So
VAT AV = A = diag (A1, ... \n),
and thus the columns of V form an orthonormal basis consisting of eigenvectors of A7A € C™*™,
Similarly AAH = UXY*U*, so
m—n zeroes if m>n

——
U*AARU = ¥3* = diag (02, ..., 0> 0,...,0 )eRm™™

»Ypo
and thus the columns of U form an orthonormal basis of C™ consisting of eigenvectors of AA” €

Cme

Caution. We cannot choose the bases of eigenvectors {vi,...,v,} of A”A (corresponding to
Aty An) and {ug, ..., un} of AAT (corresponding to A1, ..., A, [0,...,0]) independently: we
must have Av; = o;u; for o; > 0.

In general, the SVD is not unique. X is uniquely determined but if A¥ A has multiple eigenval-
ues, then one has freedom in the choice of bases in the corresponding eigenspace, so V' (and thus U)
is not uniquely determined. One has complete freedom of choice of orthonormal bases of N'(A* A)
and N (AAH): these form the right-most columns of V' and U, respectively. For a nonzero multiple
singular value, one can choose the basis of the eigenspace of A A (choosing columns of V'), but
then the corresponding columns of U are determined; or, one can choose the basis of the eigenspace
of AAH (choosing columns of U), but then the corresponding columns of V are determined. If all
the singular values o4, ..., 0, of A are distinct, then each column of V' is uniquely determined up
to a factor of modulus 1, i.e., V is determined up to right multiplication by a diagonal matrix

D = diag (¢*,.. . ¢e").
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Such a change in V' must be compensated for by multiplying the first n columns of U by D (the
first n — 1 cols. of U by diag (e, .., " 1) if g, = 0); of course if m > n, then the last m —n
columns of U have further freedom (they are in N (AA®)).

There is an abbreviated form of SVD useful in computation. Since rank is preserved under
unitary multiplication, rank (4A) = r iff oy > -+ > 0, > 0 = 0,41 = ---. Let U, € C™"|
V. € C™ be the first  columns of U, V, respectively, and let 3, = diag (o1, ...,0,) € R™". Then
A =U,%,V} (exercise).

2. Applications of SVD

If m = n, then A € C"™" has eigenvalues as well as singular values. These can differ signif-
icantly. For example, if A is nilpotent, then all of its eigenvalues are 0. But all of the singular
values of A vanish iff A = 0. However, for A normal, we have:

PROPOSITION 2.1. Let A € C™*™ be normal, and order the eigenvalues of A as
ALl > [Ag] > - > A
Then the singular values of A are o; = |N\;|, 1 <i <n.

PROOF. By the Spectral Theorem for normal operators, there is a unitary V' € C"*" for which
A = VAV* where A = diag (A,...,\,). For 1 <i < mn, choose d; € C for which d;\; = |\;| and
|d;| =1, and let D = diag (dy,...,d,). Then D is unitary, and

A= (VD)D*N)V* =USV*,

where U = VD is unitary and ¥ = D*A = diag (|\],...,|A\s|) is diagonal with decreasing non-
negative diagonal entries. 0 O

Note that both the right and left singular vectors (columns of V', U) are eigenvectors of A; the
columns of U have been scaled by the complex numbers d; of modulus 1.

The Frobenius and Euclidean operator norms of A € C"™*" are easily expressed in terms of the
singular values of A:

[AllF = (Z 0?) and  [[A] = o1 = /p(ATA),
i=1

as follows from the unitary invariance of these norms. There are no such simple expressions (in
general) for these norms in terms of the eigenvalues of A if A is square (but not normal). Also,
one cannot use the spectral radius p(A) as a norm on C"*" because it is possible for p(A) = 0 and
A # 0; however, on the subspace of C"*™ consisting of the normal matrices, p(A) is a norm since
it agrees with the Euclidean operator norm for normal matrices.

The SVD is useful computationally for questions involving rank. The rank of A € C™*™ is the
number of nonzero singular values of A since rank is invariant under pre- and post-multiplication
by invertible matrices. There are stable numerical algorithms for computing SVD (try on matlab).
In the presence of round-off error, row-reduction to echelon form usually fails to find the rank of
A when its rank is < min(m, n); for such a matrix, the computed SVD has the zero singular val-
ues computed to be on the order of machine €, and these are often identifiable as “numerical zeroes.”
For example, if the computed singular values of A are 10%,10,1,107!,1072,1073,1074,1071%,107%, 10716
with machine € ~ 1071°, one can safely expect rank (A) = 7.



3. LINEAR LEAST SQUARES PROBLEMS 43

Another application of the SVD is to derive the polar form of a matrix. This is the analogue
of the polar form z = re? in C. (Note from problem 1 on Prob. Set 6, U € C™ " is unitary iff
U = ¢l for some Hermitian H € C**").

Polar Form. Every A € C™™ may be written as A = PU, where P is positive semi-definite
Hermitian and U is unitary.

PROOF. Let A =UXV* be a SVD for A, and write
A= (USU"UV™).
Then UXU* is positive semi-definite Hermitian and UV™* is unitary. U 0J

Observe in the proof that the eigenvalues of P are the singular values of A; this is true for any
polar decomposition of A (exercise). We note that in the polar form A = PU, P is always uniquely
determined and U is uniquely determined if A is invertible (as in z = re’). The uniqueness of P
follows from the following two facts:

(i) AA® = PUU*P* = P? and
(ii) every positive semi-definite Hermitian matrix has a unique positive semi-definite Hermit-
ian square root (see H-J, Theorem 7.2.6).

If A is invertible, then so is P, so U = P7!'A is also uniquely determined. There is also a version
of the polar form for non-square matrices; see H-J for details.

3. Linear Least Squares Problems

If Ae C™" and b € C™, the linear system Ax = b might not be solvable. Instead, we can
solve the minimization problem: find x € C" to attain inf,ecn [|Az — b||* (Euclidean norm). This
is called a least-squares problem since the square of the Euclidean norm is a sum of squares. At a
minimum of ¢(z) = || Az — b||*> we must have V() = 0, or equivalently

'(x;v) =0 YveC"

where

d
¢lai) = ela i)
t=

is the directional derivative. If y(t) is a differentiable curve in C™, then
d
O = (' (1), y(0) + (W(©), y' (1)) = 2Refy(), ¢/ ().
Taking y(t) = A(x + tv) — b, we obtain that
Ve(r) =0< (Vv e C") 2Re(Ax — b, Av) =0 < A" (Az —b) =0,

ie.,
AT Az = A*b .
These are called the normal equations (they say (Ax —b) L R(A)).
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4. Linear Least Squares, SVD, and Moore-Penrose Pseudoinverse

4.1. The Projection Theorem (for finite dimensional S). Let V' be an inner product space

and let S C V be a finite dimensional subspace. Then

(1) V=S®S8+ ie., given v €V, Junique y € S and z € S+ for which
v=yY+z

(so y = Puv, where P is the orthogonal projection of V' onto S; also
z= (I — P)v, and I — P is the orthogonal projection of V onto S+).
(2) Given v € V, the y in (1) is the unique element of S which satisfies
v—y €St
(3) Given v € V, the y in (1) is the unique element of S realizing the
minimum
min |lv — s||? .
ses

Remark. The content of the Projection Theorem is contained in the following picture:

PRrOOF. (1) Let {¢1,...,%,.} be an orthonormal basis of S. Given v € V', let

r

Y= Z(z/)j,vﬂbj and z=v—uy.

j=1
Thenv=y+zandyeS. For1 <k <r,
(W, 2) = (W, v) = (Vk, ) = Wk, v) — (Yr,v) =0,
so z € S*. Uniqueness follows from the fact that S NS+ = {0}.

(2) Since z = v — y, this is just a restatement of z € S*.

(3) For any s € 5,
vV—S=Yy—S+_2 ,
es est
so by the Pythagorean Theorem (p L ¢ = |lp +4q||* = |Ipll* + |l¢/|*),
lv—sl* = lly — slI* + l[[I*.

Therefore, ||v — s||? is minimized iff s = y, and then ||v — y||* = ||z|*.

U U
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4.2. The Projection Theorem for Convex Sets (on Hilbert Spaces). The Projection
Theorem as stated above is a special case of a much more general result that can be stated for
closed convex sets on a Banach space. Below we give the Hilbert space version of this result.

Let X be a Hilbert space and let C' be a closed convex subset of X. Then for each x € X there is
a unique vector y° € C such that

lz =y’ <lle—yll  VyeC
Furthermore, a necessary and sufficient condition that y, be the unique minimizing vector is that
Re((z —y"y—y")) <0 VycC
PROOF. Let {y'} C C be such that
lz = y'll = inf{[lz —yl| : y € C} =26,

By the parallelogram law
n m 2
y +y

ly™ —y"1* = 2]z — y™ || + 2[|z — y"||” — 4 5

xr —

By convexity, 271 (y" + y™) € C; so
lz =274 (y™ +y™)] > 6.
Therefore,
ly™ =" lI* < 2lly™ — 2l* + 2[ly" — =||* — 46* — 0.
Consequently, the sequence {y"} is Cauchy and so has a limit y° with ||z —¢°|| = . The uniqueness

follows by considering the sequence

y?" =y and y" =4y’ n=0,1,...,

where y,y* € C with ||h* —z|| = ||y* — 2| = 6. By applying the above argument, we find y* = 3.
We next show that 3 is the unique vector satisfying

Re({(x — 4%y —¢°) <0forallyecC.

Suppose to the contrary that there is a vector y! such that Re({x —¢°, y* —4°)) = € > 0. Consider
the vectors

YV =ay'+(1-a)y’€C for aclo,1].
Note that the function ¢ : R — R given by
pla) = |lz—y°|?
= (1-a)’fz =y’ +2a(1 = a)Re({z — 3,z — y")) + o®[|lz — ¢|?
is differentiable with
¢'(0) = =2z "I + 2Re((z — ",z — y'))
= —2Re((z -1’z =) +{z -1y —2))
= —2Re(z —y",y' — ") = —2¢ < 0.
Hence, ||z — y%|| < ||z — %°|| for all @ > 0 sufficiently small. This contradiction implies that 1!

does not exist.
Conversely, suppose that 3° € C is such that

Re((z — %y — %)) <0 VyeC.
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Then for any y € C with y # 3°, we have

lz =yl = [[(z—¢°)+ @ =y
= o — ¥’ + 2Re((x — 4°,3° — 9)) + [|v° — y|?
> lz =yl O

Given x € X, the unique solution to the problem

min ||z — y|

is called the projection of z onto C' and is often denoted Po(z). In the classical Projection Theorem
the set C is a closed subspace S of X (recall that the subspace S is always closed). In this case,
the condition that
Re((z —y°y—9°) <0  VycCS

is equivalent to the statement that (v — Pg(x)) € St. Note that the Projection Theorem for
Convex Sets extends the classical Projection Theorem to Hilbert spaces.

We leave application of the Projection Theorem for Convex Sets to later study. For the mo-
ment we focus on applications of the Projection Theorem in the FEuclidean space setting (finite
dimentional inner product spaces).

4.3. The Normal Equations.

Theorem: [Normal Equations for Linear Least Squares]
Let A€ C™ ™ be C™ and || - || be the Euclidean norm. Then z € C" realizes the minimum:

min ||b — Ax||?
zeCn

if and only if x is a solution to the normal equations A7 Az = A*b.

PROOF. Recall from early in the course that we showed that R(L)* = N(L') for any linear
transformation L. If we identify C* and C™ with their duals using the Euclidean inner product
and take L to be multiplication by A, this can be rewritten as R(A)L = N(A*).

Now apply the Projection Theorem, taking S = R(A) and v = b. Any s € S can be represented
as Az for some x € C" (not necessarily unique if rank (4) < n). We conclude that y = Az realizes
the minimum iff

b— Ar € R(A)*: = N(A"),
or equivalently A*Ax = A*D. O O

The minimizing element s = y € S is unique. Since y € R(A), there exists € C" for which
Ax =y, or equivalently, there exists x € C" minimizing ||b — Az|>. Consequently, there is an
x € C" for which A7 Az = A*b, that is, the normal equations are consistent.

