Linear Analysis
Lecture 21




The Picard Iteration

We now study the fixed point iteration based on the function

(9(2))(t) = 20 + t f(s,z(s))ds .

used in the previous existence and uniqueness theorem for the integral
equation (IE). If we choose the initial iterate to be zy(t) = 9, we obtain
the classical Picard lteration:

2o

o (t)
a1 () = :L’o+ftif(l’,$k(5))d5 for k>0

The argument in the proof of the C.M.F.-P.T. gives only uniform
estimates of the iteration error (zx4+1 — %), €.8.,

|Tr1 — 2klloo < Lalzy — 2k—1]|oo,

leading to the condition a < % For the Picard iteration, better results
using pointwise estimates of x;,1 — z) are possible. The condition

a < % turns out to be unnecessary. For the moment, we will set aside
the uniqueness question and focus on existence.

2/19



Global Existence

Theorem: (Picard Global Existence for (IE) for Lipschitz f)
Let I = [tg, to + 3] for 0 < 3. Suppose f(t,z) is in (C,Lip) on I x F",
Then there is a solution z,(¢) to the integral equation (IE) in C(I).

Theorem: (Picard Local Existence for (IE) for Lipschitz f)
Let I = [to, tp + B] for 0 < B and

Q=B (x) ={zeF": |z — x| <1},

and suppose f(t,z) is in (C,Lip) on I x 2. Then there exists a solution
7« (t) to the integral equation (IE) in C(I,) where

Ia:[tht+a]7 « = min (ﬂaﬁ)a

and where M = max(; »yerxa |f(1, 2)].

We prove these two Theorems together.

3/19



Existence Proof

Let X = C([,F") and X=X,,={ze C(,):|z— 2 <},
for the global and local results, resp.ly. Ihen
()0 =20+ [ f(sia(s))ds

t
maps X into X in both cases, and X isocomplete. Let
2(t) =z and zpy1 = g(z) for k>0.
Let
My = max |7 (¢, 20)| (global thm),
te

My = max 7 (¢, )] (local thm).
€l

Then for ¢t € I (global) or ¢ € I, (local),
¢
|21 (8) — 2| < |f (s, 20)|ds < Mo(t — to)

|22(t) = m (1)) < /t|f(8,$1(8))—f(57%(5))|d8

IN

L[ |z(s)— z0(s)|ds

to
t _ 2
S MoL/(S—to)dSZJ\%L(giltO)
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Existence Proof

By induction, suppose

Then
|Zkr1(t) — ze(t)| <

So

Z 2411

|2, (1) — mp_1 (t)] < Mo LF™1

/|fsa:k

IN

IN

— (1)

to

(t—to)*
K

— f(s, m-1(5))|ds

ka( ) = zr—1(s)|ds

t k+1
p [ (s— to) k( to)
Moy <= (L(t — t)"+?
= Tkzz:o ®+ 1)
_ Mo, ri-) Mo, 1y
= 7 (e 1) < T (e 1),

where v = 3 (global) or v = « (local).



Existence Proof

Hence the series 2y + > p o (2+1(t) — zx(t)), which has zy41 as its N
partial sum, converges absolutely and uniformly on I (global) or I,
(local) by the Weierstrass M-test. Let

z(t) € C(I) (global) or xz.(t) € C(I,) (local)
be the limit function. Since
[f(t, 2i(t) — f(E, 2(2))] < Llzi(t) — z(2)],

f(t mp(t) — [ 2.(1))
on I (global) or I, (local). Therefore,

0 x0+/t F(s, 2(s)) ds

t
= Jim (oo + /to f(s, zi(z))ds)
= klir& T (1) = 2 (2),

for all ¢ € I (global) or I, (local). Hence . (t) is a fixed point of g in X,
and thus also a solution of the integral equation (IE) in C'(I) (global) or
C(1,) (local.) O
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Existence Corollary

Corollary. The solution z(t) of the integral equation (IE) satisfies
M,
(1) — an] < 20 (6P 1)

tel (global) or tel, (local),

where
My = max If (¢, 20)| (global),
€

My = max |f (¢, z0)] (local).

Remark. In each of the statements of the last three Theorems, we could
replace
“solution of the integral equation (IE)"
with
“C* solution of the IVP: DE : 2’ = f(t,z); IC : 2(ty) = 0"
because of the equivalence of these two problems.
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Example 1

(1) Consider a linear system
7’ = A(t)z + b(t),

where
A(t) e C™™ and b(t) e C"

are in C(I) with I = [t, t + S].
Then fisin (C,Lip) on I x F"

f(t,2) = f(t,y)]

IN

Az - Aty
(a4 ) o~ .

IN

Hence there is a solution of the VP

o =At)z+b(t), (o) =z in  CYI).



Example 2

(2) (n =1) Consider the IVP
' =1%  2(0) =1 > 0.

Then f(t,z) = 2% is not in (C,Lip) on I x R.
It is, however, in (C,Lip) on I x 2 where

Q= B,(x9) =[z0 — 1,30 + 7]

for each fixed r. For a given r > 0, we have

r r
M= (z+7r)? and ao=—=— -
( ) Y M ($Q+T)2
in the local theorem. This value of « is maximized for r = xg, where
o = ;. So the local theorem guarantees a solution in [O, = |
0 o

The actual solution z,(t) = (z5 ' — )~" exists in [0, ?10>
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Local Existence for Continuous f

It is also possible to prove a local existence theorem assuming only that f
is continuous, without assuming the Lipschitz condition. We need the
following form of Ascoli's Theorem.

