Linear Analysis
Lecture 15




The Projection Theorem and Linear Least Squares

Let A€ C™*™, b e C™ and || - || be the Euclidean norm. Then a solution
to the problem
minimize ||b— Az|? *)
zeCn

exists. Moreover, T € C" solves (*) if and only if Z is a solution to the
normal questions A" Az = A7b.
Proof: Observe that

minimize ||b — Az||*> = minimize ||b— y||? . (**)
zeCn yER(A)
By the Projection Theorem there exists a y € R(A) solving (**).

Therefore, there exists Z such that y = AZ and Z must solve (*).
Furthermore,

y solves (**) <= b—yec R(A)*F =N(AT),
or equivalently,
Z solves (¥) <= b— Az c N(AT).
Finally,
b—Az e N(AT) & AT(b—Az)=0
o ATAz=A4"y. O



The Projection Theorem and Linear Least Squares

Remarks.

(¥

(ii)

(iii)

The minimizing element g in (x%) is unique. Moreover, if z € C"
solves y = Az, then Z solves (*). But Z may not be unique. Indeed, if
z € N(A), then Z = T + z must also solve (*) since

y=A(z+2) = Ai.

If rank (A) = n, then A/(4) = {0} and so there is a unique z € C" for
which Az = 7.

This 7 is the unique minimizer of ||b — Az||? over z € C™ as well as
the unique solution of the normal equations A" Az = A7 b.

If rank (A) = r < n, then the minimizing vector Z is not unique; Z can
be modified by adding any element of AV/(A). For example, we might
choose the solution of least norm.



Least Norm Solutions to Linear Least Squares Problems

Again consider the problem
1 2
min 5 ||Az — bl[; . (LLS)

We have shown that the set to solutions to (LLS) is given by the set of
solutions to the normal equations, i.e.,

{zeCm: A"A=A"b} =24+ N(ATA) =7+ N(A),

where Z is any element of the set argmin, 1 || Az — b||§ Hence, this set
is affine. By projecting the origin onto an affine set, we obtain the
least-norm element of that set. So z € T + N (A) satisfies

121l < llell ¥ = € Z+N(A)
iff Z L N(A). In summary, 2 is the least norm solution to (LLS) iff
(A2 —b) L R(A) and 2 L N(A)
<
A Az = APb and 7€ R(AT).



The Moore-Penrose Pseudo-Inverse

The mapping AT : C™ — C™ taking b € C™ into the unique minimizer
of ||b — Az||? of minimum norm is called the Moore-Penrose
pseudo-inverse of A.

We show that AT is linear, so it is represented by an n x m matrix which
we also denote by Af.

If m =n and A is invertible, then every b € C™ is in R(A), so y = b,
and the solution of Az = b is unique, given by z = A~1b. In this case
At = A~1. So the pseudo-inverse is a generalization of the inverse to
possibly non-square, non-invertible matrices.

The pseudo-inverse of A can be expressed easily using the SVD.



The Moore-Penrose Pseudo-Inverse and the SVD

Let A= UXVH be an SVD of A, let r = rank (A)
(so 01> >0, >0=0p41 =),

let U, and V. in C™*" be the first r columns of U, V, respectively. Let
U e Cmx(m=r) 1 = CnX(n=7) pe the remaining columns of U, V,
respectively, and let ¥, = diag (01, ...,0,). Then the reduced SVD for

A 2. 0 v

A[Urﬁ]{ o o} [ 1731] = U5, V.
Note that

R(U;) =R(A), R(U)=R(A)",
R(V)=N(A4), and R(V,)=N(A)"

Therefore,

U,UY = the orthogonal projector onto R(A)

UU" = the orthogonal projector onto R(A4)+

VVH = the orthogonal projector onto N (A

(4)
V, V7 = the orthogonal projector onto N'(A4)*

6/18



Linear Least-Squares and the SVD

|b— Az|? |b— USVHg|?

| U7 — 2V Hg|?

U y [ B0 v
g P70 o] vH|*
Uty -2, Vg 7|

UHb

2

9

SO
16— Az|® = | U = X, V. 2] + [ U7 ]|,

Thus
[5: solves minimize ||b— Ax||2]
zeCn

e S VEiz=Ufy & Viz=x1U0"p.



Linear Least-Squares and the SVD

In addition, z = % is the unique minimizer of ||b — Az||?> of minimum
norm if and only if z € N(A)+ =R(V,), ie, VHzr=0.
So z = % if and only if

vHx_[ Yr’{w]_[E:lUﬁb}

Vg 0
—
—17H
e V{ ) OUT b }
=
H
=V, V] [ Er OU b ] =V, 21Ut
Soi= V.2 'UHb . Thus, i is a linear function of b, so A' is linear,
with s-1 v
At =v,x 1ol = [VV][O ][UH]—VETUH

where Xf = diag (o7%,...,0,71,0,...,0) € C™*™. It is appropriate to
call this matrix ©1 as it is the pseudo-inverse of ¥ € C™*™.



Non-Spectral Factorizations

The matrix factorizations we have studied so far are spectral
factorizations in the sense that eigenvalues and eigenvectors are required
for these factorizations.

We now discuss two non-spectral matrix factorizations. These
factorizations can be determined directly from the entries of the matrix,
and are computationally less expensive than spectral factorizations.