If rank (A) = n, then there is a unique x € C" for which Az = y. This z is the unique minimizer
of ||[b — Az||* as well as the unique solution of the normal equations A7 Ax = A*b. However, if

rank (A) = r < n, then the minimizing vector x is not unique; x can be modified by adding any
element of A(A). (Exercise. Show N (A) = N(A# A).) However, there is a unique

2t € {x € C": z minimizes ||b — Az||?} = {x € C" : Az =y}

of minimum norm (27 is read “z dagger”).
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{z: Az =y}

0

To see this, note that since {x € C" : Axr = y} is an affine translate of the subspace N(A), a
translated version of the Projection Theorem shows that there is a unique 2" € {x € C" : Az = y}
for which 2 L N'(A) and this z' is the unique element of {x € C" : Az = y} of minimum norm.
Notice also that {z : Az =y} = {x : A*Az = A*b}.

In summary: given b € C™, then x € C™ minimizes ||b — Az|?> over x € C" iff Az is the
orthogonal projection of b onto R(A), and among this set of solutions there is a unique x' of
minimum norm. Alternatively, z' is the unique solution of the normal equations AY Az = A*b
which also satisfies 27 € N(A)*+.

The map AT : C™ — C" which maps b € C™ into the unique minimizer z' of ||b — Ax||* of
minimum norm is called the Moore-Penrose pseudo-inverse of A. We will see momentarily that
AT is linear, so it is represented by an n x m matrix which we also denote by AT (and we also
call this matrix the Moore-Penrose pseudo-inverse of A). If m = n and A is invertible, then every
be C"isin R(A), so y = b, and the solution of Az = b is unique, given by z = A~'b. In this
case AT = A~'. So the pseudo-inverse is a generalization of the inverse to possibly non-square,
non-invertible matrices.

The linearity of the map A" can be seen as follows. For A € C™*™, the above considerations
show that Aly(4): is injective and maps onto R(A). Thus Alyar : N(A)F — R(A) is an
isomorphism. The definition of AT amounts to the formula

At = (A|N(A)i)_1 o P,

where Py : C™ — R(A) is the orthogonal projection onto R(A). Since Py and (A|ya)2)" are
linear transformations, so is Af.

The pseudo-inverse of A can be written nicely in terms of the SVD of A. Let A = UXV* be
an SVD of A, and let r =rank (4) (so oy > -+ >0, >0=0,,1 =--). Define

Y =diag (07", ...,0.1,0,...,0) € C™™,

(Note: It is appropriate to call this matrix X7 as it is easily shown that the pseudo-inverse of
¥ € C™ ™ is this matrix (exercise).)
PROPOSITION 4.1. If A =UXV* is an SVD of A, then AT = VXIU* is an SVD of A'.
PRrROOF. Denote by uy,---u,, the columns of U and by wvy,--- ,v, the columns of V. The
statement that A = UXV™ is an SVD of A is equivalent to the three conditions:

(1) {uy,---up} is an orthonormal basis of C™ such that span{uy,---u,} = R(A)
(2) {v1,-+ ,v,} is an orthonormal basis for C™ such that span{v, 1, -+ ,v,} = N(A)
(3) Av; = oyu; for 1 < <r.

The conditions on the spans in 1. and 2. are equivalent to span{u, 1, - u,} = R(A)
span{vy, -+, v, } = N(A)L. The formula

AT == (A’N(A)J_)il e} P1

L and
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shows that span{u, 1, -, }+ = N(A"), span{v,--- ,v.} = R(AT), and that Atw; = o, 'v; for
1 < i < r. Thus the conditions 1.-3. hold for A" with U and V interchanged and with o; replaced
by o;!. Hence AT = VETU* is an SVD for A'. O O]

A similar formula can be written for the abbreviated form of the SVD. If U, € C™*" and
V,. € C™7" are the first r columns of U, V', respectively, and

¥, =diag(oy,...,0,) € C™",

then the abbreviated form of the SVD of A is A = U, %, V,*. The above Proposition shows that
At = VX710

One rarely actually computes AT. Instead, to minimize ||b — Ax||? using the SVD of A one

computes
o = V(ETHU))

For b € C™, we saw above that if T = ATb, then Az' = y is the orthogonal projection of b onto
R(A). Thus AAT is the orthogonal projection of C™ onto R(A). This is also clear directly from
the SVD:

AAY = U, VIV, S0 = U, 51 0F = UU) = 50w
which is clearly the orthogonal projection onto R(A). (Note that V*V, = I, since the columns of
V are orthonormal.) Similarly, since w = Af(Az) is the vector of least length satisfying Aw = Az,
ATA is the orthogonal projection of C" onto N'(A)t. Again, this also is clear directly from the
SVD:
ATA=V.S'UIU S,V = VVE =S5 v0)

is the orthogonal projection onto R(V;) = N (A)*. These relationships are substitutes for AA™! =
A7'A =T for invertible A € C"*". Similarly, one sees that

(i) AXA=A,

(i) XAX = X,

(iii) (AX)* = AX,

(iv) (XA)* = XA,
where X = A'. In fact, one can show that X € C™™ is AT if and only if X satisfies (i), (ii), (iii),
(iv). (Exercise — see section 5.54 in Golub and Van Loan.)

The pseudo inverse can be used to extend the (Euclidean operator norm) condition number to
general matrices: k(A) = ||A|| - |At|| = 01/0, (where r = rank A).

5. LU Factorization

All of the matrix factorizations we have studied so far are spectral factorizations in the sense
that in obtaining these factorizations, one is obtaining the eigenvalues and eigenvectors of A (or
matrices related to A, like A7A and AAT for SVD). We end our discussion of matrix factor-
izations by mentioning two non-spectral factorizations. These non-spectral factorizations can be
determined directly from the entries of the matrix, and are computationally less expensive than
spectral factorizations. Each of these factorizations amounts to a reformulation of a procedure you
are already familiar with. The LU factorization is a reformulation of Gaussian Elimination, and
the QR factorization is a reformulation of Gram-Schmidt orthogonalization.

Recall the method of Gaussian Elimination for solving a system Az = b of linear equations,
where A € C™" is invertible and b € C". If the coefficient of z; in the first equation is nonzero,
one eliminates all occurrences of x; from all the other equations by adding appropriate multiples
of the first equation. These operations do not change the set of solutions to the equation. Now if
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the coefficient of x5 in the new second equation is nonzero, it can be used to eliminate x5 from the
further equations, etc. In matrix terms, if

T

(I/’U nxn
A:|:u AV:|€C

with @ # 0, a € C, u,v € C* !, and A € C=D*("=1 then using the first row to zero out u
amounts to left multiplication of the matrix A by the matrix

to get
<*) 1 0 a vj | a T
I —% I A 0 A
Define
1 0 nxn | a v?
Ll—-%I:|€C and Ul—[0A1:|

and observe that

Hence (*) becomes
LT'A = Uy, or equivalently, A= LU, .

Note that L, is lower triangular and U; is block upper-triangular with one 1 x 1 block and one
(n—1) x (n— 1) block on the block diagonal. The components of £ € C"~! are called multipliers,
they are the multiples of the first row subtracted from subsequent rows, and they are computed
in the Gaussian Elimination algorithm. The multipliers are usually denoted

may
m
u/a _ 31

Mnp1
Now, if the (1,1) entry of A; is not 0, we can apply the same procedure to A;: if
T
_ | & Y (n—1)x (n—1)
A= ~ C
=l i
with a; # 0, letting
L, = { u11 ; } e clnUx(-1)

and forming

~ T T _
LytA = [ _1u_1 ?} [al Uy ] — [m Ch ] = [, e C(n=Dx(n-1)

al
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(where Ay € C"=2*(=2)) amounts to using the second row to zero out elements of the second

1 0 T
column below the diagonal. Setting L, = ~ | and U; = @ , we have
0 L2 0 U2
I 0 a vl
1714 _ B _
LQLlA_[O LngO Al] "

which is block upper triangular with two 1 x 1 blocks and one (n —2) x (n — 2) block on the block
diagonal. The components of Z—i are multipliers, usually denoted

m32
(S mMa2
a_1 = .

mp2

Notice that these multipliers appear in Ls in the second column, below the diagonal. Continuing
in a similar fashion,
Lt Ly'LTPA=U, , =U

is upper triangular (provided along the way that the (1, 1) entries of A, A;, As, ..., A,_5 are nonzero
so the process can continue). Define L = (L', ---L7")™" = L1Ly---L,_;. Then A = LU.
(Remark: A lower triangular matrix with 1’s on the diagonal is called a unit lower triangular
matrix, so L;, Lj_l, lell L7 Ly - L;, L', L are all unit lower triangular.) For an invertible
A e C" writing A = LU as a product of a unit lower triangular matrix L and a (necessarily
invertible) upper triangular matrix U (both in C™*") is called the LU factorization of A.

Remarks:

(1) If A € C™" is invertible and has an LU factorization, it is unique (exercise).
(2) One can show that A € C™™ has an LU factorization iff for 1 < j < n, the upper left

a/ll PR al]
J X j principal submatrix : is invertible.
aji v @
(3) Not every invertible A € C"*" has an LU-factorization. (Example: [ (1] (1) } doesn’t.)

Typically, one must permute the rows of A to move nonzero entries to the appropriate
spot for the elimination to proceed. Recall that a permutation matrix P € C*"*" is the
identity [ with its rows (or columns) permuted. Any such P € R" " is orthogonal,
so P~! = PT. Permuting the rows of A amounts to left multiplication by a permutation
matrix PT; then PT A has an LU factorization, so A = PLU (called the PLU factorization

of A).
(4) Fact: Every invertible A € C™*™ has a (not necessarily unique) PLU factorization.
1 0
may .
(5) It turns out that L = Ly--- L,y = , ‘ has the multipliers m;; below the
T |
diagonal.

(6) The LU factorization can be used to solve linear systems Az = b (where A = LU € C™*"
is invertible). The system Ly = b can be solved by forward substitution (first equation
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t

gives 11, etc.), and Uz = y can be solved by back-substitution (n'® equation gives x,,

etc.), giving the solution of Az = LUx = b. See section 3.5 of H-J.

6. QR Factorization

Recall first the Gram-Schmidt orthogonalization process. Let V' be an inner product space,
and suppose aq,...,a, € V are linearly independent. Define ¢, ..., q, inductively, as follows: let
p1=ar and ¢ = p1/[|p1|); then for 2 < j <mn, let

j—1
pi=a;—» (g.a)g  and g =p;/|lp;ll.
i=1
Since clearly for 1 < k < n we have ¢, € span{ay,...,ax}, each p; is nonzero by the linear
independence of {ai,...,a,}, so each ¢; is well-defined. It is easily seen that {gi,...,¢,} is an
orthonormal basis for span{ay, ..., a,}. The relations above can be solved for a; to express a; in

terms of the ¢; with ¢ < j. Defining rj; = ||p;|| (so p; = r;;¢;) and r;; = (g;,a;) for 1 <i < j < mn,
we have: a1 = r11q1, a2 = r12¢1 + 722¢2, and in general a; = Z?:l TiiGi-

Remarks:

(1) If ay,aq,--- is a linearly independent sequence in V| we can apply the Gram-Schmidt
process to obtain an orthonormal sequence ¢q, qs, ... with the property that for £ > 1,
{@1,--.,q} is an orthonormal basis for span{ay, ..., ax}.

(2) If the a;’s are linearly dependent, then for some value(s) of k, a; € span{ay,...,ax_1},
and then p, = 0. The process can be modified by setting ¢, = 0 and proceeding. We
end up with orthogonal g;’s, some of which have [|¢;|| = 1 and some have |¢;|| = 0.
Then for k > 1, the nonzero vectors in the set {q,...,q} form an orthonormal basis for
span{ay, ..., ax}.

(3) The classical Gram-Schmidt algorithm described above applied to n linearly independent
vectors ay,...,a, € C™ (where of course m > n) does not behave well computationally.
Due to the accumulation of round-off error, the computed g;’s are not as orthogonal as one
would want (or need in applications): (g;, qx) is small for j # k with j near k, but not so
small for 7 < k or j > k. An alternate version, “Modified Gram-Schmidt,” is equivalent
in exact arithmetic, but behaves better numerically. In the following “pseudo-codes,” p
denotes a temporary storage vector used to accumulate the sums defining the p;’s.