Definition: A sequence of functions {f} between metric spaces X and
Y is said to be equicontinuous if

(Ve>0)(36>0) suchthat (Vk>1)(Vay,a € X)

dz(l‘l,l’g) <d = dy(fk(:ﬁ),fk(il}g)) < €.

Theorem: (Ascoli)
Let X and Y be metric spaces with X compact. Let {f;} be an
equicontinuous sequence of functions f; : X — Y, and suppose for each
re X,

{fe(@) - k =1}
is a compact subset of Y. Then there is a subsequence {f;;}2; and a
continuous f : X — Y such that

Jo, = f uniformly on X.
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Remarks on Ascoli’s Theorem

(1) If {fi} is an equicontinuous sequence of functions between metric
spaces, then each of the functions f; must be continuous.

(2) If Y =TF™, the condition
(Vzex) (h@: k=)

is compact is equivalent to the sequence {f;} being pointwise bounded,
ie.,

(Vz € X)(IM,) suchthat (Vk>1)
(@) < My .
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Remarks on Ascoli’s Theorem

(3) Suppose f; : [a, b] — R is a sequence of C! functions, and suppose

IM such that (Vk>1)
felloo + 1filloo < M,

where

flloo = max |f(z)] .

a<z<b

Then for a < 11 < 20 < b,

i) — fia)] < /

Z

x2
[fi(2)ldz < M|z — 2],
1

so {fi} is equicontinuous (take § = ), with ||fil|cc < M implying that
{fi:} is pointwise bounded.

Thus, by Ascoli's Theorem, some subsequence of {f;} converges
uniformly to a continuous function f : [a, b] — R.
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The Cauchy-Peano Existence Theorem

Let I = [to, to + ] and

Q=B (n)={zeF": |z —a| <r},

and suppose f(t, z) is continuous on I x Q.
Then there exists a solution z.(t) of the integral equation

(IE) o) =+ [ flsva(s)ds
in C(I,) where I, = [to, tp + o],
a = min (6, M) ,

and

M = t
(tggfmlf( )|,

and so z.(t) is a C! solution of the initial value problem
IVP: II:f(t,CU), CE(t(]):x()

in I,.
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Proof of the Cauchy-Peano Existence Theorem

The idea is to construct approximate solutions based on piecewise linear
interpolants of grid functions generated by Euler's method, and then use
Ascoli's Theorem to take the uniform limit of some subsequence. For
each integer k > 1, define

Ik(t) S C([a)

as follows:

(a) partition [fo, o + «] into k equal subintervals, for
0Lk let to=to+07 .

(b) set zx(tp) = x0, and
(c) for £ =1,2,...,k define zx(t) in (t—1, te] inductively by

2 (t) = ap(te—1) + f(te—1, ou(te—1))(t — to—1).
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Proof of the Cauchy-Peano Existence Theorem

Since f is only defined on I x €0, we must check that
|og(te—1) — a0l <7 for 2<0<k

for this to be well-defined. We show this by induction.
It is obvious for ¢/ = 1; inductively, we have

—1
|2k(t1) — 20l < D |aw(ts) — wi(tio1)]

i=1

-1
= Z [f (ti—1, ze(tiz1))| - [t — tia]
i=1

-1
< MZ(ti = ti-1)
i=1

= M(t—1 — to)

IA

Ma<r

by the choice of a. So z(t) € C(I,) is well defined.
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Proof of the Cauchy-Peano Existence Theorem

A similar estimate shows that for ¢, 7 € [lo, tp + @],
|2k (t) — 2 (7)| < M|t —7] .
This implies that {zy} is equicontinuous; it also implies that
VE>1)(Vtel,) |a(t)— a2 < Ma <7,

so {y} is pointwise bounded (in fact, uniformly bounded).
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Proof of the Cauchy-Peano Existence Theorem

Now, by Ascoli's Theorem, some subsequence
{-’L'l@};il
converges uniformly to some
z(t) € C(1y).

It remains to show that z,(t) is a solution of (IE) on I,.
Since each xx(¢) is continuous and piecewise linear on I,,,

2 (t) = 2 + /t:r,'c(s)ds,
to
where z;(t) is piecewise constant on I, and is defined for all ¢ except
tt  (1<e<k-—1).
At each t, (1<t<k-1),set

2, (t) = 152 2, (t) = f(te, z(te))

Ag(t) = o (t) — f(t, 2x(t)) on I,
and note that Ag(t) = 0 for 0 < £ < k — 1 by definition.
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Proof of the Cauchy-Peano Existence Theorem

Claim: Ay(t) — 0 uniformly on I, as k — oo.
Proof of Claim: Given £k, for

1</<k and te [ﬁg,h tg>7
including t if £ =k,
Ag(t) = [z, (t) — f(t, @ ()] = |f (te—1, m(te—1)) — f (£, 21(1))]-
Noting that
o
[t —te1] < T

and o

|2k (t) — @ (te—1)] < Mt — tg1] < M,
the uniform continuity of f on the compact set I x £ implies

max |Ag(t)] >0 as k—oo.
tely

So, in particular,

Ay, (t) = 0 uniformly on  I,.
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Proof of the Cauchy-Peano Existence Theorem

Now

() a(t) = :co+/tx,;j(s)ds

1:0+/ f(s,xkj(s))ds+/ Ay, (s)ds.

Since 7; — . uniformly on I, the uniform continuity of f on I x
implies that

J(t, 2, (t) — f(t,2(t)) uniformly on I,.

Taking the limit as j — oo on both sides of (x) for each ¢ € I, we
obtain that x, satisfies (IE) on I, O
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