Each of these factorizations amounts to a reformulation of a procedure
you are already familiar with.

The LU factorization is a reformulation of Gaussian Elimination.

The QR factorization is a reformulation of Gram-Schmidt
orthogonalization.
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The LU Factorization and Gaussian Elimination

Recall the method of Gaussian Elimination for solving a system
Az =0
of linear equations, where b € C™ and either
beR(A)
or A € C™*™ has full row rank,

rank(4) = m < n.

If the coefficient of z; in the first equation is nonzero, one eliminates all
occurrences of x; from all the other equations by adding appropriate
multiples of the first equation.

This operation does not change the set of solutions to the equation.

Now if the coefficient of z; in the new second equation is nonzero, it can
be used to eliminate z; from the further equations, etc...
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The LU Factorization

In matrix terms, suppose T

ar v nxm
A= e
[ w A ] eC ,

with 0% ay € C, wy € C™ 1, v € C*71, and A; € COm=Dx(n=1),
Using the first row to zero out u; amounts to left multiplication of the

matrix A by the matrix 1 0
]
ay
t t r
o ge 1u1 ?][al ﬁT}ECnxm{al vlT]’ *)
L o (751 Al 0 A1
where A = A — v /ay . Define
1 0 a vl
L = ]G(C’"X"‘ and Ulz[ : ]e(CmX".
oI 0 A
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The LU Factorization

Observe that

~
=
-
I
—
\
Che
S
~ O
[

Hence (*) becomes
Ll_lA = Uy, or equivalently, A=1L,U; .

Note that L; is unit lower triangular (ones on the mail diagonal) and Uy
is block upper-triangular with one 1 x 1 block and one (m — 1) x (n — 1)
block on the block diagonal. The elements of u/a € C™~! are called
multipliers, they are the multiples of the first row subtracted from
subsequent rows. The multipliers are usually denoted

u/a‘: [/1’217 H315 -y le]T



The LU Factorization

T
By (*), we have Li'A = U, = [ %1 211 } If the (1,1) entry of 4y is
1
not 0, we can apply the same pro%edure to Aq: if
A = az 22 c C(mfl)x(nfl)
up A

with ag # 0, letting
Ty = [ . ? ] € Clm-Dx(m-1)
and forming
~_ 1 0 as ol as  vf ~ _ _
Lyt4, = u 2 = 2 | = (m—1)x(n—1)
> {ai IHU‘Z Al} [OAZ et ’

where Ay € Cm=2x("=2) ' amounts to using the second row to zero out
elements of the second column below the diagonal.
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The LU Factorization

Setti

o =Y 9] ad =]V
270 L T lo 0, |

we have 1 0 T
—1s7—1 _ _ a v _
£ LlA_[O LJHO Al}_UQ’

or equivalently, A = LyL; Us. Here Us is block upper triangular with two
1 x 1 blocks and one (m — 2) x (n — 2) block on the diagonal, and again
Lo is unit lower triangular. Notice that the multipliers appear in Ly in the
second column, below the diagonal.

We can continue in this fashion at most m — 1 times, where

m = min{m, n}.
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The LU Factorization

If we can proceed m — 1 times, then

Lty L' A= U = U

m

is upper triangular provided that along the way that the (1,1) entries of
A7 A17 AQa EERE Afn—2

are nonzero so the process can continue.

Define
L=(L; - Ly ' =LiLy L.

The matrix L is square unit lower triangular, and so is invertible.
Moreover, A = LU, where the matrix U is the so called row echelon
form of A. In general, a matrix T' € C™*" is said to be in row echelon
form if for each 4 = 1,...,m — 1 the first non-zero entry in the (i + 1)t

row lies to the right of the first non-zero row in the ith row.
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The LU Factorization

Let us now suppose that m = n and A € C™*" is invertible. Writing
A = LU as a product of a unit lower triangular matrix L € C™*"
(necessarily invertible) and an upper triangular matrix U € C™*™ (also
nessecarily invertible in this case) is called the LU factorization of A.

Remarks:

(1) If A€ C™ ™ is invertible and has an LU factorization, it is unique.

(2) One can show that A € C™*™ has an LU factorization iff for
1 < j < n, the upper left j x j principal submatrix

is invertible.
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The LU Factorization

(3) Not every invertible A € C™*™ has an LU-factorization.

101
Example: { 10 }

Typically, one must permute the rows of A to move nonzero entries to
the appropriate spot for the elimination to proceed.

Recall that a permutation matrix P € C™*™ is the identity I with its
rows (or columns) permuted: so

P € R™" is orthogonal, and P~! = PT.

Permuting the rows of A amounts to left multiplication by a
permutation matrix P7; then PT A has an LU factorization, so
A = PLU (called the PLU factorization of A).

(4) Fact: Every invertible A € C"*™ has a (not necessarily unique) PLU
factorization.
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The LU Factorization

(5) It turns out that

fnet e 1

has the multipliers m;; below the diagonal.

(6) The LU factorization can be used to solve linear systems Az = b
(where A = LU € C™*™ is invertible).

The system Ly = b can be solved by forward substitution
(15 equation gives 1y, etc.),

and Uz = y can be solved by back-substitution
(n*h equation gives z,, etc.),
giving the solution to Az = LUz = b.
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