Classic Gram-Schmidt Modified Gram-Schmidt
For j=1,--- ,ndo For j=1,...,ndo
D= a; D= a;
Fori=1,...,7—1do Fori=1,...,7—1do
rij = (G, aj) rij = (¢, D)
D =P —Tijgqi D=D —Tijq
rii = lpl rij = llpll
q; = p/rj; q; = p/73;

The onl_y difference is in the computation of r;;: in Modified Gram-Schmidt, we orthogo-
nalize the accumulated partial sum for p; against each ¢; successively.
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PROPOSITION 6.1. Suppose A € C™*" with m > n. Then 3Q € C™™ which is unitary
and an upper triangular R € C™" (i.e. r;; = 0 for i > j) for which A = QR. If Q € C™"
denotes the first n columns of Q) and R € C"*" denotes the first n rows of R, then clearly also

A=QR=[Q «] { Z[? } — QR. Moreover

(a) We may choose an R with nonnegative diagonal entries.
(b) If A is of full rank (i.e. rank(A) = n, or equivalently the columns of A are linearly
independent), then we may choose an R with positive diagonal entries, in which case

the condensed factorization A = @ﬁ is unique (and thus in this case if m = n, the
factorization A = QR is unique since then () = @ and R = }N%)

(c) If A is of full rank, the condensed factorization A = @E is essentially unique: if A =
@ﬂ% = QVQEQ, then 3 a unitary diagonal matriz D € C™*™ for which @2 = @1D* (rescal-
ing the columns of @1) and Ry = DR, (rescaling the rows of él)

PROOF. If the columns of A are linearly independent, we can apply the Gram-Schmidt process
described above. Let Q [q1- -, qn) € C™*™ and define R e Cvn by settmg ri; = 0for¢ > j, and
r;; to be the value computed in Gram-Schmidt for ¢ < j. Then A = QR. Extending {q1,...,qn}

R mxn
7] <o

we have A = QR. Since rj; > 0 in G-S, we have the existence part of (b). Uniqueness follows by
induction passing through the G-S process again, noting that at each step we have no choice. (c)
follows easily from (b) since if rank (4) = n, then rank (R) = n in any QR factorization of A.

If the columns of A are linearly dependent, we alter the Gram-Schmidt algorithm as in Remark
(2) above. Notice that ¢, = 0 iff r,; = 0V, so if {qx,,...,qx } are the nonzero vectors in
{q1, ..., qn} (where of course r = rank (A)), then the nonzero rows in R are precisely rows ky, . .., k;.
So if we define @ = [qr, - qx,] € C™*" and R € C™" to be these nonzero rows, then @\ﬁ =A
where @ has orthonormal columns andAE is upper triangular. Let ) be a unitary matrix whose

first r columns are @, and let R = [ 1(1)% } € C™. Then A = QR. (Notice that in addition to

to an orthonormal basis {qi, ..., ¢n,} of C™, and setting Q = [q1,...,¢n] and R =

(a), we actually have constructed an R for which, in each nonzero row, the first nonzero element
is positive.) O O

Remarks (continued):

(4) If A € R™*" everything can be done in real arithmetic, so, e.g., @ € R™*"™ is orthogonal
and R € R™*" is real, upper triangular.

(5) In practice, there are more efficient and better computationally behaved ways of calcu-
lating the @ and R factors. The idea is to create zeros below the diagonal (successively
in columns 1,2, ...) as in Gaussian Elimination, except we now use Householder transfor-
mations (which are unitary) instead of the unit lower triangular matrices L;. Details will
be described in an upcoming problem set.

7. Using QR Factorization to Solve Least Squares Problems

Suppose A € C™*" b € C™, and m > n. Assume A has full rank (rank (4A) = n). The QR
factorization can be used to solve the least squares problem of minimizing ||b — Az||* (which has a
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unique solution in this case). Let A = QR be a QR factorization of A, with condensed form Q}N‘Z,
and write Q = [Q Q'] where Q' € C™ (™~ Then
2

[0 = Az|* =llb - QRe|” = Q" — Re|]* = H [ g:; } - [ ? ] ’

~ ~ 2

=1 <% = 107 — Ball* + Q8|
Q"D

Here R € C™*™ is an invertible upper triangle matrix, so that x minimizes ||b— Az||? iff Ry = @*b.

This invertible upper triangular n X n system for x can be solved by back-substitution. Note that

we only need () and R to solve for x.

8. The QR Algorithm

The QR algorithm is used to compute a specific Schur unitary triangularization of a matrix
A € C™™. The algorithm is iterative: We generate a sequence A = Ay, A1, A, ... of matrices
which are unitarily similar to A; the goal is to get the subdiagonal elements to converge to zero,
as then the eigenvalues will appear on the diagonal. If A is Hermitian, then so also are Ay, As, .. .,
so if the subdiagonal elements converge to 0, also the superdiagonal elements converge to 0, and
(in the limit) we have diagonalized A. The QR algorithm is the most commonly used method for
computing all the eigenvalues (and eigenvectors if wanted) of a matrix. It behaves well numerically
since all the similarity transformations are unitary.

When used in practice, a matrix is first reduced to upper-Hessenberg form (h;; = 0 fori > j+1)
using unitary similarity transformations built from Householder reflections (or Givens rotations),
quite analogous to computing a QR factorization. Here, however, similarity transformations are
being performed, so they require left and right multiplication by the Householder transformations
— leading to an inability to zero out the first subdiagonal (i = j + 1) in the process. If A
is Hermitian and upper-Hessenberg, A is tridiagonal. This initial reduction is to decrease the
computational cost of the iterations in the QR algorithm. It is successful because upper-Hessenberg
form is preserved by the iterations: if Ay is upper Hessenberg, so is Agiq.

There are many sophisticated variants of the QR algorithm (shifts to speed up convergence,
implicit shifts to allow computing a real quasi-upper triangular matrix similar to a real matrix
using only real arithmetic, etc.). We consider the basic algorithm over C.

The (Basic) QR Algorithm. Given A € C**™, let Ay = A. For k = 0,1,2,..., starting with
Ag, do a QR factorization of Ay: Ay = Qr Ry, and then define Ay 1 = RiQy.

Remark. Ry = Q; Ak, so Apy1 = QFAxQy is unitarily similar to A;. The algorithm uses the @) of
the QR factorization of A; to perform the next unitary similarity transformation.

9. Convergence of the QR Algorithm

We will show under mild hypotheses that all of the subdiagonal elements of A, converge to 0
as k — oo. See section 2.6 in H-J for examples where the QR algorithm does not converge. See
also sections 7.5, 7.6, 8.2 in Golub and Van Loan for more discussion.

LEMMA 9.1. Let Q; (j = 1,2,...) be a sequence of unitary matrices in C"*"™ and R; (j =

1,2,...) be a sequence of upper triangular matrices in C"*™ with positive diagonal entries. Suppose
QjR; — I as j — o0o. Then Q; — I and R; — 1.
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Proof Sketch. Let ;. be any subsequence of ();. Since the set of unitary matrices in C**" 's
compact, 3 a sub-subsequence @j, and a unitary @ > @, — Q. So R;, = Q; Qﬂkz i,
Q-1 = Q*. So (Q* is unitary, upper triangular, with nonnegative diagonal elements, Wthh 1mp11es

easily that @Q* = I. Thus every subsequence of ); has in turn a sub-subsequence converging to /.
By standard metric space theory, Q; — I, and thus R; = Q;Q;R; — [ -1 =1. 0

Theorem. Suppose A € C™" has eigenvalues \i,..., N\, with |A1| > |Xa| > -+ > |\, > 0.
Choose X € C™" 5 X 'AX = A = diag (A\1,..., \), and suppose X' has an LU decomposition.
Generate the sequence Ag = A, A1, As, ... using the QR algorithm. Then the subdiagonal entries
of Ay — 0 as k — oo, and for 1 < j <n, the j™ diagonal entry — \;.

PROOF. Define @k = QoQ1 - Q) and ﬁk = Ry Ryg. Then Ay, = é;A@k
Claim: ékﬁk = A]H_l.
Proof: Clear for k = 0. Suppose @k_lék_l = A*. Then

Ry = A Q; = QrAQLQ; = Q1 AQk 1,
SO N N o N
Ry, = RpRy—1 = QpAQ—1 Ry = QAN

SO @kék = Ak+1.

Now, choose a QR factorization of X and an LU factorization of X~ ': X = QR, X! = LU

(where @) is unitary, L is unit lower triangular, R and U are upper triangular with nonzero diagonal
entries). Then

AR = XAMT X = QRAMLU = QR(A*T LA™ D) AR,
Let Ejyq = AP'LA=C+D — [ and Fj ., = RE R
Claim: Ej+1 — 0 (and thus Fiyq, — 0) as k — oo.
Proof: Let l;; denote the elements of L. Ejy is strictly lower triangular, and for ¢ > j its ij

k+1
element is (;—J) lij = 0 as k — oo since |\;| < |Aj].

Now A = QR(I + Ejy1)A*U, so AL = - QI + Fk+1)RAkHU. Choose a QR factorization
of I+ Fyyq (Whlch is 1nvert1ble) I+ Fy = Qk+1Rk+1 where Rk+1 has positive diagonal entries. By

the Lemma, Qg1 — I and Ry — I. Since AF1 = (Q@Hl)(}A‘EkHRAHIU) and AML = Q. Ry,
the essential uniqueness of QR factorizations of invertible matrices implies 3 a unitary diagonal
matrix D, for which QQkHDk = Qk and DkRkHAkHU Rk So Qka = QQk+1 — (), and thus

.D;:.Ak+1Dk = DZQZAQka — Q*AQ as k — oc.

But

Q*AQ = Q*(QRAX ")QRR™ ' = RAR™
is upper triangular with diagonal entries Ay, ..., A, in that order. Since D, is unitary and diagonal,
the lower triangular part of RAR™' and of D, RAR™'Dj are the same, namely

A
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Thus
[Avir = DeRAR™D; || = [ DiAw1 Dy — RAR™|| = 0,
and the Theorem follows. O O

Note that the proof shows that 3 a sequence { Dy} of unitary diagonal matrices for which Dy Ax.1 Dy, —
RAR™'. So although the superdiagonal (i < j) elements of Ay,; may not converge, the magnitude
of each superdiagonal element converges.

As a partial explanation for why the QR algorithm works, we show how the convergence of

A

the first column of A to | . | follows from the power method. (See Problem 6 on Homework
0

# 5.) Suppose A € C"*™ is diagonalizable and has a unique eigenvalue A\; of maximum modulus,

and suppose for simplicity that A; > 0. Then if z € C" has nonzero component in the direction

of the eigenvector corresponding to A\; when expanded in terms of the eigenvectors of A, it follows

that the sequence A*z/||A*z|| converges to a unit eigenvector corresponding to A;. The condition

in the Theorem above that X ' has an LU factorization implies that the (1,1) entry of X!

nonzero, so when e; is expanded in terms of the eigenvectors zy,...,z, (the columns of X), the

T1- coefﬁment is nonzero. So A e, /||AF e, || converges to ax; for some « € C with |a| = 1. Let

(Gi)1 denote the first column of Q) and (7)11 denote the (1,1)-entry of Ry; then

Al — QpRype; = (Tk)quGl = (T6)11(qr)1,
M

- o~ 0
0 (Gr)1 — axy. Since Apy1 = QFAQg, the first column of Ay, converges to

0
Further insight into the relationship between the QR algorithm and the power method, inverse

power method, and subspace iteration, can be found in this delightful paper: “Understanding the
QR Algorithm” by D. S. Watkins (STAM Review, vol. 24, 1982, pp. 427-440).






CHAPTER 5

Resolvent

Let V' be a finite-dimensional vector space and L € L(V'). If ¢ € o(L), then the operator L —(I

is invertible, so we can form

R(¢) = (L—¢I)™
(which we sometimes denote by R((, L)). The function R : C\o(L) — L(V) is called the resolvent
of L. Tt provides an analytic approach to questions about the spectral theory of L. The set C\o (L)
is called the resolvent set of L. Since the inverses of commuting invertible linear transformations
also commute, R((;) and R((2) commute for (;,(o € C\o(L). Since a linear transformation
commutes with its inverse, it also follows that L commutes with all R(().

We first want to show that R(() is a holomorphic function of ¢ € C\o(L) with values in
L(V). Recall our earlier discussion of holomorphic functions with values in a Banach space; one
of the equivalent definitions was that the function is given by a norm-convergent power series in a
neighborhood of each point in the domain. Observe that

R(¢) = (L—-¢D)™
= (L—Cl —(¢—¢))™!
= (L= = (¢ = C)R(C)] ™

Let || - || be a norm on V', and || - || denote the operator norm on £(V') induced by this norm. If
1
€= ol < 7=
11R(Co)l

then the second inverse above is given by a convergent Neumann series:

R() = R(G)>_ R(G)*(C—G)F

= > R(G)H¢C Q)"

0

[ee)
k=

Thus R(() is given by a convergent power series about any point (; € C\o(L) (and of course
the resolvent set C\o(L) is open), so R(() defines an L£(V')-valued holomorphic function on the
resolvent set C\o (L) of L. Note that from the series one obtains that

d k
() m©| =mn.
¢ o
Hence for any ( € C\o(L),
d\" .
(i) BQ = RROH

57
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This can be remembered easily by noting that it follows formally by differentiating R({) = (L—¢)™*
with respect to (, treating L as a parameter.

The argument above showing that R(() is holomorphic has the advantage that it generalizes to
infinite dimensions. Although the following alternate argument only applies in finite dimensions,
it gives stronger results in that case. Let n = dim V', choose a basis for V', and represent L by a
matrix in C"*", which for simplicity we will also call L. Then the matrix of (L — ¢I)™! can be
calculated using Cramer’s rule. First observe that

det (L —¢I) = (=1)"p(C).

Also each of the components of the classical adjoint matrix of L — (I is a polynomial in ¢ of degree
at most n — 1. It follows that each component of (L — ¢I)~! is a rational function of ¢ (which
vanishes at 00), so in that sense R(() is a rational £(V')-valued function. Also each eigenvalue \; of
L is a pole of R(() of order at most m;, the algebraic multiplicity of A;. Of course R({) cannot have
a removable singularity at ( = \;, for otherwise letting ( — A; in the equation (L — (I)R(¢) = 1
would show that L — \;I is invertible, which it is not.

We calculated above the Taylor expansion of R(() about any point (5 € C\o(L). It is also
useful to calculate the Laurent expansion about the poles. Recall the spectral decomposition of L:
if A\1,..., Az are the distinct eigenvalues of L with algebraic multiplicities mq, ..., ms, and

are the generalized eigenspaces, then
k
V=E.
i=1

and each E, is invariant under L. Let P,..., P, be the associated projections, so that

k
I=> P
=1

Let Ny, ..., N be the associated nilpotent transformations. We may regard each N; as an element

of L(V') (in which case
N; = NP,
where
N:N1+"'+Nk,
SO N N N
or we may regard /N; as its restriction to E; with
Now

k
Z)\PJrN

SO
k

L—(I=Y[(\— ()P + Ni.

i=1
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Clearly to invert L — (I, it suffices to invert each (\; — {)P; + INV; on EZ But on Ei,
N = QP+ Ni=N— QU —(¢C—N)'N.
For a nilpotent operator N with N™ = 0,
(I-N)y'=I+N+N*+...+ N* L

This is a special case of a Neumann series which converges since it terminates. Thus

-1 mi—1 m;—1
) =M= D) (C=M)TIN == (- M) TN

=0

E:

([O‘z — Q)P + N
=0
The direct sum of these operators gives (L — (I)™!, so we obtain

k mi—l

R(() == [(c MR Y (- An—“Nf] -
i=1 =1

This result is called the partial fractions decomposition of the resolvent. Recall that any rational

function ¢(¢)/p(¢) with degq < degp has a unique partial fractions decomposition of the form

k m;
S
: = (C—m)
where a;; € C and

k

p(¢) = JT(€—r™
i=1
is the factorization of p (normalized to be monic, r; distinct). The above is such a decomposition
for R(().
Observe that the partial fractions decomposition gives the Laurent expansion of R(() about
all of its poles all at once: about ¢ = A; the holomorphic part of R(¢) is the sum over all other
eigenvalues. For the coefficients of (¢ — \;)™! and (¢ — \;) ™2 we have

Zigf[R(C)] =P and 7};5[(( — M) R(Q)] = —Ni.

So the full spectral decomposition of L is encoded in R((). It is in fact possible to give a complete
treatment of the spectral problem — including a proof of the spectral decomposition — based
purely on a study of the resolvent and its properties. Beginning with the fact that R({) has poles
at the \;’s, one can show that for each i, — Zﬂ_e)\s[R(C)] is a projection and —7(3_6/\5[(( — XN)R(Q)] is

nilpotent, that the sum of the projections is the identity, etc. See Kato for such a treatment.

The special case of the partial fractions decomposition in which L is diagonalizable is partic-
ularly easy to derive and remember. If L is diagonalizable then each E; = E,, is the eigenspace
and each N; = 0. If v € V| we may uniquely decompose

k
v = E v; where v, = Pv € B),.
i=1

Then Lv = Zle AiUs, SO
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so clearly

and thus

R(Q) =Y (\—¢)7'P.
i=1
The powers (\; — ¢)~! arise from inverting (A; — ¢)I on each E,.

We discuss briefly two applications of the resolvent — each of these has many ramifications
which we do not have time to investigate fully. Both applications involve contour integration of
operator-valued functions. If M(() is a continuous function of ¢ with values in £(V') and v is a C!
contour in C, we may form f7 M(¢)d¢ € L(V). This can be defined by choosing a fixed basis for
V', representing M (() as matrices, and integrating componentwise, or as a norm-convergent limit
of Riemann sums of the parameterized integrals. By considering the componentwise definition it is
clear that the usual results in complex analysis automatically extend to the operator-valued case,
for example if M (({) is holomorphic in a neighborhood of the closure of a region bounded by a
closed curve v except for poles (i, ..., (s, then 5= f7 M(¢)d¢ = Zle Res(M, ().

27

1. Perturbation of Eigenvalues and Eigenvectors

One major application of resolvents is the study of perturbation theory of eigenvalues and
eigenvectors. We sketch how resolvents can be used to study continuity properties of eigenvectors.
Suppose A; € C™" is a family of matrices depending continuously on a parameter ¢. (In our
examples, the domain of ¢ will be a subset of R, but in general the domain of ¢ could be any metric
space.) It is a fact that the eigenvalues of A; depend continuously on ¢, but this statement must be
properly formulated since the eigenvalues are only determined up to order. Since the eigenvalues are
the roots of the characteristic polynomial of A;, and the coefficients of the characteristic polynomial
depend continuously on ¢, (since, by norm equivalence, the entries of A; depend continuously on
t), it suffices to see that the roots of a monic polynomial (of fixed degree) depend continuously
on its coefficients. Consider first the case of a simple root: suppose zy € C is a simple root of
a polynomial py. We may choose a closed disk about zy containing no other zero of py; on the
boundary v of this disk py does not vanish, so all polynomials with coefficients sufficiently close
to those of py also do not vanish on 7. So for such p, p'(z)/p(z) is continuous on v, and by the
argument principle,

1 [p(2)
2mi J., p(2)
is the number of zeroes of p (including multiplicities) in the disk. For py, we get 1. Since p # 0 on

dz

v, % varies continuously with the coefficients of p, so
1 [p(2)

2mi )., p(z)

also varies continuously with the coefficients of P. As it is integer-valued we conclude that it must

be the constant 1, so all nearby polynomials have exactly one zero in the disk. Now the residue
theorem gives that

dz

1 [
2mi J., p(2)

zdz = z,
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is the unique root of p in the disk. As the left hand side varies continuously with p, it follows that
its simple root z, does too.

One can also obtain information near multiple zeroes using such arguments. If z, is a root of
po of multiplicity m > 1, then it follows as above that in any sufficiently small disk about zy, any
polynomial p sufficiently close to py (where “sufficiently close” depends on the radius of the disk)
will have exactly m zeroes in that disk (counting multiplicities). This is one sense in which it can
be said that the eigenvalues depend continuously on the coefficients. There are stronger senses as
well.

However, eigenvectors do not generally depend continuously on parameters. Consider for ex-
ample the family given by

At:[t 0 } fortEOandAt:[

0 ¢
0 —¢ }fortSO.

t 0

For each t, the eigenvalues of A; are t, —t. Clearly A; is diagonalizable for all ¢. But it is impossible
to find a continuous function v : R — R? such that v(t) is an eigenvector of A; for each t. For
t > 0, the eigenvectors of A; are multiples of

o] V]
HEINE

clearly it is impossible to join up such multiples continuously by a vector v(t) which doesn’t vanish
at t = 0. (Note that a similar C'° example can be constructed: let

A

while for ¢ < 0 they are multiples of

where
o(t) = e Y for t #£ 0 and ¢(0) =0 .)

In the example above, Ay has an eigenvalue of multiplicity 2. We show, using the resolvent,
that if an eigenvalue of Ay has algebraic multiplicity 1, then the corresponding eigenvector can
be chosen to depend continuously on t, at least in a neighborhood of t = 0. Suppose Ay is an
eigenvalue of Aj of multiplicity 1. We know from the above that A, has a unique eigenvalue \;
near \o for ¢ near 0; moreover ); is simple and depends continuously on ¢ for ¢ near 0. If v is a
circle about Ay as above, and we set

Ry(¢) = (A —¢I)™,

then
1
—— | Ry(()d( = —Res¢=r, R = P,
i . t(C) ¢ (=Xt t(C) t
where P, is the spectral projection onto the 1-dimensional eigenspace of A; corresponding to ;.
Observe that for ¢ near 0 and ¢ € 7, A; — (I is invertible, and it is clear that R,({) depends
continuously on ¢ (actually, uniformly in { € 7). So P, depends continuously on ¢ for ¢ near 0.
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We can obtain a continuously-varying eigenvector by projecting a fixed vector: let vy be a unit
eigenvector for Ay corresponding to g, and set

1
Vs = PtUU = —%/Rt<<‘)v0d< .
v

The right hand side varies continuously with ¢, so v; does too and

(o = 9.

t=0
Hence v; # 0 for t near 0, and since v, is in the range of P;, v; is an eigenvector of A; corresponding
to A\, as desired.

Remark. These ideas can show that if A; is a C* function of ¢, i.e. each a;;(t) has k continuous
derivatives, then also \; and v, are C* functions of t.

This approach using the resolvent indicates that it is possible to obtain something continuous
even when there are multiple eigenvalues. As long as no eigenvalues of A; hit v, the expression
—ﬁ fﬂ/ R;(¢)d(¢ depends continuously on ¢. By the Residue Theorem, for each ¢ this is the sum of
the projections onto all generalized eigenspaces corresponding to eigenvalues in the disk enclosed
by 7, so this sum of projections is always continuous.

1.1. Spectral Radius. We now show how the resolvent can be used to give a formula for
the spectral radius of an operator which does not require knowing the spectrum explicitly; this is
sometimes useful. As before, let L € £(V') where V is finite dimensional. Then

R(Q) = (L—¢I)™
is a rational L(V') - valued function of ¢ with poles at the eigenvalues of L. In fact, from Cramers
rule we saw that
Q(¢)

where Q(¢) is an L£(V) - valued polynomial in ¢ of degree < n — 1 and py, is the characteristic
polynomial of L. Since degp; > deg@, it follows that R(() is holomorphic at oo and vanishes
there; i.e., for large |C|, R({) is given by a convergent power series in % with zero constant term.
We can identify the coefficients in this series (which are in £(V')) using Neumann series: for ||
sufficiently large,

RQ) = ¢ I = (L) =~ 3L = = 3 DR
k=0 k=0

The coefficients in the expansion are (minus) the powers of L. For any submultiplicative norm on
L(V), this series converges for ||(T'L|| < 1, i.e., for || > || L]|.
Recall from complex analysis that the radius of convergence r of a power series

o0
E CLkZ’k
k=0

can be characterized in two ways: first, as the radius of the largest open disk about the origin in
which the function defined by the series has a holomorphic extension, and second directly in terms
of the coefficients by the formula

1 T, 1
— = limy_oo|ag|*.
,
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These characterizations also carry over to operator-valued series
o
Z Ap2F (where Ay € L(V)).
k=0

Such a series also has a radius of convergence r, and both characterizations generalize: the first is
unchanged; the second becomes
L = g A
Note that the expression
Tt o [ A

is independent of the norm on L£(V') by the Norm Equivalence Theorem since L£(V') is finite-
dimensional. These characterizations in the operator-valued case can be obtained by considering
the series for each component in any matrix realization.

Apply these two characterizations to the power series

Z ch—k in C_l
k=0

for —CR(¢). We know that R(() is holomorphic in |¢| > p(L) (including at co) and that R(¢) has
poles at each eigenvalue of L, so the series converges for || > p(L), but in no larger disk about
0o. The second formula gives

{2 1¢] > im0 | LF) 7}

as the largest disk of convergence, and thus
p(L) = Ty oo | L[|

LEmMMA 1.1. If L € L(V) has eigenvalues Ay, ..., \,, repeated with multiplicities, then the
eigenvalues of L' are Xt ... L.

Remark. This is a special case of the Spectral Mapping Theorem which we will study soon.

Proor. If L has spectral decomposition

K
L= Z(Mipi + N;)

i=1
where py, - -, g are the distinct eigenvalues of L, then

k
Lt = ‘P, 4+ NI,
i i

=1
where
‘L
N — , t=3 pnJ
, z(J )i

is nilpotent. The result follows from the uniqueness of the spectral decomposition. [l O
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Remark. An alternate formulation of the proof goes as follows. By the Schur Triangularization
Theorem, or by Jordan form, there is a basis of V' for which the matrix of L is upper triangular.
The diagonal elements of a power of a triangular matrix are that power of the diagonal elements
of the matrix. The result follows.

PROPOSITION 1.1. IfdimV < oo, L € L(V), and || - || is any norm on L(V'), then
p(L) = Jim [[L¥][F.
k—oo
Proor. We have already shown that
p(L) = Ty oo || ¥,

so we just have to show the limit exists. By norm equivalence, the limit exists in one norm iff it
exists in every norm, so it suffices to show the limit exists if || - || is submultiplicative. Let || - || be
submultiplicative. Then p(L) < ||L||. By the lemma,

p(L*) = p(L)* so p(L)* = p(L*) < ||L*].

Thus
p(L) < lim [|L¥|[F < Timy o L¥||F = p(L),
k

— 00

so the limit exists and is p(L). O O

This formula for the spectral radius p(L) of L allows us to extend the class of operators in
L(V) for which we can guarantee that certain series converge. Recall that if p(2) = > 77 axz® is
holomorphic for |z| < rand L € L(V) satisfies || L|| < r for some submultiplicative norm, then (L)
can be defined as the limit of the norm-convergent series » .- apL*. In fact, this series converges
under the (apparently weaker) assumption that p(L) < r: choose € > 0 so that p(L) + ¢ < r; for k

sufficiently large, ||L¥||* < p(L) + ¢, so

> llarL¥(| <) lagl(p(L) + €)*F < oo.

klarge

For example, the Neumann series

(I-L)"'= i Lk
k=0

converges whenever p(L) < 1. It may happen that p(L) < 1 and yet ||L|| > 1 for certain natural
norms (like the operator norms induced by the % norms on C", 1 < p < o0). An extreme case
occurs when L is nilpotent, so p(L) = 0, but ||L|| can be large (e.g. the matrix

]

in this case, of course, any series Y p, axL* converges since it terminates.

The following question has arisen a couple of times in the discussion of the spectral radius:
given a fized L € L£(V'), what is the infimum of || L] as || - || ranges over all submultiplicative norms
on L(V)? What if we only consider operator norms on £(V') induced by norms on V? How about
restricting further to operator norms on L£(V') induced by inner products on V? We know that
p(L) < ||L]| in these situations. It turns out that the infimum in each of these situations is actually

p(L).
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PROPOSITION 1.2. Given A € C™™ and ¢ > 0, there exists a norm || - | on C" for which, in
the operator norm induced by || - ||, we have ||A|| < p(A) + €.

Caution: The norm depends on A and e.
PrOOF. Choose an invertible matrix S € C"*" for which
J=S5"TAS
is in Jordan form. Write J = A + Z, where
A =diag (A, ..., \n)

is the diagonal part of J and Z is a matrix with only zero entries except possibly for some one(s)
on the first superdiagonal (i = j + 1). Let

D = diag (1,¢,€%,...,¢" ).

Then

D™D =A+eZ.
Fix any p with 1 < p < co. Then in the operator norm ||| - |||, on C**" induced by the ¢’-norm
I [lp on C*,

Al = max{|A;] : 1 <5 < n} = p(A)
and [||Z]]l, < 1, s0
A +eZl[l, < p(A) + €
Define || - || on C™ by
lzll = 1 D~"S ™ 2]l,.
Then
[Az] _  [[ASDy| _ [[D~'ST'ASDy|,

w20 Izl 0 1SDyll o Y1l

1Al

= [lIA+eZll, < p(A) +c.
O 0

Exercise: Show that we can choose an inner product on C"” which induces such a norm.

Remarks:

(1) This proposition is easily extended to L € L(V) for dimV < cc.

(2) This proposition gives another proof that if ¢(z) = >, axz" is holomorphic for |z| < r
and L € L(V) satisfies p(L) < r, then the series > -, axL* converges: choose e > 0 so that
p(L)+e€ < r, and then choose a submultiplicative norm on £(V') for which ||L|| < p(L)+¢;
then ||L|| < r and the series converges.

(3) One can use the Schur Triangularization Theorem instead of Jordan form in the proof;
see Lemma 5.6.10 in H-J.

We conclude this discussion of the spectral radius with two corollaries of the formula
p(L) = lim ||L¥|[%
k—o0
for L € £(V) with dimV < co.
COROLLARY 1.0.1. p(L) < 1 iff L* — 0.
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PROOF. By norm equivalence, we may use a submultiplicative norm on £(V). If p(L) < 1,
choose € > 0 with p(L) + ¢ < 1. For large k, |[L*|| < (p(L) + €)* — 0 as k — oo. Conversely, if
L* — 0, then 3k > 1 with ||L*|| < 1, so p(L*) < 1, so by the lemma, the eigenvalues Ay, ..., \, of
L all satisfy |A\%| <1 and thus p(L) < 1. O O

COROLLARY 1.0.2. p(L) < 1 iff there is a submultiplicative norm on L(V') and an integer k > 1
such that |L*|| < 1.

2. Functional Calculus

Our last application of resolvents is to define functions of an operator. We do this using a
method providing good operational properties, so this is called a functional “calculus.”

Let L € £(V) and suppose that ¢ is holomorphic in a neighborhood of the closure of a bounded
open set A C C with C! boundary satisfying o(L) C A. For example, A could be a large disk
containing all the eigenvalues of L, or the union of small disks about each eigenvalue, or an
appropriate annulus centered at {0} if L is invertible. Give the curve OA the orientation induced
by the boundary of A (i.e. the winding number n(9A, z) = 1 for z € A and = 0 for z € C\A.)
We define ¢(L) by requiring that the Cauchy integral formula for ¢ should hold.

DEFINITION 2.1.

o(L) =~ [ wORQd = = / PO -

271 A 271

We first observe that the definition of ¢(L) is independent of the choice of A. In fact, since
©(C)R(C) is holomorphic except for poles at the eigenvalues of L, we have by the residue theorem
that

k
P(L) = =D Rescar [p(OR(Q)):

which is clearly independent of the choice of A. In the special case where Ay C A,, it follows from
Cauchy’s theorem that

/8 _AOROC -

0Aq

H(OR(C)dC = /8 s, FOROC =0

since ¢(¢)R(¢) is holomorphic in Ay\A;. This argument can be generalized as well.
Next, we show that this definition of p(L) agrees with previous definitions. For example,
suppose ¢ is the constant function 1. Then the residue theorem gives

k k
(L) = — Z Resc—nR(¢)=> P=1.

i=1
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If p(¢) = ¢™ for an integer n > 0, then take A to be a large disk containing (L) with boundary
v, SO

o) = g [ -

= 5 €T =D L )

= 27”/2( >L3CI L)"=971d¢

n n—j—1
() fr

For j < n, the integrand is holomorphic in A, so by the Cauchy theorem
/ (T — L)"I-1d¢ = 0.

.
For j = n, we obtain

1
o | -1

as above, so (L) = L™ as desired. It follows that this new definition of ¢(L) agrees with the usual
definition of ¢(L) when ¢ is a polynomial.

Consider next the case in which
o

e(¢) = Z ar¢*,

k=0
where the series converges for || < . We have seen that if p(L) < r, then the series Y - axL”
converges in norm. We will show that this definition of p(L) (via the series) agrees with our new
definition of p(L) (via contour integration). Choose

AC{C:[¢] <r}witho(L) C Aand y=0A C {(:|C]| <r}.
We want to show that
1 .
5 C)d¢ = ZakL

v
Set

N

k

=Y ac
k=0

Then ¢ — ¢ uniformly on compact subsets of {( : |C | < r}; in particular o — ¢ uniformly on
v. If A(t) is a continuous L(V')-valued function of ¢ € [a, b], then for any norm on L(V),

/ ] < / |A()]de

(this follows from the triangle inequality applied to the Riemann sums approximating the integrals
upon taking limits). So

L (0(0) - ch / () — (1 IR ]
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Since ||R(¢)|| is bounded on 7, it follows that

im [ on(OR(Q)dC = / S(OR(C)dC

N—oo v 5

in norm. But ¢y is a polynomial, so

1
T o 7QDN(C)R(C)UZC = on(L)
as above. Thus
! R(¢)d¢ = 1i ! R(Q)d¢ | = li L—Oo LF
~557 | AR = Jim (=5 [ enORQAC) = tim on(L) - > art
and the two definitions of ¢(L) agree.
2.1. Operational Properties.
LeEMMA 2.1. (The First Resolvent Equation)
If Le L(V), (1,0 € o(L), and (; # (s, then
R(G1) o R(G2) = M
1— G
PROOF.
R(G) = R(G) = R(G)(L — QI R(G) — R(G)(L = GIR(G) = (G — G)R(G)R(G).
0 0

PROPOSITION 2.1. Suppose L € L(V) and vy and @y are both holomorphic in a neighborhood
of o(L). Then
(a) (ar1p1 + aspa)(L) = a1p1(L) + azpz(L), and
(b) (p1p2)(L) = ¢1(L) 0 a(L).
PROOF. (a) follows immediately from the linearity of contour integration. By the lemma,

p1(L)opa(L) = ! 2/ %01(C1)R(C1)d@0/ ©2(C2) R((2)dG

(2mi)? Jo, 7

B ﬁ/ / ©1(C1)e2(C2) R(C1) © R(G2)dCadCy

- ﬁ/ / S01(C1)802(C2)%Z(C2)d§2d(1.

Thus far, 77 and 7, could be any curves encircling o(L); the curves could cross and there is no
problem since

R(G) — R(&)
G —C
extends to (; = (. However, we want to split up the R((;) and R((y) pieces, so we need to
make sure the curves don’t cross. For definiteness, let v; be the union of small circles around each
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eigenvalue of L, and let ~5 be the union of slightly larger circles. Then

¢1(L) 0 pa(L) = (2;.)2 [/ Wl(Cl)R(Cl)/ zQ(deQdQ

—/ Pa(C2) R(C2) pil6) d<1d<2:| .
Y2 Y1 Cl - <2
Since (7 is inside v, but (5 is outside 7y,
1 ©a(Ca) .. 1 e1(G) .
i ), G-t =) mdon | L —gt =0

SO .

p1(L) o pa(L) = —%/ ©1(C1)p2(G) R(G)dC = (p1p2) (L),
as desired. O ]

Remark. Since (p192)(C) = (w2¢1)(C), (b) implies that ¢;(L) and ¢o(L) always commute.

Example. Suppose L € L(V) is invertible and ¢(¢) = % Since o(L) € C\{0} and ¢ is holomorphic
on C\{0}, ¢(L) is defined. Since ¢ - % = % (=1, Lo(L) = ¢(L)L = I. Thus (L) = L™, as
expected.

Similarly, one can show that if

_r©)

is a rational function (p, g are polynomials) and o(L) C {( : q¢(¢) # 0}, then
(L) = p(L)g(L),

~—

as expected.

To study our last operational property (composition), we need to identify o(p(L)).

3. The Spectral Mapping Theorem

Suppose L € L(V') and ¢ is holomorphic in a neighborhood of o(L) (so ¢(L) is well-defined).
Then

o(p(L)) = ¢(o(L)) including multiplicities,

ie., if py,...,u, are the eigenvalues of L counting multiplicities, then ¢(p1),. .., ¢(u,) are the
eigenvalues of ¢(L) counting multiplicities.

PROOF. Let Aq,..., \; be the distinct eigenvalues of L, with algebraic multiplicities
my,...,Mmg,

respectively. By the residue theorem,

p(L) = —5= [ e(QR()dC
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By the partial fractions decomposition of the resolvent,

k Pz mi—l o ;
i=1 /=1

It follows that

m;—1

—Resc=np(QR(C) = (N)F + Z Resc=x, [p()(¢ = X) " NY

m;—1
<1

= NP+ E Ego(e)
=1

Thus

() P(L) = > Lo Z Loy

i=1

This is an explicit formula for ¢ (L) in terms of the spectral decomposition of L and the values of
¢ and its derivatives at the eigenvalues of L. (In fact, this could have been used to define ¢(L),
but our definition in terms of contour integration has the advantage that it generalizes to the
infinite-dimensional case.) Since

m,—l
Z a?"
is nilpotent for each ¢, it follows that (x) is the (unique) spectral decomposition of ¢(L). Thus

o(p(L)) = {e(M), .., o)} = @(o(L)).

Moreover, if {p(A1),...,p(Ax)} are distinct, then the algebraic multiplicity of ¢()\;) as an eigen-
value of p(L) is the same as that of \; for L, and they have the same eigenprojection P;. In general,
one must add the algebraic multiplicities and eigenprojections over all those ¢ with the same @(\;).
O OJ

Remarks:

(1) The special case in which L is diagonalizable is easy to remember:

k :
if L= Z NPy, then (L) = Z(p(/\ P
i=1 i=1

(2) Other consequences of (x) for general L are

tro(L) = Zmi#)(}\i) and  det (L) = H P(A)™.

We now study composition.

PROPOSITION 3.1. Suppose L € L(V'), 1 is holomorphic in a neighborhood of o(L), and ¢y is
holomorphic in a neighborhood of o(¢1(L)) = ¢1(c(L)) (so pa0¢; is holomorphic in a neighborhood
of o(L)). Then

(2 0 01)(L) = pa(p1(L)).
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PROOF. Let Ay contain o(p1(L)) and let 49 = 0Ay. Then
1 _
p2(p1(L)) = 2—/ p2(C)(G] = ¢1(L)) " dCa.
i ).,

Here, (GoI — ¢1(L))~! means of course the inverse of (oI — ¢;(L). For fixed (, € 72, we can also
apply the functional calculus to the function (¢ — ¢1(¢1)) ™" of ¢; to define this function of L: let

A; contain ¢(L) and suppose that ¢1(A;) C As; then since (5 € 7 is outside ¢1(Aq), the map
G (G—ei(G)™

is holomorphic in a neighborhood of A, so we can evaluate this function of L; just as for
1
(-

¢

in the example above, we obtain the usual inverse of (, — ¢1(L). So
_ 1 _
(G —@i(L) ! = 5 (G2 = ¢1(G1) " R(G1) G
m 7

Hence

1

a1 (L)) = _W/ @2((2)/(C2—901(C1))_1R(C1)dC1dC2

1 ©2(C2)
- (27TZ)2 /71 R(Cl) 72 C2 _ ¢1(Cl)dc2d<1
1

= —— [ R(GQ)eae1(Gr))dG (as n(y2, 91 (G)) = 1)

211 "

= (902 © 801)([/)-
O O

4. Logarithms of Invertible Matrices

As an application, let L € L(V) be invertible. We can choose a branch of log( which is
holomorphic in a neighborhood of ¢(L) and we can choose an appropriate A in which log ( is
defined, so we can form

1
log L = ~57 /vlog CR(¢)d¢ (where v = 0A).

This definition will of course depend on the particular branch chosen, but since €8¢ = ¢ for any
such branch, it follows that for any such choice,

6logL — I

In particular, every invertible matrix is in the range of the exponential. This definition of the
logarithm of an operator is much better than one can do with series: one could define
S e Al
log(I + A) = —1)* =
gl +4) = 3 ()5

=1
but the series only converges absolutely in norm for a restricted class of A, namely {A : p(A) < 1}.
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CHAPTER 6

Introduction to ODEs

Let F be R or C. Throughout this discussion, |- | will denote the Euclidean norm (i.e {*-norm)
on F” (so || - || is free to be used for norms on function spaces). An ordinary differential equation
(ODE) is an equation of the form

glt,x, 2 ... ™) =0

where g maps a subset of R x (F")™*! into F". A solution of this ODE on an interval [ C R is a
function z : I — F” for which o/, 2", ...,z exist at each t € I, and

(Vtel) g(t,z(t), 2'(t),..., ™) =0.

We will focus on the case where 2™ can be solved for explicitly, i.e., the equation takes the
form
2™ = f(t,z, 2, ... ™),
and where the function f mapping a subset of R x (F")™ into F" is continuous. This equation is
called an m™-order n x n system of ODE’s. Note that if z is a solution defined on an interval
I C R then the existence of (™ on I (including one-sided limits at the endpoints of I) implies
that z € C™1(I), and then the equation implies 2™ € C(I), so z € C™(I).

1. Reduction to First-Order Systems

Every m™-order n x n system of ODE’s is equivalent to a first-order mn x mn system of ODE’s.
Defining
yi(t) =2U"V(t) €F" for 1<j<m
and
yi(t)
y)=| = | eF™,
Ym (t)
the system
2 = flt,x,... ,m(m_l))

is equivalent to the first-order mn x mn system

Yo
Y3
y' =1
Ym
f<t7y17"'7ym)
(see problem 1 on Problem Set 9).
Relabeling if necessary, we will focus on first-order n x n systems of the form =’ = f(¢, z),
where f maps a subset of R x F” into F" and f is continuous.

75
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Ezxample: Consider the n x n system z’(t) = f(t) where f : I — F™ is continuous on an interval
I C R. (Here f is independent of z.) Then calculus shows that for a fixed ty € I, the general
solution of the ODE (i.e., a form representing all possible solutions) is

t
x(t) = c+/ f(s)ds,
to
where ¢ € F" is an arbitrary constant vector (i.e., ¢1, ..., ¢, are n arbitrary constants in IF).

Provided f satisfies a Lipschitz condition (to be discussed soon), the general solution of a
first-order system a’ = f(t,x) involves n arbitrary constants in F [or an arbitrary vector in F"]
(whether or not we can express the general solution explicitly), so n scalar conditions [or one
vector condition] must be given to specify a particular solution. For the example above, clearly
giving x(tg) = zo (for a known constant vector z,) determines ¢, namely, ¢ = zo. In general,
specifying x(to) = xy (these are called initial conditions (IC), even if ¢y is not the left endpoint of
the t-interval I) determines a particular solution of the ODE.
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Initial-Value Problems for First-order Systems

An initial value problem (IVP) for the first-order system is the differential equation

DE : ¥ = f(t,z),

together with initial conditions

1C: Z’(to):.iﬂo .

A solution to the IVP is a solution z(t) of the DE defined on an interval I containing ¢, which
also satisfies the /C, i.e., for which z(¢y) = .

FExamples:

(1)

Let n = 1. The solution of the IVP:

DE : 7 =2’
IC: z(l)=1
is z(t) = ﬁ, which blows up as ¢ — 2. So even if f is €' on all of R x ", solutions of

an IVP do not necessarily exist for all time ¢.
Let n = 1. Consider the IVP:
DE : 2 =2/
IC: 2(0) =0 .
For any ¢ > 0, define z.(t) = 0 for ¢t < ¢ and x.(t) = (¢t — ¢)? for t > ¢. Then every z.(t)
for ¢ > 0 is a solution of this IVP. So in general for continuous f(¢,z), the solution of an

IVP might not be unique. (The difficulty here is that f(t,z) = 24/|z| is not Lipschitz
continuous near x = 0.)

1. An Integral Equation Equivalent to an IVP

Suppose z(t) € C1(I) is a solution of the IVP:

DE: = f(t,x)
1C: l‘(to) =29

defined on an interval I C R with tg € I. Then for all t € I,

z(t) = x(t0)+/ 2'(s)ds

to

- /t:f(s,:v(s»ds,

so z(t) is also a solution of the integral equation

(IE)

x(t) = xo —i—/t f(s,z(s))ds (tel).
7
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Conversely, suppose z(t) € C(I) is a solution of the integral equation (IE). Then f(t,z(t)) € C(I),
S0

x(t) = xo + t f(s,2(s))ds € C*(I)

and z'(t) = f(t,x(t)) by the Fundamental Theorem of Calculus. So z is a C*' solution of the DE
on I, and clearly z(ty) = x¢, so x is a solution of the IVP. We have shown:

PROPOSITION 1.1. On an interval I containing ty, x is a solution of the IVP: DE : x' = f(t,x);
IC : x(ty) = mo (where f is continuous) with x € CY(I) if and only if x is a solution of the integral
equation (IE) on I with x € C(I).

The integral equation (IE) is a useful way to study the IVP. We can deal with the function space
of continuous functions on I without having to be concerned about differentiability: continuous
solutions of (IE) are automatically C'. Moreover, the initial condition is built into the integral
equation.

We will solve (IE) using a fixed-point formulation.

DEFINITION 1.1. Let (X, d) be a metric space, and suppose F': X — X. We say that F is a
contraction fon X if there exists ¢ < 1 such that

Va,y e X)  d(F(z), F(y)) < cd(z,y)
(c is sometimes called the contraction constant). A point x. € X for which
F(z,) = x.
15 called o fixed point of F.
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The Contraction Mapping Fixed-Point Theorem

Theorem (Contraction Mapping Fixed-Point Theorem).

Let (X,d) be a complete metric space and F : X — X be a contraction (with contraction constant
¢ <1). Then F has a unique fized point x, € X. Moreover, for any xo € X, if we generate the
sequence {xy} iteratively by functional iteration

Ty = F(x) for k>0
(sometimes called fixed-point iteration), then x; — z,.
PRrROOF. Fix zg € X, and generate {zy} by 2441 = F(xy). Then for k > 1,
d(wpi1, wx) = d(F (), F(2r1)) < cd(zp, 2x-1).
By induction
d(zps1, z3) < Fd(xy, xp).

So for n < m,

m—1 m—1
AT, xn) < d(zj41,25) < ( cj> d(zq,x0)

A
RS
()¢
QU
~
S
=
IS
N
I
—_
| @)
=
=
IS
N

Since ¢ — 0 as n — 0o, {x} is Cauchy. Since X is complete, z; — x, for some z, € X. Since F'
is a contraction, clearly F' is continuous, so

F(z,) = F(limzg) = lim F(zg) = limag = x4,
so x, is a fixed point. If x and y are two fixed points of F' in X, then

d(z,y) = d(F(z), F(y)) < cd(z,y),
so (1 —¢)d(x,y) <0, and thus d(z,y) =0 and 2 = y. So F has a unique fixed point. O O

Applications.

(1) Iterative methods for linear systems (see problem 3 on Problem Set 9).

(2) The Inverse Function Theorem (see problem 4 on Problem Set 9). If ® : U — R™ is a C*!
mapping on a neighborhood U C R" of x5 € R" satisfying ®(xy) = yo and ¥'(zg) € R™*"
is invertible, then there exist neighborhoods Uy C U of zy and Vj of 4 and a C'* mapping
U Vy — Uy for which ®[Uy] =V and ® o W and ¥ o ® are the identity mappings on V;
and Uy, respectively.

(In problem 4 of Problem Set 9, you will show that ® has a continuous right inverse
defined on some neighborhood of yy. Other arguments are required to show that ¥ € C*
and that W is a two-sided inverse; these are not discussed here.)

79
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Remark. Applying the Contraction Mapping Fixed-Point Theorem (C.M.F.-P.T.) to a mapping F’
usually requires two steps:
(1) Construct a complete metric space X and a closed subset S C X for which F(S) C S.
(2) Show that F'is a contraction on S.

To apply the C.M.F.-P.T. to the integral equation (IE), we need a further condition on the
function f(¢,z).

DEFINITION 0.2. Let I C R be an interval and Q C F*. We say that f(t,x) mapping I x §)
into F™ 4s uniformly Lipschitz continuous with respect to x if there is a constant L (called the
Lipschitz constant) for which

We say that f is in (C,Lip) on I x Q if f is continuous on I x Q and f is uniformly Lipschitz

continuous with respect to x on I x ).

For simplicity, we will consider intervals I C R for which ty is the left endpoint. Virtually
identical arguments hold if ¢, is the right endpoint of I, or if ¢ is in the interior of I (see Coddington
& Levinson).



CHAPTER 9

Local Existence and Uniqueness for (IE) for Lipschitz f

Theorem (Local Existence and Uniqueness for (IE) for Lipschitz f)

Let I = [to,to + 8] and Q = B,.(xo) = {x € F" : |x — x| < 1}, and suppose f(t,x) is in (C,Lip)
on I x 2. Then there ezists o € (0, 5] for which there is a unique solution of the integral equation

(IE) x(t) = o —|—/t f(s,z(s))ds

in C(1,), where I, = [to,to + a. Moreover, we can choose « to be any positive number satisfying

1
aﬁﬁ,aﬁ%, and 04<z, where M:(t;r)lgiglf(t,x)\

and L is the Lipschitz constant for f in I x €.

PRrROOF. For any a € (0, 3], let || - ||« denote the max-norm on C(1,):

for ze€C(l,), ||7|e= L Jax lz(t)] .

Although this norm clearly depends on «, we do not include « in the notation. Let xy € C(1,)
denote the constant function xy(t) = x¢. For p > 0 let

Xap={r € C(La) : |z = 2ol < p}-

Then X, , is a complete metric space since it is a closed subset of the Banach space (C'(Ia), || - ||oo)-
For any « € (0, 5], define F': X, , — C(I,) by

(F(2))(t) = z0 + / F(s.2(5))ds.

Note that F' is well-defined on X, , and F(z) € C(l,) for z € X, , since f is continuous on

I x B,(z9). Fixed points of F' are solutions of the integral equation (IE).

Claim. Suppose a € (0, 8], o < 7, and o < % Then F maps X, , into itself and F' is a contraction
on X .

Proof of Claim: If x € X, ,, then for t € I,,

(F())(t) — o] < / (s, 2(s)|ds < Ma < r,
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82 9. LOCAL EXISTENCE AND UNIQUENESS FOR (IE) FOR LIPSCHITZ f

so F': Xy, = Xo, Ifz,y € X, then fort € I,

((F(x)(8) = (Fy)(®)] < /tt!f(&w(S))—f(s,y(é’))!ds

0

IN

U/Lm@—y@ws

to
< Laflz =yl

S0
|F(z) — F(y)|loo < La||z — y|lw, and La < 1.

So by the C.M.F.-P.T., for a satisfying 0 < a < 3, a < §;, and a < %, F' has a unique fixed
point in X, ,, and thus the integral equation (IE) has a unique solution z,(¢) in X,,, = {z € C(l,) :
|x — 2o||ooc < 7}. This is almost the conclusion of the Theorem, except we haven’t shown z, is the
only solution in all of C'(1,). This uniqueness is better handled by techniques we will study soon,
but we can still eke out a proof here. (Since f is only defined on I x B,(xg), technically f(t,z(t))
does not make sense if € C(I,) but = ¢ X,,. To make sense of the uniqueness statement for
general x € C(I,), we choose some continuous extension of f to I x F".) Fix « as above. Then
clearly for 0 < v < o, .|, is the unique fixed point of F on X, ,. Suppose y € C(I,) is a solution

of (IE) on I, (using perhaps an extension of f) with y # x, on I,. Let
n = inf{y € (0,a] : y(to +7) # z.(to +7)}-
By continuity, v; < a. Since y(tg) = o, continuity implies
7 € (0,a] 2 ylr,, € Xy,
and thus y(t) = z.(t) on I,,. So 0 < < a. Since y(t) = x.(t) on Ly, y|r,, € Xy, . Let p= Mryy;

then p < Ma <r. Fort € I,

|M®—xd=KﬂwX®—mﬂ§[|ﬂ&%$whﬁﬂhq=m

80 y|1,, € X, By continuity, there exists v € (y1,0a] 3 yl|r,, € X, . But then y(t) = x.(t) on

L,,, contradicting the definition of ;. U OJ



CHAPTER 10

The Picard Iteration

Although hidden in a few too many details, the main idea of the proof above is to study the
convergence of functional iterates of F. If we choose the initial iterate to be x¢(t) = xy, we obtain
the classical Picard Iteration:

{ zo(t) = zo

Ty (t) = :Bg—i-fti f(s,xp(s))ds for k>0

The argument in the proof of the C.M.F.-P.T. gives only uniform estimates of, e.g., xxy1 — xp:
|2ks1 — Tillo < Lol — gt ||oo, leading to the condition aw < 7. For the Picard iteration (and
other iterations of similar nature, e.g., for Volterra integral equations of the second kind), we can
get better results using pointwise estimates of xyy; — x;. The condition o < % turns out to be
unnecessary (we will see another way to eliminate this assumption when we study continuation of
solutions). For the moment, we will set aside the uniqueness question and focus on existence.

Theorem (Picard Global Existence for (IE) for Lipschitz f). Let I = [ty,to + (], and
suppose f(t,x) is in (C,Lip) on I x F™. Then there ezists a solution x.(t) of the integral equation
(IE) in C(I).

Theorem (Picard Local Existence for (IE) for Lipschitz f). Let I = [to,to + 3] and

Q= B.(z9) ={z € F" : |x — x| < r}, and suppose f(t,z) is in (C,Lip) on I x Q. Then there
exists a solution z,(t) of the integral equation (IE) in C(1,), where I, = [to, to+a], o = min (8, 75),
and M = maXx,z)erx |f(t7 ‘T)I

Proofs. We prove the two theorems together. For the global theorem, let X = C(I) (i.e.,
C(I,TF™)), and for the local theorem, let

X=X, ={reC(l,): ||z — 20|l <7}

as before (where z((t) = (). Then the map

(F(2))(t) = x0 —i—/t f(s,z(s))ds

maps X into X in both cases, and X is complete. Let

zo(t) = xg, and w41 = F(xg) for k>0.

Let
My, = max |f(t,z0)] (global theorem),
c
M, = max |f(t,x0)] (local theorem).
el
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84 10. THE PICARD ITERATION

Then for ¢t € I (global) or t € I, (local),

jaa(t) — o] < / (s, 20)|ds < Mo(t — to)

aa(t) — ma(t)] < / (s, 21(8)) — F(s, 20(s))|ds

< /|x1 ~ wo(s)|ds

MyL(t — ty)?
< MOL/(s—to)d %
to .

By induction, suppose |z (t) — zx_1(t)| < My L’“_lw. Then
i (1) — ax(8)] < / (5, 50(5)) — (s, 2a1(5))lds
< / 24(5) — 21 (5)]ds

to

<t [yt
Y AR k1)

So sup, |ze41(t) — 21(t)| < MyLF 21—, where v = 3 (global) or v = « (local). Hence

(k:+1)'7

Moy < (Ly)F
E _ <
Sup|$k+1 l’k( )| = I L (k+ 1)'

= T(eL7 —1).

It follows that the series g + Y oo o(@ks+1(t) — i (¢)), which has zy4q as its N™ partial sum,
converges absolutely and uniformly on I (global) or I, (local) by the Weierstrass M-test. Let
z.(t) € C(I) (global) or € C(I,) (local) be the limit function. Since

[F(t 2x(8) = [t ()] < Llaw(t) — 2. (8)],
f(t, z(t)) converges uniformly to f(¢,z.(t)) on I (global) or I, (local), and thus

F(z,)(t) = :)30+/ f(s,z.(s

= hmxo—i—/fsxk ))ds)
= hm Ty () = z.(2),

for all t € I (global) or I, (local). Hence z,(t) is a fixed point of F' in X, and thus also a solution
of the integral equation (IE) in C(I) (global) or C(1,) (local). O

COROLLARY 0.0.3. The solution x.(t) of (IE) satisfies

M,
|$*()_$0|< . ( L(t— to)_l)
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fort eI (global) ort € I, (local), where My = maxer | f(t,x0)| (global), or My = maxser, |f(t, zo)]
(local).

PRrooOF. This is established in the proof above. O O

Remark. In each of the statements of the last three Theorems, we could replace “solution of the
integral equation (IE)” with “solution of the IVP: DE : o’ = f(t,z); IC : z(ty) = zo” because of
the equivalence of these two problems.

FExamples.
(1) Consider a linear system x' = A(t)x + b(t), where A(t) € C**™ and b(t) € C" are in C([)
(where I = [tg,to + f]). Then f isin (C,Lip) on I x F™

t.2) = £.)] < 1A - Al < (max A0 ) ke~ ],

Hence there is a solution of the IVP: 2’/ = A(t)x + b(t), z(to) = o in C(I).

(2) (n =1) Consider the IVP: 2/ = 22, 2(0) = 2y > 0. Then f(¢,2) = 2? is not in (C, Lip) on
I x R. Tt is, however, in (C,Lip) on I x Q where Q = B,(xo) = [zg — 7,20 + 7] for each
fixed 7. For a given r > 0, M = (z¢+ )% and a = &7 = (inT)Q in the local theorem is

maximized for r = x¢, for which o = (4x)~". So the local theorem guarantees a solution

in [0, (420)']. The actual solution z,(t) = (x;' — )~} exists in [0, (x0)7}).







CHAPTER 11

Local Existence for Continuous f

Some condition similar to the Lipschitz condition is needed to guarantee that the Picard iterates
converge; it is also needed for uniqueness, which we will return to shortly. It is, however, still
possible to prove a local existence theorem assuming only that f is continuous, without assuming
the Lipschitz condition. We will need the following form of Ascoli’s Theorem:

Theorem (Ascoli). Let X andY be metric spaces with X compact. Let { fx} be an equicontinuous
sequence of functions fr: X =Y, i.e.,

(Ve>0)36>0) suchthat (vk>1)(Vay, 22 € X)
dx(QTl,[L'Q) <= dy(fk(fﬂl), fk(ﬂfz)) < €

(in particular, each fy is continuous), and suppose for each x € X, {fp(x) : k > 1} is a compact
subset of Y. Then there is a subsequence {fx;}52, and a continuous f : X —Y such that

Jr; = [ uniformly on X.

Remark. If Y = F", the condition (Vz € X) {fx(z):k > 1} is compact is equivalent to the
sequence { fi} being pointwise bounded, i.e.,

(Vo e X)(IM,) suchthat (VE>1) |fi(x)] < M,.

Ezample. Suppose f, : [a,b] — R is a sequence of C'' functions, and suppose there exists M > 0
such that

VE>1) |fllo + [ fillo < M
(where || f]|oc = max,<z<p |f(x)]). Then for a < zy < 9 < b,

fulws) — ful)| < / @)l < Mz, — o],

so {fx} is equicontinuous (take 0 = +7), and || fi|l« < M certainly implies {f;} is pointwise
bounded. So by Ascoli’s Theorem, some subsequence of {fi} converges uniformly to a continuous

function f : [a,b] — R.

Theorem (Cauchy-Peano Existence Theorem).
Let T = [to,to + 5] and Q = B,(x¢) = {x € F" : |x — x| < r}, and suppose f(t,x) is continuous
on I x Q. Then there exists a solution x,(t) of the integral equation

(IE) —xo+/fsa:

in C(I,) where I, = [to,to+a], « =min (8, %), and M = maxyerxo | f(t,2)| (and thus x.(t) is
a C' solution on 1, of the IVP: 2/ = f(t,z); x(ty) = x).
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88 11. LOCAL EXISTENCE FOR CONTINUOUS f

PROOF. The idea of the proof is to construct continuous approximate solutions explicitly (we
will use the piecewise linear interpolants of grid functions generated by Euler’s method), and
use Ascoli’s Theorem to take the uniform limit of some subsequence. For each integer k > 1,
define zx(t) € C(I,) as follows: partition [ty,to + a] into k equal subintervals (for 0 < ¢ < k, let
ty = to + L% (note: t, depends on k too)), set x4(to) = w0, and for £ = 1,2,..., k define x,(t) in
(te—1,te) inductively by xx(t) = zx(te—1) + f(te—1, 2x(te—1))(t — te—1). For this to be well-defined we
must check that |xg(t,—1) — xo| < 7 for 2 < ¢ < k (it is obvious for ¢ = 1); inductively, we have

/-1

2k (ti—1) — 20| < Z |z (t:) — 2r(tizy)|

i=1

/—1
= > 1 f(tiy a(tioa)] - [t =t
=1

—1
< MZ(tz —ti_1)

i1
= M(tg,1 —to) < Mo <r

by the choice of a. So wzi(t) € C(I,) is well defined. A similar estimate shows that for ¢,7 €
[to, to + @,

|z (t) — ap(T)| < M|t — 7.
This implies that {z;} is equicontinuous; it also implies that

Vk>1)(Vte l,) |xg(t) —xo] < Ma <,

so {z}} is pointwise bounded (in fact, uniformly bounded). So by Ascoli’s Theorem, there exists
7.(t) € C(l,) and a subsequence {xy; }32, converging uniformly to z.(t). It remains to show that
z.(t) is a solution of (IE) on [,. Since each xx(t) is continuous and piecewise linear on I,,

¢
x(t) = x0 +/ xy(s)ds
to

(where  (t) is piecewise constant on I, and is defined for all ¢ except t, (1 < ¢ < k — 1), where
we define it to be z},(t])). Define

Ap(t) = 23 (t) — f(t,z(t)) on I,

(note that Ag(ty) =0 for 0 < ¢ < k — 1 by definition). We claim that Aj(¢) — 0 uniformly on I,
as k — oo. Indeed, given k, we have for 1 < ¢ < k and t € (¢ty_1,t,) (including ¢, if ¢ = k), that

|73,(8) — f(t 2 ()] = | f(te—1, 2r(te-r)) — f(E 2u(t))].
Noting that [t —t,_;| < ¢ and
o
Ea

the uniform continuity of f (being continuous on the compact set I x €2) implies that

|2 (t) — xp(te—r)| S Mt —tia| < M

rtne}x\Ak(t)] —0 as k— oo
€la
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Thus, in particular, Ay, (t) — 0 uniformly on I,. Now

t
zy, (1) = ZE0+/ T, (s5)ds

to

= 330+/t:f(ijkj(s))dsﬂL/tAkj(S)dS-

to
Since x;, — x, uniformly on I, the uniform continuity of f on I x {2 now implies that f(t, zy,(t)) —
f(t, z.(t)) uniformly on I, so taking the limit as j — oo on both sides of this equation for each
t € I,, we obtain that x, satisfies (IE) on I,,. O O

Remark. In general, the choice of a subsequence of {x;} is necessary: there are examples where
the sequence {z;} does not converge. (See Problem 12, Chapter 1 of Coddington & Levinson.)






CHAPTER 12

Uniqueness

Uniqueness theorems are typically proved by comparison theorems for solutions of scalar dif-
ferential equations, or by inequalities. The most fundamental of these inequalities is Gronwall’s
inequality, which applies to real first-order linear scalar equations.

Recall that a first-order linear scalar initial value problem

u = a(t)u+b(t), uty) =ug

can be solved by multiplying by the integrating factor e Jig @ (ie., e Ji a(s)ds), and then integrating
from ty to t. That is,

d —[ta —[ta

pr <e Jig u(t)) = e Jio b(t),

which implies that
ft t d f.s
Tt Cqu(t) — — _( “Jin @ )d
e "o u(t) — ug /todse o“u(s)) ds
t S
= / e Jo %b(s)ds
to
which in turn implies that
t t t
u(t) = ugelo® + / els b(s)ds.
to
Since f(t) < g(t) on [c, d] implies fcd f(t)dt < fcd g(t)dt, the identical argument with “=" replaced
by “<” gives

Theorem (Gronwall’s Inequality - differential form). Let I = [to,t1]. Suppose a : I — R
and b: I — R are continuous, and suppose u : [ — R is in C(I) and satisfies
u'(t) < at)u(t) +b(t) for tel, and wu(ty) = uo.
Then
t t t
ul(t) < ugelo® +/ els 2b(s)ds.

to

Remarks:
(1) Thus a solution of the differential inequality is bounded above by the solution of the
equality (i.e., the differential equation v’ = au + b).
(2) The result clearly still holds if u is only continuous and piecewise C', and a(t) and b(t)
are only piecewise continuous.
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92 12. UNIQUENESS

(3) There is also an integral form of Gronwall’s inequality (i.e., the hypothesis is an integral
inequality): if ¢, 1, a € C(I) are real-valued with a > 0 on I, and

o(t) < (t) + /ta(s)gp(s)ds for tel,

to

then
(0 < vlt)+ [ e als)us

In particular, if ¢)(¢) = ¢ (a constant), then ¢(t) < cetio®. (The differential form is applied
to the C'! function u(t) = fti a(s)p(s)ds in the proof.)
(4) For a(t) > 0, the differential form is also a consequence of the integral form: integrating

u < a(t)u+ b(t)

from ¢y to t gives
ult) < vl0) + [ alopu(s)ds,
t
where 0 t
W»(t) = ug —i—/t b(s)ds,
so the integral form and then integration b;/ parts give

ut) < Pt) + /t els 2a(s)(s)ds

t ¢ t
O A / el ap(s)ds.

to

(5) Caution: a differential inequality implies an integral inequality, but not vice versa: f <
g7 "<y

(6) The integral form doesn’t require ¢ € C' (just ¢ € C(I)), but is restricted to a > 0. The
differential form has no sign restriction on a(t), but it requires a stronger hypothesis (in
view of (5) and the requirement that u be continuous and piecewise C1).

1. Uniqueness for Locally Lipschitz f
We start with a one-sided local uniqueness theorem for the initial value problem

IVP: = f(t,x); x(ty) = wo.

Theorem. Suppose for some a > 0 and some r > 0, f(t,x) is in (C,Lip) on I, X B.(xq), and
suppose x(t) and y(t) both map I, into B.(x¢) and both are C* solutions of (IVP) on I, where
I, = [to,to + . Then x(t) = y(t) fort € I,.

PROOF. Set
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(in the Euclidean inner product on F*). Then u : I, — [0,00) and v € C'(1,) and for t € I,,

/

v o= (x—y,d —y)+ @ =y, —vy)
2Re(x —y, 2" — o) <2l{x —y,2" — )|
= 2z =y, (f(t,z) = f(t,y)]

< 2w =yl |f(tw) - fEy)
< 2Lz —yl* =2Lu .
Thus v < 2Lu on I, and u(ty) = z(to) — y(to) = xo — x9 = 0. By Gronwall’s inequality,
u(t) < upe? =0 on I, so since u(t) > 0, u(t) =0 on I,. O O
COROLLARY 1.0.4. (i) The same result holds if I, = [ty — a, to].

(ii) The same result holds if I, = [ty — a, tg + .
PROOF. For (i), let Z(t) = z(2ty — t), §(t) = y(2to — t), and f(t,z) = —f(2to — t,x). Then f

is in (C, Lip) on [to, to + a] X B.(xp), and = and y both satisfy the IVP

o = f(t,x); 2'(te) =x0 on [ty to+ al.
So by the Theorem, Z(t) = y(t) for t € [to,to + o], i.e., x(t) = y(t) for t € [to — a,tp]. Now (ii)
follows immediately by applying the Theorem in [ty,to + «| and applying (i) in [to — a, tp]. O O

Remark. The idea used in the proof of (i) is often called “time-reversal.” The important part is
that z(t) = x(c—t), etc., for some constant ¢, so that z'(t) = —x'(c—t), etc. The choice of ¢ = 2t
is convenient but not essential.

The main uniqueness theorem is easiest to formulate in the case when the initial point (¢, z)
is in the interior of the domain of definition of f. There are analogous results with essentially the
same proof when (ty,xo) is on the boundary of the domain of definition of f. (Exercise: State
precisely a theorem corresponding to the upcoming theorem which applies in such a situation.)

DEFINITION 1.1. Let D be an open set in R x F". We say that f(t,x) mapping D into F" is
locally Lipschitz continuous with respect to x if for each (t1,x1) € D there exists

a>0 r>0, and L>0
for which [t; — a,t; + a| x B,(z1) C D and

(Vielh—ati+a))(Va,y € Bi(w)) [f(t2) = f(t,y)| < Llz -y

(i.e., f is uniformly Lipschitz continuous with respect to x in [ty — a,t; + o] X B,(x1)). We will
say f € (C,Lip,,) (not a standard notation) on D if f is continuous on D and locally Lipschitz
continuous with respect to x on D.

Ezample. Let D be an open set of R x F™. Suppose f(¢,z) maps D into F", f is continuous on D,

and for 1 <14,7 <mn, gg]:? exists and is continuous in D. (Briefly, we say f is continuous on D and
J

C' with respect to z on D.) Then f € (C,Lip,,) on D. (Exercise.)

Main Uniqueness Theorem. Let D be an open set in R x F", and suppose f € (C,Lipy.) on
D. Suppose (tg,xo) € D, I C R is some interval containing ty (which may be open or closed at
either end), and suppose z(t) and y(t) are both solutions of the initial value problem

IVP: = f(t,x); x(to) = o
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in CY(I). (Included in this hypothesis is the assumption that (t,x(t)) € D and (t,y(t)) € D for
tel.) Then x(t) = y(t) on I.

PROOF. Let A= {t €I :x(t) = y(t)}. Ais clearly a nonempty relatively closed subset of I.
We show that A is open in I, from which it follows that A = I as desired.

Suppose t; € A. Set x1 = x(t1) = y(t1). By continuity and the openness of D (as (t1,z1) € D),
there exist @ > 0 and r > 0 such that [t; — o, + o] X B,(x1) C D, f is uniformly Lipschitz
continuous with respect to x in [t — a,t; + o] x B,.(xy), and z(t) € B,(x1) and y(t) € B,(z1) for
all t in I N[ty — a, t1 + a. By the previous theorem, z(t) = y(¢) in I N[t — a, t; + ). Hence A is
open in . Il O]

Remark. ty is allowed to be the left or right endpoint of 1.



CHAPTER 13

Comparison Theorem for Nonlinear Real Scalar Equations

We conclude this chapter with a version of Gronwall’s inequality for nonlinear equations.

Theorem. Letn =1, F =R. Suppose f(t,u) is continuous in t and u and Lipschitz continuous
in u. Suppose u(t), v(t) are C* for t > to (or some interval [ty,b) or [to,b]) and satisfy

u'(t) < f(t,u(t), V() = f(E (1))
and u(ty) < v(ty). Then u(t) < wv(t) fort > to.

PROOF. By contradiction. If u(T") > v(T") for some T" > t;, then set
ty =sup{t:to <t <T and u(t) <wv(t)}.

Then to < t; < T, u(ty) = v(ty), and u(t) > v(t) for t > t; (using continuity of u — v). For
t1 <t <T, |u(t) —v(t)] = u(t) — v(t), so we have

(u—v)" < f(t,u) — f(t,v) < Llu —v| = L(u — v).

By Gronwall’s inequality (applied to uw — v on [t,T], with (u — v)(t;) = 0, a(t) = L, b(t) = 0),
(u—wv)(t) <0 on [t1,T], a contradiction. O O

Remarks.

(1) As with the differential form of Gronwall’s inequality, a solution of the differential inequal-
ity ' < f(t,u) is bounded above by the solution of the equality (i.e., the DE v' = f(¢,v)).

(2) It can be shown under the same hypotheses that if u(ty) < v(ty), then u(t) < v(t) for
t > to (problem 4 on Problem Set 1).

(3) Caution: It may happen that u/(t) > v'(t) for some t > to. It is not true that u(t) <
v(t) = u'(t) <V'(t), as illustrated in the picture below.

to

COROLLARY 0.0.5. Letn =1, F = R. Suppose f(t,u) < g(t,u) are continuous int and u, and
one of them is Lipschitz continuous in w. Suppose also that u(t), v(t) are C' fort >ty (or some
interval [to,b) or [to,b]) and satisfy v' = f(t,u), v' = g(t,v), and u(te) < v(te). Then u(t) < v(t)
fort > ty.
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PROOF. Suppose first that g satisfies the Lipschitz condition. Then «' = f(t,u) < g(t, u).
Now apply the theorem. If f satisfies the Lipschitz condition, apply the first part of this proof to

u(t) = —v(t), v(t) = —u(t), f(t,u) = —g(t, —u), g(t,u) = — f(t, —u). O O

Remark. Again, if u(ty) < v(ty), then u(t) < v(t) for t > t.
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